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The reduced elastic modulus E; and indentation hardness Hjp of various brittle solids including ceramics, semiconductors,
glasses, single crystals, and laser material were evaluated using nanoindentation. Various analysis procedures were compared
such as Oliver & Pharr and nominal hardness-based methods, which require area function of the indenter, and other methods
based on energy, displacement, contact depth, and contact stiffness, which do not require calibration of the indenter. Elastic
recovery of the imprint by the Knoop indenter was also utilized to evaluate elastic moduli of brittle solids. Expressions relating
Hit/E, and dimensionless nanoindentation variables (e.g., the ratio of elastic work over total work and the ratio of permanent
displacement over maximum displacement) are found to be nonlinear rather than linear for brittle solids. The plastic hardness
H, of brittle solids (except traditional glasses) extracted based on E, is found to be proportional to Erm .
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1. Introduction

Mechanical properties (e.g., elastic modulus [1-7], hardness
[8-11], fracture toughness [12-14], and cracking resistance
[15,16]) of various materials are essential for their structural
applications [17-22]. Elastic modulus represents the obstacle
in elastic deformation of material [23], and the alloys used as
biomedical implants should have a relatively low elastic mod-
ulus close to that of the bone [24,25]. Hardness, which can be
used to characterize the resistance to slip process, is a useful
indicator of irreversible deformation [26], and the hardness of
perfectly plastic material is directly related to the yield stress,
which does not hold for brittle solids that fracture before
yielding. Elastic modulus can be measured by various methods
such as uniaxial tensile test, resonant ultrasound spectroscopy
[27], thermal conductivity approach (for silica aerogels) [28],
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bending test [29], and nanoindentation [10,30]. Elastic modulus
and hardness of brittle solids can be well characterized by
nondestructive instrumented indentation [31], whose sample
preparation is much simpler than other methodologies (e.g.,
uniaxial tensile and three-point bending tests), as only sur-
faces of good finish are required [32]. Moreover, indentation
tests can be carried out precisely on the preselected area to
avoid the effect of defects (e.g., porosity and cracking) in
brittle solids, elastic modulus and indentation hardness of
individual phase can thus be estimated [33], and mechanical
property maps (e.g., hardness and elastic modulus) by grid
indentation are fingerprints of local microstructure, element
content, and crystallographic orientation [34].
Nanoindentation has been extensively used to evaluate
localized micromechanical properties (e.g., bonding behavior
[35], interface decohesion [36,37], stress-strain response
[38], kinematic hardening parameters [39], creep [40-42],
hardness [43,44], fracture [45,46], and viscoelastic-plastic
properties [47,48]) and mechanisms (e.g., phase transfor-
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mation [49], ductile-brittle transition [50], structural alteration
[51], fatigue crack growth [52], and local contact fatigue
[53]) of various materials (e.g., brittle solids [54,55], metallic
glasses [56-59], metals [60-65], polymers [66-69], piezo-
electric materials [70-72], biomaterials [73,74], thin films
[71,75-78], composites [37,79-81], and biomaterials [82,83]).
Multicyclic indentation tests were carried out on brittle glasses
to investigate the pop-in event and fracture toughness based
on indentation-induced cracking [84]. Nanoindentation has
been used to investigate the effect of hydrogen ion im-
plantation on elastic modulus, indentation hardness, fracture
behaviors, and phase transformation of 4H-SiC [85]. Photo-
indentation has been used to assess the effect of light on
dislocation-mediated plasticity in single crystals ZnO [86].
Nano- and micro-indentation has been used to evaluate the
mechanical properties of silicon oxycarbide of various
structures [87]. Nanoindentation has been used to unravel
the elastic-plastic transition of lithium metasilicate/disilicate
glass-ceramics [88]. Nanoindentation has been used to ob-
tain elastic modulus of brittle solids based on the indirect
indentation method [89]. A significant uncertainty can be
introduced when an area function pre-calibrated on a reference
material is applied to other material, whose mechanical prop-
erties differ significantly from the reference material [90],
since many factors (e.g., pile-up [91], pop-in [92], residual
stress [93-95], surface effects [96], friction [97,98], and zero
point of initial contact [99]) can affect the projected contact
area that depends on both indenter geometry and material
properties [100-102]. Thus, many alternative methods
without requiring the projected contact area have thus been
proposed based on dimensionless relationships among na-
noindentation variables [103], while a comprehensive com-
parison of various methods for estimating elastic modulus
and indentation hardness of brittle solids is still lacking.

In the present work, instrumented indentation with Ber-
kovich indenter was used to characterize various brittle so-
lids including ceramics, glasses, semiconductors, single
crystals, and laser material. Elastic modulus and indentation
hardness were analyzed by various methods such as Oliver
& Pharr (OP) and nominal hardness-based methods, which
require area function of the indenter, and other methods that
do not require calibration of the indenter including energy-
based, displacement-based, and contact stiffness-based meth-
ods. The primary focus was on comparing different meth-
odologies and their applicability to brittle solids, paving the
way for characterization of micromechanical properties of
brittle solids by instrumented indentation that does not need
the calibration of the indenter. The relationships between the
ratio of indentation hardness H;r over reduced modulus E,
and the dimensionless nanoindentation variables (i.e., the ratio
of elastic work W, over the total work 7, and the ratio of the
plastic displacement /4, or contact depth A, over the max-
imum displacement #4,,,,) for brittle solids can be expressed
by nonlinear rather than linear functions. Elastic modulus
calculated by the elastic recovery of the hardness imprint of
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Knoop indenter under low loads in the absence of indenta-
tion-induced damage can also be used to assess elastic
modulus of brittle solids. It is found for the first time that
plastic hardness H, [104] calculated by E, is proportional to

E.JHy for brittle solids, except for traditional glasses.

