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Abstract—In this paper, we aim to establish a new mathe-
matical model that relates pulse wave velocity (PWV) to
blood pressure (BP) for continuous and noninvasive BP
measurement. For the first time, we derive an ordinary
differential equation (ODE) expressing the fundamental
relation between BP, elastic modulus G and PWV. The
general solution of this ODE is the mathematical BP-PWV
model. In our model, the elastic modulus G is included in
model parameters, unlike the existing theoretical models.
This enables us to express the BP-PWV relationship for
subjects of different ages and genders. A family of BP-PWV
functions for specific age and gender groups can be obtained
using statistical methods based on clinical trial data, which
serve as the calibrated benchmark models for continuous and
noninvasive BP measurement. To illustrate the modeling
methodology, we construct benchmark models for people
aged 19 and 60 and apply them to continuous diastolic blood
pressure (DBP) measurement without individual calibration.
The results of clinical tests meet the test standard in
ANSI/AAMI SP10, which attests the feasibility of the
modeling methodology.

Keywords—Blood pressure (BP), Pulse wave velocity (PWV),

Modelingmethodology,Mathematical model,Model parameter

identification, Benchmark model, Clinical verification.

INTRODUCTION

Background and Status of BP Measurement

Blood pressure (BP) is one of the most important
physiological parameters reflecting cardiovascular
status of people. Maintenance of normal BP is essential
for organ perfusion and normal blood circulation.13

Generally speaking, BP measurement methods can
be classified into two categories: direct method and
indirect method. The direct method, which usually

needs invasive arterial cannulation, is only limited to
certain clinical situation. The indirect method is very
popular due to its non-invasiveness.Measurement using
a cuff sphygmomanometer is an example of the indirect
method. But it has a common disadvantage of discon-
tinuous reading, which cannot meet the requirement of
critical situation in surgery.16 So it is highly important
to have a way to measure BP continuously and nonin-
vasively. Although many researchers have been devot-
ing themselves to this task, a satisfactory solution to this
problem is still unavailable. In this paper, we aim to
propose a complete methodology for continuous and
noninvasive BP measurement by modeling the rela-
tionship of BP and pulse wave velocity (PWV).

Current Status of BP Measurement Based on PWV

The possibility of estimating arterial blood pressure
based on pulse transmit time (PTT) or PWV has pre-
viously been investigated. The necessary steps of this
approach consist of PTT or PWV acquisition, BP-PTT
or BP-PWV model development and model parameters
identification. The most popular way of PTT or PWV
acquisition is real time detection of the time-delay
between the R-peak of QRS wave of ECG and the
arrival or peak of an arterial pulse wave at the periphery.
With real time detected PTT/PWV, continuous BP can
be estimated using a specifically established theoretical
model, which can generally express the relationship
between BP and PTT/PWV. The model coefficients are
identified by individual calibration.1,3,4,6,7,9–12,15

Theoretical modeling of the relationship between
BP and PTT/PWV is a crucial part in the methodology
above. So far, the proposed theoretical models fall into
two categories: linear models and nonlinear models.
Representative examples of the linear models include
the linear BP-PTT relationship model and the multiple
linear regression model proposed by Chen1 and Chua3
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respectively. Chen’s model shows that there is a linear
relationship between the systolic blood pressure (SBP)
and the pulse arrival time.1

pe ¼ pb þ Dp ¼ pb �
2

cTb
DT ð1Þ

In (1), the estimated SBP that is expressed as pe consists
of two terms: a base level BP pb and a changing com-
ponent Dp that can be estimated from the change in the
pulse arrival time DT. Pulse arrival time is defined as the
time interval between ECG and a photoplethysmo-
graphic (PPG) at a subject’s finger, toe or ear. The
coefficient cTb can be determined by calibration
repeatedly. But the above estimation does not show how
DBP should be handled. Moreover, recalibration must
be done whenever the base level BP is changed.

