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Abstract

In this paper, a general framework is developed for continuous-time financial mar-
ket models defined from simple strategies through conditional topologies that avoid
stochastic calculus and do not necessitate semimartingale models. We then compare
the usual no-arbitrage conditions of the literature, e.g. the usual no-arbitrage con-
ditions NFL, NFLVR and NUPBR and the recent AIP condition. With appropriate
pseudo-distance topologies, we show that they hold in continuous time if and only
if they hold in discrete time. Moreover, the super-hedging prices in continuous time
coincide with the discrete-time super-hedging prices, even without any no-arbitrage
condition.

Keywords No-arbitrage condition - Super-hedging price - AIP condition - NFL
condition - Discrete-time financial model - Continuous-time financial market model
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1 Introduction

Absence of arbitrage opportunities is an usual condition imposed on financial mar-
ket models to deduce a characterization of super-hedging prices. In continuous-time,
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Delbaen and Schachermayer (1994) have introduced the famous no-arbitrage condi-
tion NFLVR as equivalent to the existence of a local martingale measure, see also the
well known NFL condition by Kreps (1981) at the origin of the arbitrage theory in
continuous time. More recently, the weaker NUPBR no-arbitrage condition (Karatzas
and Kardaras 2007) has been introduced as the minimal one necessary to solve utility
maximization problems.

However, models where the price processes are not semi-martingales are also con-
sidered in the literature, e.g. fractional Brownian motion, see Pakkanen (2010) and
Lo (1991) for empirical studies. Moreover, in the papers Rogers (1997) and Sottinen
(2001), it is shown that arbitrage opportunities exist in fractional Brownian motion
models. Also Guasoni considers (Guasoni 2006) non-semimartingale models with
transaction costs. In the paper (Carassus and Lépinette 2021), the no-arbitrage con-
dition AIP ensures the finiteness of the super-hedging prices in non-semimartingale
frictionless models and a dynamic programming principle allows to compute them in
discrete time.

Absence of arbitrage opportunities in non-semimartingale models has also been
considered by restricting the class of admissible trading strategies as initiated by
Cheredito (2003), Bender et al. (2008), Bayraktar and Sayit (2010), Sayit (2013)
among others. Precisely, only simple strategies with a minimal deterministic time
between two trades are allowed. It is then possible to show that fractional Brownian
motions, and more general processes, are arbitrage free with respect to this so-called
Cheridito’s class of simple strategies, see Jarrow et al. (2009). In other words, this
specific restricted class of simple strategies is adapted to the non-semimartingale price
processes of consideration in such a way that a no-arbitrage condition holds.

Our approach is different: We fix an a priori given class of strategies that are
interpreted as simple discrete-time strategies (discrete-time or simple strategies in
short) and the continuous-time strategies are defined as convergent sequences of
simple strategies. Here, convergence should be understood with respect to a topol-
ogy induced by a (conditional) pseudo-distance we introduce in such a way that, by
definition, a terminal continuous-time portfolio value is attainable from a terminal
discrete-time portfolio process, up to an arbitrarily small error. Precisely, if vr is a
terminal continuous-time portfolio value, then for every ¢ > 0, there exists a terminal
discrete-time portfolio value vy such that vy > vy — €.

We aim to show that the usual no-arbitrage conditions NFL, NFLVR and NUPBR in
discrete-time are respectively equivalent to their analogous conditions in continuous
time, with an appropriate choice of a pseudo-distance topology which is financially
meaning. The same holds for the weaker AIP condition which means that non negative
payoffs admit non negative prices, or equivalently, the infimum super-hedging price
of a non negative price cannot be —oo, see Carassus and Lépinette (2021). Moreover,
we then show that the infimum super-hedging prices in discrete time and in continuous
time coincide, without supposing any no-arbitrage condition. Of course, such prices
may be numerically estimated only if AIP holds, which is the weaker no-arbitrage
condition of consideration.

In the following, we first present the general framework that generates the
continuous-time portfolios from the discrete-time ones without any semi-martingale
setting. Then, we successively compare in discrete time and in continuous time the
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NFL, NFLVR, AIP and NUPBR no-arbitrage conditions. Finally, we compare the
super-hedging prices in discrete time and in continuous time. The last section exposes
the theory we have developed on pseudo-distance topologies. In the appendix, some
auxiliary results are collected.

2 Model

Let (2, (F1)te[0,1], P) be a complete stochastic basis which is right-continuous. We
consider a financial market model defined by d risky assets described by a continuous-
time right-continuous price process S; = (Sl, e S;i) eRe,t e [0, T'], adapted to
the filtration (F;);<[0,7]. Moreover, we suppose that there exists a bond whose price is
$9 = 1, without loss of generality. The quantities invested in a portfolio are described,
as usual, by a real-valued adapted process 0° that describes the quantity invested in
the bond and an adapted process 0 = (0!, ..., 09) € R, called strategy, that describes
the quantities invested in the risky assets. Without transaction costs, the liquation
value of the strategy 6 is given by the portfolio process V = V¢ = 0§ where the
product needs to be understood as the Euclidean inner product on R¢. Recall that, in
discrete-timet = 0, 1, --- , T,V = V?issaid self-financing if 0, S, 11 = 0,41S141,1.e.
AViy1 = Viy1 — Vi = 0; AS;41. Then, the terminal value of a self-financing portfolio
process starting from the zero initial capital is of the form V; r = Z,f:t Ou—1AS,.

In the following, 7' > 0 is the horizon time and we consider for any time t < T', a set
V.1 of T - terminal discrete-time portfolios, starting from the zero initial capital at time
t. An element of V; 7 may be seen as a portfolio value generated by a simple strategy,
as in Cheredito (2003) or generated by specific discrete-time strategies more generally.

A first typical example is when the trades are only executed at arbitrary deterministic
times:

n
Vi = {ZGMAS:,«, t=tg <<ty =T, 0, ¢ 'R, F), n> 1} o
i=1

A second example is when the portfolios are revised at some stopping times, e.g. when
some market conditions are satisfied. Let us denote by 7; r the set of all [¢, T']-valued
stopping times. We denote by f;" , n > 1, the set of all increasing sequences of
stopping times (7;)_, such that# = 79 < --- < 7, = T. We then consider the set:

n
Vtr,a?d = {ZQTjIAS‘[iv (Ti)zr'L:() < j\;’fT’ 91’,- < LO(R(I’ ]:Ti)’ "= l} . ”
i=1

Remark 1 In the common cases, the discrete-time portfolio processes V; 7 € Vi 1
are explicitly characterized by a priori given "simple" strategies 6”7 € S, 7, i.e.
Vit = Z(0' ’T) for some operator Z. In that case, we also denote by V; , the u-time
value of V; 7, i.e. V., = Z(6"T"), u € [t, T], where 6"T-* is the restriction of "7
to the interval [¢, u] so that 95’7*“ = 0 if v > u. This is the case in the two examples
above and we write V; 7 = Z(S;, 7). In continuous-time, this is usual to require the
strategies to be admissible. In the example given by (2), we have
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n
L,0) :=TO""") = 0r_, (Suru— St_ynu). uelt. T 3)
i=1

We say that 6 is admissible if there exists m € R such that Z,(8) > m a.s. for all
u € [t, T].Inthat case, the corresponding set of terminal portfolio processes is denoted
by “V;. r instead of V; 7. O

In the following, we consider LO(Rd, Fr),d > 1, the set of all equivalence classes
of random variables defined on (2, Fr, P) with values in RY.The following definitions
allow to define continuous-time portfolio processes (resp. strategies) from discrete-
time portfolio processes (resp. simple strategies).

Definition 1 Lets < T and let O; be a topology on LO(R, Fr). We say that a sequence
(Vtr,lT)"Zl of Vy 1 is O;-integrable if (th’T)nzl is convergent with respect to O;.

The definition above is designed for an arbitrary topology O;. It will be used for
the particular topology O; as defined in Sect. 4.2 below:

Definition 2 Let 7 < T and let O, be a topology on L°(R, Fr). We denote by Vir=
Vi 7(Oy) the family of all limits for the topology O, of O;-integrable sequences
(Vt',lr)nzl of V; r. An element of Vtﬁ  is called a terminal continuous-time portfolio.

Definition 3 Let ¢ < T and let O, be a topology on L°(R, Fr). Suppose that V, 7 =
Z(S;, 1) for some operator 7 and simple strategies S;, 7. We say that a sequence (6"),,>1
of S r is O-integrable if (V/", = Z,,(6"))n>1 is O;-integrable forall u < T.

Definition 4 Let ¢ < T and let O, be a topology on L°(R, Fr). Suppose that V, 7 =
Z(S;,r) for some operator Z and simple strategies S; 7. A continuous-time strategy
0 on [¢, T]is an O;-integrable sequence 6 = ("), of simple strategies 8" € ;7.
In that case, for any u € [t, T], we define Vl‘:T (u) = Z,(0) as a limit in O, of the
convergent sequence (Z,(6")),>1. We then have V:T =Vip(T) € Vf)T = V;T(O,)
by definition.

The aim of the paper is to understand whether a no-arbitrage condition imposed on
the set of all discrete-time portfolio processes (or simple strategies) at any time ¢ also
holds on the set of all continuous-time portfolio processes (resp. strategies). Clearly,
that should depend on the topologies (O;);c[o,77- Also, it is interesting to compare
the super-hedging prices obtained by the discrete-time portfolio processes from the
continuous-time ones.

