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Abstract
Predictive simulation of the combustion process in engine is crucial to understand the complex underlying physicochemical
processes, improve engine performance, and reduce pollutant emissions. Key issues such as the physical modeling of the
interaction between turbulence, chemistry and droplets, and the incorporation of the detailed chemistry in high-fidelity
simulations of complex flows remain essential though challenging. This paper reviews the transported probability density
function method for turbulent dilute spray flames in the dual-Lagrangian framework that shows potential to address some
critical modeling issues. An overview is presented for the contributions made within the last decade or so for the three key
ingredients for modeling the interaction between turbulence, chemistry and droplets, i.e., micro-mixing, subgrid dispersion
and two-phase coupling. Then, various methods for detailed chemistry acceleration are reviewed to address the issue of high
computational cost for its use in multidimensional simulations. Finally, some applications of the dual-Lagrangian method in
both laboratory-scale and device-scale configurations are provided to demonstrate its capability as well as deficiency at the
current stage. Some open modeling challenges are raised and recommended for further investigation.

Keywords Transported probability density function method · Large eddy simulation · Dual-Lagrangian framework ·
Turbulent spray flames · Detailed chemistry

1 Introduction

Combustion devices nowadays often operate with very lim-
ited time for combustion due to the rapid mixing, and
yet flame stabilization must be ensured. Such conflicting
requirements commonly lead to complex flows, for exam-
ple, swirling flows with recirculation zone characterized
by complicated thermo-chemical phenomena, e.g., local
extinction and re-ignition of flames. Predictive simulation
of the combustion process in engine is crucial to under-
stand the complex underlying physicochemical processes,
improve engine performance, and reduce the emission of
pollutants. Compared with experiment, numerical investi-
gation on engine combustion using high fidelity numerical
simulations, such as direct numerical simulation (DNS)

Executive Editor: Yue Yang.

B Zhuyin Ren
zhuyinren@tsinghua.edu.cn

1 School of Aerospace Engineering, Tsinghua University,
Beijing 100084, China

2 Institute for Aero Engine, Tsinghua University, Beijing
100084, China

based on first principles [1, 2], can resolve all the con-
tinuum scales allowing to study the interactions of turbu-
lence and chemistry at a fundamental level [3–11]. Such
unprecedented DNS at laboratory scale has shed light on
answering many outstanding questions in the research com-
munity of turbulent combustion, for example, stabilization
mechanism [12, 13], turbulence model validation [14–17],
mixed mode of combustion [18, 19], and rate-limiting pro-
cesses in flames [20–22]. However, even with the present
PetaFLOPS supercomputer, it is still computationally pro-
hibited to fully resolve a turbulent flame at device scale
with a detailed chemistry of engine fuels. Therefore, statis-
tical modeling, either in the context of Reynolds-averaged
Navier–Stokes (RANS) or large eddy simulation (LES),
remains inevitable for an efficient simulation of engine com-
bustion.

The design of modern combustors heavily relies on
RANS-based simulations, which predict the mean quanti-
ties of velocity, temperature, species mass fractions, etc.
However, up to now, the prediction of combustion cham-
bers based on RANS has not met the needs of combustor
designers as these predictions are not accurate enough
for forward designs, particularly for phenomena featuring
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strong transients, e.g., local hot spots, local extinction/re-
ignition, thermal-acoustic instability, soot emission, etc. It
has been argued that LES is more advantageous over RANS
in terms of accuracy and universality, since LES captures
the dynamics of the energy containing large eddies which
transfer most of the turbulent kinetic energy and govern
the turbulent mixing. However, the essential rate-controlling
processes in chemically reacting flows are molecular dif-
fusion and chemical reaction. These scales are usually not
resolved [23, 24] in an LES of turbulent reacting flows,
therefore, the subgrid scale modeling of the turbulence-
chemistry interaction is still essential though challeng-
ing.

Turbulent spray flames involved in combustion cham-
bers present even more challenging modeling problems.
Spray combustion involves at least two-phase, sometimes
multiphase reacting flows. The combustion process occurs
essentially in the gas phase, and is confronted to tur-
bulent fluctuations. This is complicated due to the exis-
tence of droplets of which the density and velocities are
different from the gas phase. The modeling of turbu-
lent dispersion in two-phase flows with even spherical
droplets has been studied for fifty years, and it remains
difficult even without any chemical reaction. For turbu-
lent dilute spray flames, the Lagrangian–Eulerian frame-
work is widely employed, in which the number density
[25] or the probability density function [26] of the dis-
persed phase is represented by Lagrangian droplets, while
the carrier phase is represented by a Eulerian description.
Attempts to account for chemical reactions often take the
assumption that the fuel vapor released by droplets mix
immediately with the surrounding fluids, namely the gas-
phase fluctuations in temperature and species mass fractions
are completely dissipated before reaction occurs. However,
this assumption is known to be poor in turbulent reacting
flows.

For all these complicated gas-phase fluctuations, it can
be readily obtained once the joint probability density func-
tion (PDF) of the gas-phase species and temperature is
given, as it is in single-phase turbulent flames. Since its
original conception, the popularity of the PDF has been
growing steadily. In 1974, Dopazo and O’Brien [27, 28]
found a way to compute the joint PDF of temperature and
all species of interest, that allows to accurately calculate
the reaction rates in all cases. PDF methods were subse-
quently elucidated by researchers, including Pope [29–31],
Janicka and Kollmann [32], and Borghi [33]. The rela-
tionship between Monte Carlo notional particles and the
Eulerian PDF was established by Pope [34]. The modern
form of PDF methods and the associated particle-based
Monte Carlo algorithms, often is referred to Pope’s sem-
inal paper in 1985 [35]. One of the key modeling issues
when simulating turbulent reacting flows, namely the clo-

sure of the averaged or filtered chemical reaction source
term, is elegantly solved by the transported PDF method
[35]. In both the context of RANS and LES, the PDF
method has demonstrated its success in predicting the com-
plicated near-limit combustion phenomena [36] and the
subtle turbulence-chemistry interaction in gaseous flames
[37]. Recently, there has been significant progress in PDF
method in both the context of Lagrangian and Eulerian
frameworks. The filtered density function (FDF) in the LES
context provides closure for the SGS fluctuations, and FDF is
solved via stochastic differential equations (SDEs) [38–44].
In Lagrangian PDF methods, convection is treated naturally
in the Lagrangian framework, and chemical reaction with
arbitrary complexity is treated accurately by the computa-
tional particles.

For simulations of two-phase flows using transported PDF
methods, the fundamental problem is to build a solid basis
in theory to derive this PDF accounting for the feed from
the vaporized droplets. Several attempts have been done in
this direction, e.g., Borghi [45], Hollman and Gutheil [46],
Demoulin and Borghi [47], and Zhu et al. [48]. Zhu et al.
[48] derived the joint PDF of all dependent variables in
both liquid and gas phase, with the interface described by
a phase indicator. The model can be further simplified to
two separate PDFs to describe gas and liquid phase, result-
ing in the widely applied dual joint PDF methods. Monte
Carlo method is demonstrated to be effective for problems
with high dimensionality. In the context of particle-based
Monte Carlo method, notional particles are used to yield
the same one-point, one-time Eulerian joint PDF as the real
fluid particle system. The notional particles for the carrier
phase and the Lagrangian description for the droplet phase
together lead to the widely applied dual-Lagrangian formu-
lation.

