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Abstract Amplitude modulation of near-wall turbulence
by large-scale structures in the outer layer is investigated
by direct numerical simulation of turbulent channel flows
at Reynolds number Reτ = 540, 1000, 2000. The effect
of modulation is obvious in the two-point cross-section
correlation map, and the correlation coefficients increase
significantly with the Reynolds number. The influence of
modulation is reflected in the tail of the probability density
function of the near-wall flow signals, which expands as the
Reynolds number increases. The flatness factor provides a
quantitative description of the high fluctuation events due to
modulation. Vortical structures associated with modulation
are revealed by conditionally averaging the flow field of the
near-wall extreme events, providing a depiction of how the
influence of the large-scale structures penetrate towards the
near-wall region.

Keywords Wall turbulence · Amplitude modulation ·
Flatness · Extreme events

1 Introduction

In the last few decades, research on wall-bounded turbu-
lent flow has highlighted the existence of superstructures
or very large-scale motions at high Reynolds number [1–
3]. The strength of these large-scale motions increases
with the Reynolds number, and their emergence signifi-
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cantly influences smaller-scale structures over a range of
wall-normal locations [4–6]. Such amplitude modulation in
turbulent shear flows, in which large-scale motion influ-
ences the small-scale intensity, was observed experimentally
by Brown and Thomas [7] and Bandyopadhyay and Hus-
sain [8]. They found that a high degree of coupling exists
between the high- and low-pass-filtered signals. This inter-
action between the turbulent structures at different scales was
further investigated by Hutchins and Marusic [5] by exam-
ining both superposition and modulation effects. In their
study, the effects of amplitude modulation were analyzed
quantitatively using the correlation coefficient, in which the
velocity fluctuations are decomposed into large- and small-
scale components using a spectral filter, and the envelope
of the small-scale fluctuation is obtained by applying a
Hilbert transform [9]. The two-point correlation map was
constructed by Bernardini and Pirozzoli [10], who also pre-
sented a refined description of the top-down influence of
large-scale outer events on the inner part of wall turbu-
lence. With regards to other flow variables, Talluru et al.
[11] and Agostini et al. [12] pointed out that all three veloc-
ity components and the Reynolds shear stress are modulated
by the large-scale streamwise fluctuations in a similar man-
ner. Meanwhile, by counting the number of local maxima
or minima in the small-scale signal, the impact of the large-
scale outer motions on the frequency of the signal in the
inner region was analyzed by Ganapathisubramani et al.
[13]. Concerning both the amplitude modulation and fre-
quency modulation, Baars et al. [14] developed a robust
tool based on wavelet analysis to quantify these two mecha-
nisms. Based on the discovery of this interaction between
inner and outer regions, the following predictive model
for the inner-region turbulence fluctuations was developed
[15,16]
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where α is the superposition coefficient, β is the modula-
tion coefficient, and θL is the structure incline angle. In this
model, the near-wall streamwise velocity u+ is reconstructed
by both linear superposition and nonlinear modulation using
the large-scale fluctuation in the log region u+

OL and the “uni-
versal” signal u∗, i.e., the signal that would exist without any
large-scale influence. This predictive model of inner–outer
interaction was also confirmed theoretically based on quasis-
teady assumptions [17–19], and has been further developed
based onwavelet analysis [20]. Applying this theory, the suc-
cessful development of this predictivemodelmade it possible
to establish a wall model for use in large-eddy simulations
[21].

These modulation effects can be quantified using turbu-
lence statistics. In this regard, Schlatter and Orlu [22] found
that the amplitude modulation coefficient of the stream-
wise velocity fluctuations presents a strong resemblance
to its skewness, and therefore questioned the sufficiency
of using a correlation coefficient to characterize the inter-
actions between small and large scales. Based on scale
decomposition of signals, Mathis et al. [23] explained this
correspondence and suggested the cross-term

〈
uLu2S

〉
as a

complementary diagnostic quantity for amplitude modula-
tion. The relationship between the skewness and amplitude
modulation coefficient was explored by Duvvuri and McK-
eon [24] and Agostini et al. [12] using multiscale analysis,
revealing that there presented high similarity when measur-
ing interscale phase interactions. Meanwhile, the flatness
factor as a measurement of the tail weight in the probabil-
ity distribution of random signals also provides important
information about turbulence structures. High flatness of the
wall-normal velocity was observed in the vicinity of the
wall by Xu et al. [25] in their direct numerical simulation
(DNS) study of turbulent channel flow, essentially reflect-
ing the existence of rare events with high fluctuations. These
events associated with high flatness levels are usually located
underneath the positive outer large-scale region, and this
phenomenon was ascribed to amplitude modulation of the
inner layer by the outer region [26]. Inverse streamwise flow,
which is a typical manifestation of events contributing to
high flatness, was observed in the vicinity of the wall in the
DNS study, and such occurrences of backflow were found to
increase at higher Reynolds number [27]. By inspecting the
conditional flow field around the critical points of skin fric-
tion, Cardesa et al. [28] found that these critical points were
related to large-scale features; the corresponding topological
patterns were investigated by Brucker [29].