In the following, we shall consider at any time ¢+ < T a topology O; that satisfies
the Fatou property defined as follows:

Definition 5 A topology O, on LO(R, Fr) satisfies the Fatou property if for any
sequence (X"),>1 of LO(R, Fr) that converges to X in O;, we have X < liminf, Xy,
for some subsequence (k;);>1.

Note that the Fatou property holds as soon as X = liminf, X;, for some
subsequence (k,),>1. This is the case for the usual topologies, in particular the
topologies defined with respect to the convergence in probability or the L? norms
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X, = (E|X|1’)1/P, p € [1,00]. We shall see that this is also the case for the
topology of Sect.4.2. This is a non Hausdorff topology which satisfies the following
properties:

Definition 6 A topology O, on LOR, Fr) is said F:-positively homogeneous if for
any sequence (X"),>1 of LR, Fr) that converges to X in (O, and for all o; €
LOR*, F), (o, X™),>1 converges to a; X in O;.

Definition 7 A topology O; on LO(R, Fr) is said F;-lower bond preserving if, for any
X e LOR, Fr) such that X > m;, for some m; € LO(R, F;) and for any sequence
(X")p>10f LO(R, Fr) that converges to X in O;, there exists a subsequence (X In>1
such that X*» > wu; for some u; € LO(R, F1).

3 The NFL and the NFLVR conditions

Let us define A, 7 = V, 7 — LRy, Fr) (resp. .Af’T = VﬁT — LORy, Fr))
the set of all attainable claims from discrete-time (resp. continuous-time) port-
folio processes. We denote by L (R, Fr) the set of all equivalence classes of
bounded random variables X such that || X|.c < oo. Consider the corresponding
sets A7 1= A, 7 NL®(R, Fr) and AP := AS . N L®(R, Fr) of bounded attain-
able claims. Then, we denote by Z;’JTOO and .71;;) "> the weak closures of AP and

A;;o respectively with respect to the topology o (L, L1).

3.1 The NFL condition

The NFL condition is very well known in mathematical finance. It means that it is not
possible to asymptotically get (in limit) a strictly positive profit when starting from
a zero initial capital and following a bounded self-financing portfolio process. Here,
asymptotically means that we complete the set of bounded self-financing portfolio
processes by their limits in L> w.r.t. o (L*, L").

Definition 8 Let (O,);<r be a collection of topologies on LO(R, Fr) and Vﬁ r =
V;;T (Oy),t < T. The No Free Lunch condition (NFL, Kreps 1981) is defined at time

by A7 N LPRT, F) = {0} (resp. A; 7 ° N L®(R*, F) = {0}) for the model
defined by the discrete-time (resp. continuous-time) portfolio processes. We say that
the NFL condition holds if it holds at any time ¢ < T.

In the following, if @ and O’ are two topologies, we say that O C O’ if any open
set of O is an open set of O'. We consider a collection (O;);<7 of topologies on
LO%R, Fr) so that Vip =V Ot <T.

Lemma 1 Suppose that Oy € O, and Vy, 7 € Vo1 forallt € [0, T]. Then, the NFL
condition holds for the continuous-time (resp. discrete-time) portfolio processes if and
only if NFL holds at time t = 0.

Proof By the assumptions, we deduce that Vﬁ r C V&T forall ¢+ € [0, T']. We deduce
that 71;? " - ,_48:1#’00 for all # € [0, T']. The conclusion follows. O
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Proposition 2 Suppose that the topology Oy, t < T, satisfies the Fatou property, is
Fi-positively homogeneous and is F;-lower bond preserving. Assume that V; 1 is a
Fi positive cone, i.e. V; 1 is convex and o/ Vi, € Vi 1 forall o; € LOR™T, F}). Then,
with Vi = V; 1(Oy), the following statement are equivalent:

1. NFL holds at time t for the model defined by the discrete-time portfolio processes.

2. There exists Q; ~ P such that Eg,(V) < 0 for all V. € Vi1 such that V is
bounded from below by a constant.

3. NFL holds at time t for the model defined by the continuous-time portfolio
processes.

4. There exists Q; ~ P such that Eg,(V) < 0 for all V € V[ such that V is
bounded from below by a constant.

Proof By the assumptions, Z;Ij’Too and X;;j "> are positive cones. Therefore the equiv-
alences between 1.) and 2.) and between 3.) and 4.) are immediate consequences of
the Kreps-Yan theorem, see Kabanov and Safarian (2009, Theorem 2.1.4). Indeed, if
Eo,(V)<OforallV e .AIC’T N L>® R, Fr) (resp. A, 7 N L*=(R, Fr), it suffices to
apply the Fatou lemma to the sequence V" = V1y<m) € LR, Fr), as m — oo,
if V is bounded from below, to deduce 4.) (resp. 2.)). It is clear that 4.) implies 2.)
since Vy 7 C V; r- It remains to show that 2.) implies 4.). We first observe that 2.)
implies that Eg, (V|F;) < O for all bounded from below V € V; r, since V; 7 is a
F: positive cone. We then deduce by rescaling that the inequality Eg, (V|F;) < 0
also holds if V is bounded from below by an F;-measurable random variable. Then,
consider V € V; ; such that V > m a.s. for some m € R. By definition, V = lim,, V"
in O, for some convergent sequence of elements V" € V; 7. As O; satisfies the
Fatou property, we may suppose w.l.o.g. that V < liminf, V". Moreover, as O; is
F:- lower bond preserving, we may also suppose that V" > p; as., foralln > 1,
where u; € LR, F;). Then, Eo,(V|F;) < lim, Eg,(V"|F;) by the Fatou lemma.
As Eg,(V"|F;) < 0 by the remark above, the conclusion follows. m]

Remark 2 The equivalent probability measure Q; ~ P in Statemement 2.) is generally
interpreted as a risk-neutral probability measure, see Dalang et al. (1990).

Definition 9 The price process is said locally bounded if there exists a sequence of
increasing stopping times (7"),>1 and a real-valued sequence (M"),>1 such that
lim, o0 7" = 400 and the stopped processes ST are bounded by M".

Note that, if the jumps AS; = S; — S;_ are uniformly bounded by a constant M > 0,
it suffices to consider 7" = inf{r > T,,_1 : S; > n} so that ST" < M +n.

Corollary 3 Supposethat Oy C O, forallt < T.Suppose that the topology Oy satisfies
the Fatou property, is JFy-positively homogeneous and is Fo- lower bond preserving.
Assume that V; T is given by (2) for allt < T and S is a locally bounded process.
Then, if NFL holds for the discrete-time (resp. continuous-time) portfolios, there exists
a local martingale measure for S. Moreover, if Vi 1 =% V; 1, the existence of a local
martingale measure for S implies NFL for both discrete-time and continuous-time
portfolios.

@ Springer



No-arbitrage conditions and pricing from discrete-time... 147

Proof Note that V; 7 € V.7 by (2). Therefore, as Og € O, it suffices to consider the
NFL condition at time ¢ = 0 by Lemma 1. By Proposition 2, NFL in discrete time and
in continuous time are equivalent. In the following, we use the notations of Definition 9.
If NFL holds, the local martingale measure Q = Qg for S is given by Proposition 2.
Indeed, foreachn > 1,and#; < fp suchthatt, < T,V =&+ (StzAT” — St]/\T") 11:,l S
Vo,r for all F;; € F;, and V is bounded from below by —M". So, we deduce that
Eo((Suarn — Syarn) 1F,) = 0 and finally Eg(SE"|F;,) = SI". This implies that
S is a local martingale under Q. At last, if Vo7 =% V.1, consider an admissible
simple strategy 6 such that 7, (6) > m for all u € [0, T], see (3). Suppose that there
exists a local martingale measure Q for S. So, there exists an increasing sequence
(T"™)p>1 of stopping times such that lim, 7" = oo and the stopped process S ™ s
a martingale, for all n > 1. It is easily seen that Eg[Zr 77 (6)] = 0. Indeed, it suf-
fices to successively apply to tower property knowing that the generalized conditional
expectation Eg(0y,_, (S,l.ATn — Sr,-,]ATn) |F_;) = 0. Moreover, Zyarn (6) > m by
the admissibility property. Therefore, Eg[Z7(0)] < liminf, Eg[ZrA72(0)] < 0, by
the Fatou lemma. The conclusion follows by Proposition 2. O

3.2 The NFLVR condition

The NFLVR condition is also well known in mathematical finance. The financial
interpretation is the same as the NFL one, i.e. itis an asymptotic no-arbitrage condition,
but the topology o (L>, L') is replaced by the strong topology defined by the L>®
norm.

Let A% = A, 7 N L®(R, Fr) and .A;;o = Af 7 N L®(R, Fr) be the sets of
bounded attainable claims. Then, we denote by Z?OT and ZIC;O the norm closures of
A;’fT and Af;o respectively with respect to the topology induced by the norm || - || -

Definition 10 The condition NFLVR holds at Eme t < T for the discrete-time
portfolios (resp. continuous-time portfolios) if AioT N L*®R4, Fr) = {0} (resp.
AN S Fr) = . We say that olds i olds at any time
A7 N L®(Ry, Fr) = {0}). We say that NFLVR holds if NFLVR hold y
t<T.