Chua’s model given in (2) is a recursive model
consisting of two input variables: pulse arrival time
(PAT) and the foot to peak amplitude of the rising
edge of the photoelectric plethysmograph.3

p½i� ¼ b0 þ b1PPG½i� þ b2PAT½i�

þ b3PPG½i�1� þ b4PAT½i�1� ð2Þ

In this model, p is the estimated output pressure, [i]
denotes time instant i, and the unknown parameters b0,
b1, b2, b3 and b4 are determined by individual calibra-
tion. This linear model can estimate short-term BP.
For long term BP estimation, although recursively
correction is maintained, there is still considerable bias
and the average error is also large. Reproducibility of
the calibration is rather low, indicating that intermit-
tent recalibration is required.3

Some researchers considered the nonlinearity of the
elastic property of the vascular wall and established
two typical non-linear models.4,6,9–11

p ¼ A lnðpttÞ þ B ð3Þ

and

p ¼ Að1=pttÞ2 þ B ð4Þ

where p is SBP or DBP, ptt is PTT, A and B are model
parameters to be identified by individual calibration.
The beat-to-beat PTT and BP are highly correlated
within a short period but the correlation coefficient
decreases when the number of beats increases, sug-
gesting that the coefficients A and B are changing at a
relatively fast rate and recalibration is still inevitable.10

By going through the modeling procedures, it is noted
that both nonlinear models are derived from the two
equations below1,11:

Moens�Korteweg equation: c ¼

ffiffiffiffiffiffiffiffiffiffiffi

Gh

2qR0

s

ð5Þ

Hughes’ equation: G ¼ G0e
ap ð6Þ

Moens–Korteweg equation expresses PWV explic-
itly in terms of vessel dimensions, blood density and
arterial wall elasticity, where c is pulse wave velocity,
q is the blood density, R0 is the vessel radius, h is the
wall thickness and G is young’s modulus of elasticity
of the vessel wall. Hughes’ equation was obtained
from several experiments on 12 dogs,5 where p is BP,
G0 is the elastic modulus at zero pressure and a is a
coefficient ranging from 0.016 to 0.018 (mmHg�1),
which depends on the particular vessel. Let ptt = L/c,
where L is the length of pulse wave propagation.
Substituting (6) into (5) arrives at the conclusion in
(3).11 On the other hand, the change of p is consid-
ered as the change of SBP or DBP.

Dp ¼ G
2DR
R0

ð7Þ

Substituting (7) into (5) gives (4).11

It can be seen that the G in (7) only depends on the
changes of R and P. However, the G in (5) depends on
other factors beside R and P, such as age and gender.
This implies that the G in (5) and (7) have different
connotations and perhaps it is improper to obtainmodel
(4) by canceling G in the intermediate steps. Eq. (6) is
obtained from non-living animals that might be differ-
ent from the G in (5) and it is noted from Fig. 6 that
model (3) obtained from (5) and (6) gives negative BP
when PWV is very small. This is impossible in practice.

Building an entirely new theoretical model based on
fundamental physics and physiology is the focal point
of this paper. A BP-PWV function is proposed as a
novel mathematical model to describe the general
relationship between BP and PWV.

MATHEMATICAL MODELING

Wave Equation in Pulse Wave Propagation

Pulse wave propagation in arterial system is a
physical and physiological process. Some fundamental
laws allow us to establish mathematical model for this
process. It is shown that when an ideal artery is con-
sidered as a thin wall and flexible cylinder tube, wave
equation (8) can be derived based on mass conserva-
tion law, momentum conservation law, balance of
force and constitutive relation in material mechanics.16

@2R

@t2
¼ c2

@2R

@x2
ð8Þ

where x denotes a position on the ideal artery, t rep-
resents time, R is the instantaneous radius of artery, c
is pulse wave velocity as expressed in Eq. (5). In our

Modeling Methodology of BP-PWV Relationship 2223



case, G in Eq. (5) is considered as a variable related to
age, gender and BP, and meets some postulated con-
ditions as below.

(1) For a particular group of people with fixed
age and gender, the effects on G due to age
and gender are fixed. In this case the change of
G is mainly caused by the change of BP.

(2) As a matter of fact, the G for different arteries
has slight discrepancy. But we idealize the
control volume as a thin wall, straight and
flexible cylinder tube, as illustrated in Fig. 1.8

G can be treated as a constant respective to x
within the control volume between x and
x+dx. In another word, G is considered to be
a variable only respective to t.

As seen in Eq. (5), the change of G and R0 affect the
pulse wave velocity c. So pulse wave velocity c is a
variable with respect to t and x. In this sense, Eq. (8) is
a non-linear partial differential equation. A relation-
ship between PWV and BP can be derived by solving
the equation.

