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Abstract—A theoretical method is used to simulate the
motion and deformation of mammalian red blood cells
(RBCs) in microvessels, based on knowledge of the mechan-
ical characteristics of RBCs. Each RBC is represented as a set
of interconnected viscoelastic elements in two dimensions.
The motion and deformation of the cell and the motion of
the surrounding fluid are computed using a finite-element
numerical method. Simulations of RBC motion in simple
shear flow of a high-viscosity fluid show ‘‘tank-treading’’
motion of the membrane around the cell perimeter, as
observed experimentally. With appropriate choice of the
parameters representing RBC mechanical properties, the
tank-treading frequency and cell elongation agree closely
with observations over a range of shear rates. In simulations
of RBC motion in capillary-sized channels, initially circular
cell shapes rapidly approach shapes typical of those seen
experimentally in capillaries, convex in front and concave at
the rear. An isolated RBC entering an 8-lm capillary close to
the wall is predicted to migrate in the lateral direction as it
traverses the capillary, achieving a position near the center-
line after traveling a distance of about 60 lm. Cell trajecto-
ries agree closely with those observed in microvessels of the
rat mesentery.

Keywords—Erythrocyte mechanics, Capillary flow, Shear

flow, Tank-treading.

INTRODUCTION

The characteristics of blood flow in the microcir-
culation are strongly influenced by the presence of red
blood cells (RBCs, erythrocytes). Because the dimen-
sions of individual RBCs are comparable to the
diameters of the vessels through which they flow, some
aspects of microvascular blood flow are not well rep-
resented by a continuum model. When blood flows
into a diverging microvessel bifurcation, the volume
fraction of RBCs (hematocrit) often differs substan-

tially between the two branches16. In this ‘‘phase sep-
aration,’’ the branch with higher flow typically receives
a higher hematocrit. When blood flows along a mi-
crovessel, the distribution of hematocrit within the
vessel cross-section is non-uniform, with a region of
reduced hematocrit near the vessel wall. The presence
of this ‘‘cell-free layer’’ causes a substantial reduction
of the resistance to flow in capillary-sized tubes relative
to the resistance that would be predicted in tubes based
on the viscosity of blood as measured in bulk, a phe-
nomenon known as the Fåhraeus–Lindqvist effect10.
The reduction of hematocrit near the wall results from
a tendency of RBCs flowing in narrow tubes to migrate
away from the wall, across the streamlines of the flow
(lateral migration). Thus, the mechanical behavior of
RBCs in the microcirculation strongly influences blood
flow and oxygen transport to tissue.

Several theoretical approaches have been developed
to describe the motion of RBCs in microvessels and its
dependence on the mechanical properties of RBCs.
Quantitative theoretical models have been developed
that successfully predict flow resistance when RBCs
flow in single file in narrow capillary-sized tubes.17,23

In tubes with diameter about 30 lm or more, flow
resistance can be predicted using a two-phase contin-
uum model, in which a central core region with uni-
form viscosity is surrounded by a cell-free layer having
an empirically determined width of 1.8 lm.18,19 How-
ever, no quantitative theory is available to predict the
width of the cell-free layer from first principles based
on the mechanical properties of RBCs. Motions of
multiple interacting cells have been simulated in three
dimensions using a simplified representation of RBC
mechanics 3. Three-dimensional simulations of the
motion of deformable RBCs including realistic mem-
brane properties have so far considered only a single
cell in an unbounded domain.4,15

Two-dimensional models of deformable RBC mo-
tion have previously been developed for single-file
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flow22 and for two-file ‘‘zipper’’ flow.24 Reducing the
dimensionality from three to two simplifies the
problem, but at the cost of potentially introducing
unrealistic features. For example, a model for single-
file flow of asymmetric cells22 predicted of continuous
‘‘tank-treading’’ motion of the cell membrane around
the cell interior at a high rate, such that the membrane
velocity relative to the cell was up to 50% of the cell
velocity. In a subsequent study,12 three-dimensional
tank-treading motion was considered for cells with
prescribed three-dimensional shapes. This model took
into account the viscous resistance of the cell
membrane to shear deformation occurring during
tank-treading motion. Predicted tank-treading rates
were much lower than those obtained using the
two-dimensional model, and corresponded more
closely with experimental observations.9

The goal of the present study is to develop a two-
dimensional model for the motion and deformation of
RBCs flowing in microvessels, including fluid mech-
anical interactions with vessel walls and lateral
migration across flow streamlines. Two-dimensional
approaches make feasible the simulation of motions of
multiple interacting cells.25,27 In many cases of interest,
including the motion of RBCs in shear flow and in
capillaries, the RBC shape has a plane of approximate
mirror symmetry that is parallel to the flow direction.
The present two-dimensional model represents the
shape of the cell cross-section in this symmetry plane.