Although the above-cited literature studies provide insight
into “top-down” large-scale modulation, their connection to

near-wall extreme events remains obscure. In the present
study, we investigated the effects of the Reynolds number
on amplitude modulation using direct numerical simula-
tion of turbulent channel flow at friction Reynolds number
Reτ = 540, 1000, 2000. The modulation strength was quan-
tified using the outer–inner peak in the two-point modulation
correlation map. Modulation effects were clearly discernible
in the tail portion of the probability density function (PDF)
and were quantitatively measured using the flatness factor.
In addition, inverse flow, as a special case of a near-wall
extreme event, was also proved to be closely related to the
amplitude modulation. By taking the conditional average of
these extreme rare events, the large-scale vortical structures
related to the turbulence modulation were extracted.

2 Numerical setup and scale-separation
methodology

The analysis was based on direct numerical simulation of
turbulent channel flow. Simulations were carried out at three
different Reynolds numbers, i.e., Reτ = uτh/ν = 540,
1000, 2000, where h is the channel half-width and uτ

is the friction velocity. The Fourier–Galerkin method was
applied in the periodic streamwise (x) and spanwise (z) direc-
tions. Discretization in the wall-normal (y) direction was
achieved using the Chebyshev polynomial for the Reτ =
1000 case, while the seven-point compact finite difference
was applied for the other two simulations. The third-order
time-splitting method was used for temporal discretization.
Detailed parameters of the simulations are summarized in
Table 1. The computational domain spanned Lx = 8πh and
Lz = 3πh for the two lower Reynolds number cases, and
2πh × π h for the Reτ = 2000 case to save computational
cost. Turbulence statistics from the present simulations were
compared with published DNS channel data [30,31], show-
ing good agreement (Fig. 1).

To analyze the modulation effects, the flow signals were
decomposed into large- and small-scale components by
applying spectral filtering in the streamwise direction. In
the present study, the streamwise wavelength separating
large and small scales was chosen to be the channel half-
width h. Though clear scale separation is not presented at
the current Reynolds numbers up to Reτ = 2000, qualita-
tive analysis is valid regarding the influence of modulation
with increasing Reynolds number. The modulation effect on
wall turbulence was defined as the influence of the large-
scale fluctuation in the log region on the amplitude of the
small-scale signals in the near-wall region. To analyze this
phenomenon, the amplitudemodulation coefficient proposed
by Mathis et al. [9] was used here, specifically the correla-
tion of the large-scale streamwise velocity component uL
and the low-pass-filtered envelope of the small-scale signals.
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Table 1 Computational parameters

Case Reτ Lx/h Lz/h �x+ �y+
max �z+ Nx Ny Nz

Reτ = 540 543.5 8π 3π 8.9 6.7 4.5 1536 257 1152

Reτ = 1000 999.5 8π 3π 10.9 8.2 4.1 2304 385 2304

Reτ = 2000 2043.4 2π π 9.7 10.0 4.8 1296 649 1296

Fig. 1 Root-mean-square velocity fluctuations at Reτ = 540, com-
pared with published DNS channel data (Lozano-Durán and Jiménez
[30]; Lee and Moser [31])

The amplitude modulation correlation coefficient was calcu-
lated as R (uL, EL (uS)), where the subscripts “L” and “S”
indicate large- and small-scale signals obtained by Fourier
spectral filtering, and the signal envelope reflecting the ampli-
tude strength was obtained by Hilbert transformation.