2. Analysis methods

2.1 Oliver & Pharr (OP) method

Reduced plane strain modulus E, of the contact, which re-
presents the combination of plane strain moduli of the
sample and the indenter, and indentation hardness Hir can be
calculated from the contact stiffness S (i.e., the initial slope
of the unloading curve at the maximum indentation dis-
placement #,,) and as the mean contact pressure at the
maximum indentation load Fy,,,, respectively [105]:
"/RS — Fmax

R | S i H. =

r om Ej 284, (he)” T Ay(he)
where & and F are the indentation displacement and load,
respectively, with the subscript “max” indicating the max-
imum value; Ejp and v are elastic modulus and Poisson’s
ratio, respectively, of the sample; E; = 1141 GPa, and v; =
0.07 are elastic modulus and Poisson’s ratio, respectively, of
the diamond indenter; f = 1.034 is the correction factor for
Berkovich indenter lacking axial symmetry [106]; and both
h, and m are curve fitting parameters of the unloading curve
by a simple power law function as [107]

)

_ hihp " _dF — mFmax
FFmaX[hmaxhp] 5= dh I - hmaxihp’ (2)
_ _ Fmax
hcfhmax € S >

where £, can be regarded as permanent indentation dis-
placement after complete unloading; m is an exponent nor-
mally ranging between 1.2 and 1.7 [108,109]; ¢ is dependent
on m [110]; and A,(h.), which is the projected contact area
(or the area function of the indenter), is determined by ca-
libration on a standard fused silica (Fj,;x < 100 mN in order
to avoid indentation-induced damage) with known elastic
modulus and Poisson’s ratio as a function of contact depth 4,
with B-spline interpolation [106].

The unknown E; and Hjy can also be obtained by solving
the system of binary equations, and one of the two in-
dependent equations can be obtained from Eq. (1) [111]:

Hir _ 48 Fax
E? ns? G)
The loading curve is related to Hy/E, [111], and can be
expressed as [112]
-2

F nly | K, )

1 e
= | —m— + R
J245H,; 2E;

where ¢ = 0.75 for Berkovich indenter.
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2.2 Energy and displacement-based approaches

The elastic recovery work W, can be calculated as the area
under the unloading curve; the total deformation work I,
can be obtained by integrating the loading and holding
segments of load-displacement curve [106]; and plastic de-
formation work W, (= W, — W) of indentation can be cal-
culated as the net area enclosed by the loading and unloading
curves [109]. Relationships among Hy/E,, W./W,, and hy/ B,y
have been extensively explored, and the various expressions
of linear or nonlinear types reported in the literature are
listed in Table 1 [91,111,113-118], and a robust expression
relating Hir/E, with W/W; or hy/hy,, for brittle solids re-
quires further study. It is worth noting that the displacement-
based Eqgs. (14) and (16) are equivalent with exponent m = 2.

With Egs. (3) and (10), £, and H;r can be simultaneously
solved as
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sumed to be a constant that is dependent on material.
The normalized unloading curve (F/Fu VS. h/hy,,) can be
fitted with a quadratic polynomial function [119]:

2
e e R L
Fmax hmax hmax (18)
— % — Fmax
N [dh ]h—h hlnax(a1+2a2)’

where ay, a;, and a, are dimensionless fitting parameters,
which are normally independent of the maximum load [120].

2.3 Contact stiffness-based method

The relationship S®= ¢, +ch, +cyh’ can be transformed

into [119]

245¢,
5= J245[ &

24&201}% +24.5h3] . (19)

-1
-1
E, = S 1optang| 2| Be |, . - .
r Fmax m+1\W, ’ Comparing Egs. (1) and (19) with ¢y =0, it is found that [119]
(17)
) 252
e w! s=|LEy ) - 24,552+ 233,
o= S5 lang3m (M| _ T e\ 245 ey e
T~ 2F o Y m+ 1\ W, g 24 5 (20)
C
o ) Ay(he) = 245h2+ =, B, =57 [ 42,
which is named energy-based method. S°/F,,, can be as- BN 245
Table 1 Relationships between W,/W, (or hy/hy,,) and Hy/E,
Expressions Eq. Indenter and reference Type
ly=2(1+y)=5.736,y=0.27, 1 =1.5tanf) + 0.327 = 4.02, ) Conical [111,113,114]
5 ,113,
h W o o
0=1703°, for 2> 04 or 72> 0.2 (60° < 0 < 80%)
max t
HIT :7% 1y = r7'30’ for VVE/VK <0.15, (6) Conical [91] Linear
Ec 7 7507, for WyW,>0.15 (0 =103
1y = 4.678 7 Berkovich [115]
1/y = 2tand = 5.59 ®) Berkovich [116]
—1
We_|e, B (Hun)' ) Berkovich [116]
T 12 wtand| E;
» Nonlinear
-1
e __3mm Hyp | | me 10 Berkovich [117
W, 2B D\ “E | T 28 1o H
h O=21=402 11 Berkovich [114
P —1- @HIT (1 . [114] Linear
Mimax E. ® = 2tanf = 5.59 (12) Berkovich [116]
hy ’ _ Yy : Hyr Y% 13 Berkovich [114
| =1 o s (3 [114]
1
hy _\_|e, B (Hn B (14) Berkovich [116]
Nax 2 mand| E,
Nonlinear
hy 2 Hyp ) (15) Berkovich [118]
hmax a tanf E;
h —1
po_ Hir) | me (16) Berkovich [117]
e 2 [‘a - +2/f

a): For Berkovich indenter, equivalent cone apex semi-angle 8 = 70.3°; geometry correction factor f = 1.034; intercept factor ¢ = 0.75; Y% and Yy are

parameters that are sensitive to the degree of surface sink-in or pile-up.
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where 24.5hc2 is the projected contact area of the ideal
Berkovich indenter.

Substituting Eq. (20) into Eq. (1) gives
L _ Finax
Ap(he) 24.5[hc2+(c1/c2)hc}’

where /. can be obtained by OP method Eq. (2).

Hyp =

@1

2.4 Nominal hardness-based method

Martens hardness, which is defined at the maximum in-
dentation depth under the maximum applied load, is less
affected by the material’s viscoelastic and optical properties
[121], and is equivalent to nominal hardness H,. The ratio of
nominal hardness H, over combined modulus E. is a func-
tion of W./W, [122]:

6 (w )
izzai[_e]’HHZi;max,
VVt max

i=1

=

o

(22)
1_a-v), 1.32(1_vi2)
E, Epr E; >
where the coefficients aj-ag are 0.16716, —0.13875,

0.06215, 0.01568, —0.04784, and 0.01878, respectively; H,
is calculated as the ratio of the maximum load F,,, over the
projected contact area A, determined at A, and con-
sidering the tip roundness [123]:

~ Frax Finax
Amax - Hn _6—1'
Eczai(%/w/t)
i=1
= 24.5(1 o + AR, fOT By > g, (23)

where 0 = 70.3° for Berkovich indenter, A/ is the distance
from the apex of the perfect indenter to the tip of the
rounded indenter, see the inset of Fig. 1, sy = R(1 — sinf) is
the sphere-to-cone transition distance, and R = Ahsiné/(1 —
sinf) is tip radius of Berkovich indenter [106,109]. To