We easily observe that NFL implies NFLVR. Actually, under some conditions on
the price process, NFL and NFLVR are equivalent Delbaen and Schachermayer (1994,
Corollary 1.2) to the existence of a local martingale measure, as we shall see. Note that
it is not trivial whether the NFLVR condition for discrete-time portfolios is equivalent
to the NFLVR condition for continuous-time portfolios. This is not true in general,
see Delbaen and Schachermayer (1994, Example 6.5.). But we have the following:

Proposition 4 Suppose that Oy C O, forallt < T. Suppose that the topology Oy sat-
isfies the Fatou property, is positively homogeneous and is Fo-lower bond preserving.
Assume that Vy; 7 = V; 1 is given by (2) forallt < T and S is a continuous process.
Then, the conditions NFL and NFLVR for discrete-time portfolios and the conditions
NFL and NFLVR for continuous-time portfolios are equivalent to the existence of a
local martingale measure for S.
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Proof Recall that the NFL condition for discrete-time portfolios implies the NFLVR
condition for discrete-time portfolios. By Delbaen and Schachermayer (1994, Theo-
rem 7.6), there exists a local martingale measure for S. By Corollary 3, we deduce
that NFL holds both for discrete-time and continuous-time portfolio processes. The
conclusion follows. O

The result above implies that the price process S needs to be a semi-martingale
for the NFL condition to hold. The same holds if the NFLVR condition holds even
for discrete-time portfolio processes, see Delbaen and Schachermayer (1994, Theorem
7.2) for locally bounded processes S. The next no-arbitrage condition AIP we consider
does not necessitate the price process to be a semimartingale.

4 The AIP condition

The AIP condition has been initially introduced in Carassus and Lépinette (2021) for
discrete-time models. The financial interpretation is that the hedging prices of non
negative European claims are non negative or, equivalently, the hedging prices of non
negative hedgeable European claims are finite. The advantage of this condition is that
it is sufficient, at least in discrete-time, to deduce the super-hedging prices without
supposing that the price process is a semimartingale.

Our goal is to study the AIP condition for continuous-time processes and relate
it to the same condition for discrete-time processes. To do so, we shall use the
notion of conditional essential infimum and supremum, see Kabanov and Safar-
ian (2009, Sect. 5.3.1). We recall that, if H is a sub o-algebra, the H-measurable
essential supremum ess sup,,(I") of a collection I" of real-valued random variables
is the smallest H-measurable random variable that dominates I" a.s. and we define
ess inf(I') = —ess supy (—I"). If the elements of I" are H-measurable, we use
the notation ess sup(I') := esssupy/(I'). If ' = {y} is a singleton, we write
ess supy, I' = ess supy, v

Theorem 5 Let T be a family of Fr-measurable random variables in L°(R, Fr) and
let H be a sub o -algebra of Fr. There exists a unique H-measurable random variable
denoted by ess supy I' such that:

(1) esssupy I' > y a.s. forall y €T
(2) If yy is H-measurable and satisfies yy > y a.s. for all y € T, then yy >
ess supy I' a.s..

Definition 11 A contingent claim h7 € LO(R, Fr) is said to be super-hedgeable in
discrete time (resp. continuous time) at time ¢ if there exists p; € LO(R, F) (called
a super-hedging price) and a discrete-time (resp. continuous-time) portfolio process
Vi.r such that p, + V; 7 > hr.

Recall that the set of all super-hedgeable claims in discrete time (resp. contin-
uous time) from the zero initial endowment at time ¢ is given by the set A, r =
Vir — LOR,, Fr) (resp. Af’T). We denote by P; 7(hr) (resp. Pt‘;T(hT)) the set
of super-hedging prices in discrete time (resp. in continuous time) for the claim
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hr € LY(R, Fr). The infimum super-hedging price in discrete time (resp. in con-
tinuous time) is 7, 7 (h7) = ess inf (P, v (hr)) (resp. ”;;T(hT) = ess inf(Pt‘;T(hT))).
We adopt the notation P 7(0) = Py 1 (resp. PﬁT(O) = P;:T), etc..when h = 0. We
observe that P, 7 = A, 7 N L°(R, F;) and Pir=A ;N LO(R, F}). Moreover,

Pr.r = {ess supg (—vr.7) 1 ver € Vir) + LORy, 7)), )
¢ = {ess supz, (—v.7) s vy € Viph 4+ LORy, Fo). )

Indeed, p; is aprice in discrete time for O if there exists v, 7 € V; r suchthat p;+v, 7 >
0ie p; > —v, 1, which is equivalent to p; > ess supr, (—v; 7). We have a similar
characterization for P/ .

Definition 12 Aninstantaneous profitin discrete time (resp. in continuous time) at time
t < T is a strategy that super-replicates in discrete time (resp. in continuous time) the
zero contingent claim starting from a negative price p; 7 € Pr,7 N LO(R_, F;) (resp.
pi.T € 7?;: T NLYR_, 7)) such that p:.7 # 0.Inthe absence of such an instantaneous
profit, we say that the Absence of Instantaneous Profit (AIP) holds at time z, i.e.

Pir NLOR_, F) = A7 NLOR, F) = {0). (6)

Respectively, PET NLOR_,F) = Af N LO(R,, F;) = {0} in continuous time.
We say that AIP holds if AIP holds atany ¢ < T'.

Remark 3 The NFLVR condition implies AIP. O

Remark 4 AIP in discrete time at time # < T is equivalent to 77, 7(0) = 0 or equiva-
lently P, 7 = L°(R, F;). Indeed 7, 7(0) < 0 as 0 € P, 7. Moreover, if AIP holds
then P;. 7 C LO(R, F;). To see it, consider i1 € Prr. Then 1y, <oypr,7 € Prr
hence 1y, ;<0ypr, 7 = 0 by AIP and p, 7 > 0. Conversely, any p, > 0 is a price for
the zero claim since O € P; 7. The same holds in continuous time. O

The following lemma provides another financial interpretation of the AIP condition.
Precisely, when starting from the zero initial endowment, it is not possible to obtain
a terminal wealth which, estimated at time ¢, is strictly positive on a non null F;-
measurable set. In particular, under AIP, there is a possibility to face a loss when
starting from zero.

Lemma 6 The AIP condition holds in discrete time (resp. in continuous time) if and
only if, foranyt < T and for all v, 7 € V; T (resp. V;:T), we have ess inf g, (v;,7) < 0.

Proof This is a direct consequence of (4). O
4.1 The AIP condition for discrete-time portfolio processes

The following two propostions are direct consequences deduced from Carassus and
Lépinette (2021).
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Proposition 7 Suppose that d = 1 and the discrete-time portfolio processes are given
by (1). The AIP condition holds in discrete time if and only if, forallt; <t < T,

Sy € [ess inf 7, (Sy,), ess Supr, (Stz)].

In the following, if  is a sub o -algebra, we denote by supp;,(X) the H-measurable
conditional support of any random variable X, i.e. the smallest H{-measurable random
set suppy;(X) such that X € suppy,(X) a.s., see El Mansour and Lépinette (2020).
The convex envelop of any A € R? is denoted by conv(A).

Proposition 8 Suppose that d > 1 and the discrete-time portfolio processes are given
by (1). Then, AIP holds in discrete time if and only if S, € conv(supp]_-tI (S4,)) for any
H<n<T.

Similarly, we may show the following:

Proposition 9 Suppose that the discrete-time portfolio processes are given by (2).
Then, AIP holds in discrete time if and only if S;, € c:onv(supp]_-rl (S1,)) for every
stopping times t1, T2 € 1o 1 such that 11 < 15.

Proof Suppose that AIP holds and consider two stopping times t; < 12 in[0, T']. Then,
AIP holds for the two time steps smaller model defined by (S, );=1,2 and (F7,)i=1,2.
By Carassus and Lépinette (2021), we deduce that the minimal price of the zero claim
for (Sy;)i=1,2 is given by

0= T, (Sn s Srz) = _(Sconv(suppfr1 (Srz)) (S'L’])v

where, for any I € RY, §; = (400)1; with the convention (+00) x (0) = 0.
Therefore, S;, € conv(supp T, (Sr,).

Reciprocally, suppose that, forany 71 <70 < T, S, € conv(supp]:n (Sz,). Then,
0 = 7y, (S, Sp,) for any 11 < 1o < T. Consider p; € P; 7 such that p, +
> 6 AS; > 0 for some strategies 0;, € LO(R?, ;) and stopping times ¢ =
T0<T1 <--<7t, =T.Then, p; + Z:'l:_oz 0 ASy,,, is a price for the zero claim
in the two time steps model (S, )i=n—1,n- As 0 = 7y, | -, (Sz, ;. Sr,), we get that
pr + Z?:_oz 0, ASy,, > 0. By induction, we finally deduce that p, > 0, i.e. AIP
holds. m]

We know reformulate the proposition above when d = 1 in term of sub-maxingales,
see Barron et al. (2003).

Definition 13 We say that a continuous-time process M = (M,);<r adapted to the
filtration (F;);¢[0, 7] 1S a sub-maxingale (resp. super-maxingale) if, forany u, t € [0, T']
such that u < ¢, we have ess supr, M; > M, (resp. we have ess supr, My < M,).
Moreover, M is said a maxingale if it is both a super-maxingale and a sub-maxingale.

Note that the notion of maxingale is an adaptation of the martingale concept
to the conditional supremum operator. Observe that, for a super-maxingale M,
ess supr, My < My implies that M,, > M; and we deduce that the super-maxingales
coincide with the non increasing processes.
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Definition 14 We say that a continuous-time process M = (M,);<r adapted to the
filtration (F;);¢[o,7] 1S a strong sub-maxingale if, for any t € 7y, 7, the stopped process
M is a sub-maxingale.