The scope of the review is limited to the progress made
in the last ten years or so for transported PDF methods for
turbulent dilute spray flames in dual-Lagrangian framework.
In fact, the most self-contained framework is the velocity-
composition joint PDF for both the liquid and gas phase,
but it is also the most complicated. This work focuses on
the joint composition PDF formulation of the gas phase
for its practical importance. The resulting equations are
unclosed since they consider variables at only one point,
therefore need to be completed by some closures to model
the missing information of gradients. The review is orga-
nized as follow. The physical and computational modeling,
including the dual-Lagrangian framework, the modeling of
gas phase, droplet phase and two-phase coupling, is pre-
sented in Sect. 2. This is followed by some applications
of the dual-Lagrangian method in both laboratory-scale
and device-scale configurations given in Sect. 3. Conclu-
sions and open modeling challenges are summarized in
Sect. 4.
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2 Physical and computational modeling

2.1 Dual-Lagrangian framework and point droplet
approximation

In the dual-Lagrangian framework using the transported PDF
method, the gas phase is treated by a Lagrangian PDF solver,
while the liquid phase is treated by a Lagrangian droplet
solver. The Lagrangian PDF solver is employed to solve
the transport equation of the FDF in the LES context. The
popularity of LES/FDF has been growing steadily since the
pioneeringwork ofGivi et al. [49–53].Within the past decade
or so, the number of researchers contributing to the develop-
ment and utilization of the LES/FDF method has increased
significantly [37, 54–59]. Due to its demonstrated capabil-
ities, the LES/FDF is now being covered in contemporary
textbooks, e.g., Refs. [60, 61], and also a powerful tool
built in various commercial software for combustion, such
as ANSYS [62]. Consequently, there has been a significant
surge in its utilization worldwide. The Lagrangian droplet
solver is employed to solve the transport equation of droplets.
The point-droplet approximation is typically employed to
circumvent the difficulties of directly solving the funda-
mental transport equation for liquid- and gas-phase together
with the condition at the interface, and thus to simplify the
modeling of droplet. With the point droplet assumption, the
droplet rotation or internal liquid circulation does not need
to be considered, and in addition, the internal temperature
distribution is uniform. More importantly, the feedback of
mass, momentum, and energy from the droplet phase to the
gas phase can be simplified to a source term. These greatly
reduces the required computational resource. The basicmod-
eling and recent progress of the dual-Lagrangian framework
is reviewed as follow.

2.2 Modeling gas phase in LES/FDF framework

2.2.1 Transport equations for gas phase

Given the point droplet assumption, the gas-phase flow is
governed by the transport equations of mass, momentum,
species mass fraction Yα (with α � 1, 2, . . . , ns , where ns
is the total number of species), and enthalpy h � hs + h f

(in which hs is the specific sensible enthalpy and h f is the
formation enthalpy) [35]. The following equations can be
obtained

∂ρ

∂t
+

∂(ρu j )

∂x j
� ρSm, (1)

∂(ρui )

∂t
+

∂(ρuiu j )

∂x j
� ρAi , (2)

∂(ρYα)

∂t
+

∂(ρYαu j )

∂x j
� ρ�α, (3)

∂(ρh)

∂t
+

∂(ρhu j )

∂x j
� ρ�h, (4)

where ρSm is the source of evaporated mass. The sources of
momentum, species mass, and enthalpy are given by

ρAi � − ∂P

∂xi
+

∂τi j

∂x j
+ ρgi + ρSv

i ,

τi j � μ

(
∂ui
∂x j

+
∂u j

∂xi

)
− 2

3
μ

∂uk
∂xk

δi j , (5)

ρ�α � −∂ Jα
j

∂x j
+ ρRα + ρY f

α Sm, (6)

ρ�h � −∂ Jhj
∂x j

+ τi j
∂ui
∂x j

+ ρSh, (7)

where ρSv
i is i th component of the feedback force from

droplet, Jα
j � −ρ� ∂Yα

∂x j
is the mass flux due to diffusion

with � being the molecular diffusivity, Rα is the αth species
reaction rate,Y f

α is themass fraction of speciesα in the vapor,
Jh is the flux vector of the specific enthalpy due to molecu-
lar transport, ρSh is the source of enthalpy due to interphase
heat transfer. For a droplet with single component, Y f

fuel � 1.
For a flow with variable-density, a Favre filtered variable,

e.g., Q, yields

Q̃(x, t) � 1

ρ

∫ +∞

−∞
ρ( y, t)Q( y, t)G( y − x)d y, (8)

where G is a kernel for filtering operation, ρ(x, t) � ∫ +∞
−∞ρ

( y, t)G( y − x)d y is the filtered density. By employing the
Favre-filtering operation to Eqs. (1)-(4), the resulting filtered
transport equations of mass, momentum, species mass frac-
tion, and total enthalpy are

∂ρ

∂t
+

∂(ρũ j )

∂x j
� ρ

∼
Sm, (9)

∂(ρũi )

∂t
+

∂(ρũi ũ j )

∂x j
� − ∂P

∂xi
+

∂
(
τ̃i j + ρũi ũ j − ρũi u j

)
∂x j

+ ρgi + ρ
∼
Sv
i , (10)

∂(ρỸα)

∂t
+

∂(ρ˜Yαu j )

∂x j
� ρ

∼
�α, (11)

∂(ρh̃)

∂t
+

∂(ρh̃u j )

∂x j
� ρ

∼
�h . (12)

The governing equation of the one-time, one-point joint
composition mass density function F can be derived from
Eqs. (1)–(4) as in Refs. [35, 63–66], i.e.,

∂F
∂t

+
∂(ũiF )

∂xi
− ∂

∂xi

[
ρ�t

∂(F/ρ)

∂xi

]
� −

∑ns

α�1

∂

∂ψα
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{[
−〈 1

ρ

∂ Jα
j

∂x j
|ψ, η〉 + Rα(ψ, η) +

(
Y f

α − ψα

)
Smc

]
F

}

− ∂

∂η

{[
−〈 1

ρ

∂ J hj
∂x j

|ψ, η〉 + τi j
∂ui
∂x j

+
(
Shc − ηSmc

)]
F

}
+ Smc F , (13)

where {ψ, η} represents the responding sample space vari-

ables to the composition vector φ � {
Y1, . . . ,Yns , h

}
,

∼
ui is

the mass-weighted filtered velocity in the i th direction. The
terms ∂

∂ψα

[
Rα(ψ, η)F]

and ∂
∂η

(
ShcF

)
represent the transport

in composition space for species and energy due to chemi-
cal reaction, and they are in closed form. The transported
flux due to fluctuating velocity is modelled by the gradient
diffusion assumption with �t being the turbulent diffusivity.
Jα
j is the diffusive mass flux of the α th composition vari-

able in the j th direction, and the conditional diffusion flux
∂

∂ψα

[
〈 1
ρ

∂ Jα
j

∂xi
|ψ, η〉F

]
requires the closure by micro-mixing

models (discussed in Sect. 2.2.2). The presence of droplets

induces additional source terms, i.e., Smc � ˜Sm |ψ, η and

Shc � ˜Sh |ψ, η, the former one represents the conditional
evaporation rate, while the latter one represents the condi-
tional energy source term. The closures for Smc and Sec are
discussed in Sect. 2.3.

2.2.2 Closure for the conditional diffusion flux

To accurately calculate the conditional diffusion term ∂
∂ψα[

〈 1
ρ

∂ Jα
j

∂xi
|ψ, η〉F

]
, one need to have the gradient infor-

mation, which is unknown in the context of one-point
FDF. The unknown conditional diffusion term is closed
by micro-mixing model, which is one of the key fac-
tors determining the accuracy of a LES/FDF simulation.
Typically, each micro-mixing model is composed of a
mixing formulation and a specification of timescale for mix-
ing.