Each cell is represented as an assemblage of a finite
number of discrete elements with defined mechanical
properties. This approach is taken because it results in
a finite set of governing equations for the cell in which
the balance of forces acting on each element is exactly
satisfied. An alternative approach would be to dis-
cretize the continuum equations of membrane equi-
librium using a finite-difference or finite-element
numerical scheme. Such an approach might not lead to
exact force balances. The present approach minimizes
numerical errors that could affect predictions regard-
ing lateral migration of cells. Although numerical
errors resulting from the discretization of the fluid flow
field are not eliminated, such errors are controlled by
the finite-element software (see below).

The properties of the model are chosen to represent
the mechanical behavior of RBCs as closely as possible
subject to the constraints of two-dimensionality. In
particular, internal viscous elements are introduced to
represent the effects of viscous resistance of the mem-
brane to shear deformation that it experiences in three-
dimensional deformations and the viscosity of the cell
interior. Model parameters are estimated by matching
predictions with observations of continuous ‘‘tank-
treading’’ motion of the cell membrane around the
cell that is observed when RBCs are placed in dilute

suspension in a high-viscosity medium and subjected to
simple shear flow.8 The model is then used to predict
the deformation and lateral migration of RBCs in
microvessels. Predictions are compared with corre-
sponding experimental observations made using glass
tubes and microvessels of the rat mesentery.

METHODS

Formulation of the Mechanical Model

The two-dimensional representation of RBC
mechanics is shown in Fig. 1. The outline represents
the cross-sectional shape of a three-dimensional cell in
a plane through the center of the cell (the ‘‘model cell
plane’’). The cell membrane lying in this plane is rep-
resented as a chain of straight elements, hinged at the
nodal points. Each element consists of an elastic
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FIGURE 1. (a) Schematic view of two-dimensional model for
RBC. Rectangles denote viscoelastic elements of variable
length, connected at nodes. (b) Numbering scheme for nodes
and elements. The angles of external element i and internal
element i to the reference direction are denoted by hi and ui.
(c) Forces and loads acting on segment i. The longitudinal
force ti (s), the transverse force qi (s) and the bending moment
mi(s) vary along the segment, and the forces indicated are the
resultants acting on the two ends.
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component in parallel with a viscous component, thus
representing the viscoelastic response of the membrane
to deformation (elongation or shortening) in the model
cell plane.11 The resistance of the membrane to bend-
ing is represented by making the nodes (hinge points)
between the membrane elements elastic. A bending
moment is introduced at each node that is proportional
to the angle between successive segments.

The mechanical model includes internal viscous
elements that connect each nodal point to a single
central point within the model cell (Fig. 1). These
elements are included to represent the viscous resis-
tance of a three-dimensional cell to tank-treading
motions, resulting both from the shear viscosity of the
cell membrane and the viscosity of the fluid in the cell
interior. In such flows, the cell typically assumes an
elongated, approximately ellipsoidal shape, aligned
almost parallel to the flow direction. A band of
membrane around the cell (i.e., out of the model cell
plane) is alternately lengthened and shortened by
the tank-treading motion (Fig. 2). This continuous
deformation of membrane results in viscous energy
dissipation in the membrane6 and resistance to tank-
treading motion. The fluid interior of the cell is
viscous and resists tank-trading motion. Fischer6

estimated that the viscous dissipation in the interior
is less than or equal to the viscous energy dissipation
in the cell membrane for tank-treading and other
motions. These two effects, the viscous resistance of
the membrane to deformation out of the model cell
plane and the internal viscosity of the cell, are lumped
together in the two-dimensional model and simulated
by the internal viscous elements, avoiding the com-
putation of the internal flow field. The fluid in the cell
is assumed to exert a constant pressure on the
membrane.