1000

OQ

(4245 = h,, +250m @Q' ‘
~ 800
£ \ ) mN
£
<
v 600 - @Ef
&
\>< l’o@
V:E y ,"’Suluplcs\ulhcc o
=~ 400 |- ,,o" —y sy
Yfpd 0 . < R |y
Thy | |
Ah|
200 L I L
200 400 600 800
max (nm)

Figure 1 Characterization of indenter tip by fitting (Ama/24.5)" Vs. Hya
curve with Eq. (23). The inset shows schematic illustration of equivalently
conical indenter with a spherical tip.
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characterize the indenter tip, W, and W, under various Fj,,
(Finax < 100 mN to avoid indentation-induced damage) were
obtained by indenting fused silica with known plane strain
modulus E* = E/(1 — V*) of 75.3 GPa [109] and combined
modulus E, of 69.2 GPa, and thus 4,,,, can be calculated by
Eq. (23). Ak =25 nm (R = 402 nm, and &, = 23.5 nm) can be
obtained by linear fitting of (141m,(/24.5)0'5 vS. e With Eq.
(23).

With known F,,, and A, H, can be calculated, and E,
can be computed by Eq. (22) with a constant value of W,/W..
Then, E, can be computed by substituting Eq. (22) into Eq. (1):

11 1-v?
E = E_c —-0.32 Ei !
where E; = 1141 GPa, and v; = 0.07 are elastic modulus and
Poisson’s ratio of the diamond indenter, respectively.

24)

2.5 Plastic hardness

Assume “springs in series” for elastic (i.e., /) and plastic
(i.e., hy) deformation, which contributes to the total contact
depth as mechanical elements in series, and the loads in the
elastic (i.e., Py) and plastic (i.e., Py) elements are equal for
elements in series [104,124-126]:

he=hgthy, Py=44Ehi=P=P,=245H}5 (25

where H,, is the term quantifying the resistance to permanent
deformation, and reduced modulus E, is used considering
the elastic deformation of both the indenter and the sample
in the current work, while the plane strain modulus E* = E/
(1 — %) was used in the previous study without considering
the elastically deformable indenter [104].

Assuming a perfect Berkovich indenter, the contact
hardness Hip can be calculated at peak load P, as [105]

P P
M. = —max _ max 26
T™ "4, 24502 (26)

Substituting Ay = ’% and h, = ’Zf%al)il by Eq.
4y

(25) into Eq. (26), it is found that [124]

1/2] 2

[(4.4Er)’” 2+ (24.5H,)

243 ; @7)

which can be rearranged in terms of plastic hardness H,,:

Hyp =

-2

1/2 1/2

{(24.SHIT)’ ~(44E,)

H,= 745 : (28)

3. Experimental procedures

3.1 Materials

The mechanical properties (i.e., Poisson’s ratio v, elastic
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modulus E, indentation hardness Hr, and fracture toughness
K¢ in the literature) of 12 different brittle solids studied are
listed in Table 2 [106,109,127-146]: 9 brittle solids are
commercially available including Al,O;, SizNg, ZrO,, Si
(111), SiC, K9 glass, soda-lime-silica (SLS) glass, fused
silica, and laser material ZnSe, and 3 brittle solids including
dielectric ceramic BaO-Sm,05-5TiO, (BST), single crystal
ScAIMgO4 (SCAM), and single crystal Y,gDyg,AL;01,
(YDAG) were prepared in the laboratory.

Ba0-Sm,03-5Ti0O, (BST) ceramic [22] was synthesized
by the solid-state reaction method with the regent grade
powders BaCOs;, TiO,, Sm,05 (purity > 99.99 wt.%), which
were firstly wet ball-milled for 12 h in a nylon jar using
deionized water and zirconia balls, passed through an 80
mesh sieve after drying at 130 °C, and calcined in ambient
atmosphere for 4 h at 1170 °C with heating rate of 10 K/min
in the muffle furnace, followed by natural air cooling inside
the furnace. Then, the cylindrical samples with the dimen-
sions of 12 mm in diameter and 6 mm in height were formed
by uniaxially pressing the powder mixtures into a cylindrical
mold under the pressure of 180 MPa. The BST samples were
prepared by sintering at 1350 °C for 4 h in the furnace at a
heating rate of 3 K/min (followed by natural air cooling
inside the furnace) according to the following reaction:
BaO+5TiO0,+Sm,0; — BaO-Sm,0,-5Ti0O,. (29)

Single crystal SCAM was synthesized by the floating zone
(FZ) method using a FZ furnace (FZD0192, Canon Ma-
chinery Inc.) with Sc,03, Al,03, MgO (purity > 99.99 wt.%),
which was firstly mixed under the stoichiometric ratio, and
formed into a cylinder rod by applying the hydrostatic
pressure [147]. Then, the cylinder rod was sintered at
1500 °C for 8 h in ambient atmosphere. The sintered rod
was loaded into the FZ furnace to conduct crystal growth (the
pulling rate was 3-5 mm/h, the rotation rate was 20 r/min,
and the heat radiation source of the FZ furnace was halogen
lamp) according to the following reaction [148]:

Al,O;+2MgO+S¢,0; — 2ScAIMgO,. (30)

Table 2 Mechanical properties of various brittle solids reported in the literature *
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Single crystal YDAG [149] was prepared by the solid-
phase sintering process with Y,03, Al,O;, and Dy,0s (purity
>99.99 wt.%), which were mixed by a wet ball milling with
alcohol in a mill machine (MITR-YXQM-4L, MITR) for
24 h, and were weighed according to Ref. [149]:
2.88Y,05 + 5A1,0; + 0.12Dy,05 — 2Y, 4Dy, 1,A15045.

€2))

The powder mixtures were then dried and pressed under
uniaxial pressing of 10 MPa into tablets, which were loaded
into crucibles and calcined for 48 h in a muftle furnace at
1450 °C, followed by natural air cooling inside the furnace,
and finally placed into an iridium crucible under a protective
atmosphere of 99.99 vol. % N,, and were grown into single
crystals by the Czochralski method [149].