Derivation of BP-PWV Function

Wave equation (8) lays a strong foundation in
deriving the BP-PWV function. It represents the vari-
ation of arterial radius R with respect to time t and
position x along axis direction. To solve this equation,
the constrained conditions from practical consider-
ations and real applications are listed as below:

(1) Propagation of the starting point of a pulse
wave is used to calculate the PWV relative to
DBP. From time point of view, within a car-
diovascular cycle, the starting point of the
aortic pulse wave represents the moment when
the aortic valve just starts to open and the
heart starts to pump blood into aorta. At this
moment, the pressure inside the left ventricle
has not been applied to aorta. So the starting
point of the aortic pulse wave is considered as
the end of diastolic state and not affected by

the pressure inside the left ventricle. Besides,
propagation of the aortic valves closure point
on a pulse wave can be used to calculate the
PWV relative to SBP. When the aortic valve
starts to close, the heart just finishes pumping
blood into aorta and the pressure inside the
left ventricle has been completely applied to
aorta. After that, the pressure inside aorta is
not affected by the pressure inside the left
ventricle. So the moment of aortic valves
closure can be considered as the end of the
systolic state. From these, we can say that at
the moment of some characteristic points ap-
pear, such as the starting point of a pulse wave
and the closure point of aortic valves, there is
no external force from the heart applied onto
the arterial wall and only elastic stress that
comes from the arterial wall exists.

(2) Pulse wave velocity c is a variable that is
changing with arterial pressure p. In our
research, PWV is considered to be an indepen-
dent variable which is obtained by measure-
ment as introduced in section ‘‘Implementation
Methodology.’’ In real applications, it is diffi-
cult to obtain the instantaneous PWV of a
particular point inside arterial system. Usually,
we use the propagation distance in a unit time
to represent PWV, which is just the average
velocity in a cardiac cycle. Therefore, velocity c
in this paper is a discrete variable with an
interval of a cardiac cycle.

(3) The arterial pressure p in this paper refers to
SBP or DBP instead of continuous instanta-
neous pressure. The SBP and DBP are also
changing discretely with the period of a car-
diac cycle.

(4) Although the PWV, SBP and DBP are all
discrete, the relationship between PWV and
SBP/DBP is a continuous function.

Now from elastic mechanics, we have

@R

@x
¼ e ð9Þ

where e is the strain of arterial wall. Substituting Eq.
(9) into (8) gives

@2R

@t2
¼ c2

@e
@x

ð10Þ

According to the relationship of stress r and strain e in
elastic mechanics, we have

r ¼ Ge ð11Þ

Based on the postulated conditions in the previous
section, we ignore the discrepancy of G between

FIGURE 1. A control volume of an ideal artery between x and
x+dx.
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different blood vessels and consider it to be invariant
along axis direction x. Substituting Eq. (11) into (10),
we have:

@2R

@t2
¼ c2

G

@r
@x

ð12Þ

Let M be the mass of an arbitrary particle on arterial
wall. Multiply M on both sides of Eq. (12), yields

M
@2R

@t2
¼Mc2

G

@r
@x

ð13Þ

As mentioned in the first constrained condition, when
SBP or DBP occur, there is only elastic stress that
comes from the arterial wall. In consequence, New-
ton’s second law can be applied. Let s be the area of
application of r, then

M
@2R

@t2
¼ sr ð14Þ

Combining Eqs. (13) and (14), we obtain

sr ¼Mc2

G

@r
@x

ð15Þ

Suppose that the length of a thin wall and straight
artery is L, the thickness of the arterial wall is h, the
arterial internal and external radii are r1 and r2
respectively. Arterial internal pressure p1 is balanced
with external pressure p2, and r can be decomposed
into circumferential direction and axial direction.
Assume that L dose not change with pressure. Then r
in the axial direction can be ignored and thus r here
only represents the stress in circumferential direction.
Figure 2 shows an arbitrary cross section of the artery.
Line segment ABCD passes central axis of the artery
and the surface where it is located divides this artery
section into two parts. Now we consider force

equilibrium condition for the upper part. Total cir-
cumferential tension applied to the surfaces where AB
and CD are located is 2hrL, which are downwards and
perpendicular to the surfaces of action. The compo-
nent of p1 that is perpendicular to bottom line AOD
can be expressed as p1 sin h: Applying curvilinear
integral to the upper half of the circumference of the
inner circle, we get

Z

p

0

r1 p1 sin h dh ¼ r1 p1 � cos h½ �p0¼ 2r1 p1 ð16Þ

So the total internal force applied to the inside surface
of the artery section is 2r1Lp1 directing upwards. In a
similar way, the total external force applied to the
outside surface of the artery section is downwards and
equal to 2r2Lp2. According to the balance condition of
force, Oka-Azuma equation is obtained.14