3 Results and discussion

3.1 Modulation covariance map

Benefiting from the complete data of the whole flow field
that is available in direct numerical simulations, the two-
point cross-plane correlation was analyzed in the present
study to investigate the outer–inner modulation relationship.
The two-point amplitude modulation coefficient was defined
as the correlation between the large-scale streamwise veloc-
ity at one wall-normal location y1 and the low-pass-filtered
envelope of the small-scale signals at another wall-normal
position y2 [10,32]. Investigation of the correlation between
any two wall-normal positions provides better perception of
the range of influence and strength of the large-scale signal.
The amplitude modulation coefficient for the velocity com-
ponents v and w was specified as follows

AMv (y1, y2) = R
(
uL|y1 , EL (vS)|y2

)
,

AMw (y1, y2) = R
(
uL|y1 , EL (wS)|y2

)
. (2)

Figure 2 presents the two-point amplitude modulation
coefficient for the three Reynolds number cases, with both

axes representing wall-normal positions plotted on logarith-
mic scale. Note that the lower right half of each graph is the
focus of the current discussion, corresponding to the influ-
ence of large-scale streamwise velocity fluctuations in the
outer region on the envelope of the near-wall small-scale sig-
nals. The modulation coefficients of v andw are shown, with
the three simulation cases under discussion presented from
left to right with increasing Reynolds number. In the figure,
black dashed line corresponds to the center of the log region
y+
1 = 3.9

√
Reτ [15], which is considered to be the loca-

tion with the strongest modulation influence on the flow field
beneath. Correlation values along the diagonal of the diagram
correspond to single-point correlations with signals detected
at the same wall-normal position. However, in the present
investigation, attention is focused on the regions in the vicin-
ity of the dashed line, namely the large-scale influence from
the central log region. In both sets of graphs, a distinctive sec-
ondary peak gradually emerges at the lower part of the dashed
line as the Reynolds number increases. The maximum cor-
relation coefficient for the wall-normal velocity grows from
0.206 at Reτ = 540 to 0.394 at Reτ = 2000. Meanwhile,
for the spanwise velocity, the correlation grows from 0.239
to 0.424 as the Reynolds number increases. This suggests
that the modulation strength increases with the Reynolds
number. Moreover, the similar modulation patterns for the
wall-normal velocity v and spanwise velocityw indicate that
they are identically influenced by the large-scale structure.

3.2 Probability density function under modulation

The analysis presented above based on the covariance map
indicates that the modulation strength is most significant in
the vicinity of the wall. In addition, the wall-normal velocity
v is not expected to have a superposition contribution from
the outer large-scale motions, according to its energy spectra
[33]. Therefore, the major influence of the outer large-scale
motion on the wall-normal velocity v in the near-wall region
is through amplitude modulation. Note that, if near-wall sig-
nals were not modulated by the outer large-scale structure,
their PDF profiles would be independent of Reynolds num-
ber. However, as the Reynolds number increases, both the
modulation coefficient β and the intensity of uOL in Eq. (1)
increase [9], therefore the βuOL term has greater influence
at higher Reynolds number. The PDF of the wall-normal
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Fig. 2 Map of two-point cross-plane amplitude modulation coefficients a AMv and b AMw for Reynolds number Reτ = 540, 1000, 2000 from
left to right; dashed line indicates the center of the log region y+ = 3.9

√
Reτ . The value along the diagonal line is plotted in c, d

velocity v at y+ = 1 is shown in Fig. 3. For positive large-
scale velocity uOL > 0, the universal signal is modulated
by a larger fluctuation amplitude, leading to an extended
tail in the PDF profile. In contrast, for negative large-scale
velocity uOL < 0, the PDF distribution naturally shrinks
towards the center due to the attenuation of the magnitude.
These phenomena are clearly seen in the PDF profile of v in
Fig. 3. It is obvious that, as the Reynolds number increases,

larger values occur in both the tail and center portion of the
PDF distribution, while the shoulder part decreases accord-
ingly, since the area integration under the PDF profile is
unity.

For the PDF tail region, the expanded profile implies
that rare events with extraordinarily high fluctuations occur.
This is hardly discernible in the “universal” signal, which is
stripped off the influence from the outer region. Therefore,
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Fig. 3 PDF for wall-normal velocity v normalized by root-mean-square value vrms at y+ = 1. a Plotted on logarithmic scale focusing on the PDF
tail region. b Plotted on uniform scale focusing on PDF central region

Fig. 4 Flatness of v along the wall-normal direction. a Inner scale. b Outer scale. dashed line is the flatness of the universal wall-normal velocity
v∗, where v∗ is obtained from the DNS data at Reτ = 180 according to the predictive model

special attention should be paid to the extreme rare events
which arise in the PDF tail region. The outer positive veloc-
ity promotes the near-wall fluctuations to unprecedented high
levels, thus the occurrence of these extraordinary rare events
makes them a reasonable choice for studying the modulation
phenomenon.