An open issue is whether a sub-maxingale may be a strong sub-maxingale. When
the operator is the conditional expectation, the Doob’s stopping Theorem (Jacod and
Shiryaev 2003) states that this is the case, at least when M is bounded from above by
a martingale, see Jacod and Shiryaev (2003, Theorem 1.39). By Lemma 37, we have:

Proposition 10 Let M = (M;);<r be a right-continuous continuous-time process
adapted to the filtration (Ft)ic(0,1]- Then, M is a strong sub-maxingale if and only if
for all stopping times t, S € To.r, ess supg (M) > Mgaz.

Proof Suppose that M is a strong sub-maxingale. Let S, v € 7o 7. As ST is a sub-
maxingale, we apply Lemma 37 with the stopping time § and the deterministic stopping
time 7. We get that ess sup}-S(MMr) > Mo asaT, 1.€. €8S sup r (M;) > M;,s. The
reverse implication is immediate. O

Proposition 11 Suppose that d = 1 and the discrete-time portfolio processes are given
by (2). The following statements are equivalent:

1. AIP condition holds in discrete-time.

2. We have Sy, € |ess inf)rrl (Sr,), ess supr, (Srz)],for all v1, v2 € 1o 1 such that
71 < 1.

3. S and —S are strong sub-maxingales.

Proof Suppose that AIP holds. Condition AIP for the discrete-time portfolios of (2)

implies the statement 2.) by Proposition 9. In particular, S and —S are sub-maxingales
and, forany ¢ € [0, T]and T € 7o 7 such that T > ¢ a.s., we have by 2.) the inequality

ess supx, S > S;. @)

For fixed © € 7y 7, we deduce that ST is a sub-maxingale. To see it, consider #| <
tp <T.Ontheset A ={t Aty <11} € F, we have

14 ess supr, Stf2 =1 ess supr, Styatan = 1aStas -
On B = Q\A, as (2 A T) V1 > 11, we deduce from (7) that
1pess sup, sz = lpess supr, Staaryve = 188y = 1Sk ar-
Therefore, we conclude that ess sup]_—[l sz > Sfl and, finally, S is a strong sub-
maxingale. By the same reasoning, —S is also a strong sub-maxingale. Therefore,

1.) implies 2.), which implies 3.). Moreover, 3.) implies 2.) by Proposition 10. At last,
if 2.) holds, we conclude that 1.) holds by Proposition 9. O
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4.2 The AIP condition for continuous-time portfolio processes

In this section, we consider topologies (O;)c[o,77 such that Vf r = VCT(O,) for all
t < T, and such that the AIP condition in continuous time and in discrete time are
equivalent, as stated in our main Theorem 13. Precisely, we consider for any time
t < T, the topology on L°(R, Fr) induced by the pseudo-distance:

d(X,Y)=E(esssupr (X — V)T A D), X,Y e LR, Fp). (8)

We send the readers to Sect.7 for the definition and the main properties of a pseudo-
distance topology.

We notice thata sequence of discrete-time portfolios (V”T )n>1of V; 1 is convergent
in O, if and only if inf,,> V, T > —00 a.s., see Proposition 25. So, Vt“T =V F (O is
an apriori large class of so- called continuous-time portfolios. In particular, if (V. T)">1
is a sequence of usual stochastic integrals that converge to some stochastic 1ntegral
Z:.7(0), then the convergence holds in probability hence so does in O; by Propo-
sition 25. Any limit Vi, € Vi1 satlsﬁes Vir = Z;r(6) by Proposition 29 but
Z;.1 does not necessarrly belong to V. T Th1s means that 1;,r cannot necessarily be
super-hedged asymptotically by 51mple strategies.

Let us give a financial interpretation of the convergence in O;. By Proposi-
tion 32, V/'7 converges to VS € Vi if VSp < V/'p + o forall n > 1, where
af € LOR,, F) converges to 0 in probability. Therefore, it is possible to reach
(actually super-replicates) the continuous-time portfolio value VTCT from discrete-time
portfolios up to an arbitrary small error. This is why we believe that this topology is
well adapted to finance. By Propositions 29, 23 and 32, we obtain that O; satisfies the
Fatou property, is F;-positively homogeneous and is F;-low bound preserving. This
implies that the NFL and the NFLVR conditions in discrete-time and continuous-time
are equivalent as stated in Sect. 3 for these pseudo-distance topologies. We also have:

Lemma 12 Suppose that, foranyt < T, Oy is the pseudo-distance topology defined by
(8) and V,‘;T = V,‘;T (Oy). Then, the NFLVR condition in continuous-time is equivalent

to the NA condition A;T N LO(R+, Fr) = {0} in continuous-time, forallt < T.

Proof Notice that by Proposition 32, Af;o is closed in L* hence we have 7{;;0 =
Ay 7 and NFLVR reads as Af N L® (R, Fr) = {0}, which is equivalent to the NA
condition as .A;T — LR, Fr) C 'A;‘,T' o

The main result of this section is the following:

Theorem 13 Suppose that, for anyt < T, Oy is the pseudo-distance topology defined
by (8) and V[‘:T = V;:T((’),). Then, AIP holds in continuous time if and only if AIP
holds in discrete time.

Proof 1t suffices to prove that AIP holds in continuous time if it holds in discrete

time. By Lemma 6, we have ess infr, (v;,7) < 0 for all v; 7 € V; 7. We have to
show the same for vt"’T € V;:T. By Proposition 32, V[‘T < V;‘T +of foralln > 1,
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where o} € L°(R,, F;) converges to 0 in probability and V. \'r € Vir. As o is
JF:-measurable, we deduce that

essinfp, Vir <essinfp, V/'z +af <af.

As n — 400, we deduce that ess inf f, VlfT < 0 hence AIP holds in continuous time
by Lemma 6. O

5 The NUPBR no-arbitrage condition

The No Unbounded Profit with Bounded Risk no-arbitrage condition NUPBR has
been introduced in Karatzas and Kardaras (2007). In our setting, this condition may
be adapted if we only consider admissible portfolios. This is why, we suppose that
the portfolio processes are generated by an operator Z as in Remark 1. We define for
m € (0, 00), *V; 7(m) (resp. “V;; 7 (m) in continuous time) the set of all admissible
portfolio values V; 7 = Z(0) € V, r suchthat V; , =Z,(0) > —mforallu € [¢t, T].

Let us define, for every ¢ € [0, T, the space SP(R, (Fi)ue[s,11) of all (Fy)uer, 71~
adapted real-valued stochastic processes on [f, T]. We consider the family of
topologies (O;):cfo0,77 such that, for every + € [0,T], O; is the topology on
SP(R, (Fu)uels, 1) which is induced by the pseudo-distance:

d7(X,Y) = E(ess sup,cp;.ryess supz, (Xy — Y) T A D),
X,Y € SPRR, (F)uep,TD)- 9

By the same reasoning as in the proof of Proposition 32, a sequence (X"),>; €
SP(R, (Fi)uelr, 1) converges to X € SP(R, (F)ueqw,17) in O if and only if there
exists a sequence (o}'),>1 such that « tends to O in probability as n — oo and
Xy < X +«} forall u € [t, T]. Moreover, adapting the Proposition 25, we may
show that a sequence (X"),>1 € SP(R, (Fu)ue[s,7]) 1s convergent in O; if and only
ifinf, X]! > —ooas.forallu € [¢, T].

With (O,),e[o 7] given by (9), we define VCT as the terminal values Vt”T(T) of
limit processes V‘T such that V‘T = lim, V", where V" r= =(V T(u))ue[t 7] are the
discrete time processes associated to V; 7, see Remark 1

Definition 15 We say that NUPBR holds in discrete time (resp. in continuous time)
attime t < T if, for any m > 0, “V; 1 (m) (resp. “V; T (m)) is bounded in probability.
We say that NUPBR holds if it holds at any time.

Recall that a sequence (X"), >0 of random variables is bounded in probability if, for
all € > 0, there exists ng > 1 and M > O such that, foralln > ng, P(|X"| > M) < €.
More generally, a set C € LO(R, Fr) is bounded in probability if any sequence
(X™)n>0 of C is bounded in probability.

In the setting of semimartingales, it is shown in Karatzas and Kardaras (2007)
that NUPBR + NA, ie. Vo r N LORY, Fr) = {0}, is equivalent to NFLVR. In
particular, NUPBR alone does not necessarily implies NA. This is due to the fact that
a portfolio V; 7 € V; r such that V; 7 > 0 is not necessary admissible. Otherwise,
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if V; 7 is admissible, then by Karatzas and Kardaras (2007, Theorem 3.12), we get
that V; r(u) > O for all u € [¢, T] by the super-martingale property. Then, necessary
Vi, = 0, i.e. NA would hold since, otherwise, the sequence V;‘T =nV;r.,n>1,is
unbounded in probability. In conclusion, NUPBR holds at time ¢ in continuous time
(resp. in discrete time) implies NA (and so AIP) at time ¢ only for the restricted sets
“Vi p and “V, 1 respectively.

Our main result of this section is the following. Before, we recall a definition:

Definition 16 We say that a subset I' of L°(R, F7) is infinitely

Fi-decomposable (resp. JF;-decomposable) if for any partition of 2 (resp. finite
partition) by elements (F;*)>°, of F; and any sequence (X"),>; of I', we have
Z;.lozl anFtn erl.