2hrLþ 2r2Lp2 ¼ 2r1Lp1 or hr ¼ p1r1 � p2r2 ð17Þ

Suppose that h is very small so that it can be ignored,
and let r1 = r2 = r, we have the Laplace equation

hr ¼ ðp1 � p2Þr ð18Þ

Note that p = p1 � p2 is the transmural blood pres-
sure. So Eq. (18) becomes

hr ¼ rp ð19Þ

If we consider the artery wall as a thin-wall cylindrical
shell and neglect the geometrical change of arterial
vessel, r can be seen as a constant with respect to x.
Substituting Eq. (19) into (15), we get

rp

h
¼ rMc2

shG

@p

@x
or

@p

@x
¼ sG

M

p

c2
ð20Þ

According to the second and third constrained condi-
tions, p refers to the SBP or DBP instead of instanta-
neous pressure, c is the average PWV in a fixed unit
time T, Then c can be expressed as the function of
distance x.

c ¼ x

T
ð21Þ

Taking partial derivative of c respect to x, we get

@c

@x
¼ 1

T
ð22Þ

Note that

@p

@x
¼ @p
@c
� @c
@x
¼ @p
@c
� 1

T
ð23Þ

Substituting Eq. (23) into (20), we have

@p

@c
� 1

T
¼ sG

M

p

c2
or

@p

@c
¼ sGT

M

p

c2
ð24Þ

FIGURE 2. An arbitrary cross section of the artery section L.
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Now there is only one independent variable c in
Eq. (24), the partial derivative can be represented by
the following ordinary differential equation

dp

dc
¼ sGT

M

p

c2
ð25Þ

Let k = sGT/M, we have

dp

dc
¼ k

p

c2
ð26Þ

Then

Z

1

p
dp ¼ k

Z

1

c2
dc ð27Þ

We get

ln p ¼ �k
c
þ b0 ð28Þ

p ¼ be�ðk=cÞ ð29Þ

We call Eq. (29) as BP-PWV function for pulse wave.
It is a general solution of Eq. (26), which can describe
the relationship between BP and PWV. The undeter-
mined coefficient k contains elastic module G, which
mostly depends on age and gender. Suppose that there
are m different age groups and let i denote one par-
ticular group of them. Also using j denotes either male
or female. Thus parameters k and b have 2m possible
values expressed as:

kij i ¼ 1; 2; . . . ;m ðageÞ j ¼Male=Female ðgenderÞ
bij i ¼ 1; 2; . . . ;m ðageÞ j ¼Male=Female ðgenderÞ

Once kij and bij are determined, a family of spe-
cific solutions of the general function (29) can be
obtained:

pij ¼ bije
�ðkij=cijÞ

i ¼ 1; 2 . . .m ðageÞ
j ¼Male=Female ðgenderÞ

ð30Þ

The function family (30) represents the basic mathe-
matical models which can be used to calculate the
real time BP. From the mathematical point of view,
Eq. (29) has finite number of specific solutions. From
the biomedical point of view, Eq. (30) contains
physiological information of people with different
ages and genders. Determination of unknown coeffi-
cient kij and bij is a problem of parameter identifi-
cation. We need some samples of pij and cij from
different age and gender groups to carry out the
identification. The general procedure will be described
in the model parameter identification algorithm in the
next section.

IMPLEMENTATION METHODOLOGY

Pulse Wave Acquisition

Considering that ECG is easily accessible, the most
popular way is to acquire the PAT instead of
PTT.1,3,4,6,7,9–12,15 But PAT includes pre-ejection peri-
od that may introduce large errors to real PTT. To
avoid this problem, two pulse waves are acquired using
infrared light PPG sensors located at ear and toe in our
study. The time interval between some characteristic
points on the two pulse waves is the real PTT. Pulse
waves are acquired and stored in real time using a data
acquisition system developed by us as given in Fig. 3.
The detailed design information is presented by Chen
et al.2

In pulse wave acquisition, human subject protection
is an important issue that must be considered. Com-
pared with other methods, infrared light sensor that
has been used in measuring oxygen saturation of blood
can ensure the safety of human subjects. Because there
is no electrical contact between human subjects and the
infrared light sensors, and a faint gleam of infrared
light has no harmful effect on human body. In addi-
tion, infrared light sensor is small and light in weight,
which does not bring discomfort to human subjects.