The flatness factor is a quantitative measure of the PDF
tail weight. Consequently, the high probability of extraordi-
nary extreme events induced bymodulation from the positive
outer large-scale streamwise velocity naturally leads to high
flatness. Figure 4 presents the flatness factor of the wall-
normal velocity at the three Reynolds numbers. In addition,
the flatness of the universal signal v∗ is also plotted on the
same diagram. The universal signal is calculated according
to the predictive model using the DNS data at the even lower
Reynolds number of Reτ = 180, at which the large-scale
influence marginally exists. In all the cases, the flatness of
the wall-normal velocity Fv reaches a very high value in the
viscous sublayer and gradually decreases away from thewall,
and the flatness in the wall vicinity is mostly promoted as the

Reynolds number increases, corresponding to the enhanced
PDF tail seen in the inset of Fig. 3a.

Considering the cross-plane relationship at two distinct
wall-normal locations, the joint PDF of the large-scale
outer-region streamwise velocity (uOL) and the near-wall
vertical and spanwise velocity (vI and wI) is shown in
Fig. 5. If the signals in the vicinity of the wall are modu-
lated in their amplitude, then there will be higher variance
underneath the outer high-speed structure, with expanded
joint PDF profile for uOL > 0, and vice versa. The joint
PDF at all three Reynolds numbers is shown in this fig-
ure, with only low-probability contours presented to focus
on extreme events. The probability outside the enclosed
contour line is logarithmically distributed, with probabil-
ity ranging from 10−1 to 10−5 in ratio of 10. As revealed
by the distribution of these rare events, the near-wall
variance under the condition uOL > 0 is much larger
than that for uOL < 0, indicating that inner signals are
indeed influenced by modulation from the large-scale struc-
ture.

123



6 Y. C. Yao, et al.

Fig. 5 Scrutiny of joint PDF to show modulation effects. The horizontal coordinate uOL represents the large-scale streamwise velocity fluctuation
at y+ = 3.9

√
Reτ . The vertical coordinate, a vI, and b wI, corresponds to the vertical and spanwise velocity at y+ = 5, respectively. Contour lines

are plotted on logarithmic scale, focusing on extreme rare events, with probability outside the contour equally spaced logarithmically from 10−1 to
10−5 with ratio of 10. Contour line colors for the three Reynolds case are black for Reτ = 540, red for 1000, and blue for 2000

Fig. 6 Wall-normal distribution of backflow probability. a Inner scale. b Outer scale

3.3 Backflow and near-wall extreme events

Counterintuitively, reverse flows with negative streamwise
velocities are observed in both turbulent boundary layer and
channel flows [27,34]. To investigate the Reynolds number
effects on the backflow events, the wall-normal distribution
of the backflow probability at the three Reynolds numbers
is shown in Fig. 6. The backflow probability was calcu-
lated at each vertical position, defined as the ratio of the
negative velocity area and the total wall-parallel plane area.
It is seen that backflow events only occur within the vis-
cous sublayer, with highest probability adjacent to the wall,
gradually decreasing to 0 when y+ > 10. It is notewor-
thy that the inverse flow probability at wall position is less
than 0.05% at Reτ = 540 and increases beyond 0.07% at
Reτ = 2000, consistent with the findings of Lenaers et al.

[26]. Figure 7 provides more evidence for the relationship
between the backflow and the modulation from large-scale
motions based on the joint probability distribution of the
streamwise velocity at different wall-normal positions. In
this figure, the horizontal ordinate represents the large-scale
streamwise velocity fluctuation at the center of the log region
y+ = 92, while the vertical coordinate corresponds to the
streamwise velocity extracted at the first off-wall grid posi-
tion y+ = 0.04. Only extreme events are considered in the
graph, with the probability outside the contour lines loga-
rithmically equally spaced from 10−1 to 10−6 with ratio of
10.As the large-scalemotion becomes progressively stronger
with increasingReynolds number, themodulation effect from
large-scale structures also intensifies, leading to high proba-
bility of rare extreme events. It is evident that, at near-wall
locations beneath the outer high-speed motion, the fluctua-
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Fig. 7 Joint PDF of u′ at center log region y+ = 92 and u at the first
off-wall grid position y+ = 0.04 at Reτ = 540, focusing on near-
wall backflow events underneath high-speed structure in the log region.
Only extreme events are considered in the graph, with the probability
outside the contour lines logarithmically equally spaced from 10−1 to
10−6 with ratio of 10. Backflow events are located under the horizontal
dashed line

tion expansion caused by modulation is more striking than
the tilting contour along the first and third quadrants caused
by superposition. The above discussion is in accordance with
the conclusions of Lenaers et al. [26], who found based on
instantaneous flow snapshots that most rare events occurred
below large-scale motions with positive sign.