Theorem 14 Suppose that, for t < T, O, is the pseudo-distance topology defined
by (9) and V{ = V; ;(O,). Suppose that V, r is infinitely F;-decomposable. Then,
NUPBR holds in discrete time if and only if it holds in continuous time.

Proof 1t suffices to show that NUPBR holds in continuous time if it holds in discrete
time. To do so, suppose that “Vt‘; 7 (m) is not bounded in probability for some m >
0. Then, there exists a sequence (V,’7)n>1 € Vi (m) and € € (0, 1) such that
P(V[f’T" > n) > € for all n > 1. By Proposition 32, for all n > 1, there exists a
sequence (V;”’Tm)mzl €? V,r and a sequence (o)"")u>1 € L°(R, F;) such that
a"™ converges to 0 in probability as m — oo and Vf}’ () < Vl'f’Tm (u) + o™, for

allm > 1 and u € [0, T]. We may assume w.l.o.g. that o;"™ converges to 0 a.s. as

m — oo. Then, there exists an integer-valued J;-measurable random variable m}
n,my

such that o; € LO([O, 11, ;). As V; 7 is infinitely F;-decomposable, we deduce
that V,';" € V, 7. Note that V7' () < V,'"" (u) + 1 hence V,'3"" €V, 7(m + 1)
for all n > 1. Moreover, € < P(V, "} > n) < P(th’Tm’ >n —1), foralln > 1. This
implies that the sequence (V:’Tm;’),, >1 1s not bounded in probability, contrarily to the
assumption NUPBR for V; r. This contradiction allows one to conclude that NUPBR
holds in continuous time. O

6 Super-hedging prices

6.1 Super-hedging prices without no-arbitrage condition

Recall that the super-hedging prices (resp. the infimum super-hedging price) of a payoff
hr € LO(R, Fr) are defined after Definition 11. Our main result is the following:

Theorem 15 Suppose that, for anyt < T, Oy is the pseudo-distance topology defined
by (8) and Vi ; = Vi (Oy). Then, the infinum super-hedging prices of a payoff
hr € LO(R, Fr), in discrete time and in continuous time respectively, coincide i.e.

77 (hr) = ess inf (P; r(hr)) = ﬂﬁT(hT) = ess inf(P,‘;T(hT)).
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Proof As P r(ht) < PﬁT(hT) we have nfT(hT) < m;.7(hr). Consider a price
p: € PfT(hT) such that p; + V¢ T = ht for some V¢ T € Vt 7~ By Proposition 32,
we have Vt r =< Vt r+ af foralln > 1, where of € L0 (R4, F) converges to 0 in
probability and V. T € V, 7. We deduce that p; + of € P; 7(hr) hence p; + af >

7, 7(ht). As n — oo, we deduce that p; > 7; 7(h7) hence Ty T(hT) > ;.7 (ht).
The conclusion follows. O

Remark 5 1. Note that, at any time, P/ T(hT) may be empty. In that case, we also

have PCT(hT) = @ and 7r; v (hr) = T ¢ 7(ht) = oo. Reciprocally, if we have

t,T(hT) = {, then 7; r(ht) = o0 and we deduce that ”z,T(hT) = 00 by
Theorem 15.

2. If Vi r is a positive cone, then P; 7 and P/ o are positive cones if O; is .7-",-
positively homogeneous. Therefore, 7; 7 = m; 7(0) < O implies that 7, 7 =
nﬁT(hT) = —o0. Let us consider a payoff ht € LO(R, Fr) such that hy <
aSt+ B forsome «, B € R. Then, for all price p; 7 € P 1, we deduce that p; 7+
aS; + B € P, r(hr). Therefore, m; 7 = ”ﬁT = —oo implies that 7, 7 (h7) =
n[‘: r(hr) = —oo. This is why the condition AIP is financially meaning as it
avoids this unrealistic situation where the prices of a positive payoff 47 may be as
negatively large as possible so that it is not possible to compute the infimum price.

3. If Vi.,r = Ups, Vi 1 (n) where V; r(n) is an increasing sequence of discrete-time
models, then observe that 7; 7(h7) = inf, nt’fT(hT) where n,’fT(hT) are the infi-
mum prices associated to the models V; 7(n), n > 1. Moreover, if V; 7(n) is a
model only composed of a finite number of dates, then nt’fT (hr) may be computed
as in Carassus and Lépinette (2021). This is the case in practice, if the trades only
may be executed at deterministic dates, e.g. every second.

O

6.2 Infinitely 7;-decomposable extension of the discrete-time prices

In the following, we show that the discrete-time portfolio processes may be extended
without changing the infimum prices and we get a precise form of the set of super-
hedging prices. We denote by Part,(£2) the set of all F;-measurable partitions of
and we consider

o0
Vi =1 X"pn: X" € Vi, (F/)52, € Part;(Q) (10)

n=1

Note that V‘ °r is infinitely F;-decomposable. We say that V‘ °r is the discrete-time
infinitely J;-decomposable extension of V; 7. We then denote by le,dT (hr) the set of
all prices obtained from V}flT and Jttif’T (hr) :=essinf g PtifiT (hT). We denote by Vtifif
the continuous-time processes deduced from VtiflT.

Lemma 16 The AIP condition holds for V; 1 if and only AIP holds for its infinitely
Fi-decomposable extension.
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Proof It suffices to show that AIP holds for its J;-decomposable extension as soon as
itholds for ;7. By Lemma 6, let us show thatess inf , (V; r) < Oforall V; 7 € thij'

Suppose that V;f‘T = ijo:l X"1gn where X" € V, r and (FH52 | € Part,(€2). Then,
Lpmessinfr, (Vi 1) = Lpmessinfr, (V7 1pn) = 1pmess inf £, (X" <o.

The conclusion follows. O

Lemma 17 Suppose that V, 1 is Fi-decomposable, t < T, and consider a payoff
hr € LO(R, Fr). Then, we have nt‘flT(hT) =m; 7(ht) and

Prr(hr) € Pl (hr) C Prr(hr),

where 5t,r(h7-) is the closure of Py 7 (hr) in LY.

Proof As V1 C V%, we have P, r(hr) € P} ((hr) and % (h1) < 1 (hr).
Moreover, if p; € P;?T((hr), then we have p; + Zﬁl Vzi,TlF," > hr for some Vzi,T €
Vi.r,i > 1 and a partition (F,i)izl of Q by elements of F;. Consider p? € Pr.r(hr)
and define p} = ptlUﬁ’lef + png\u;“ZIF,"’ n > 1. As V; 7 is F;-decomposable, p}' €
Ps, 7 (ht). Moreover, p; = lim,_, « p}'. We then deduce that PtiflT((hT) - 7_3,,T(hT)
hence n;flT (ht) > 7y 7 (hr). The conclusion follows. ]

Proposition 18 Consider a payoff ht € LO(R, Fr). Then, there exists A; € F; such
that P} (hr) = L°(J; 7 (hr), F7) and

Jr(hr) = 7% (h1), 00) 1A, + (1% (h7), 00) I, -

Proof 1t suffices to argue on the set of all w such that n[iij (h7) < oo. Therefore, we
suppose w.l.o.g. that there exists p? € P}?T (hr). Let us consider

No={ace Fs alSomia, + pllaw, € P om) .

Note that § € T';. As VlifiT is infinitely JF;-decomposable, PtifiT (hr) is infinitely F;-
decomposable by Lemma 39. We deduce that A} UA? € T, if A}, A? € T, Then, the
family {14, : A; € I';} is directed upward. We deduce that ess sup, e, 14, = 1p%
where AP° is an increasing union of elements of I';. As Ptiflr (ht) is infinitely
Fi-decomposable, we get that AY°® € I';. We may also show that A is inde-
pendent of p?. We then define J; r(h7) as above with A, = A7°. We claim that
P}fiT (ht) = LO(J,,T(hT), JF3). To see it, consider a price p? € P}?T (hr) and suppose
that p? = nlffiT (hT) on a non null set of 2\ A,. Then, we get a contradiction with
the maximality of A;. So, we obtain that PtiflT (ht) C LO(J,,T(hT), Fi)- Recipro-
cally, consider p; € LO(J; 7 (hr), F1). Then, p¥ = p; + 14, > thifiT(hT) a.s. hence
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p? € PtiflT (ht) by Lemma 40. Moreover, p; > ntiflT (hr)la, + p?lg\ A, by construc-
tion. Since n;ij (hr)1a, + p?lg\A, € P;?T (hT) by definition of A;, we deduce that
pi € Pl (ht). Therefore, P, 7 (hr) = LO(J; 7 (ht), F). O

Corollary 19 Suppose that V; r is F;-decomposable, t < T, and consider a payoff
hr € LO(R, Fr). Then, the closure in L° of Pir(hr), PtifiT(hT) and P;fif(hT)
coincide with LO([7r; 7, 00), F;).