Single-phase gaseous flames For single gas-phase turbulent
flames, there is a vast of research onmicro-mixingmodels. In
terms ofmixing formulations, threewidely employedmixing
formulations are the interaction by exchange with the mean
(IEM) [67] or linear mean-square estimation model (LMSE)
[28], the modified Curl’s model (MC) [32, 68, 69], and the
Euclidean minimum spanning tree (EMST) model [70, 71],
due to the guarantee of realizability and the simplicity of
implementation. Other models, for example, the binomial
Langevin model [72] and the mapping closure mixing model
[73, 74], show excellent performance for simple test cases,
but suffer from an implementation that depends on the order-
ing of species for multi-scalar problems as noted in Ref. [75].
The Fokker–Planck type of models [76] require the closure
for the conditional joint scalar dissipation rate, which is a

challenging task. Recently, Pope [77] proposed the shadow
position mixing model (SPMM). As evaluated in Ref. [78],
SPMM can perform like either the EMST model or the IEM
model by adjusting its model parameters. The major diffi-
culty in implementing SPMM for three-dimensional flow is
that the model requires the calculation of conditional mean
on three variables.

In terms of the specification of the mixing timescale,
it is often taken as a linear function of the turbulence
timescale τturb, i.e., τ � τturb/CM , where τturb is com-
puted from the specified turbulence model. Note that in the
context of RANS/PDF, CM is more often denoted as Cφ ,
here, CM is used to represent the same parameter in both
RANS/PDF and LES/FDF. For example, in the context of
RANS, τturb is defined as τturb � k̃/ε̃, where k̃ is the tur-

bulence kinetic energy and
∼
ε is its rate of dissipation. For

a passive scalar, the constant mechanical-to-scalar timescale
model τ � τturb/CM works reasonably well and the model
constant CM is often specified to be 2.0, even though the
optimal values of CM for turbulent non-premixed flames lie
in the range from 1.0 to 3.0 [37]. In the context of LES,
τturb is the subgrid turbulence timescale, and the timescale
ratio CM at the subgrid scale may vary in a wide range.
This necessitates the development of dynamic models to
determine CM for passive scalars [79, 80]. In a turbulent
lifted flame [81], CM determined by a dynamic model based
on mixture fraction varies dramatically from 5.0 to 50.0.
For reactive scalars, specifying a constant mechanical-to-
scalar mixing timescale ratio is questionable, as the mixing
of a reactive scalar is affected by chemical reaction. Sev-
eral algebraic mixing timescale models have been proposed
to account for the combined effects of reaction, dilatation,
and turbulent mixing on reactive scalars [82–84]. However,
this kind of model does not correctly recover the limit of
scalar mixing in the flamelet regime, as noted by Bray et al.
[85]. Closures specifically targeting premixed combustion in
the flamelet regime have also been proposed, such as that
of Pope and Anand [86], in which chemical reaction and
molecular diffusion are combined into a single term and
mapped to a 1D laminar reference flame to provide closure
of the molecular transport. However, the embedded flamelets
assumption limits of predictivity of such closures to the
combustion regime with intense turbulence. Recently, a new
mixing timescale model accounting for both the turbulence
induced and flame induced mixing is proposed [87–89]. The
model linearly blends the turbulence-induced and reaction-
enhanced scalar mixing, and the contribution from these two
factors is adjusted adaptively depending on the local combus-
tion regime. A priori and posterior tests of this model show
some promising results [87, 89, 90].
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Two-phase spray flames The presence of droplets brings
additional challenges to the modeling of scalar mixing
timescale. This is because in the presence of evaporating
droplets, the scalar gradients in the immediate vicinity of
droplet surfaces could be notably enhanced by evaporation.
Therefore, it could be problematic to directly employ the
mixing timescale model for the single-phase flows.

Some studies [91–93] reported that the scalar dissipation
rate (SDR) model developed for the single-phase flows tends
to underpredict the SDR in evaporating sprays. Beishuizen
[91] derived a transport equation of the scalar dissipation
rate in the presence of evaporating droplets, and showed that
droplet evaporation produces a source term which decreases
with Re−1/2. In a review paper, Jenny et al. [94] proposed
a possible SDR model which accounts for the enhancement
due to evaporation. The key idea of this model is to approxi-
mate the gradients of fuel vapor using the D2-law. Reveillon
and Vervisch [95] derived a transport equation of the mixture
fraction variance in the presence of evaporating droplets, and
proposed a model which accounts for the effect of evapora-
tion onmixture fraction variance. In general, the modeling of
micro-mixing in turbulent spray flames is still in its infancy,
and a vast amount of research is needed.

2.2.3 Hybrid particle-cell method

Due to the high dimensionality of the independent variables,
e.g., ns + 5 (ns is the dimension of species space, 5 additional
dimensions are enthalpy, time and three dimension in space),
the composition FDF transport equation, i.e., Eq. (13), is typ-
ically solved by using the hybrid particle-cell method. The
method is a hybrid scheme between a Monte Carlo parti-
cle solver and a finite volume solver coupled in a two-way
fashion [15, 96, 97]. An illustrative example for the hybrid
particle-cell method is shown in Fig. 1, in which the product
mass fraction is represented by the colors of the particles.

Specifically, the finite volume solver solves the partial
differential equations for mass and momentum, i.e., Eqs.
(9) and (10), while the Monte Carlo particle solver solves
the stochastic differential equations (SDE) corresponding to
the transport equation of the Eulerian FDF (Eq. (13)). Each
notional particle carries its composition φ, position x, and
mass. Depending on whether the conditional diffusion term
is treated by the random walk in physical space or by the
mean drift in composition space, the evolution equation of
the Monte Carlo particles in both physical and composition
space is derived either by using the random walk treatment,
Eqs. (14) and (15), or by using the mean drift treatment, Eqs.
(16) and (17). The following equations can be obtained

dx∗ �
{∼
u +∇

[(∼
� +

∼
�t

)
ρ
]
/ρ

}∗
dt +

√
2
(∼
� +

∼
�t

)
dW∗,

(14)

Fig. 1 a Notional Monte Carlo particles in a lifted jet flame, color rep-
resents the product mass fraction. b Instantaneous cell-mean value of
the product mass fraction. Reproduced from Ref. [98]

dφ∗(t) � M
(
φ∗)dt + R

(
φ∗)dt + 〈S f |φ∗〉dt, (15)

dx∗ �
[∼
u +∇

(∼
�tρ

)
/ρ

]∗
dt +

√
2

∼
�tdW∗, (16)

dφ∗(t) �
[
∇ ·

(
ρ

∼
� ∇ ∼

φ

)
/ρ

]∗
dt + M

(
φ∗)dt

+ R
(
φ∗)dt + 〈S f |φ∗〉dt . (17)

In the work ofMcdermott and Pope [99], a comprehensive
comparison between these two kinds of treatments is pro-
vided. In short, the randomwalk treatment has the advantage
of simplicity of implementation, while the mean drift treat-
ment has the advantage of correctly approaching the DNS
limit.