Determination of PWV Relative to DBP

Since the wave length of a pulse wave is longer
than its propagation distance, PTT is obtained from
the propagation of the same characteristic point from
the ear pulse to the toe pulse. The starting point
of the ear pulse is corresponding to the lowest BP at
aortic arch within a cardiac cycle. During the prop-
agation of the starting point from ear to toe, all
arteries on the way are in the lowest diastolic pressure
state. Therefore, the PTT of starting point is relative
to DBP.2 Identification method of the starting point
is illustrated in Fig. 4. Firstly, the points denoting the
foot and the maximum gradient of the systolic rising
edge of a pulse wave are identified. Then we deter-
mine the point showing 60% of the maximum gra-
dient between the foot and max-gradient and draw
the tangent line at the point. The staring point is the
intersection between this line and the tangent line of
the foot of the systolic rising edge. In Fig. 4, points a
and b are the starting points of ear pulses and toe
pulses respectively. Our experimental studies have
verified that this method of identifying the starting
point is practically feasible. The criterion on 60% of
the maximum gradient is obtained from numerous
experimental tests.

In fact, the propagation direction of the pulse wave
from aortic arch to ear is opposite to that from
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aortic arch to toe. Therefore, when we consider the
propagation distance, the distance from aortic arch to
ear must be subtracted from the distance from aortic
arch to toe. The propagation distance divided by PTT
gives PWV. The detailed calculation of PWV relative
to DBP is given by Chen et al.2

In this paper, only PWV relative to DBP is con-
sidered for verifying the feasibility of the modeling
methodology. But it may lay a strong foundation for
the future study of SBP measurement by PWV.

Reference DBP Acquisition

In our study, the main transmission path of the
pulse wave includes carotid arteries, thoracic and
abdominal aortas, femoral arteries and big arteries in
shank. Thus PWV in application is the average veloc-
ity, which has the best correlation with the average
DBP of every position in arterial system. But it is too
difficult to measure DBP from every position so that
calculation of the average DBP of arterial system is
impossible. An effective way of reference DBP acqui-
sition is to make use of the DBP measured at a specific
position to represent the average DBP in arterial sys-
tem. Usually, brachial arterial DBP and radial arterial
DBP are used as reference BP according to noninvasive
and invasive methods respectively.10,11 In our study,
the commonly accepted radial arterial pressure is
chosen as the reference DBP. This facilitates the model
verification according to AAMI standard.

Model Parameter Identification Algorithm
and Calibration in Modeling Process

The theoretical BP-PWV model (30) must be cali-
brated or the model parameters must be identified
before it is applied to continuous BP measurement. In
previous studies, model calibration is usually done in
the process of practical measurement. In our research,
in order to avoid individual calibration in practical

FIGURE 3. Experimental setup for pulse wave acquisition.

FIGURE 4. Identification of the starting points of ear pulse
and toe pulse.
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application, we identify the model parameters or cali-
brate the model in the process of modeling.

According to the definitions in section
‘‘Mathematical Modeling’’, we have m different age
groups (i.e. i = 1, 2…m) for both gender (i.e. j = 1, 2).
For group ij, the algorithm of identifying parameters
kij and bij is listed as follows:

(1) N (N ‡ 5) volunteers of the same age and
gender corresponding to group ij are selected
to be subjects investigated. Considering that it
is not easy to have many volunteers, the
smallest number of N equals 5, which has
statistical significance.

(2) Simultaneously record pij,n and cij,n data for
the nth (n = 1,2 … N) volunteer. pij,n is beat-
to-beat invasive BP, and cij,n takes the average
value of PWV in 8 cardiac cycles in order to
cancel the effect of breath. In each trial, at
least 10 pair of pij,n and cij,n data are recorded.

(3) For the nth volunteer, his/her pij,n must have
some changes. The range of change should sat-
isfy: DBP ‡ 25 mmHg and SBP ‡ 40 mmHg.
This is because only the pij,n and cij,n of large
variation are reliable for model parameter
identification.

(4) The ‘cftool’ in Matlab is used to plot the
recorded pij,n and cij,n of the nth volunteer and
do curve fitting using the BP-PWV function
(29). A pair of coefficients kij,n and bij,n are
obtained.

(5) Some cases may cause curve fitting unsuc-
cessful, for examples, the BP variation range
of a patient is too small, catheter jam causes
irregular invasive pij,n and sensor displacement
results in irregular cij,n. In these cases, select a
new volunteer in group ij, and repeat the 2nd,
3rd and 4th steps above for this volunteer.