The natural question is whether PlifiT (ht) = Py, (hr). Actually, this is not the case
in general, as shown in the following example:

Example 1 We consider the framework of our paper between time t = 1 and r = 2.
Suppose that @ = {w; : i = 1,2,3,4}, F1 = {A, A, 0, Q} where A = {1, wn},
A = Q\ A, and F, is the family of all subsets of €2. We consider any probability
measure P on F; such that P({w;}) > O for all i = 1,2, 3,4. We assume that
Vir = {V1,V?} where Vl(w;) = i — 1 fori = 1,2,3,4 and (VX(w)}_, =
{—1,2,3, 4}. At last, we suppose that the payoff is h(w;) =i fori = 1, 2, 3, 4. Then,
the minimal prices at time 7 = 1 associated to V!, V2 are respectively p1(V!) = 1
and p1(V?) = 21 4. Therefore, Py 2(h) = LO([1, 00), F1)UL([21 4, 00), F}). Then,
71,2(h) = 14 ¢ P1,2(h). Onthe other hand, we may seethatVtif‘T = {Vl, V2 V3, V4}
where V3 = V114 4+ V21 4c and V4 = V214 + V11 4c. We then show thatpl(V3) =
14 and p1(V*) = 14 14. It follows that 7{%)(h) = m12(h) = 14 € P%(h) and
P () = LO([14, 00), Fi). We conclude that P} (k) # Py 2(h). O

7 Topology defined by a semi-distance

Definition 17 Let E be a vector space. A semi-distance is a mapping d defined on
E x E with values in R such that the triangular inequality holds:

dX,Y)<dX,Z)+d(Z,Y), X,Y,Z€E.
Example 2 Attimet < T, we define on LO(R, Fr)x LO(R, Fr) the pseudo-distance:
d(X,Y) = E(esssupr, (X —V)H) A D), X,Y e LR, Fyp).
Observe that only the triangle inequality is satisfied by d,Jr . In general d,Jr X,Y) #

d;" (Y, X). For example, if X + 1 < Y a.s., thend; (X, Y) =0butd, (Y, X) = 1.In
particular, d;" (X, Y) = 0 does not necessarily imply that X = Y a.s. O

Example 3 Another pseudo-distance is given by
dTX,Y)=E(X=Y)T A D).
Notice that d* < d.'. O
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A pseudo-distance d allows us to define a topologie on LY(R, Fr). To do so, let us
define, for every Xo € LO(R, Fr), the set

B.(Xo) = {X e L°R, Fr) : d(Xo. X) < s]

that we call ball of radius ¢ € R, centered at X € LO(R, Fr). AsetV C LO(R, Fr)
is said a neighborhood of X € LO(R, Fr) ifthereis e € (0, 0o) such that B, (X) C V.
A set O C LO(R, Fr) is said open if it is a neighborhood of all X € O. We denote
by 7, the collection of all open sets.

Lemma 20 The family 1, of open sets defined from the pseudo-distance d is a topology.

Proof 1tis clear that L°(R, Fr) is a neighborhood of all its elements, i.e. LO(R, .7-'T) €
74, and ¥ € T4 by convention. Let (O;);¢; be a family of open sets. Let x € [ J;.; O

so that x € O; for some i € I. As O; is open, O; is a neighborhood of x and
consequently, (_J;; O; is a neighborhood of x.

Let (O;);er be a finite family of open sets. Let x € ﬂie[ 0;, so that x € O; for
every i € 1. So, for every i € I, there exist &; € (0, co) such that B, (x) C O;. Let
e = infic; (&) € (0,00). We have B.(x) C O; for every i € I. We conclude that
(ies Oi is open. o

In the following, we denote by YA} the topology associated to the pseudo-distance
ﬁﬁ given in Example 2. Similarly, we denote by gg (x) the associated balls. We also
denote by 7 the topology defined by d™ as in Example 3 while the associated balls
are just denoted by B (x).

Remark 6 We observe several basic properties which are of interest:

(1) The topology defined by the pseudo-distance is not separated in general. Take for
example X, Y € LO(R, JFr) such that Y > X a.s. For every ¢ € Rt X-Y <
0 <ehence (X —Y)t =0 <e¢. So,

d (X —Y) = E(ess supr (X —V)T Al <enl

and we conclude that Y € @(X ).

(2) A sequence (X,),eN of elements in LO(R, Fr) converges to X € LO(R, Fr)
with respect to 7y if, for all ¢ € R™, there exist ng € N such that, for any n > ny,
X, € B.(X).

(3) If A is a subset of E, then X belongs to the closure of A with respect to 7 if
and only if X = lim,(X,), i.e. d(X, X") — 0, where (X,,),eN is a sequence of
elements of A. Indeed, this is a direct consequence of the construction of the balls
from d. R

(4) If (X;)nen converges to X with respect to 7; then (X,,),en converges to X with
respect to 7, see Examples 2 and 3.

0 If (X n),,eN converges to X with respect to ’T and (X )neN is another sequence
such that X, > X, a.s., forall n € N, then (X,)pen converges to X with respect
to T O
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Remark7 Werecallthatd(X,Y) = E(|X —Y| A1) is the distance generating the con-
vergence in probability. So, a sequence (X, )nen of elements in LO(R, Fr) converges
to X € LO(R, Fr) with respect to 7;, see Example 2, if and only ess sup g, (X — X))t
converges to 0 in probability. Consequently there exists a subsequence (X, )x of (X;,),
such that ess supr, (X — Xn, )T converges to 0 almost surely, i.e. for every ¢ € RT
there exists kg such that, for all £k > kg, we have ess supz, (X — Xnk)+ < g, which
implies that X < e + X, . O

Lemma 21 If F is a closed set for T (resp. for ’f), then F is a lower set, i.e. F —
L'Ry, Fr) C F.

Proof Indeed, consider Z < y where y € F.Then, (Z — y)™ = 0 hence the constant
sequence (y, = V)nz;\ converges to Z and, finally, Z € F. Note that, if F is closed
for 7, it is closed for 7;. O

Lemma 22 Let d be a pseudo-distance on E x E. Consider two sequences (Xn)neN
and (Yp)nen of elements in E which convergeto X, Y € LOR, Fr) respectively with
respect to Ty. If d(a + b,a 4+ ¢) < d(b,c) forall a,b,c € E, then (X;, + Yy)neN
convergesto X + Y.

Proof 1Tt suffices to observe that

dX+Y, Xy +Y,) <dX+Y, Xy +Y)+dX,+ Y, X+ Yy)
=d(X, Xp) +d(Y, Yy).

]

Proposition 23 Consider the pseudo-distance c?,'" Jfrom Example 2. Let (X,)neN and
(Yn)nen be two sequences of elemeiz\ts in LO(R, Fr) which converge respectively to
X, Y e LOR, Fr) with respect to T;. The following convergences hold with respect
to7;:

(1) The sequence (o; Xpn)neN converges to o X, for all oy € LO(R+, F).
(2) The sequence (aX,),en converges to aX, for alla € L*° (R4, Fr).
(3) The sequence (ess supr, (X,))n>1 converges fo ess sup r (X).

Moreover, the two first statements remain true if we replace f by T.
Proof Recall that ess sup . (a; X — o, X,,)" = o, ess supz (X — X)) if o, belongs
to LO(R, ;). Then, for all y > 0,
dﬁ'(atX, a: Xp) = E(a;ess Supr, X =X)" A L 1ess supft(X7X,1)+<y)
+E(asess supr, (X — Xp)t A Llgg sup.z, (X—Xn) =)
< E(a;y A1)+ P(ess supr (X — X)) > ).
By the dominated convergence theorem, we may fix y small enough such that
E(a;y A1) < €/2, where € > 0 is arbitrarily chosen. Moreover, by assump-

tion, P(ess supr, (X — X))t > y) < €/2,if n is large enough. We get that
df(oti, o; Xpn) <€, if nislarge enough, i.e. a; X;, — o; X.
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The second statement is a consequence of the first one as we may observe that, for
alla € LRy, Fr),

d (@X,aXy) < d*(|allooX, oo Xn)-
At last, notice that the following inequality holds
ess supft(X) = ess supr, X+ X, — X,) <ess Supg, (X — X,) +ess Supr, (Xn).
Therefore,

ess supr, (X) — ess supr, (X,) < ess supg, (X — X,
ess sup g, ((ess supr (X) — ess supz, (X)) ") < ess supr (X — X)),
d;f (ess supr (X), ess sup gz, (X,) ") < E(ess supg, (X — X)) A D).

The conclusion follows. O

Remark 8 1f a sequence (X,), converges to X with respect to T or 7 it does not
imply that (— X, ), converges to —X. Take for example the sequence (—1)". We have
(=1 — (=1)"»* =0 forany n € N. Then, (—1)" converges to —1 for T and 7. But
(1= (=1)"1* A1 =1 whenniseven. Then (1 — (—1)"T!)* does not converge to
0 in probability. So, —(—1)" does not converge to —1 for 7 nor for 7. O

Lemma 24 Let (X,)nen be a sequence of elements in L°(R, Fr) that converge to
X € LO(R, Fr) with respect to T. Then, for every random subsequence (nk=1,
(X, )k converges to X with respect to T. The same holds with respect to I; if the
random subsequence (ny)i>1 is F;-measurable.

Proof Note that (X — X,,)" = Z;‘;k(x — Xj)"1y,=j. Therefore,

P(X - Xp)T ze) =P | Y AKX = Xp* z e} Nim = j} |,
j=k

<Y PUX =Xt =& n{m = j}).
j=k

Let o > 0. Consider M such that Z‘]’iMH P(ny = j) < /2 and kg such that, for
every k > ko, we have P((X — X;)* > ¢) < a/2 M. Then,

Mvk [e'¢)
P(X =Xy )" 26) < Y PAX —X)T =)+ Y Pou =)
Jj=k j=M+1

< Ma/2M + a/2 < a.
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So (X — X,,,{)+ converges to zero in probability hence (X, )x converges to X with
respectto 7.