Governing Equations of the Cell

The nodes and segments are numbered as shown in
Fig. 1b, where 1 £ i £ n and n is the number of external
nodes and elements. The external elements are sub-
jected to loadings resulting from the fluid flow around
the model cell. As a result, the longitudinal (tension)
force ti(s), the transverse (shear) force qi(s) and the
bending moment mi(s) acting in external element i are
functions of distance s along the element from node i
to node i + 1, where 0 £ s £ li, and li is the length of the
element. As usual in membrane mechanics, these
quantities are expressed as force per unit length. The
equations of mechanical equilibrium for the element
are

dti=ds ¼ �gi ð1Þ

dqi=ds ¼ �fi ð2Þ

dmi=ds ¼ qi ð3Þ

where fi(s) and gi(s) are the normal and tangential
components of the fluid loading, as indicated in
Fig. 1c. It is useful to define the mean tension �ti and
the mean shear �qi in each element as follows:

�ti ¼
1

li

Zli

0

tiðsÞds and �qi ¼
1

li

Zli

0

qiðsÞds ð4Þ

To represent the viscoelastic behavior of the exter-
nal segments, the mean tension in external element i is
given by

�ti ¼ ktðli=l0 � 1Þ þ lm

1
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dli
dt

ð5Þ
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FIGURE 2. Relationship between internal viscous elements
and membrane deformation in tank-treading. (a) Dashed lines
and arrows indicate tank-treading motion of membrane on an
ellipsoid, representing a three-dimensional RBC. Circumfer-
ential band of membrane is alternately lengthened [a] and
shortened [b] as a result of this motion. (b) Corresponding
two-dimensional representation as used in present model.
Internal viscous elements are alternately lengthened [a] and
shortened [b] during tank-treading motion (arrow).
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where l0 is the reference length of the element, kt is the
elastic modulus and lm is the viscosity. The bending
moments acting on element i at nodes i and i + 1 are
given by

mið0Þ ¼ � kbai=l0 and mi(li) ¼ �kbaiþ1=l0
where kb is the bending modulus and ai = hi) hi)1 is
the angle between elements i) 1 and i (Fig. 1b). The
factor l0 is included to convert ai to a curvature.
Integrating Eq. (3) gives

qi ¼ kbðai � aiþ1)=ðl0liÞ: ð6Þ

By applying integration by parts to Eq. (4) and
using Eqs. (1) and (2), the tension and shear forces at
each end of the element can be expressed in terms of
the mean values and the loadings:

tið0Þ ¼ �ti þ
1

li

Zli

0

giðsÞðli � sÞds;

tiðliÞ ¼ �ti �
1

li

Zli

0

giðsÞs ds; ð7Þ

qið0Þ ¼ �qi þ
1

li

Zli

0

fiðsÞðli � sÞds;

qiðliÞ ¼ �qi �
1

li

Zli

0

fiðsÞs ds: ð8Þ

The internal elements are assumed to have viscous
resistance to changes in length, giving

Ti ¼ l0m
1

Li

dLi

dt
ð9Þ

where Li is the length of internal element i and l¢m is its
viscosity. The conditions for overall equilibrium of
forces acting at node i are

tið0Þ cos hi � ti�1ðli�1Þ cos hi�1 � qið0Þ sin hi
þ qi�1ðli�1Þ sin hi�1 þ Ti cosui ¼ 0; ð10Þ

tið0Þ sin hi � ti�1ðli�1Þ sin hi�1 þ qið0Þ cos hi
� qi�1ðli�1Þ cos hi�1 þ Ti sinui ¼ 0: ð11Þ

Equilibrium of forces at the central node implies
that

Xn
i¼1

Ti cosui ¼
Xn
i¼1

Ti sinui ¼ 0: ð12Þ

For any given configuration of the cell (i.e., for
known positions of the nodes), Eqs. (5–9) can be used
to express the equilibrium equations (10–12) as a linear
system involving the fluid loads fi(s) and gi(s) on each
external segment and the velocities of the nodes. This
system is coupled to the equations of fluid motion, as
described below.

The interior of a three-dimensional RBC is effec-
tively incompressible, so that it deforms at constant
volume, and the membrane deforms at nearly constant
surface area. In the two-dimensional model, these
constraints cannot be explicitly imposed because the
cell shape is not defined outside the model cell plane.
The analogous properties of the two-dimensional
model, the perimeter and area in the model cell plane,
are not constants. However, they are restricted to rel-
atively narrow ranges reflecting the possible shapes of
a three-dimensional cell with fixed surface area and
volume. In the model, variations of perimeter are re-
sisted by the elastic control of individual segment
lengths, Eq. (5), while variations of cell area A are
resisted by assigning a pressure to the interior of the
cell:

pint ¼ kpð1� A=ArefÞ ð13Þ

where Aref and kp are constants.