As discussed above, the influence of the modulation from
positive velocity in the log region can induce extremely high
fluctuation events in the near-wall region. Therefore, it is
reasonable to take advantage of this mechanism to further
explore the turbulence structures that are related to the inner–
outer interaction by taking the conditional average of the
extreme rare events. Here, we took the conditional average
of the DNS data obtained at Reτ = 540, while the averaged
flow field was obtained on the condition of extreme velocity
events at the first off-wall grid position y+ = 0.04. Figure 8
presents the isosurface of the positive streamwise velocity
fluctuation u′/Um = 0.03 in this conditionally averaged flow
field obtained using the criteria v > 10vrms, v < −10vrms,
w > 7wrms, and w < −7wrms, respectively. Each of these
four cases accounts for only about 0.04% of the occurrence
probability on the horizontal plane, with statistical sample
number of 15,000. As presented in this figure, the near-wall
extreme events lie at the bottom of the high-speed large-scale
structure that extends from the wall to the outer logarith-
mic region, and the structure inclines upward at an angle of
around 13◦ − 16◦ in the downstream direction. The large-
scale structure obtained in the present study is in accordance
with the conditionally averaged field obtained using zero-
friction-point criteria [28], which represents a line slanting
at 14◦ to the streamwise direction demarcating high- and

Fig. 8 Isosurface of positive streamwise velocity fluctuations
u′/Um = 0.03 associated with conditionally averaged near-wall
extreme events. The criteria for the conditional averaging for the four
figures from top to bottom are a v > 10vrms, b v < −10vrms,
c w > 7wrms, and d w < −7wrms, respectively, at the first near-wall
grid position y+ = 0.04

low-speed regions. Meanwhile, the present structure also
conforms to the observations by Marusic and Heuer [35],
who obtained a maximum modulation coefficient along the
14◦ incline angle using correlation analysis. The high-speed
structures extracted using these different conditional criteria
are almost identical, showing no obvious distinction between
the structures obtained using the imposed extreme condition
with either positive or negative value, or either wall-normal
or spanwise velocity components. This demonstrates that the
near-wall extreme events in different velocity components
are generated by a similar mechanism, with the emergence of
near-wall rare events accompanied by the high-speed large-
scale structure above.

To scrutinize the modulation mechanism that the high-
speed outer structure appears on top of the near-wall extreme
events, we resorted to the streamlines for an explanation.
Figure 9 depicts the averaged streamlines under the extreme
event condition of v > 10vrms at Reτ = 540. It is clear
that the emergence of the high-speed structure in the log
region is induced by the sweeping motion of a pair of large-
scale roll cells, which carry higher-speed fluid downward
and form large-scale high-speed motions. The roll cells have
scales comparable to the geometric size of the channel, orig-
inating from the wall and inclining downstream, and finally
extending to the central plane of the channel. In the stream-
wise and spanwise directions, the roll cell extends beyond 3h
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Fig. 9 Streamline associated with conditionally averaged extreme
events v > 10vrms at Reτ = 540. a Top view. b Side view. Isosur-
face represents u′/Um = 0.03

and 0.8h, respectively. Streamlines between the roll cells are
distorted downward, impinging towards the wall and caus-
ing local wall splash. Such wall splashing generates vortices
on a range of scales, and is accordingly reflected in higher
fluctuation intensity at near-wall locations. This explanation
validates that the modulation mechanism is indeed closely
associatedwith large-scale circulating flow, and therefore the
modulation strength intensifies with increase of the Reynolds
number.

4 Conclusions

Amplitude modulation is analyzed using DNS of turbulent
channel flows at three different friction Reynolds numbers
Reτ = 540, 1000, 2000. Modulation strength can be quanti-
fied by the peak value in the two-pointmodulation correlation
map,which increaseswith theReynolds number.Meanwhile,
modulation effects are clearly reflected in the PDF profile as
an enlargement of the center and tail portion. The extension
of the PDF tail indicates that extraordinary high fluctuation
events are provoked by the modulation, and such events can
be measured by the flatness factor. Moreover, by taking the
conditional average of these near-wall rare events, large-scale
roll cells associated with modulation are revealed. Struc-
turally, the pair of counter-rotating roll cells can induce strong
sweep motions and form a high-speed region in between.
Also, as shown by the streamlines, fluid at near-wall loca-
tions impinges towards the wall, leading to wall splash that
promotes near-wall fluctuations.
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