For the second statement, it suffices to observe that, when (7 )>1 is F;-measurable,
we have:

o
(X — Xp)t < Zess supz, (X — X)) =,
=k
o
ess supg, (X — X, )" < Zess supz, (X — X)) " 1y —j.
=k

It is then possible to repeat the previous reasoning, replacing (X — X;)* by
esssupr (X —X)*, j > 1. i

ProBOSition 25 A sequence (Xp)neN of elements in LO(R, Fr) converges with respect
to T; (respectively T) if and only if

inf(X,) > —oc.
n

Moreover, inf, (X,) is a limit of (X)) neN for ”Z\} and 7;.

Proof Suppose that (X,),cN converges to X with respect to 7 and suppose that
inf, (X,) = —oo on a non null set. Then, on this set, there exists a random subse-
quence X, that converges to —oo almost surely. By Lemma 24, (X, ),en converges
to X with respect to 7. In other words, (X — X, )" converges to zero in probability.
Therefore, there exits a subsequence X, e such that (X — X n; )T converges to zero
almost surely. This is in contradiction with the fact that X ny; COnverges to —oo.
Now suppose that inf,(X,) > —oco. We have X, > inf,(X,) > —oo. So
(inf,(X,) — X,)™ = 0. This implies that ess sup g, (inf,, (X,) — X,)T = 0 hence
(Xn)n>1 converges to inf, (X,) with respect to ’f} O

Corollary 26 A sequence (Xp,)neN of elements in LOR, Fr) is such that (X,)nen and
(—Xn)nen converge with respect to Iy (respectively T ) if and only if sup, (| X,|) < oo
almost surely.

Eorollary 27 A sequence (Xy)neN of elements in LOR, Fr) converges with respect to
T; if and only if (X,))neN converges with respect to T ( not necessarily with the same
limits).

Lemma 28 A sequence (X,)neN of elements in LOR, Fr) is sucj\z that (X,)neN
converges to X and (—Xp)nen converges to —X with respect to 1; if and only if
ess supg, (|X — X,|) converges to 0 in probability.

Proposition 29 If a sequence (X)nen of elements in LR, Fr) converges to X €
LOR, Fr), with respect to T, (resp. T ), then there exists a deterministic subsequence
(ni)k>1 such that

X < limkinf(X,,k).
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Proof Recall that a sequence (X,),en of elements in LO(R, Fr) converges to X €
LO(R, Fr) ifand only if ess sup (X=X »)F converges to 0 in probability. Therefore,
there exists a subsequence (ny)r>1 such that ess supz, (X — Xn,()+ converges to 0
almost surely. As

X — X, <esssupr (X — X))t
then lim inf;[X — ess supz (X — X,,,)*] < liminf; (X,,). So, we deduce that

X < limkinf(X,,k).

The same reasoning holds for 7. O

Definition 18 For a converging sequence X = (X,), we denote by E(X) (resp. L(X))
the set of all limits with respect to 7; and 7; respectively.

Lemma 30 If a sequence (X)), converges to X in probability then (X,), converges
to X for the topology T and L(X) = L°((—o0, X1, Fr).

Proof If | X,, — X | converges to zero in probability then the same holds for (X,, — X) ™.
Indeed, (X, — X)* < |X, — X|. Therefore, (X,), converges to X for the topology
7. Moreover, there exists a subsequence (nx)r>1 such that (X, )x>1 converges to X
a.s. but also in 7 by the first part. By Proposition 29, any Z € L£(X) satisfies Z < X.
The conclusion follows. O

Remark 9 The convergence almost surely to a limit X does not imply the convergence
for 7 to X. Also the convergence for 7 and 7 does not necessarily imply the almost
surely convergence. To see it, let us consider the two following examples.

(1) We consider 2 = [0, 1] equipped with the Lebesgue measure. Take the sequence
Xu(w) = —1 on [0,1/n] and X,,(w) = 1/2" on (1/n,1], n > 1. It is clear
that (X)), converges to Xo = 0 almost surely. But observe that ess sup 7o (Xo —
X,)* = 1. So, X,, does not converge to 0 for %. Note that X, converges to —1
for ’% and 7.

(2) We consider 2 = R, equipped with the Lebesgue measure. Consider X, (w) =
cos(nw) for any w € R and Y, (w) = (—=1)", n > 0. Then, (X,), and (Y}), do
not converge almost surely but (X,), and (Y,), converge for 7 and T towards

1 0

Definition 19 (Cauchy sequence) A sequence (X,), is said a Cauchy sequence for the
pseudo-distance d if:

Ve > 0,3ng,Vn,m > ng, d(X,, X)) <e.
Remark 10 1f a sequence (X,), is convergent for T (or 7)) it is not necessarily a

Cauchy sequence. Take the sequence X, = (—1)". It converges but it is not a Cauchy
one. In fact
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d;+(X2ns X2n+1) = 1,Vl’l e N.

Proposition 31 Every Cauchy sequence for d; is convergent in probability.

Proof Let (X,), be a Cauchy sequence for d;':
Ve > 0,3ng, Vn, m > nyg, df(X,,, Xm) <e.

So, we also have d;’(Xm, X,) < e.In other terms E((X, — X,u)T A1) < ¢ and
E((Xm — X,)T A1) < e Then E(|X, — X,u| A1) < e. Then (X,), is a Cauchy
sequence for the convergence in probability. Consequently it is convergent for the
convergence in probability. O

Example 4 Let C € R. Consider the sequence X = (X,), gf elements in LO(R, Fr)
such that X,, = C for every n € N. Consider any Z € L(X). By Proposition 29,
Z < C. On the other hand, (C — X,)* = 0 hence (X,,) converges to C in 7. By
similar arguments, we finally deduce that E(X) =L(X) = LO((—oo, Cl, Fr). %

Example 5 Consider the sequence X = (X,), of elements in LR, Fr) such that
X, = (=1)" for every n € N. We have £(X) = L°((—oo, —1], Fr). Indeed, as
E[(-1 = (—1)") A1] =0, —1is a limit of X for 7. So forany Z < —1, Z is a
limit for X. Now consider any Z € L£(X). Let us show that, Z < —1. We know that
(Z — (=1)™™T converges to zero in probability. Then, if A, = {(Z — (=1)")" < &},
P(A,) convergesto 1 whenn — 00.0On A,, Z—(—1)" <ehence Z < e¢—1whenn
is odd. As n goes to co we deduce that Z < ¢ — 1 almost surely. To see it, suppose by
contradiction that P(B) > 0 where B = {Z > & — 1}. Therefore, there exists ng such
that P(BN A,) > O forany n > ng. If not, there exists a subsequence (A, ) such that
P(BNAp) =0.Hence, P(A4,,) =P(B°NA,,) <P(B° < 1, in contradiction with
limy— 00 P(A,,) = 1. Finally, P(B N A,;) > 0 for any n > ng in contradiction with
the inequality Z < & — 1 on A,, when n is odd. We conclude that Z < ¢ — 1 a.s. and
the result follows. We also deduce that £(X) = L(X). O

Example 6 Consider the sequence X = (X}), of elements in LO([O 11, Fr), equipped
with the Lebesgue measure, such that X, (w) = —1{o,1/s] foreveryn > 1. We suppose
that Fy is trivial. We know by Lemma 30 that E(X) LO%((—o0, 0], Fr) but E(X) C
LO(( 00, 0], Fr). Indeed, 0 is not a limit for’]f) as ess sup.r, O-X,)T=1.
Moreover, consider X 0 € £(X ). Observe that the deterministic sequence o, =
ess sup]_—o(ff\oo — X,)* converges t0 0 and Xoo — X < (Xoo — X;)T < a. We
finally conclude that E(X ) is the family of all random variables 5(\00 that satisfies
X, oo < inf, (X, + a;,) for some non negative deterministic sequence (o ),>1 Wwith
lim,,_ » ¢, = 0. For example, take o, = 1 if n < ng, ng > 0 is fixed, and o, = 0
otherwise. Then, Z,,, = inf,>,, X, € Z(X). O

Proposition 32 If a sequence X = (X,)n of elements in LO(R, .7-'T) converges in T
then the set L(X) coincides with the family of all Xoo such that X < inf, (X, + ay)
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Sfor some sequence (a,)n>1 in LO(R_, F;) that converges to zero in probability. If a
sequence X = (X,), of elements in LOR, Fr) converges in T, then the set L(X)
coincides with the family of all X 5, such that X oo < inf,,(X,, +ay,) for some sequence
(otp)p>1in LO(R+, Fr) that converges to zero in probability.

Proof Con51der a sequence X = (X,), of elements 1n LOR, Fr) converging for
T. Let XoO € E(X) By definition, o, = ess sup, (XOo — X,)T converges to 0
in probability. As Xoo — Xy < ess Sup, (Xoo X,)" < a,, then we deduce that
)?oo < inf, (X, —l—an) Conversely, if XOo < inf, (X, + @), then Xoo < X, + ay.
Therefore, ess supz, (Xoo — X,)T < «, and the conclusion follows. For the second
statement it suffices to consider o, = (Xoo — X)) ™. O

Appendix A: Proof of Proposition 10

The proof of Proposition 10 is deduced from Lemma 37. To get it, we first show
intermediate steps such as the following Lemmas 33, 34, 35 and 36.