The surfaces of specimens including Al,Os, SisNy, ZrO,,
BST, SCAM, and YDAG were sequentially ground using
silicon carbide water-proof abrasive papers from 600# to
3000# grits followed by manually polishing with diamond
paste of 1.0 pm, and ion beams on Leica EM TIC 3X-Ion
Beam Slope Cutter was used as the final finishing. The
surfaces of commercially available semiconductors (i.e., Si
(111) and SiC), glasses (i.e., K9 glass, SLS glass, and fused
silica), and ZnSe are sufficiently smooth, see the optical
microscopy in the insets of Fig. 2, and do not need further
surface preparation. Before indentation tests, the sample
surfaces were ultrasonically cleaned to remove polishing
abrasives and other impurities.

3.2 Experiments

Nanoindentation tests were performed on nanoindentation
tester (NHT? of Anton Paar) under various loads with
loading/unloading times of 30 s and holding time of 10 s.
Berkovich indenter, which has face angle a of 65.27°, re-
sulting in the same ratio of the projected contact area over
the contact depth as that of Vickers indenter [109], was used.
Knoop hardness tests were conducted under various loads

)

Material Poisson’s ratio, v Elastic modulus, E (GPa) Hardness, Hyp (GPa) Fracture toughness, K¢ (MPa'm'?)
Al 04 0.24 [127] 305 [128] 19.1 [128] 4.6 [128]
SizN, 0.27 [129] 300 [128] 18.5 [128] 4.0 [128]
Zr0O, 0.3 [130] 233 [131] 15.7 [132] 7-10 [133]
BST 0.2 [134] 230 [134] 9 [134] 2.9 [134]

Si (111) 0.22 [135] 206 [136] 9 [137] 0.91 [138]
SiC 0.22 [139] 430 [139] 24.0 [128] 3.1 [129]

K9 glass 0.206 [109] 82 [109] 7.72 [109] 0.8 [140]

SLS glass 0.21 [141] 73 [128] 5.6 [128] 0.75 [128]

Fused silica 0.17 [106] 75.3 [106] 9.8 [106] 0.825 [142]

SCAM 0.2 204 14.0 -
ZnSe 0.3 [143] 71 [143] 1.5 [143] 0.9 [143]

YDAG 0.233 [144] 268 [145] 24.7 [145] 1.04 [146]

a): Elastic modulus and indentation hardness of SCAM (Poisson’s ratio is assumed to be 0.2) were obtained by nanoindentation tests (Toray Research

Center, Inc.)
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Figure 2 F-h curves of 12 brittle solids under various loads. (a) AL,Os, (b) Si3Ny, (¢) ZrO,, (d) BST, (e) Si (111), (f) SiC, (g) K9 glass, (h) SLS glass, (i)
fused silica, (j) SCAM, (k) ZnSe, and (1) YDAG. The insets show the optical images of residual indents at the maximum load F,,, = 500 mN.

with holding time of 15 s.

Time-dependent mechanical properties of material can be
characterized under a constant strain rate during na-
noindentation tests [150,151]. The nanoindentation strain
rate in nanoindentation lies between 0.01 s and 0.10 s"l,
and is defined as the ratio over the increment rate and the
instantaneous value of the indentation displacement, which
is half of the ratio of the increment rate over the in-
stantaneous value of the indentation load, while the strain
rates of uniaxial tests are normally between 107*s™' and

107s™", and are differently defined by the change in the
uniaxial strain with respect to time [152,153], and a shift of
nanoindentation strain rate by a factor is required when
applying nanoindentation to characterize the constitutive
parameters obtained by uniaxial tests [154]. Nevertheless, a
constant loading rate rather than a constant strain rate was
used in the current study without considering the effect of
strain rate, since mechanical properties of brittle solids can
be assumed to be time-independent. Moreover, a constant
strain rate is more difficult to maintain than a constant
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loading rate, and the measurement under a constant loading
rate is more accurate and reliable than that under a constant
strain rate [108].

4. Results and discussion

4.1 Analysis by OP method

Figure 2 shows indentation load-displacement (F-4) curves
of 12 brittle solids. The loading segments follow almost the
same trace, and the slight deviation of loading curves of Al,
0; and Si3N, under large loads is caused by their hetero-
geneous microstructure, see Fig. 2(a) and (b). The pop-in (or
pop-out) in loading (or unloading) segment of single crystal
Si (111) is attributed to phase transformation [155,156].
Sink-in prevails for Al,O3, Si3N,, Si (111), SiC, K9 glass,
fused silica, and ZnSe, see the insets of Fig. 2(a), (b), (e), (),
(g), (1), and (k). Fused silica is damaged and permanently
densified under large loads, resulting in the nose-like phe-
nomenon in unloading segment due to its distinctive de-
formation mechanism [157,158]. ZnSe has the largest
indentation size due to its soft and brittle nature [159,160],
which is demonstrated by its low values of both hardness
and fracture toughness, see Table 2, and has special de-
formation mechanisms (e.g., local lattice distortion at sub-
surface and phase transformation under relatively large
stresses) [161,162].

Borderline cracks are observed for fused silica under large
loads, as expected [163]. Radial cracks emanating at the
indent corners appear for BST ceramic, Si (111), SiC, K9
glass, SCAM, and YDAG, and chips with fragmentation
are formed around the indent region on the surface under
500 mN for Si (111). As the indentation load increases,
cracking appears for some materials, and the smallest ap-
plied load that can induce cracking is regarded to be the
critical load F for crack initiation, which is listed in Table 3.
F, cannot be obtained for some materials in the absence of
visible surface cracking under the loads (< 500 mN) applied
in the current study.

Table 3 Indentation results of various brittle solids by OP method
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The white area beneath the residual indentation imprint of
SCAM shown in the inset of Fig. 2(j), is attributed to lateral
cracking that is reported in various brittle glasses [164,165]
and cleavage. Figure 2(1) shows that the pop-in events on the
loading segment of F-h curves of YDAG, which has been
previously reported for the YAG single crystal [145], and is
associated with the dislocation nucleation and subsequent
plane slips [145,166].

The unloading segment of F-h curves were fitted by OP
method Eq. (2) with the fitting range from 98% F,,, to 40%
F . for most materials except Si (111), whose fitting range
1S 98%F nax to 60%F ., since Si (111) exhibits pop-out due
to phase transformation [155,156]. Figure 3 displays the
relationships among various indentation variables (i.e., Eir,
Hyr, Wey Wiy iy B hey m, 8 JF s S W [Fs , and Frugy) for
the 12 brittle solids.