Equations of Fluid Motion and Numerical Methods

The suspending medium is assumed to be a viscous
incompressible fluid, and the Reynolds number is as-
sumed to be extremely small, so that inertial effects can
be neglected and the governing equations are those of
Stokes flow. The pressure and velocity fields are ex-
pressed in two-dimensional coordinates (x,y) as p(x,y)
and u(x,y) where u = (u,v). The components of stress
in the fluid are then

rxx ¼ 2l@u=@x� p; rxy ¼ lð@v=@xþ @u=@yÞ and
ryy ¼ 2l@v=@y� p: ð14Þ

Conservation of momentum implies that

@rxx=@xþ @rxy=@y ¼ 0 and @rxy=@xþ @ryy=@y ¼ 0:

ð15Þ
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The divergence of the velocity field is defined by

e ¼ @u=@xþ @v=@y ð16Þ

where e = 0 in an incompressible flow. The fluid
loadings at a point on external element i are related to
the local components of fluid stress by the equations:

fi ¼ �pint � rxx sin
2 hi þ 2rxysinhi cos hi�ryy cos

2 hi,

ð17Þ

gi ¼ ðrxx � ryyÞ sin hi cos hi � rxyðcos2 hi � sin2 hiÞ:
ð18Þ

The fluid velocity adjacent to the cell must match
the local cell velocity according to the no-slip condi-
tion. The velocity at each point on a given external
element is obtained by linear interpolation between the
nodal velocities at the ends of the segment. Conditions
on the velocity and pressure at the external boundaries
of the fluid domain are chosen according to the flow to
be considered, such as a linear shear flow or a pressure-
driven channel flow.

The resulting system of coupled equations for the
motion of the cell and the surrounding fluid was solved
using a finite element package (FlexPDE version 3.11,
PDE Solutions Inc., Antioch, CA). Quadratic elements
were used. Because of the structure of FlexPDE, the
incompressibility condition e = 0 cannot be specified
as one of the governing equations. As suggested in the
documentation accompanying FlexPDE, the condition
e = 0 can be satisfied approximately by setting

r2p ¼ Ke ð19Þ

where K is a large constant. At any point where e>0,
this condition would induce a local reduction in p,
tending to drive fluid towards that point, and con-
versely if e<0. Therefore, e must remain close to zero.
Values of e were monitored to ensure that they re-
mained small. Root mean square values were less than
2% of typical velocity gradients. The components (ui,
vi) of velocity at node i and at the central node were
introduced into the finite element formulation as scalar
variables. The corresponding Eqs. (10–12) were solved
simultaneously with the equations resulting from the
finite element formulation of Eqs. (15) and (19).

Generally, n = 20 nodes were used to represent the
RBC shape. The number of fluid elements was typi-
cally in the range 100–400. A sample mesh is shown in
Fig. 3. The mesh is automatically generated by the fi-
nite element package. In cases where a cell closely

approaches the domain boundary, the mesh generator
controls the aspect ratio of the elements, so that a large
number of small elements are used. This allows reso-
lution of steep pressure and velocity gradients, which
may occur in such regions. The finite-element software
automatically refines the mesh until solution errors are
within a specified tolerance.

At each time step, the nodal velocities and the fluid
velocity and pressure fields were computed for a given
cell shape. The cell shape was then updated according
to the computed nodal velocities and the specified time
step using an explicit (Euler) scheme. This procedure
was repeated to generate a sequence of cell shapes,
which could be represented using still or moving ima-
ges. Because an explicit scheme is used, the time step is
limited by the requirement for numerical stability. If
the time step is too large, a typical instability involves
oscillations of nodal positions at successive time steps.
In most cases, a time step of 1 ms was used. Smaller
time steps were used for calculations of cell motions in
shear flow at high shear rates and viscosities. One
source of numerical instability is the condition that
deformation occurs at approximately constant area.
Larger values of the constant kp in Eq. (13) would
require smaller time steps. Computational time

FIGURE 3. Example of finite-element mesh used, with 277
quadratic elements.
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depends on the complexity of the mesh. For the case
shown in Fig. 3, each time step required approximately
100 s on a personal computer with a 2 GHz processor.