(6) After all the N volunteers in group ij are
considered, parameters kij and bij are obtained
by taking the average

bij ¼
1

N

X

N

n¼1
bij;n and kij ¼

1

N

X

N

n¼1
kij;n

(7) Change the age i or gender j factor and repeat
the above steps until the parameter identifi-
cation is finished for all the groups.

Calibration in modeling process is completed through
determining a family of BP-PWV functions by statis-
tical method. The calibrated models are called bench-
mark models, which form an alternative function base
that contains the characteristics of people in different
age and gender groups. For a person with fixed age
and gender, there always exists a suitable benchmark

function that can be used to estimate BP based on the
measured PWV. In this way, calibration in practical
application is no longer required. This modeling idea is
similar to the development of gene information base
for disease diagnosis.

EXPERIMENTAL VERIFICATION

Experimental Subjects and Conditions

The most persuasive way of model verification is
clinical trials. Twenty-three patients with age around
19 and 60 are chosen as experimental subjects, as
shown in Table 1. By choosing subjects of study in this
way, we can investigate the differences caused by age
and gender factors. Study approval was given by the
Medical Ethics Committee of Southwest Hospital
Chongqing China.

In Table 1, each data set includes one patient’s DBP
and PWV values acquired simultaneously in operation
rooms. The PWV acquisition device mentioned in
section ‘‘Pulse Wave Acquisition’’ was used for real
time measuring and recording PWV data. At the same
time, patients were undergoing surgical operations
in which their radial arteries were cannulated (BD
20-gauge, BD Medical Devices Co) and connected via
pressure tubing and transducer (PX 260 Pressure
Monitoring Kit, Edward Life sciences LLC) interfaced
with a monitor (Patient Monitor Solar 8000M, GE
medical Systems Information Technologies Inc) that
provided real time invasive DBP. Data acquisition
continued for a few hours including the time before,
during and after anaesthetic. We compared the PWV
of the same DBP in the three time periods and found
that there was no obvious difference. It indicates that
anesthesia has no significant effect on pulse wave
propagation in arterial system. During surgery,
patients’ BP often had large variation. In some cases,
DBP went beyond 100 mmHg. In certain other cases,
such as brain surgery that must be done in low BP
condition, DBP needed to be maintained near
50 mmHg. In different situations, we had different
ways of DBP recording. When the patients’ DBP
changed slowly, data only needed to be recorded in
every 5 min. When patients’ BP had fast changes, data
should be recorded in every 20–60 s.

TABLE 1. Characteristics of experimental subjects.

Experimental subjects Male Female

Age bracket 17–23 56–64 18–24 56–65

Average age 19.2 60.4 19.8 59.7

Number of subjects 5 7 5 6

Number of data set per trial 12–28 14–62 11–43 26–59

CHEN et al.2228



DBP-PWV Model Verification
of Individual Patients

According to the parameter identification algorithm
above, for each subject, curve fitting is done using
his/her recorded pij and cij data and function (29).
Figure 5 shows the curve fitting results of four subjects
in different age or gender as examples.

It can be observed that the derived BP-PWV func-
tion is consistent with the experimental data distribu-
tions. Note that parameters b and k take different
values for different ages or genders. Besides, the

experimental data of the other patients also fall into
the feasible domain of their corresponding fitting
curves, which are not shown here.

For comparison, Fig. 6 illustrates the curve fitting
results of the subject in Fig. 5b using some previously
proposed functions and the function derived in this
paper. In these functions, p denotes estimated BP, c
denotes PWV and po denotes a constant base level BP.
It can be observed that function 3 and 4 could not fit
the experiment data well. Both function 1 and 2 fit the
experiment data well within the data range.

FIGURE 5. Curve fittings of a (a) 60-year-old male, (b) 58-year-old female, (c) 18-year-old male, and (d) 19-year-old female.
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To compare the fitting results of the four functions
quantitatively, we compute the summed square of
residuals (SSE) and the square of the correlation
between the response values and the predicted response
values (R-Square) for each subject using cftool in Mat-
lab. The mean SSE and R-Square (across all 23 subjects
in section ‘‘Experimental Subjects and Conditions’’) for
each fitting function are reported in the Table 2.