Figure 3(a) and (b) show that under small loads (F},x < 15 mN),
the values of Ejr and Hjp vary with F,,, and the data in this
regime were discarded. Although the values of Hjr of brittle
solids under small loads show indentation size effect (ISE),
which is normally manifested by an increase in hardness
with the decrease in the indentation displacement (or in-
dentation area, load [167]) and is widely reported for various
materials (e.g., single crystals [168,169], ceramics [170,171],
composites [172,173], polymers [174], metallic glasses
[175,176], and high entropy carbides [172]), size effect of
constitutive properties of material is hard to characterize by
nanoindentation, since ISE can be attributed to many factors
such as materials (e.g., microstructure [174], surface un-
dulation [101,177], and strain hardening [178]), the in-
denters (e.g., tip irregularity [101]), and friction between the
indenter and the sample surface [139]. Different models
without considering the intrinsic size effect of constitutive
properties of material have been proposed to describe ISE
such as Meyer’s law [179], Hays and Kendall’s approach
[180], elastic/plastic deformation model [181], and the
proportional specimen resistance model [182,183]. Under
large loads (F, > 15 mN), both Eir and Hir of most ma-

Material ~ Eyp (GPa) E, (GPa) Hir (GP2) Ayl Il WJW, m Fo/S® (m*mN)  S/(Fal/hmax)  F/R (mN/pm?)  F, (mN)
ALO; 341 252 219 0.63 0.8 0.43 1.38 208 3.7 343 -
SizNy 303 252 19.6 0.57 0.8 0.53 1.59 219 3.7 350 —
710, 254 209 16.9 0.61 0.8 0.45 1.47 243 3.7 303 -
BST 260 198 16.2 0.6 0.77 0.46 1.32 518 3.4 187 250
Si (111) 189 182 12 0.49 0.81 0.5 2 366 3.8 182 50
SiC 534 324 43.1 0.55 0.74 0.54 1.34 203 2.9 562 100
K9 84 80 8.2 0.53 0.75 0.57 1.39 939 3 124 250
SLS 74 72 72 0.54 0.75 0.57 1.39 1074 3 107 -
Fused silica 69 73 8.3 0.49 0.72 0.58 1.24 1327 2.7 105 100
SCAM 229 179 12 0.63 0.84 0.41 1.66 221 44 223 80
ZnSe 78 73 1.1 0.9 0.96 0.079 1.7 128 17.5 27 200
YDAG 320 227 26.4 0.66 0.8 0.41 1.31 215 3.8 325 100
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Figure 3 Relationships among various indentation variables for the 12 brittle solids: (a) Eir VS. Fiyax, (b) Hir VS. Finax, (€) m V8. Finy, (d) hy/F, [?,fx VS. Fiax (€)
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brittleness index & (= Hj1/K¢) vs. critical load F, listed in Table 3 based on surface cracking, (m) F' vs. W during loading segment (the results were measured
under Fiy = 500 mN), (n) F/A? calculated by Eq. (4) vs. FIR of loading segment by curve fitting, and (o) S*vs. he.
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terials (except BST and SiC) can normally be assumed to be
constant, which are widely reported [56,106,109,119]; the
decrease in Ejr and Hir of BST and SiC are caused by the
indentation-induced damage/cracking, and the average va-
lues of the stable state under intermediate loads are the
reasonable values; the small increase in £ of SCAM under
large loads can be explained by noting the pop-in during
unloading, see Fig. 3(b). The constant values of Hjr and E,
calculated from the stable state by OP method Eq. (1) are
listed in Table 3. The values of Hj1/E; of K9 glass and fused
silica are almost the same as those reported in the literature
(i.e., 0.10 for K9 glass [109], 0.13 for fused silica [106]).
Figure 3(c) shows that the values of power law exponent
m of most materials lie within the normal range (1.2 <m <
1.7) [108,109]. Values of m of Si (111) are larger than 2, and
show large scattering, which can be attributed to phase
transformation; the increase in m of SCAM under large
loads is caused by the pop-ins in unloading segment. Figure

3(d) and (e) show that both 4 /F, 05 and W,/F!3 increase as

max p’+ max
F. increases with the increasing rate becoming progres-
sively smaller, and both can be approximated to be constant
as the plastic deformation plays the dominating role. The
proportional coefficients and constant values of the 12
brittle solids studied are listed in Table 3.

Figure 3(f)-(j) show that proportional relationships can be
approximated between elastic work W, and total indentation
work W,, between h, (or &) and hy,,, between S? and Fpy,
and between S and F./hma. The proportional correlations
between hy, and h, (or h;) have been widely reported
[106,109,184,185], and A,/hy,y are smaller than 0.7 for most
materials (except for ZnSe), indicating the absence of pile-
up [186], which is consistent with the observations of im-
prints, see the insets in Fig. 2; ZnSe with /,/hy,, larger than
0.7 also exhibits no pile-up, see Fig. 2(j), which is attributed
to its soft brittleness [159]. The sudden change in /1,/Ay,y (0r
ho/hye) for fused silica and SCAM under large loads or
displacements is attributed to the nose-like phenomenon and
pop-in, respectively, during unloading.

The capacity of energy dissipation during indentation in-

creases with the increase in £?/H,; [157], and the recovery

resistance R (= 2-263Er2/Hn for Berkovich indenter) [157]

can be used as an indicator of energy dissipation (or plastic
work) during indentation. Figure 3(k) shows that although
R can be regarded to be proportional to W,/W,, the pro-
portionality depends on the type of brittle solid, and the
three traditional glasses (K9, SLS, and fused silica) deviate
from other ceramics, laser material, and semiconductors,
since the values of F,,/S* of the three traditional glasses are
much larger than those of other brittle materials, see Table 3,
which is associated with the amorphous microstructure of
traditional glasses. ZnSe with the largest plastic deformation
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component exhibits the largest R; and fused silica with the
smallest plastic deformation component exhibits the smal-
lest R,.

The brittleness index ¢ (= Hy/Kc), indicative of the order
of brittleness, is defined as the ratio of hardness over frac-
ture toughness [187,188]. ¢ calculated with Hjp in Table 3
and K¢ in Table 2 are displayed in Fig. 3(1), which shows
that ¢ normally decreases as the critical load F, increases,
since a smaller & corresponds to a lower brittleness, which
requires a larger F, to induce cracking [187,188]. ZnSe
exhibits the lowest brittleness due to the effect of metallic
element Zn of ductility, and YDAG has the highest brittle-
ness due to its low machinability [145]. K of SCAM is
unavailable, and thus ¢ of SCAM is not shown in Fig. 3(j).
Figure 3(m) shows that F can be assumed to be proportional
to 4* during loading.