An essential aspect of the deformability of RBCs is
that their sphericity index (s.i.) is less than 1. The s.i. is a
dimensionless combination of volume and surface area,
such that s.i. = 1 for spheres and s.i.<1 for all other
shapes. For human RBCs, the s.i. is normally in the
range 0.72–0.86.1 For the model two-dimensional cells,
an analogous ‘circularity index’ (c.i.) of a two-dimen-
sional cell shape may be defined as 2(pAref)

1/2/(nl0),
where nl0 is the reference perimeter. For the parameter
values used here (see below), c.i. = 0.86. The initial
shape was assumed to be circular with area Aref. In this
configuration, each external element is compressed to a
length less than its reference length l0. As the motion
proceeds, the segments elongate and the cell perimeter
increases, allowing non-circular shapes with the same
area. The circular initial shape was chosen so that the
subsequent motion does not depend on the initial ori-
entation of the cell and reflects only its initial position
and the nature of the flow field in which it is suspended.

Scaling and Parameter Values

Scaled values of all variables were used both for
numerical convenience and because the scaling itself
provides insight into the relative magnitudes of the
quantities involved. All distances are expressed in lm
and all times in ms. With this scaling, velocities are in
mm/s, which is a typical scale of blood flow in
microvessels. Forces are expressed in units of 10)7 dyn.
The corresponding unit of viscosity is then 1 cP
(10)2 dyn s/cm2), close to the viscosity of normal blood
plasma. The corresponding unit of pressure and stress
is 10 dyn/cm2. The shear elastic modulus, bulk (area)
modulus and bending resistance of the membrane are
estimated to be 1.8� 10)12 dyn cm, 0.006 dyn/cm, and
500 dyn/cm.5,11 The corresponding scaled values are
0.18 for bending modulus, 6 for shear modulus, and
5� 105 for bulk modulus. From these values, it is evi-
dent that elastic bending resistance is generally a small
effect, shear resistance is significant and resistance to
area change is very high. The shear viscosity of the
membrane is estimated to be 0.001 dyn s/cm,11 corre-
sponding to a scaled value of 1000. Therefore, the cell
has a large viscous resistance to deformation on the
millisecond timescale. The disparate values of these
scaled parameters are indicative of the difficulties
encountered in simulating the motion of deformable
RBCs. For instance, the small scaled bending resistance
allows for the development of regions of high mem-
brane curvature,23 while the large scaled viscosity
implies that rapid deformations of cells suspended in
low-viscosity media such as plasma are only generated

when cells interact closely with each other or the flow
boundaries, such that large forces are generated.21

Some calculations at large levels of shear stress were
done with a scaled bending modulus of 0.9, to inhibit
numerical instabilities resulting from low bending
resistance. In such instabilities, the angle between seg-
ments at one or more nodes increases beyond 180� over
several time steps. The constants used to limit changes
in cell area (Eq. 13) and to enforce fluid incompress-
ibility (Eq. 19), were typically set to kp = 50, i.e.,
500 dyn/cm2, and K = 100, i.e., 1 dyn s/cm2.

In the model, the membrane shear and bending
elastic moduli are represented by the parameters kt
and kb, and the shear viscosity is represented by the
parameters lm and l¢m. The values of these parame-
ters should be similar in magnitude to the scaled
values given above, although an exact correspondence
cannot be made because the two-dimensional model
does not explicitly describe membrane shear defor-
mations. For this reason, the approach is not well
suited for deducing actual mechanical properties of
RBCs from experimental observations. Values for the
membrane parameters kt, lm and l¢m and the geo-
metric parameters l0 and Aref used in the model were
obtained by adjusting them to provide a good fit to
experimentally observed behavior of RBCs tank-
treading in simple shear flow of high-viscosity media,
including variation of cell length and tank-treading
frequency with shear rate. Further simulations were
then performed using channel geometries representa-
tive of red cell motion in capillaries, including effects
of asymmetric cell position.