Table 2 shows that the fitting results of our function
and the logarithmic function are better than the other
two functions, which lead to the same conclusion as
that in Fig. 6. But there is no significant difference
between the exponential function and the logarithmic
function. This is due to the considered data are only
DBP values, which just cover a limited range. If we
consider a wider range that may include both lower
DBP and SBP which are not available in this paper, we
expect that our model will give better results. This is
qualitatively proved by obtaining limits of the two
functions as follows.

lim
c!0
ðk lnðcÞ þ p0Þ ¼ �1 ð31Þ

lim
c!þ1

ðk lnðcÞ þ p0Þ ¼ þ1 ð32Þ

lim
c!0

be�ðk=cÞ
� �

¼ 0 ð33Þ

lim
c!þ1

be�ðk=cÞ
� �

¼ b ð34Þ

For the logarithmic function, p approaches negative
infinity when c approaches zero. It indicates that it has
a problem to express BP-PWV relationship within low
BP range. For our function, the limit of p is zero when
c approaches zero, and p converges to a limit when c
approaches plus infinity. It is means that our model is a
bounded function and always maintains positive,
which makes sense in the real condition that BP varies
in a positive and limited range.

Model Parameter Identification and Benchmark
Model Development

According to the model parameter identification
algorithm introduced in the previous section, statistical
DBP-PWV functions of age groups 19 and 60 for both
genders are obtained based on clinical trial data of
patients mentioned in section ‘‘Experimental Subjects
and Conditions’’.

In Fig. 7, M-19.2 and M-60.4 represent male groups
of average age 19.2 and 60.4 respectively, while F-19.8
and F-59.7 represent female groups of average age 19.8
and 59.7 respectively. It can be seen that under the
same DBP condition PWV of M-60.4 is much faster

FIGURE 6. Comparison of curve fitting results obtained
using four different functions.

TABLE 2. Quantitative comparison of the mean SSE and R-Square for the four different functions.

p = b * exp(�k/c) p = k * ln(c) � po p = k * c * c + po p = k * c � po

SSE 219.56 220.53 368.17 267.42

R-Square 0.897 0.900 0.774 0.859

FIGURE 7. Statistical BP-PWV functions of the 19 and 60 age
groups.
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than M-19.2. And the same conclusion can be drawn
for F-59.7 and F-19.8. This is because the elastic
modulus of arterial wall increases with age which
causes the increase of PWV. The effect of gender can
be investigated by comparing PWV of M-19.2 and
F-19.8 in the same DBP condition. Obviously, PWV of
M-19.2 is faster since the elastic modulus of arterial
wall of male is usually larger than that of female at the
same age.

The developed benchmark models can be used to
estimate BP for the 19 and 60 age groups. For instance,
the benchmark model M-60.4 can be used to estimate
the DBP of a male near 60 without individual cali-
bration.

In benchmark models development, there is no
restriction for pulse wave acquisition and PWV cal-
culation method. The ways of pulse wave acquisition
include ultrasound, plethysmograph, pressure trans-
ducers and so on. These methods have different posi-
tions of measurement and different distances between
sensors. So PWVs determined using different methods
may more or less have some discrepancies. Therefore,
kij and bij obtained from different cij may have some
discrepancies as well. In one word, different signal
acquisition methods may be corresponding to different
BP-PWV functions. Current researches have not
reached a consensus in term of the best way of PWV
measurement. Photoelectric plethysmograph is used in
our studies.

Clinical Verification of DBP-PWV Benchmark Model

To verify the effectiveness of the developed bench-
mark models, they are practically used to measure
DBP continuously and non-invasively for subjects
whose ages are near 19 and 60. Programming was done
based on the benchmark models and combined with
the PWV measurement device.

Conditions of clinical verification are listed below:

(1) Subjects chosen for clinical verification are
different from those samples chosen for
benchmark models development

(2) Invasive DBP of subjects are measured under
the same conditions in section ‘‘Experimental

Subjects and Conditions’’ and used as crite-
rion. The noninvasive DBP measured by PWV
method and cuff sphygmomanometer are
simultaneous with the reference invasive DBP.

(3) Clinical verification must meet the test stan-
dard for electronic sphygmomanometer in
ANSI/AAMI SP10, as given in Table 3.
According to the test standard, at least 5 set of
BP data must be measured in each trial. If the
measured data extend 10 sets, the first 10 sets
are used. The time interval between two con-
secutive records ranges from 1 to 10 min.

Twenty subjects of age round 19 (5 male and
5 female) and 60 (5 male and 5 female) were chosen for
clinical verification. According to AAMI standard,
their invasive and noninvasive DBP are recorded at
5-min intervals. The sample size for each trail was 10
sets and each set of data includes one invasive DBP
value and two noninvasive DBP values. The mean
deviation and standard deviation are used as criterions
because the error distributions of noninvasive DBP are
normal distributions. Detail error calculation method
is strictly based on the test standard in ANSI/AAMI
SP10. The measurement results are summarized in
Table 3.