In Eqs. (14)–(17),
∼
u is the filtered velocity,

∼
� and

∼
�t

are the filtered molecular diffusivity and turbulent diffusiv-
ity, respectively, dW∗ is an independent Wiener increment,
the mixing term M

(
φ∗) represents the rate of compo-

sition variation due to molecular diffusion, and S f �{
Y f
1 Sm, . . . ,Y f

ns S
m, Sh

}
is the rate of evaporation. The

superscript ∗ denotes either a particle variable or a filtered
quantity evaluated at the particle’s location,which is obtained
via interpolation, e.g., the classic second order piece-wise
linear interpolation scheme [100]. The mixing term M

(
φ∗)

prescribes the mixing formulation and mixing frequency,
namely the micro-mixing model discussed in Sect. 2.2.2. For
example, with the IEM model [67], the micro-mixing term
is given by

M
(
φ∗) � −

(
φ∗− ∼

φ

)
, (18)
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where  represents the mixing frequency, which is typically
formulated as a function of the filter size�G and the subgrid
diffusivity [101], i.e.,

 � CM

(∼
� +

∼
�t

)
/�2

G , (19)

where CM represents the timescale ratio between the scalar
mixing and subgrid turbulence. The timescale ratio CM is
a critical model parameter which can be prescribed as con-
stant or modeled dynamically, see Sect. 2.2.2 for detailed
discussion.

The coupling of the Lagrangian particle solver and the
finite-volume LES solver in general proceeds as follow. The
LES solver computes the filtered velocity and subgrid diffu-
sivity, then passes these two quantities to the PDF particle
solver via interpolation. The notional particles advance tem-
porally in both physical and composition space. At the end of
the particle step, the filtered transport properties and density
are computed from particles, and then pass to the LES solver.

A splitting operation is typically employed for Eqs.
(14)–(17), in which the transport in both composition and
physical space is solved sequentially [100, 102]. The recent
study by Lu et al. [103] demonstrated that the Strang splitting
schemes, though widely employed, could fail if the reac-
tion–diffusion system is stiff, for example, Strang splitting
may produce incorrect extinction or ignition in a near-
limit flame. Numerical algorithms that better handle the
coupling between transport and reaction, for example, the
semi-implicit midpoint method [103], warrant further inves-
tigation.

2.3 Modeling droplets in dilute sprays

In a dilute spray flame, the collision and coalescence of
the droplet phase can be safely neglected. The point droplet
assumption further simplifies the modeling procedure since
the droplet rotation and internal liquid circulation do not need
to be considered, and in addition, the internal temperature
distribution is uniform. Despite of all these simplifications,
the modeling of droplet evolution in dilute sprays remains
challenging.

2.3.1 Governing equations for single droplets

The governing equations for a single droplet in a given envi-
ronment are of primary importance, because they provide the
closure for the droplet motion and evaporation in turbulent
dilute sprays. The equations that govern the momentum and
mass transfer of a single droplet are reviewed as follow.

Momentum transfer Themomentumof droplet changes as a
combined effect of the drag, gravity, pressure, Basset history

force, and lift force. The latter three are typically ignored
due to the high-density ratio, i.e., ρl/ρ 	 1. With these
assumptions, the governing equations for the droplet velocity
(V ) and position (X) are

dV
dt

� u(X, t) − V
τ

+ g, τ � ρld2

18μ

24

Red
C−1
D , (20)

dX
dt

� V , (21)

where u is the seen velocity of the droplet (see Sect. 2.3
for its closure), and d is the diameter of droplet. The drag
coefficient CD , which depends on the Reynolds number of
droplet (Red � ρ|u(X, t) − V |d/μ) [104], is defined as

CD �
{

24
Red

(
1 + 1

6 Re
2/3
d

)
, Red ≤ 1000,

0.424, Red > 1000.
(22)

Mass transfer The Abramzon–Sirignano model [105] is an
equilibrium evaporation model widely employed for dilute
sprays [66, 106, 107]. Miller et al. [108] provide a compre-
hensive review for more sophisticated evaporation models
accounting for non-equilibrium effects. The evaporation
rate and the temperature variation according to the Abram-
zon–Sirignano model are

ṁ � dm

dt
� −πdμShcln(1 + Bm)

Sc
, (23)

dTd
dt

� −ṁ

mCp,l

{
Cp,v[T (X, t) − Td ]

BT
− Lv

}
, (24)

where Cp,l represents the specific heat of liquid droplet, Lv

represents its latent heat. The mass transfer Spalding number
(Bm) is defined as

Bm � Y s
fuel − Yfuel(X)

1 − Y s
fuel

, (25)

where Yfuel(X) is the seen fuel mass fraction of the droplet,
Y s
fuel is the mass fraction of fuel at the surface of droplet. The

latter is computed as

Y s
fuel � Xs

fuelWfuel

Xs
fuelWfuel +

(
1 − Xs

fuel

)
W

, with

W �
∑ifuel −1

i�1 XiWi +
∑ns

i�ifuel +1
XiWi

1 − Xs
fuel

, (26)

where Xs
fuel represents the equilibrium fuel mole fraction at

the droplet surface given the saturation pressure Psat, and
it is specified using the Clausius–Clapeyron equation, i.e.,
Xs
fuel � Psat/P;Wi is themolecularweight of the i th species,

ifuel represent the index of fuel species. The Nusselt number
(Nu) and the Sherwood number (Sh) are functions of the
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droplet Reynolds number (Red ), gas-phase Prandtl number
(Pr ), and Schmidt number (Sc), as shown in Ref. [109], i.e.,

Nu � 2 +
0.55Red Pr(

1.232 + Red Pr4/3
)1/2 ,

Sh � 2 +
0.55Red Sc(

1.232 + Red Sc4/3
)1/2 . (27)

To incorporate the effect of Stefan flow on mass and heat
transfer, the Nusselt number and Sherwood number are mod-
ified as [105, 108]

Nuc � 2 +
Nu − 2

FT
, FT � (1 + BT )0.7

BT
ln(1 + BT ), (28)

Shc � 2 +
Sh − 2

Fm
, Fm � (1 + Bm)0.7

Bm
ln(1 + Bm), (29)

BT � (1 + Bm)ϕ − 1, ϕ � Cp,v

Cp

Shc
Nuc

. (30)

Note that Eqs. (29) and (30) are iteratively solved to
compute the heat transfer Spalding number BT needed by
Eq. (24). The overbar denotes quantities at the reference
condition evaluated by the 1/3 Law, for example, Cp,v and
Cp,g represent the specific heat capacity of fuel vapor and
ambient gas at the reference temperature Tref � Td +
1/3[T (X, t) − Td ] and the reference species concentration
Y ref � Y s +1/3

[
Y(X) − Y s

]
, where T (X, t) and Y(X) rep-

resent the seen temperature and species mass fraction of the
droplet, respectively.

2.3.2 Closure for subgrid dispersion

To employ the equation of particle motion, i.e., Eq. (20), one
needs to specify the particle seen velocity (u(X, t)), which is
an essentially unfiltered quantity and is thus unknown when
LES is applied to the continuous gas phase. The closure for
the subgrid interaction between turbulence and droplet, i.e.,
subgrid dispersion is similar to the subgrid closure frequently
encountered in a LES of turbulent flows. The closure model
for subgrid dispersion strongly affects the evaporation and
motion of droplets, which then affects the subsequent com-
bustion process.