Observations of RBC Motion in Rat Mesenteric
Microvessels

Animal experiments were carried out in accordance
with University and State regulations and after
obtaining approval by the authorities for animal wel-
fare. Two male Sprague–Dawley rats (300 g bw), were
anesthetized (urethane, 100 mg/kg i.p. and ketavet,
100 mg/kg i.m.). Catheters were inserted into the car-
otid artery to allow blood sampling for blood gas
analysis and monitoring of mean arterial pressure and
into the jugular vein for continuous infusion of buf-
fered physiological saline (24 ml/kg per hour). The
mesentery was removed from the abdominal cavity of
the rat and was kept in a bath filled with buf-
fered physiological saline at a temperature 37�C.
An intestinal segment with the attached mesenteric
vascular bed was placed on a cylindrical platform with
a circular glass window allowing Koehler type trans-
illumination. Illumination was achieved with a video
triggered xenon flash strobe (Strobex, Model 11360
Chadwick-Helmuth, El Monte, CA USA) such that
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each video field received one flash (time delay between
flashes 20 ms). In some recordings, two flashes 10 ms
apart were generated during each video frame.
Microscopic images were generated with a 50�, NA1.0
salt water immersion objective (Leica, Wetzlar, Ger-
many) and stored on a digital video tape recorder
(Type DSR 45P DVCAM, Sony).

In each mesentery, a diverging microvascular
bifurcation was selected in which one branch received
relatively low flow, and therefore low hematocrit,16

such that isolated RBCs occasionally entered the
branch vessel, preceded by a plasma gap. Video se-
quences recording the passage of such RBCs along the
visible portion of the branch were analyzed using an
image analysis system consisting of a frame grabber
(Corona II, Matrox, Dorval, Canada) and a proprie-
tary software allowing the interactive tracing and dig-
itizing of outlines of the selected cells on successive
video fields. The wall outline was also digitized and
used as the domain boundary for corresponding
numerical simulations.

Observations of Human RBC Motion In Vitro

Glass tubes with inside diameter 7 lm were drawn
from larger bore tubes and mounted on the stage of a
microscope with an oil-immersion objective. Blood
from healthy volunteers was anticoagulated with hep-
arin, centrifuged, and resuspended in isotonic Krebs–
Ringer solution at hematocrit 0.2. The suspension was
passed through the tube with a fixed pressure drop
such that red cells moved with velocity �1 mm/s.

RESULTS

Figure 4 shows the predicted behavior of a RBC
suspended in a high viscosity medium (13 cP) and
subjected to a simple shear flow. Starting from a cir-
cular initial shape, the cell quickly approaches a stable
elongated shape aligned at a constant small angle to the
flow direction. Examples of the eventual shapes are
shown in Fig. 4a. Each node and segment in the cell
progresses steadily around the cell, in a tank-treading
motion whose frequency is defined by the successive
returns of a node in the membrane to a given location
relative to the cell shape. With increasing shear rates,
the equilibrium cell shapes become more elongated, as
observed experimentally.8 Although the cell shapes
have rotational symmetry, they do not show mirror
symmetry, but have distinctive counter-clockwise twists
at the extremities. It is not known whether this feature
is present in reality, since available images are obtained
from the perpendicular direction in which such features
would not be visible.8 The computed shapes share some

features with those observed when surfactant-laden
drops are placed in simple shear flow.2

The overall length of the cell measured in the flow
direction and the frequency of the tank-treading
motion were computed for a range of imposed shear
rates from 8.7 to 270 s)1. The unknown parameters
were then adjusted so as to achieve close agreement
with corresponding experimental data7,19 as shown in
Fig. 4. The resulting scaled parameter values, which
were used in the subsequent computations, were:
kt = 12 (i.e., 0.012 dyn/cm), representing membrane
shear elasticity; lm = 100 (i.e., 0.0001 dyn s/cm),
representing membrane viscous resistance to in-plane

(a)

(b)