Lemma 33 Let (M,),e[o 71 be a sub-maxingale. Let T be a stopping time such that
(Q) = {11, 12, -~ tn} where (1;)!_, is an increasing sequence of discrete dates.
Then, foralli =1,--- ,n, we have ess supr, (Mr) > My,

Proof We have:

ess sup]_-[i (Myatiy) = ess sup].-ri (Mo ngiq Vie<y;y) +ess sup].-ti (Mentiq iesg1),
= l{r>z) €588 Supr, (My; ) + Lz<qy ess Supr, (M n),
l{r>t,-}Mt,- + 1{r§t,-}M‘L'/\t,- = MTAI,--

v

If j > i 4 1, argue by induction. By the tower property, we first have

ess supr, (MM,],) = ess supg, (ess supz, 1(M,/\t,.)). Therefore, by the first step
i E i - J

above, ess supr, (Mm,j) > ess sup g, (Mm,jfl) and we conclude by induction. 0O

Lemma 34 Let t be a stopping time such that T(2) = {t1, t2, - - - , ty} where (t;)7_, is
an increasing sequence of discrete dates. Then, for any random variable X, we have

ess supr, (X1(r=y)) = ess Sup g, (X)) r=g)-
Proof As 1{;—; is F;-mesurable, then we get that
ess supr, (X1(z=4)) = ess supr, (X) ljz=s}.
Since X 1{;—;) < ess Supr, (X)1{z=4;, we deduce that
ess supr, (X1(z=4)) < ess supr, (ess Supr, (X)) =)
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We claim that Z = ess supz, (X)1{r=) is Fr-mesurable. For any k € R,
{(Z <k} ={0<k}n{r #u}U{r =15} N{ess supyr, (X) <k}

Note that {0 <k} =@ or Qand {tr # t;} € F; hence {0 < k}N{t #¢;} € Fr. Now
let us show that B = {t = #;} N {ess supgr, (X) < k} € F;. To do so, we evaluate
BN{t < t}fort > 0. Note that ; < ¢t é tj+1 for some t; € {to, -, ty, tay1},
where #, 11 = 00. So, we deduce that B N {r < ¢t} coincides with BN {t <t;} =0
if t; < t;. Otherwise, we obtain that BN {z <t} =B € F;;, C Fy; C F. Therefore,
BnNn{t <t} € F,forallt € R, hence B € F;. Finally, Z is F,-mesurable and
the inequality ess supr (X 1{r=;)) < esssupr, (X)l{r=;) holds. For the reverse
inequality it suffices to show that ¥ = ess sup £, (’X l{z=s) is F;,-measurable. Since
{t #1} € Fr, we getthat Y1z, = 0 and

Y=kl=({0=<k}n{r #uHUAN{T =1},

with A = {ess supr, (X1{z=;;)) < k}. As A € Fz, AN{t < 1;} € F; and, finally,
AN{t =t} = An{t = }N{t < t;} € F;;. Therefore, forall k € R, {Y <k} € F,,
i.e. Y is JFy-measurable. At last, notice that ess supr (X1ir=;}) > Xlir=;) and,
since Y is F;-measurable, we get that ess Supr, (X1(z=4)) = ess sup g, (X1z=4))-
The conclusion follows. l m|

Lemma 35 Let (M;):c[o,1] be a sub-maxingale. Let T, S be two stopping times. Sup-
pose that S(Q) = {11, 1, - -, t,} where (t;)!_, is an increasing sequence of discrete
dates and suppose that T (2) is also a finite set. Then ess Sup £, (M;) = M.

Proof By Lemma 34, we obtain ess supr, (M) = Yoi_jess supgr, (Mr)l{s=s;. By
Lemma 33, we deduce that

n n
ess supr, (M) > ZMMtil{S=tz} = ZMMsl{s:n} = M:as.

i=1 i=l1
O

Lemma36 Let t € [0, T] be a stopping time. Suppose that the filtration (F;):c[0,1]
is right-continuous. There exists a non increasing sequence (t,), of stopping times
converging to T such that, for any X € LR, Fr),

ess supr, (X) = lim 1 ess supr, (X).
n n
Moreover, " () is finite for all n > 1.
Proof Let T be a stopping time taking values in [0, T']. For any n > 1, we define
" (w) = T (@ +1)/2" where i = i(w) is uniquely defined such that 7i /2" < t(w) <

Ti+1)/2" fori > 1or0 < t(w) < T/2" when i = 0. Note that t"(2) is finite
and t" > 7. It is easily seen that (7,), is non increasing, positive and lim, 7, = t.
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Moreover, t” is a stopping time. Indeed, for any fixed ¢t € [0, T'), there exists i € N
suchthat Ti/2" <t < T(i +1)/2". Then {t" <t} ={v < Ti/2"} € Frijp»m C F;
and the conclusion follows.

As ("), is non increasing, then (F;»), non increasing. As we know that
ess supr ., (X) > X and ess SUPE,,, (X) is Fin-measurable (1,41 < 1),
we deduce that ess supr_, (X) < ess SUPE (1) (X), i.e. (ess supr_, (X))n is non
decreasing.

Similarly, T > t implies that ess supr_, (X) < ess supg, (X). Therefore, lim, 1
ess supr, (X) < esssupyr, (X). To obtain the reverse inequality, we consider the
sequence (ess SUDE, ,7/p (X)) Since T + T /n > t", then

lim 1 ess SUPF, 1, (X) <lim 1 ess supx , (X) < esssupr (X).
n n T T

It suffices to see that Z = lim, 1 ess sup Fest/n (X) is F;-measurable to conclude.
Indeed, Z > X hence Z > ess sup . (X) and inequalities above are equalities. For all
keR,t>0,and any ngp > 1

(Z <kynir <ty =(less supg, ., (X) <k}n{r <1},

n>1

- ﬂ fess supz, ,,, (X) <k}N{t +T/n <1 +T/n}.

n=ngo

Notice that ess sup Festn (X) is Fry7/n-measurable. We deduce that:

{ess SUDE, .7, (X) <k} € Feyrm,s
{ess SUDE, 7/ X)<kyn{t+T/n<t+T/n}eFryir/m.

Therefore, for any € > O and ngp > 1suchthatt +7/n <t + ¢, we have Fiy 7/, C
Fite and, finally, {Z < k} N {t < t} € Ne=0Ft+e = Fr+ = Fr. We deduce that
{Z <k} e F;,forall k € R, i.e. Z is F;-measurable. O

Lemma 37 Suppose that the filtration (F;);c(0,1) is right-continuous. Let (M;);c[0,T]
be a right-continuous sub-maxingale. Let T, S be two stopping times such that t(S2)
is a finite set. Then, we have ess sup r (M) > Mz 5.

Proof Let (S,), be a sequence of stopping times decreasing to S as given in Lemma 36.
Recall that S,(€2) is finite for all n. Moreover, we have ess supz (M) = lim, 1
ess supy, (M,). By Lemma 35, we deduce that ess Sup £, (M) > lim P Meps,.
As (t A Sp)n decreases to T A S and M is right-continuous, we conclude that
ess sup}-S(Mr) > M ps. O

Appendix B: Auxiliary results

Lemma 38 Suppose that, attimet < T, O, is the pseudo-distance topology defined by
(8) and V,‘: = V,‘: 7O If Vi 1 is Fi-decomposable, then Vﬁ 7 is Fi-decomposable.
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Proof Consider VtCT’ € Viy,i = 1,2, and F; € F;. By Proposition 32, Vtc,’Yl; =

V" + o' where V"2 € V, r and o' converges to 0 in probability as n — oo, for
i=1,2. We set

n,1 n,2 n,l n,2
Vir=Virle +Viilar, o =o 1p +o " loF.

Note that V", € V; 7 by assumption and ;' converges to 0 in probability. Moreover,

Vi ls + Viflawr, < V' + af . Therefore, Proposition 32 implies that V. 15, +

VIC’TZIQ\ F € Vf 7 and the conclusion follows. O

Lemma39 Let hy € LO°(R,Fr) be a payoff. If V.1 (resp. Vir) is Fi-
decomposable (resp. infinitely F;-decomposable), then P; 1 (hr) (resp. Pf;T(hT) ) is
Fi-decomposable (resp. infinitely F;-decomposable).

Proof Suppose that V; 1 is F;-decomposable and consider p,l, pt2 € P r(hr) and
F, € F;.Then, pf+Vt’;T > hr forsome V[in € Vi r.i = 1,2.Byassumption, we have
Vir = VI{T 1p + VfT Io\F, € Vi, 7 by assumption and p,1 1F, +p,21g2\F, +Vir = hr.
We deduce that p! 15, + p?la\r, € Pr.7(ht). By the same reasoning, the property
holds for VZ‘: 7 and the infinite ;-decomposability is obtained similarly. The conclusion
follows. O

Lemma40 Let hy € LO(R, Fr) be a payoff. If V.1 is infinitely F;-decomposable,
then for any y, € LO(R, Ft) such that y; > ;1 (hr), there exists a price p; €
Pr.7(ht) such that p; < y;. In particular, y; € Py 1 (hr).

Proof Since V; r 1is infinitely F;-decomposable, P; r(hr) is infinitely F;-
decomposable by Lemma 39. Therefore, P; r(hr) is directed downward and we
deduce that m; 7(hr)lim, | p} where p} € P; r(hr), see Kabanov and Safarian
(2009, Sect. 5.3.1). Then, a.s.(w), there exits n(w) such that p}'(w) < y;(w). We then
define

Ny=infln>1: p! <y}e LN, 7)),

o0
pe=Y_piln=j
j=1
By assumption p; € P; r(hr) and p; < y;. The conclusion follows. O
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