In some early LES studies of particle/droplet-laden flows,
the effect of the subgrid dispersionwas assumed to be negligi-
ble. In those studies, the seen velocity in Eq. (20) was simply
taken to be the filtered gas-phase velocity at the particle loca-
tion [110–112]. It has later been shown by many studies that
disregard of subgrid dispersion may strongly affect the pre-
dicted turbophoresis. This may result in large discrepancies,
for example, particle deposition in particle-laden turbulent
channel flows [113]. Another approach is to incorporate a

random walk term. In particular, the seen velocity of the par-
ticle phase is represented by the summation of the filtered or
averaged gas-phase velocity and a randomfluctuation follow-
ing a Gaussian distribution which has a mean of zero and a
variance determined by the local turbulence. This approach is
widely applied in RANS simulations of spray. In the context
of LES, it is found that the model predicts particle statistics
similar to the one without any dispersion model [42].

Significant progress has been made over the past decades
in modeling turbulence dispersion at subgrid scale. There
are two kinds of more advanced and widely applied sub-
grid dispersion models. One is to calculate the seen velocity
by solving the stochastic differential equations (SDEs) of
the particle phase, which rely on the specification of certain
stochastic diffusion processes [114–117]. The SDE-based
dispersion models show better performance than the random
walk models in RANS simulations of inhomogeneous flows
[115], and they also show better performance in terms of
particle-phase kinetic energy in a priori LES evaluation [42].
The other is the deconvolution-based models [42, 118], in
which the approximate deconvolution method is used to bet-
ter recover the subgrid kinetic energy. The seen composition
(species and temperature) in Eq. (30) also requires closure,
and can be modelled by using the similar methods for the
seen velocity. It is worth to note that in the dual-Lagrangian
framework, each notional gas-phase particle carries its own
composition, thereby providing an opportunity for more
sophisticated subgrid dispersion models to close the seen
composition.

Despite of these progress, further study is required to
adapt these models to reacting flows with anisotropic turbu-
lence. Moreover, the compact design of modern combustors
increases the probability of the spray-flame interaction [119].
The effect of flame on the performance of the models derived
from homogeneous isotropic turbulence is unclear. A vast
amount of research is still needed.

2.4 Modeling two-phase coupling

The liquid-to-gas coupling is via the feedback of force, mass,
and energy fromdroplets to gas phase. In the dual-Lagrangian
framework using the composition FDF, the feedback force
from droplets is distributed to the Eulerian grids, while the
source mass and energy are distributed to the Monte Carlo
gas-phase particles.

There are various ways of treating the feedback force, and
performanceof each treatment has been reasonablywell stud-
ied. For example, the widely applied particle-in-cell (PIC)
method, originally developed by Crowe et al. [120]. This
method takes the droplets within one computational cell,
sums the source terms of each of the droplets and adds them
to the central grid node. A potential disadvantage of this
method is that the source terms on the Eulerian grid may be
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very noisy due to the statistical error associated with the size
of the particle sample. This noise can cause instabilities in
the solution of high order numerical solvers. Another com-
monly used method is to distribute the source terms to the
eight surrounding nodes (in 3D simulation) based on the par-
ticle’s distance from the node. This is essentially the reverse
operation to trilinear interpolation. This method is simple to
implement and has been used in many studies [121–126].
The popularity of this method and the PIC method stems
from the low computational expense, additionally, since the
particles only interact with the nearest eight nodes, the com-
munication overhead is notably reduced, thus adding to the
appeal of these simple methods. The major disadvantage of
the twomethods is that significant oscillations in the solution
can be observed, resulting in numerical instability [127]. In
order to address this issue, Pepiot and Desjardins [127] sug-
gested an approach to distribute source terms through the use
of the mollification operation. They proposed transferring
the source terms to the grid through a mollification kernel, a
vanishing piecewise definedpolynomial functionwith a char-
acteristic size of the order of the grid size (�x) [127]. This
function helps to smooth out the distribution of the source
terms [126]. A variety of mollification kernels have been
employed in previous studies, Capecelatro and Desjardins
[128] used the same solver as Pepiot and Desjardins [127]
with a Gaussian type filter function.Wang and Rutland [129]
and Borghesi et al. [130] used a similar approach and dis-
tributed the source terms using a mollification kernel based
on a clipped Gaussian function.

The treatment for the feedback mass and energy from
droplets is more challenging. In particular, how to distribute
the mass and energy to gas-phase particles remains an open
issue. A couple of models have been formulated to distribute
the evaporation source. For example, the NEW model [131,
132] generates new notional particles from the mean source
term with the droplet composition, e.g., unity fuel mass frac-
tion for single component droplet. The EQUAL model [66,
131] distributes the source term to every particle in a com-
putational cell, the distributed source is proportional to the
particle weight. The SAT model [133] distributes the evap-
orated fuel vapor prior to the notional particle nearer to
saturation. In the pairwise model [64], the evaporated mass
from each droplet is absorbed by a notional particle, and
the pair is reinitialized once the notional particle or droplet
leaves the computational cell. A doubly conditioned distri-
bution model was recently proposed by Tang et al. [134], in
which the conditional source term requires specification and
it is extracted from DNS. Each model has its advantage, for
example, the NEWmodel seems to capture the large fluctua-
tions in gas-phase concentration due to droplet evaporation,
while the EQUAL model could be appropriate when com-
bustion occurs around groups of droplets rather than each
individual droplet is surrounded by flame. More investiga-

tion is required to investigate the performance of different
models.

In addition to the models that distribute the evaporation
source, there may be potential numerical issues due to the
coupling of mass and energy within one computational cell.
Firstly, grid convergence is not guaranteed if the coupling
is limited to one computational cell, especially in a highly
resolved LES, where the size of computational cell may be
comparable to the droplet diameter. Secondly, the time step
must be restricted to avoid unphysical gas-phase temperature.
For example, the time step needs to be small enough such
that the heat loss to the droplet phase due to evaporation
does not lower the gas-phase temperature to any unphys-
ically low value [133]. Any unphysical temperature could
trigger numerical instability. The NEW model was found to
produce notional particles with unphysically low tempera-
ture [131, 134]. In Ref. [131], the temperature of a notion
particle is reset to a user-defined lower limit to avoid the
occurrence of the unphysically low temperature. However,
enthalpy is not changed during this process causing incon-
sistency. To address the issue of grid convergence, Xie et al.
[135] proposed an exponential distribution (ExpD) scheme.
TheExpD is a non-local scheme, inwhich the sources ofmass
and energy from a droplet are distributed to adjacent cells
following an exponential decay as the distance between the
cell-center and droplet increases. To avoid the unphysically
low temperature for notional particles, a two-step procedure
was proposed in Ref. [135]. The source of energy is firstly
distributed to all the notional particles within the local cell,
then there is a substep that distributes the fuel vapor enthalpy
according to the employed mass coupling model.