Figure 3(n) shows that values of F/h* calculated by Eq. (4)
with Hr and E; listed in Table 3 are almost the same as those
by curve fitting of loading segment, validating the applic-
ability of Eq. (4) to brittle solids. Figure 3(0) shows that $*
nonlinearly increases with the increase in 4, and a quadratic
polynomial function can be used to express their relation-

ship: §%= coteih, +czhc2 [119] (¢, ¢1, and c, are fitting
parameters; constant term ¢, can be normally regarded to be
Zero).

4.2  Analysis by energy and displacement-based ap-
proaches

The energy-based relationship Eq. (10) and displacement-
based Eq. (16) are equivalent provided that W./W,=3(1 — h,
Ihmax)/(m + 1), which can be validated by the proportional
curve fitting of W/W, vs. (1 — hy/hy,)/(m + 1), as shown in
Fig. 4.

Figure 5(a) shows that W/, is not proportional to Hyi/E,
for brittle materials, and Egs. (5)-(8) listed in Table 1
showing proportional relationships between W./W, and Hy

= ALO,
e Si;N, ,/
0.6 . 710, &7
v BSI . /’
o Si(111) o
) 2y
~ 04} -/'
=T 8
= . it
. et k=3
0.2+ L
0.0 v .
0.0 0.1 0.2
(1 = hfhug)/(m + 1)

Figure 4 Variation of W./W, with (1 — hy/hy.)/(m + 1) for brittle solids.
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/E, are inapplicable to brittle solids, and a large deviation of
the data from the nonlinear prediction by Eq. (9) can be seen
for some brittle materials. Values of H1/E; obtained by Eq.
(10) with m and W /W, in Table 3 are compared well with
those by OP method, see Fig. 5(b), indicating that the
nonlinear expression, applicable to various materials span-
ning from brittle ceramics to ductile metals [103], is most
suitable for the investigation of indentation hardness and
elastic modulus of brittle solids. Moreover, the unloading
exponent m plays a significant role in the relation between

WJW, and H1/E,, as shown in Eq. (10).

Figure 5(c) shows that A/, is not proportional to Hy/E;
for brittle materials, and Eqgs. (11) and (12) listed in Table 1
showing proportional relationships between //hy, and Hir
/E. are inapplicable to brittle solids, and a large deviation of
the data from the nonlinear prediction by Egs. (13)-(15) can
be seen for some brittle materials. A quadratic polynomial
with the constant term of 1 can be used to express the de-
pendence of hy/hy,, on Hir/E, for most materials except Si
(111) and YDAG:

h H,
Po_q_ IT
7 1-7.5 E. +29

The deviation of Si (111) and YDAG from the prediction
is attributed to phase transformation of Si [155,156] and the
largest brittleness index (i.e., ¢ = 25.4 um™°) of YDAG,
respectively. With m and Ay/hy,, in Table 3, values of Hr/E,
calculated by Eq. (16) are almost the same as those by OP

2
Hy
7| -

T

(32)

method, as shown in Fig. 5(d). With Egs. (3) and (16), E,
and Hr can be obtained based on /iy/fy,y:

-1

-1
2 h
Er=S— 2ftand {1 p] m—elr ,

Fmax hmax
I (33)
2 hp
HIT:nFmax tand 1*hmaX m—elr ,

which is named displacement-based method.

Figure 5(e) shows a linear relationship between /A/fy,x
and A,/ hy,, obtained by linear fitting the variables under
various loads:

he

h max

hP
=0.4+0.6

h max ’ (34)
where the sum of intercept and slope is 1, which was also
reported in the previous study [103].

Figure 5(f) shows that a quadratic polynomial function
can be used to describe the relationship between A /h,,, and

Hy/E;:

2
he _ 14.13%”%.65[?]. (35)

hmax T T

Figure 6 shows the variations of fitting parameters o, a;,
and a, with F,.: a9 and a, are positive; while a, is negative;
the sum of ay, a;, and ¢, is also included, and is equal to one,
as expected by Eq. (18) under & = hy,,. For SLS glass, oy =
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Figure 6 Variations of a, a;, and a, in Eq. (18) with F,,, for the 12 brittle solids. (a) AL,Os, (b) Si3Ny, (c) ZrO,, (d) BST, (e) Si (111), (f) SiC, (g) K9 glass,

(h) SLS glass, (i) fused silica, (j) SCAM, (k) ZnSe, and (1) YDAG.

0.1, 0y =—=1.6, ay = 2.6, and (a; + 2a;) = 3.6, which is almost
the same as those reported in the previous study [120]. The
large fluctuation of the three parameters ay, a;, and a,
for Al,O; in Fig. 6(a) and Si (111) in Fig. 6(e) is due to the
defects of Al,O; and phase transformation of Si, respectively;
while (a; + 2a,) is less affected, and can be approximated to
be constant under large loads. On the premise that a; and a,
are constant and independent of load, continuous measure-
ment of S can be obtained from F/4 of the loading segment

without the necessity of unloading. Assume a proportional
relationship between contact stiffness S and the ratio of F/h
during loading, see Fig. 3(j), contact stiffness S in Eqs. (17)
and (33) can be replaced by that calculated by Eq. (18).

4.3 FElastic modulus by elastic recovery of Knoop im-
print

Knoop indenter of elongated rhombohedral shape is more
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suitable for investigating the micro-hardness of brittle ma-
terial and films than Vickers and Berkovich indenters, since
cracking is less likely to be induced under Knoop indenter
that is more flattened and less sharp, and the maximum
depth reached by Knoop indenter is 30% lower than that
obtained by Vickers or Berkovich indenter under the same
applied load [189,190]. Knoop hardness test can be used not
only to measure fracture toughness of brittle ceramics by
indentation-induced cracking [191-193], but also to calcu-
late elastic modulus of various solids (e.g., polymer [194],
ceramic [195], glass [196], optical crystal [197], coating
[198]) based on elastic recovery [199,200].