As shown in Table 3, DBP measurement results by
PWV method have met the AAMI test standard, and
they are better than that obtained by cuff sphygmo-
manometer. But the results in our study are only
suitable for people who have healthy cardiovascular
systems. For those who have pathological angioscle-
rosis, their PWV should be faster than normal healthy
people so that the benchmark model may overestimate
their BP. In these cases, individual calibration is
required.

Figure 8 illustrates the error distribution of the two
noninvasive methods for the 200 sets of data. The two
methods give quite different error distribution com-
pared to the invasive one, and both of them have few
number of errors going beyond the range of 16 mmHg
(two standard deviations), but corresponding to dif-
ferent subjects. In fact, no matter what noninvasive
method is used, it is ineluctable that a small quantity
of subjects has large error. But their different error

TABLE 3. DBP measurement results of two noninvasive methods.

ANSI/AAMI SP10 standard DBP measurement by PWV method DBP measurement by cuff sphygmomanometer

|Mean deviation| £ 5 mmHg |Mean deviation| = 1.4 mmHg |Mean deviation| = 1.6 mmHg

Standard deviation £ 8 mmHg Standard deviation = 7.5 mmHg Standard deviation = 7.9 mmHg

No. of data sets ‡ 150 No. of data sets = 200 No. of data sets = 200

No. of subjects ‡ 15 No. of subjects = 20 No. of subjects = 20

NA Range of the reference invasive DBP:

42–125 mmHg

Range of the reference invasive DBP:

42–125 mmHg
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distributions are very useful for doctors in clinical
condition. For instance, in certain BP measurement,
the two noninvasive methods are applied together and
the measurement results are compared. If both methods
give similar results, it indicates that the noninvasive
measurement error for this subject is relatively small
and both methods are feasible. But if the measurement
results are quite different, it means that one of them has
large measurement error. Although it is difficult to
determine which method is more accurate in this case,
the results may call attention to the doctor to use
invasive method in order to avoid medical negligence.

For the purpose of allowing readers to get a good
sense of long-term DBP measurement, Fig. 9 gives the

time courses of the reference invasive DBP and two
noninvasive DBP of a 60-year-old man. X axis shows
the number of records with maximum of 50. The time
interval between two records is 5 min so that the entire
time of BP measurement is 4 h and 10 min. In fact,
beat-to-beat DBP could be measured by PWV method,
but since cuff sphygmomanometer only provided DBP
value per 5 min, we record the three DBP values
simultaneously at 5-min intervals for better compari-
son. The time course line of PWV method verges on
the line of cuff method in the first 50 min, and locates
between the lines of cuff method and invasive method
in the next 150 min. In the last 50 min, it approaches to
the line of invasive method. This indicates the accuracy
of DBP measurement by PWV method falls in between
the cuff method and invasive method.

CONCLUSIONS

In this paper, a new BP-PWV model is mathemati-
cally derived based on the fundamental laws. From the
biomedical point of view, it contains physiological
information of people with different ages and genders.
We believe that the proposed modeling methodology is
sustainable in theory and can be put into practice. To
verify the feasibility of this modeling methodology, we
developed benchmark models for a few age and gender
groups based on clinical data obtained from patients
with healthy cardiovascular system. The DBP mea-
surement results using the developed benchmark
models have met the test standard in ANSI/AAMI
SP10. From the results of clinical verification, we can
draw some important conclusions as given below:

(a)
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FIGURE 8. (a) Error distributions of DBP measured using
PWV method compared to invasive method. (b) Error distri-
butions of DBP measured using cuff sphygmomanometer
comparing to invasive method.

FIGURE 9. Time courses of the reference invasive DBP and
two noninvasive DBP for a 60-year-old man.
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(1) The proposed BP-PWV function correctly
expresses the BP-PWV relationship. It lays a
strong theoretical foundation for continuous
and noninvasive BP measurement based on
PWV.

(2) The DBP measurement results can meet the
requirement of error range in clinical condi-
tion. It indicates that the developed bench-
mark models have medical utility.

(3) The modeling idea in this paper is original and
it may blaze a new path in the research area of
BP measurement based on PWV. It may
become an independent philosophy of nonin-
vasive BP measurement without calibration by
other methods such as cuff sphygmomanom-
eter. It is very valuable in clinical application.
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