2.5 Chemistry acceleration

Efficient implementation of chemistry integration in trans-
ported PDF simulation has been the subject of extensive
research [97, 136–140]. Ren et al. [141, 142], Hiremath
et al. [143, 144], and Lu et al. [145] implemented a dimen-
sion reduction algorithm in conjunction with tabulation and
parallel methodology to reduce the number of represented
species in simulation, reuse the ODE solutions and redis-
tribute the workload of chemistry integration. A temporally
variant block decomposition scheme is developed to improve
the scalability of the chemistry solver in a Lagrangian FDF
simulation, the load imbalance is handled by an irregu-
larly portioned Lagrangian Monte Carlo solver (IPLMC)
[146–148], which can scale up to thousands of segments with
the adaptive partitioning [59, 146–150].Chemistry tabulation
via in situ adaptive tabulation (ISAT) [151, 152] remains an
important and effective way to accelerate chemistry calcula-
tion in FDF simulations. A variation of ISAT is proposed by
Kumar and Mazumdar [153] to account for the effect of sur-
face reaction. In 2013, ISATwas built in the commercial CFD
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software ANSYS Fluent [154] to accelerate the calculation
for chemistry. Contino et al. [155] proposed an optimiza-
tion of ISAT by reducing the number of queries, and thus
improves the retrieving process for thermochemical condi-
tions over a wide range. Methods based on dynamic adaptive
chemistry (DAC) have also beenwidely applied to reduce the
number of representative chemical species, and thus accel-
erate the integration of detailed chemistry [155–160]. This
kind of model is often applied in conjunction with tabula-
tion methods, for example, ISAT. Xie et al. [161] proposed
a dynamic adaptive acceleration method, in which DAC or
ISAT is dynamically selected according to the inhomogene-
ity of the local composition. These are particularly useful
for simulation of combustion with strong unsteadiness, for
example, internal combustion engines.Anefficient chemistry
solver was proposed by Fooladgar et al. [162] for simula-
tions using OpenFOAM [163], in which ISAT is integrated
with an open source package for chemical kinetics (Cantera)
[164]. This can remove the dependence of ISAT to Chemkin
II [165],which is a commercial chemical kinetic tool. In addi-
tion to these, Dr. Givi’s group [166, 167] demonstrates the
quantum speed ups for the Monte Carlo solution of the prob-
ability density function, in which a quantum algorithm was
constructed providing a quadratic speedup over the classical
Monte Carlo techniques. As quantum computers are in the
horizon, the pioneer work [166, 167] illustrates the potential
for the application of quantum computing to speed up the
engineering problems using transported PDF method.

3 Simulations and practical applications

3.1 Recent advances of LES/FDFmethods
for gaseous turbulent flames

Due to its demonstrated capabilities, transported PDF meth-
ods have been integrated with various academic LES solvers,
and the LES/FDF module using the hybrid particle-cell
solution algorithm has been steadily built into commercial
software and packages. For example, the ANSYS Fluent
[154] in Refs. [168, 169], the Siemens [170] in Ref. [171],
the OpenFoam [163] in Refs. [172–176], and most recently
the Nektar++ [177, 178] in Ref. [179].

The LES/FDF simulations have been extensively
employed to investigate laboratory flames. For example,
early LES/FDF studies focused on the classic Sandia pilot
flames [80, 180] and the Cabra lifted flames [81]. The
LES/FDF simulations have also been performed for labo-
ratory flames with more complex geometries, e.g., the San-
dia/Sydney swirl burners flames [180] and theSandia/Sydney
turbulent bluff-body burner flames [181]. Recently, the
LES/FDF has demonstrated its success in flames with more
complex combustion mode, e.g., the Cambridge turbulent

stratified flames [173, 175], the Sydney piloted premixed
jet burner flames [88, 89], the piloted turbulent dimethyl
ether (DME)/air jet flames [136], and the Adelaide jet-in-
hot-coflow (AJHC) burner flames [182].

The advances in computing power allow for applications
into practical (engineering) flows. Some of the most recent
examples are sketched here. As shown in Fig. 2, Ansari
et al. [183] employed the LES/FDF method for simulations
of the PRECCINSTA burner from DLR which is a good
model combustor for a gas turbine featuring swirling flow.
The simulation results show reasonable agreement with the
experimental measurement. Banaeizadeh et al. [184] con-
ducted LES/FDF calculations of turbulent combustion in a
realistic direct-injection spark–ignition (DISI) engine with
a single cylinder, thus demonstrated the applicability of the
LES/FDF model to internal combustion engines and other
complex combustion systems. Bulat et al. [185] investigated
the pollutant emissions in the combustion chamber of an
industrial gas turbine, the Siemens SGT-100 burner, using
a Eulerian stochastic PDF approach in the context of LES,
the simulation results agree reasonably well with the exper-
iment. Zhao et al. [186] applied transported PDF method
featuring detailed gas-phase chemistry and radiation treat-
ments to predict a 0.8 MW oxy–natural gas furnace, yielding
a good level of agreement with the measurement. These pos-
itive advances warrant future applications of the LES/FDF
method to combustors of practical configurations.

The modeling of micro-mixing remains to be critical for
LES/FDF simulations. Zhou et al. [88] performed LES/FDF
simulations of a high-speed piloted premixed jet burner
(PPJB) flame and carried out an investigation for the mixing
timescale, which is a key component of the micro-mixing
model. The parametric study on the mixing model parameter
CM (see Eq. (19)) is performed to investigate the effect of
mixing timescale.As shown inFig. 3, increasingCM from5.0
to 20.0 alleviates the over-prediction of the overall reaction
process notably and yields significant improvement, illustrat-
ing the paramount importance of the modeling of the mixing
timescale.

A dynamicmixing timescalemodel [80, 81] was proposed
to prescribe the mixing timescale, so that the model parame-
terCM no longer needs to be specifiedmanually. The basis of
the dynamic model is the closure of the subgrid scalar dissi-
pation rate and variance for a passive scalar [187], therefore,
the model in principle only suitable for modeling the mixing
of passive scalars. Yang et al. [89] proposed a new scalar
mixing timescale model, targeted to improve the modeling
of reactive scalar mixing. Specifically, a dynamic closure for
the reaction-enhanced mixing is proposed, and it is linearly
blended with a dynamic closure for turbulence-induced mix-
ing, so that the contribution from both two aspects is taken
into account. LES/FDF simulations were carried out for the
Sydney piloted premixed jet burner (PPJB) flames (PM1-50
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Fig. 2 a Mean velocity vectors on a central half plane and b instantaneous iso-surface of 1200 K in LES/FDF of the PRECCINSTA burner.
Reproduced from Ref. [183]

Fig. 3 a Spatial distribution of the instantaneous filtered progress variable c̃ from x/D � 12.0 to x/D � 32.0. b Radial profiles of the mean
temperature and mass fraction of CH4, with CM being 5.0, 20.0, and 40.0. Reproduced from Ref. [88]

and PM1-150). The proposed model notably improved the
prediction of the overall combustion progress of both flames
compared with the constant CM model. As shown in Fig. 4,
for flame PM1-50 close to the flamelet regime, CM varies
sharply in the progress variable space. While for flame PM1-
150 close to the broken-reaction zone regime, the distribution
of CM in progress variable space is mostly uniform, indicat-
ing that the reaction-enhancedmixing is relatively weak. The
overall magnitudes of CM for these two flames are different
but both are larger than the baseline value 2.

In the context of LES/FDF, the effect of differential dif-
fusion at filter scale can be incorporated by employing the
corresponding species diffusivities to Eq. (17). Based on the
mean drift model proposed by McDermott and Pope [99],
Viswanathan et al. [100] presented a numerical implementa-
tion and showed that it satisfies conservation and realizability
constraints. You et al. [136] reported LES/FDF modeling of
piloted turbulent dimethyl ether (DME)/air jet flames, and the
differential diffusion effect is effectively implemented by the
mean drift model. Figure 5 shows the difference between the
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Fig. 4 a Contours of mean and instantaneous temperature for flames PM1-50 and PM1-150. b Equivalent CM conditionally averaged on mean
progress variable. Reproduced from Ref. [89]

mass fraction of the element H and C, ξH and ξC , indicating
that the differential diffusion is incorporated appropriately in
numerical simulations.