Lateral cracking

424095-12

Figure 7(a) shows the schematic diagram of the elastic
recovery of Knoop indent after unloading: d and b are the
long and short diagonals of residual Knoop indent, respec-
tively; d' and &' are the long and short diagonals of Knoop
indent, respectively, at full load (b'/d' = 1/7.11). After un-
loading, short diagonal decreases due to the elastic recovery
(i.e., b < b'), and the decrease in the long diagonal is neg-
ligible (i.e., d =~ d'). Macroscopic elastic modulus Ex can be
obtained based on the elastic recovery of Knoop indent [199]:

_ _ Ll
He=25  tangr = 1422975 (36)

T oo

Lateral cracking

Half-elliptical cracking

Edge chipping

(9] scaM

Lateral cracking

0

Half-elliptical cracking

Figure 7 (a) Schematic diagram of the elastic recovery of Knoop indent after unloading; residual imprint of 11 brittle solids by Knoop indenter (P = 1000 gf
for most materials, while P = 200 gf for SCAM and ZnSe): (b) Si;Ny, (c) ZrO,, (d) BST, (e) Si (111), (f) SiC, (g) K9 glass, (h) SLS glass, (i) fused silica, (j)

ZnSe, (k) SCAM, and (1) YDAG.
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where ay is normally assumed to be a constant of 0.45 for
ceramics [201], while is a linear function of b/d for bulk
metallic glasses [202]; Hg is Knoop hardness, which is the
mean pressure defined by the ratio of normal load P over the
projected area of residual imprint created by the lozenge-
based pyramid Knoop indenter [190], 8, = 86.25°, and 6, =
65° are semi-apical angles of Knoop indenter, respectively.
Reduced modulus E; can be calculated by substituting Ey
(i.e., Eyr) into Eq. (1).

Figure 7(b)-(1) show the residual imprints of 11 brittle
solids (Al,O5 is not shown due to the invisible indents under
optical microscopy) by Knoop indenter. No surface cracking
is observed for ceramics, traditional glasses at load P = 1000
gf (1 gf=9.81x107° N), and soft brittle ZnSe at load P =200
gf; only imprints attributed to elastoplastic deformation can
be observed, and similar phenomena can be found for
ceramics Ref. [203]. Figure 7(¢) and (k) show the surface
uplifts due to the lateral cracking around the short diagonal
of the Knoop indents of Si (111) and SCAM, respectively, in
the absence of the half-elliptical cracking along the long
diagonal, and the prominent surface uplifts are attributed to
the cleavage characteristics and relatively low fracture
toughness of material [204]. Figure 7(f) and () reveal that
the half-elliptical cracks propagate along the long diagonal
of the Knoop indents of SiC and YDAG, respectively, and
half-elliptical cracks can intersect with the lateral cracks
beneath the surface under large loads [191]. Only a little
edge chipping can be observed for K9 glass by Knoop in-
denter under 9.8 N, as shown in Fig. 7(g), while surface
radial cracking occurs under a smaller load of 0.5 N in na-
noindentation by Berkovich indenter, see Fig. 2(g), which
can be explained by noting that the blunter Knoop indenter
of elongated rhombohedral shape is more flattened than
Berkovich indenter, and is more suitable for investigating
hardness of brittle solids than the sharper Vickers and Ber-
kovich indenters. Moreover, under the same load P = 1000
gf, no surface cracking can be observed for BST ceramic and
fused silica with Knoop indenter, while severe cracking
damage can be found with a sharper Vickers indenter, as

a) 25
( ) e Si;N
A 710,
20F v BST
» K9 gla
¢ SLS glass
~ 15 * Fusedsilica
=) @ 7ZnSe
3
=
= 10t
5 .
0 . : :
0 50 100 150 200

d (um)

Figure 8 Proportional relationships between (a) b and d, and (b) P and d°.
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reported in Refs. [1,205]. Severe surface cracking/damage
can be observed for semiconductors (i.e., Si and SiC),
SCAM, and YDAG, which can be attributed to their single
crystal microstructures, and ceramics of polycrystalline
microstructures and glasses of non-crystal structure show
excellent cracking resistance.

Figure 8(a) shows that b is proportional to d, and a con-
stant value of b/d that is independent of load but dependent
on material can be assumed. Only the materials under the
appropriate loads with clearly visible 4 and in the absence of
indentation-induced cracking are considered. The values of
b/d of brittle solids are smaller than 1/7.11, indicating the
decrease in short diagonal due to the elastic recovery, as
expected, and the Knoop hardness, calculated based on the
real residual Knoop imprint is smaller than that without
considering the elastic recovery in short diagonal in Eq.
(36). Figure 8(b) shows that the applied load P is propor-
tional to %, and Hy can be calculated as a constant that is
independent of load with the proportional coefficient.

4.4 Comparison of elastic modulus by different
methods

Figure 9 compares reduced modulus £, by different methods
with E; by OP method Eq. (1) as reference. Spearman rank
correlation coefficient p is calculated as [206]

> R T)

P= N 2N —\2’
DYCEID WIS (37)
N N
¥ = Zizlxi o Luim?
N s y N >

where x and y represent the values obtained by OP method
Eq. (1) and other methods (or in the literature), respectively;
the subscript i is the serial number of E, or Hir; N =12 is the
total number of brittle solids; ¥ and y are the arithmetic
means of E; (or Hjyr) by OP method Eq. (1) and other
methods, respectively.

Values of E; in the literature and those calculated by
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various methods are almost the same, and the values of p
between E, calculated by various methods and those by OP
method Eq. (1) are not smaller than 0.95, indicating that
elastic modulus of brittle solids can be characterized by
various methods such as energy-based method Eq. (17),
displacement-based method Eq. (33), contact stiffness-based
method Eq. (20), nominal hardness-based method Eq. (24),
and Knoop hardness-based method Eq. (36). Values of E, of
BST obtained by energy-based, displacement-based, and
contact stiffness-based methods are much smaller than that
obtained by OP method, see Fig. 9(b)-(d), which can be
explained by noting the inhomogeneity and defects of BST
ceramic. Only the materials without indentation-induced
cracking are considered in Fig. 9(f). Knoop hardness-based
method Eq. (36) is an easy and suitable method to obtain E,
of brittle solids in the absence of indentation-induced
cracking [191-193].