FIGURE 4. Predicted and observed behavior of a tank-
treading cell, suspended in a linear simple shear flow. Sus-
pending medium viscosity is 13 cP. (a) Overall length in the
flow direction. Open symbols: model predictions. Solid sym-
bols: Measured values based on photographs,19 assuming a
cell diameter of 8 lm in the unstressed state. Insets show
predicted equilibrium cell shapes, at shear rates of 8.7, 70 and
270 s)1. Diagonal lines and arrows within insets indicate
orientation of imposed simple shear flow. (b) Tank-treading
frequency. Open symbols: model predictions. Solid symbol:
measured value based on photographs.19 Dashed line:
regression line of experimental data from multiple experi-
ments with viscosities ranging from 11 to 59 cP.7
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deformation; l¢m = 200 (i.e., 0.0002 dyn s/cm), rep-
resenting effects of internal viscosity and of membrane
viscous resistance to out-of plane deformation; refer-
ence segment length l0 = 0.97 lm; and reference cell
area Aref = 22.2 lm2. This set of values was not
unique, and other similar sets of values produced al-
most identical results. However, large changes in
parameter values produced results that were not
compatible with the observations. For example, if the
viscosity of the internal elements was not included (by
setting l¢m = 0), the tank-treading frequency was
much higher than observed: at a shear rate 70 s)1, the
predicted frequency was then 4.7 s)1 versus the
observed frequency, 2 s)1. The values of lm and l¢m
(0.0001 and 0.0002 dyn s/cm) obtained by this proce-
dure were smaller than expected based on a membrane
shear viscosity of 0.001 dyn s/cm. However, the values
obtained are consistent with previous estimates of
membrane shear viscosity based on observations of
RBC tank-treading frequency.12,26

If the viscosity of the external medium is below a
critical level, the steady tank-treading motion of an
isolated RBC in shear flow is replaced by a tumbling
motion.13 The present model is capable of predicting
such a motion. Simulations were carried out with
external viscosity 1 cP and shear rate 350 s)1. Within
the first several milliseconds, the imposed shear flow
broke the initial circular symmetry of the cell shape,
causing it to become elliptical, and the cell then tum-
bled as expected.

The predicted motions and deformations of cells
flowing in an 8-lm channel, representative of a
microvessel, are summarized in Fig. 5. Cell velocity in
each case is about 1.25 mm/s. The parameter y0 gives
the initial distance of cell’s center from the centerline of
the channel. As cells progress along the channel, they
rapidly approach shapes similar to those observed in
capillaries, convex in front and concave at the rear
(Fig. 5c). This change in shape is accompanied by an
increase in cell length from the initial circular shape and
a slight decrease in width (Fig. 5b). Cells whose initial
positions are off the center-line develop asymmetric
shapes, more elongated on the side close to the wall.
They also show a tendency to migrate towards the
center-line, particularly in the first 50 ms of the motion,
during which they travel about 60 lm (Fig. 5a).
Experimentally observed RBC shapes in a 7-lm glass
tube are shown for comparison (Fig. 5d). Predicted cell
shapes closely resemble the observed shapes.

Further simulations were performed to predict the
motion of RBCs in specific microvascular geometries
observed in the rat mesentery. Figure 6a and b shows
the regions selected for observation, and Fig. 6c and d
shows the digitized outlines of the vessels and of the
isolated RBCs as observed in successive video frames.

In the simulations, the initial positions of the cell were
chosen so that the cells entered the branch vessel at
approximately the same position as the observed iso-
lated RBCs. The flow rates were adjusted so that the

Time = 0 50 100 ms

y = 00

y = 0.5 m0

y = 1 m0  

(c) (d)

y = 0.5 m0

y = 1 m0

y = 00

y = 0.5 m0  

y = 1 m0  

y = 00

(a)

(b)

µ

µ

µ

µ

µ

µ

FIGURE 5. Predicted motion and deformation of cells flow-
ing in an 8-lm channel. Flow rate is adjusted so that cell
velocity is approximately 1.25 mm/s. Results are presented for
cells with initial positions y0 = 0, 0.5, 1 lm (solid lines, long
dashes, short dashes). (a) Position of cell’s center of mass,
relative to channel center-line, as function of time. (b) Cell
length and width as functions of time. (c) Predicted cell
shapes initially and after 50 and 100 ms. Dot on cell outline
represents a node fixed in the cell. (d) Observed human RBC
shapes in a single glass capillary with diameter 7 lm. Three
cells are shown with varying orientations and degrees of
asymmetry. Direction of flow is left to right in (c) and (d).
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predicted RBC velocities were close to the observed
values. Corresponding model results are shown in
Fig. 6e and f. Close agreement between observed and
simulated motion is seen.

In the case of the region shown in Fig. 6a, several
isolated RBCs entered the downstream branch with
distinctly different initial positions during the obser-
vation period. Sequences of frames showing trajecto-
ries of six individual cells were recorded and the cell
outlines were digitized. For each cell, the trajectory of
the center of mass was computed from the digitized cell

outlines. For one frame in each sequence, the outline of
the wall was also digitized and combined with the
computed trajectory. To correct for tissue movement
between sequences, the resulting images were graphi-
cally aligned so that the corresponding wall outlines
coincided as closely as possible. The resulting com-
bined image is shown in Fig. 7a. RBC trajectories that
are initially about 4 lm apart converge within about
1 lm in a distance of less than 30 lm. Corresponding
simulated cell trajectories are shown in Fig. 7b, for five
different initial cell positions. The computed trajecto-
ries are superimposed on the observed trajectories in
Fig. 7c, and close correspondence between experi-
mental and simulated motions is again evident.