To account for differential diffusion on subgrid scale,
one needs a mixing formulation which incorporates mul-
tiple mixing timescales. However, currently, the widely
applied mixing formulations violate the realizability con-
dition of species mass fraction summing to unity, given
multiple mixing timescales. Richardson et al. [188] extended
the original IEM and EMST models to ensure the realiz-
ability condition while accounting for differential mixing
timescales. Later, Yang et al. [189] proposed the IEM-DD
and MC-DD models to serve the same purpose. Zhou et al.
[190] performed LES/FDF simulations of jet-in-hot-coflow
(JHC) flame HM1, which burns the mixture of methane
and hydrogen. The effects of both the subgrid- and filter-
scale differential diffusionwere incorporated. Thefilter-scale
differential diffusion is treated by a mean drift term in com-
position space, whereas subgrid-scale differential diffusion
is modeled by using the MC-DD model. As shown in Fig. 6,
the predictions at the upstream improve significantly when
the differential diffusion at the filter scale is accounted for.
Meanwhile, differential diffusion at the subgrid scale does

not seem to play an important role in predicting the mean
species and temperature, as the molecular diffusion at the
filter scale dominates over the micro-mixing at the subgrid
scale.

Aside from computational modeling, other important
aspects are the reliability and accuracy of the simulated
results. Specifically, the requirements on grid resolution of a
FDF simulation are discussed inRefs. [88, 191–197]. Tiruna-
gari and Pope [192] investigated the behaviour of LES/FDF
for premixed combustion in the DNS limit, where the treat-
ment of molecular diffusion is found to be crucial, and the
numerically-accurate solutions to the LES/FDF equations
are found to exhibit the correct behaviour in the DNS limit
by incorporating the mean-drift model. Picciani et al. [194]
investigated the grid resolution requirements of the LES/FDF
approach in the context of turbulent premixed combustion
simulation, and found that there is a leading-order effect
of the under resolution on the prediction of the turbulent
flame speed. Zhou et al. [88] investigated the grid resolution
requirement for an LES/FDF simulation of a highly turbu-
lent premixed flame, and found that the predicted combustion
progress still exhibits large grid sensitivities even though the
flow field has been reasonably well resolved. Sammak et al.
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Fig. 5 aContours of instantaneous filtered temperature (upper half) and
OH (lower half) for flames DME-D and DME-F. b Mean profiles of
ξH − ξC conditioned on mixture fraction ξ at x/D � 10 and 20. Circles

represent DME-D from experiment, squares represent DME-F from
experiment, solid lines represent DME-D from LES/FDF, and dashed
lines represent DME-F from LES/FDF. Reproduced from Ref. [136]

[191] combined the discontinuousGalerkin basedLES solver
with a particle-basedMonte Carlo FDF solver and themerger
allowed reaching to DNS limit via p-refinement which pro-
vides more efficient convergence than the conventional grid
refinement.

Parallel to the above aspects are the sensitivity analysis
[36, 198] and uncertainty quantification of transported PDF
simulations [199, 200]. Ren and Pope [198] developed an
efficient method combined with the in situ adaptive tabula-
tion (ISAT) to calculate the particle-level sensitivities in a
transported PDF simulation, and found that the calculations
of the Cabra H2/N2 jet flame are extremely sensitive to the
coflow temperature. This method was augmented by Zhou
et al. [36], andwas employed to quantify the sensitivity of the
overall combustion progress to micro-mixing and reaction
in PPJB flames. The results of sensitivity analysis implied
that to improve the prediction of the PPJB flames using the
transported PDF method, one should focus on enhancing the
micro-mixing at the upstream. Zhao et al. [199] developed a
method to efficiently propagate the uncertainties of chemi-
cal kinetics in a transport PDF simulation, and the proposed
method is tested in a counterflow flame. Ji et al. [200] and
Wang et al. [201] employed the active subspace method to
reduce the dimension of response surface, which enables a
more efficient uncertainty quantification. Figure 7 shows the

PDFof the liftoff height of theCabraH2/N2 lifted flame in the
transported PDF simulation due to the uncertainty of chem-
ical kinetics. By employing the active subspace method, the
dimension of response surface is effectively reduced from
21 to 1, demonstrating the capability of active subspaces in
efficiently quantifying uncertainty in turbulent combustion
simulations. Sensitivity analysis and uncertainty quantifica-
tion of transported PDF simulations is still at its early stage,
significant future work is expected in the area.

3.2 Recent advances of dual-Lagrangian simulations
of turbulent spray flames

Currently, most of the dual-Lagrangian simulations of tur-
bulent spray flames are in the context of RANS. A bunch of
laboratory spray flames have been studied by using the dual-
Lagrangian RANS/PDF method [66, 131, 135, 202–206].
Among these, Dr. Gutheil’s group has done a series of works
to improve themodeling and computational efficiency for the
dual-Lagrangian simulations using RANS/PDF method, and
validated against experimental measurement [66, 203–205].
Ge and Gutheil [66] simulated methanol–air spray flames,
where the joint PDF of enthalpy and mixture fraction was
computed, and a flamelet library was employed to handle the
detailed chemistry. The results demonstrated the predictiv-
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Fig. 6 a Contours of the filtered temperature, without (w/o) and with filter-scale differential diffusion (DD). b Radial profiles of the mean mixture
fraction, temperature, and CO mass fraction. Reproduced from Ref. [182]

Fig. 7 a Contours of OHmass fraction of the Cabra H2/N2 lifted flame.
bPDFdistribution of the liftoff height due to the uncertainty of chemical
kinetics. Reproduced from Ref. [200]

ity of the method for key radicals and pollutant emissions.
Some other examples for the application of dual-Lagrangian
RANS/PDF method in laboratory spray flames include the

UC Irvine methanol spray flames [202–204, 206], the Uni-
versity Heidelberg ethanol spray flames [203, 205], etc. The
recent work of Yin et al. [207] demonstrated the advantage
of the transported PDF based dual-Lagrangian method for
turbulent spray flame calculations. There, simulations of the
benchmark ethanol spray flame EtF2 of the well-known Syd-
ney Spray Burner [208] have been performed with different
combustion models to provide a head-to-head comparative
analysis for the closure of the crucial turbulence-chemistry
interaction. The four combustion models at different levels
of closure employed are the characteristic time scale (CTS)
model [142, 209], the laminar finite rate (LFR) model, the
eddy dissipation concept (EDC) model [210], and the trans-
ported PDF model. The CTS model is formulated such that
the chemical compositions tend toward the corresponding
local chemical equilibrium state over a characteristic time. It
does not account for finite rate chemical kinetics and is valid
only when turbulent mixing is much slower than chemical
reaction. For the LFRmodel, the mean chemical source term
is directly evaluated with the resolved mean composition

123



1480 T. Yang, et al.

Fig. 8 Contours of the predicted Favre averaged gas-phase temperature with different combustion models for spray flame EtF2

Fig. 9 Radial profiles of the Favre averaged gas-phase temperature (T ) at different axial locations x/D for four combustion models

without accounting for the effects of composition fluctu-
ation. In contrast, EDC accounts for turbulence-chemistry
interaction by assuming existence of reacting fine struc-
ture within each computational cell and the mean chemical
source is evaluated by considering the interaction between
the surrounding fluid and the fine structure. As shown
in Fig. 8, turbulence-chemistry interaction (TCI) has pro-
nounced impact on the predicted flame temperature, as it
can reduce the peak temperature by more than 300 K. Fig-
ure 9 shows the quantitative comparison for the radial profiles
of the Favre averaged gas-phase temperature at different
axial locations. The results clearly demonstrate the trend of
improvementwith increasing sophistication in TCImodeling
from CTS to transported PDF. The transported PDF simula-
tion yields the best agreement with the experimental data.