4.5 Hardness analysis

Figure 10(a) and (b) shows the variations of projected contact
area A, which is calculated by contact stiffness-based
method Eq. (20) with the fitting parameters, see Fig. 3(0),
and A, which is calculated by 4, = 24.5(h,,,, +Ah)* in
Eq. (23) with Ah, see Fig. 1, with F,,. Proportional re-
lationships can be normally assumed between Fy,, and 4,

and F, and A, with their proportionalities being the in-
dentation hardness Hir (= Fi/Ap) and nominal hardness H,
(= Fna/Amsx), respectively, which can be regarded to be
constant and independent of load. For BST, the proportional
relationship between A4, and Fi,, holds under small loads,
the relationship between A4, and [, becomes nonlinear
under large loads, which might be attributed to the defects
and inhomogeneity of the newly prepared ceramic by sin-
tering. For fused silica, the relationship between A, and
F. under large loads deviates from the proportional re-
lationship under small loads, which is mainly attributed to
the indentation-induced cracking under large loads. Figure
10(c) compares the contact protected area A, by contact
stiffness-based method Eq. (20) and the maximum projected
area Apm, by Eq. (23), and values of 4, are normally smaller
than those of A,,,,, and linear relationship can be approxi-
mated. For BST, 4, is larger than 4,,, with a nonlinear
relationship, which can be attributed to the dielectric char-
acteristic of BST. For fused silica, 4, is larger than A,
under small loads, while 4, is smaller than 4,,, under large
loads due to indentation-induced cracking. For ZnSe, 4, and
Apax, Which are much larger than those of other materials,
are more or less the same, which is attributed to its excellent
ductility. Fused silica is a standard material used for cali-
bration of area function of the indenter, and the applied
should not exceed 100 mN to prevent indentation-induced
cracking, resulting in a relatively small range of contact
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depth that is calibrated. ZnSe is believed to be more suitable
than fused silica for calibration of the indenter, since the
calibrated range of contact depth would become much larger

than that by fused silica.

Figure 11(a)-(e) compare indentation hardness by differ-
ent methods with Hjr by OP method Eq. (1) as reference.
Values of Hjr in the literature and those obtained by OP
method Eq. (1), energy-based method Eq. (17), and dis-
placement-based method Eq. (33) are almost the same. Hir
of SiC obtained by OP method Eq. (1) is much larger than
that in Ref. [128], which can be explained by noting that the
loads used in the current work are smaller than those used
for micro-hardness tests [128], and the smaller hardness

reported in the literature is due to the indentation-induced
cracking under large loads in micro-hardness tests.
Figure 11(d) shows that values of Hjr obtained by contact

stiffness-based method Eq. (21) is proportional to those

obtained by OP method Eq. (1) with the proportionality
being 0.8 and smaller than 1, and 4, calculated by Eq. (20) is
larger than that by OP method, which can be explained by
noting that a simple quadratic polynomial function without
the constant term is used to relate S* and #. Figure 11(e)
shows that values of nominal hardness H, by Eq. (22) are
proportional to those of Hjr by OP method Eq. (1) with the
proportional coefficient being 0.6 and smaller than 1, since
Apax 1s larger than 4, under the same load. Figure 11(f)
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Figure 11 Comparison of Hjr obtained by OP method Eq. (1) with those (a) in the literature, and calculated by (b) energy-based method Eq. (17), (c)
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shows that values of Knoop hardness Hy by Eq. (36) are
almost the same as those of H, by Eq. (22), demonstrating
the equivalence between the nominal hardness calculated
based on the maximum displacement during nanoindenta-
tion by Berkovich indenter and the micro-hardness by
Knoop indenter. The values of p are larger than 0.9 in Fig.
11, indicating that indentation hardness Hjp of brittle solids
can be characterized by different methods, and displace-
ment-based method Eq. (33) with the largest p is believed to
be the most suitable method to obtain indentation hardness
without the need of area function of the indenter.

Figure 12(a) and (b) shows the dependence of H, calcu-
lated by Eq. (28) with £ rather than E, on Hir and E*
obtained by OP method, respectively. Figure 12(c) and (d)
shows the dependence of H, calculated by Eq. (28) with E;
rather than E£* on Hjr and E; obtained by OP method, re-
spectively. For most materials expect the three traditional
glasses: power law function can be used to relate H, cal-
culated by £* with Hr; H, calculated by E” is proportional to
the square root of £* by OP method; H, calculated by E, is
proportional to the square root of Hyr; and H, calculated by
E, is proportional to E,. The particular behavior of the three
traditional glasses distinguishing from other materials can
be explained by noting the small recovery resistance R;
shown in Fig. 3(k), which is attributed to homogeneity and
isotropy of the amorphous glasses [54,205], and other ma-
terials are crystalline, indicating the special deformation
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mechanism (e.g., densification without dislocation) of
amorphous glasses. Figure 12(e) shows that /,, calculated by
E* is proportional to that calculated by E, with proportional
coefficient of 0.93, indicating the significant role of elastic
deformation of the indenter. Only SiC deviates far from
the predicted line, which can be explained by noting that
both Hjr and E, of SiC are much larger than those of other
materials. Figure 12(f) shows that Hjr and £ obtained by OP
method Eq. (1) are linearly correlated, which has been
widely reported for brittle materials (e.g., YAG single
crystals [207], covalent materials [208], and transition metal
diborides [209]), since indentation hardness, which is an
important parameter for the assessment of plasticity, is di-
rectly related to the reduced modulus in a linear/quadratic
way [104]. The three traditional glasses and SiC do not
follow the predicted line, which can be explained by noting
the small recovery resistance of the three traditional glasses,
as shown in Fig. 3(k), and both large hardness and modulus
of SiC, as shown in Table 3.

5. Conclusions

Reduced elastic modulus £, and indentation hardness H;r of
the brittle solids such as ceramics, semiconductors, glasses,
single crystals, and laser material, were characterized by
instrumented indentation with Berkovich indenter, and mi-
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cro-hardness with Knoop indenter. Nonlinear rather than
linear expressions are found to be applicable to relate Hir/E;
to Wo/W,and hy/hy,y. E; and Hr can be obtained from various
methods such as energy-based, displacement-based, and
contact stiffness-based methods without the need of area
function of the indenter. Knoop hardness-based method
provides an easy approach of measuring elastic modulus of
brittle solids in the absence of cracking. Elastic modulus can
be characterized based on the elastic recovery of the imprint
by Knoop indenter Eq. (36) under the appropriate loads with
clearly visible short diagonal and little indentation-induced
damage. Values of indentation hardness of brittle solids by
displacement-based method are most consistent with those
by OP method. Knoop hardness is found to be equivalent to
nominal hardness calculated by the maximum indentation
displacement. Plastic hardness H, on the basis of E, is found

to be proportional to E./H;; for brittle solids except for
traditional glasses.
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