DISCUSSION

Effects of the particulate nature of blood on its flow
in microvessels, including the formation of a cell-free
layer, were recognized as early as the 18th century.10

However, theoretical analysis of these effects is diffi-
cult, because they involve the interaction of multiple,
highly deformable particles with the non-uniform flow
geometry presented by the microcirculation. The ap-
proach presented here addresses this problem. In this
approach, each RBC is represented by a two-dimen-
sional assembly of viscoelastic mechanical elements.
Use of a two-dimensional model greatly reduces the
computational difficulty of the problem. The inclusion
of internal viscous elements (Fig. 1a) provides an
approximate representation of three-dimensional
aspects of cell deformation, particularly stretching of
the membrane in the out-of-plane direction. This
approach is supported by the close quantitative
agreement between observed and simulated tank-
treading behavior of RBCs (Fig. 3).

When applied to the simulation of flow in micro-
vessels, the model successfully reproduces several sig-
nificant experimentally observed phenomena. Actual
RBC shapes seen in a 7-lm glass tube are inherently
three-dimensional, and may be described as ‘‘slipper-
shaped’’ (Fig. 5d). Even so, predicted RBC shapes
surprisingly well with the observed shapes (Fig. 5),
given the limitations of a two-dimensional model. In
all cases considered here, the cell shape has approxi-
mate mirror symmetry about a plane parallel to the
flow direction. The model would be expected to be less
effective where symmetry is not present, as for example
when an arbitrarily oriented slipper-shaped cell
approaches a flow divider in a bifurcation, or an
arbitrarily oriented disk-shaped cell is suspended in a
shear flow at very low shear rate. Furthermore, the
present model is not suitable for estimating flow
resistance in capillary-size tubes containing RBCs,

(a) (c)

(d) (f)

(e)

(b)

FIGURE 6. Observations and simulations of RBC motion in
mesenteric microvessels. (a, b) Mesenteric microvessels se-
lected for observation. Arrows indicate isolated RBCs whose
motion was tracked. In (a), double-flash illumination was
used; regions occupied by a cell at one flash only appear
gray. (c, d) Superimposed digitized outlines of vessel wall and
of selected isolated cells, observed in successive video
frames at intervals of 10 and 20 ms, respectively. Arrows
show flow directions. (e, f) Simulated RBC motion. Predicted
cell shapes at intervals of 20 ms are shown superimposed on
the measured wall outline, which was used as the flow domain
in the computations.
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because effects of particles of a given size on flow
resistance are different in tube and channel geometries.

The experimental studies in rat mesentery show that
the trajectories of isolated RBCs flowing along a mi-
crovessel from different starting positions tend to
converge to a single trajectory. Within 30 lm, the
spread in the trajectories is reduced from 4 lm to
about 1 lm. The simulations reproduce this behavior
to a good approximation, and provide some insight
into the mechanisms of lateral migration. Well known
symmetry arguments can be used to obtain conditions
for lateral migration in Stokes flow. For example, an
isolated rigid object with fore-aft symmetry (with
respect to a plane perpendicular to the flow direction)
cannot show lateral migration. In the simulations, the
initially circular cell shape changes quickly to an
asymmetric shape (Fig. 5). The pressure gradient gen-
erates a fore-aft asymmetry, while off-axis cells develop
lateral asymmetry. Such asymmetries in shape can
result in lateral migration.14,20 For rigid closely fitting
particles flowing in tubes, damped oscillatory motions
have been predicted for certain particle shapes.20 This
may explain the fact that migration to the centerline
reverses after finite time (Fig. 5a). However, further
work is needed to gain a more complete understanding
of this phenomenon with respect, for example, to the
relative roles of shape asymmetry and continuing
deformation in migration. Where multiple RBCs are
present, cell–cell interactions are likely to play a major
role in determining the extent of lateral migration and
the width of the cell-free layer. The method presented
here can be used to simulate such cases, which will be
the subject of future work.
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