The predictions of engineering applications using
RANS/PDF have been reported in Refs. [132, 211–213].
James et al. [132] simulated model combustors for gas tur-
bines burning Jet A fuel. The prediction of the temperature
profiles at the combustor exit are in excellent agreement
with the rig data, illustrating the capability of the Lagrangian
Monte-Carlo PDFmethod in predicting gas-turbine combus-
tors in practice. A series of dual-Lagrangian investigations
on reciprocating internal combustion engines have been car-
ried out by Haworth’s group [211–213]. In these studies,
liquid n-heptane or diesel was injected, and skeletal chem-
istry was employed to compute autoignition and gas-phase
emissions. The results predicted by transported PDF method
which accounts for TCI are notably different from themodels
which ignore TCI. Figure 10 shows the heat release distri-
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Fig. 10 Top row: contours of the mass fraction of fuel vapor at 60° before top dead center (BTDC) with different start-of-injection (SOI) timing.
Middle: contours of the heat release, temperature, and H2O2 mass fraction at 20° BTDC. Bottom: contours of the mass fraction of CO and fuel on
a plane cutting through the cylinder axis at 20° after top dead center (ATDC). Reproduced from Ref. [212]

bution predicted by the transported PDF method, in which
multiple ignition sites can be seen. The higher degrees of
mixture inhomogeneity result in increasingly important TCI
effects which strongly affect the ignition timing and emis-
sions. The computed pressure and heat release of transported
PDF method match the experimental measurement reason-
ably well, demonstrating the predictability of the transported
PDF method to three-dimensional time-dependent turbulent
combustion system with complex geometry.

Recently, the popularity of LES/FDF based dual-
Lagrangian simulations has been growing steadily. Wen
et al. [214] studied an evaporating two-phase spray and
made a comparison between the velocity-scalar joint FDF
and the velocity FDF in predicting the droplets’ velocity.
The agreement between the simulation and measurement
is overall good, and the PDF method is found to reason-

ably predict the blow-out jet velocity. Jones et al. [215]
carried out LES/FDF based dual-Lagrangian simulations
of a turbulent methanol spray flame, the predicted droplet
distribution is in good agreement with experiment. Wang
et al. [216] employed a regularized deconvolution method
(RDM) to model the crossing trajectory effect in a turbulent
counterflow n-dodecane spray flame. The RDM method is
benchmarked against a simplified Langevin model (SLM),
as well as no dispersion closure (NOM). Figure 11 shows
the spatial distribution of temperature and mixture frac-
tion. As can be observed, the LES-RDM model predicts a
double-flame structure which is also shown in DNS, while
the other two models fail to capture the fuel-side flame,
implying that the latter two models fail to predict the sub-
grid dispersion which results in the failure of capturing
the nonlinear interaction between turbulence, evaporation,
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Fig. 11 Instantaneous temperature and mixture fraction field of the fuel-side flame. Reproduced from Ref. [216]

and heat transfer when flames are present. To summa-
rize, while LES/FDF based dual-Lagrangianmethod exhibits
some promising results, significant future work is expected
in this regard, discussions on open challenges are presented
in Sect. 4.

4 Conclusions and open challenges

Predictive simulation of the combustion process in engine
is crucial to understand the complex underlying physic-
ochemical processes, improve engine performance, and
reduce pollutant emissions. In this paper, the state-of-the-
art LES/FDF method for turbulent dilute spray flames
in the dual-Lagrangian framework is briefly reviewed
to address some of the most challenging issues in
the physical modeling of turbulent spray flames and
the accommodation of detailed chemical kinetics. To
address the key modeling issues, the recent progress
on three key ingredients for modeling the interaction
between turbulence, chemistry, and droplet, i.e., micro-
mixing, subgrid dispersion, and two-phase coupling, is
reviewed. Then, the combined agglomeration/dimension-
reduction/tabulation/adaptive chemistry method for chem-
istry acceleration is reviewed to address the issue of high
computational cost with the detailed chemistry. Finally,
some applications of the dual-Lagrangian method in both
laboratory-scale and device-scale configurations are pro-
vided to demonstrate its capability as well as deficiency at
the current stage.

The high-fidelity simulations of turbulent dilute spray
flames remain challenging, and lots of researches are still
in need. Some of the open modeling challenges are as fol-
low.

4.1 Differential mixing timescales

The modeling of micro-mixing remains critical for trans-
ported PDF based method. One of the opening challenges
is differential mixing, namely the mixing timescale of each
individual species may exhibit large difference. In single-
phase gaseous flame, the difference is mainly caused by two
factors, i.e., the difference in molecular diffusivities (dif-
ferential diffusion), and the difference in species gradients
induced by chemical reaction. The former one is well rec-
ognized (see Sect. 3.1), while the latter one is less well
understood, but may be a more dominate factor as sug-
gested by recent studies [217–219]. Zhou et al. [88] andYang
et al. [89] made some attempts to account for the effects
of reaction-induced gradients on differential mixing in the
context of single gas-phase LES. In the presence of evapo-
rating droplets, the gradients of fuel species in the immediate
vicinity of droplet surfaces could be notably enhanced by
evaporation (see Sect. 2.2.2 for details), posing additional
challenges for themodeling of differentialmixing timescales.

4.2 Adaptive combustionmodel

In a combustion chamber, there are regions where a sim-
pler combustion model (compared to transported PDF based
model) work well, e.g., regions without local extinction/re-
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ignition or regions where the flow is mostly inert or close to
equilibrium. The idea of the adaptive combustion model is to
constrain the transported PDF based method only to regions
where the simpler combustion model fails, e.g., high strain
regions featuring local extinction or regions where mixed
mode combustion occurs. In principle, an adaptive combus-
tionmodel can combine the advantages of simple combustion
models (cost) and transported PDF based model (accuracy).
Rieth et al. [220], Xu et al. [221], andWu et al. [222, 223] are
among the few who made an effort on adaptive combustion
modeling. In general, this research topic is still at its early
stage, lots of further investigations are still in need.

4.3 Spray atomization

The spray atomization plays a key role in determining the
subsequent evaporation and combustion. The success of any
spray flame simulation greatly depends on the correct spec-
ification of the initial droplet conditions. However, most of
the widely applied breakup models in these days, e.g., TAB
[224], WAVE [225], are deterministic with single-scale pro-
duction of new droplets. These models fail to capture one of
the key features in real applications, i.e., a large spectrum
of droplet sizes is formed at each spray location due to the
combined effects of turbulence-induced breakup, fluctuation
caused by cavitating flow inside the injector, etc. Stochastic
breakup models show some potentials to better capture this
essential feature [226, 227]. However, the generality of the
current models remains a big issue.

4.4 Non-spherical droplets

Currently, most of the models for droplet motion, evapora-
tion, and atomization intrinsically assume that droplets are
perfectly spherical. However, the morphological composi-
tion of a spray in real applications is far more complex,
including ligaments, amorphous droplets, etc. Among these,
the perfectly spherical droplets only account for a small
portion. The deformed droplets may have quite different
characteristics when transferring the mass, momentum, and
energy with the carrier phase. Therefore, the modeling of
non-spherical droplets is essential for high fidelity simula-
tions of spray flames in practice. However, up to date, very
limited studies focus on modeling the large non-spherical
structures [222]. Lots of researches are still in need.
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