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Abstract Nonlinear behaviors are investigated for a struc-
ture coupled with a nonlinear energy sink. The structure
is linear and subject to a harmonic excitation, modeled as
a forced single-degree-of-freedom oscillator. The nonlinear
energy sink is modeled as an oscillator consisting of a mass,
anonlinear spring, and a linear damper. Based on the numer-
ical solutions, global bifurcation diagrams are presented to
reveal the coexistence of periodic and chaotic motions for
varying nonlinear energy sink mass and stiffness. Chaos is
numerically identified via phase trajectories, power spectra,
and Poincaré maps. Amplitude-frequency response curves
are predicted by the method of harmonic balance for peri-
odic steady-state responses. Their stabilities are analyzed.
The Hopf bifurcation and the saddle-node bifurcation are
determined. The investigation demonstrates that a nonlinear
energy sink may create dynamic complexity.

Keywords Nonlinear energy sink - Global bifurcation -
Chaos - Harmonic balance method - Stability
1 Introduction

Proposed in some pioneering works [1,2], a nonlinear energy
sink is an effective device to reduce mechanical and structural
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vibration passively [3,4]. In contrast to early work deal-
ing with the reduction of free vibration, much attention has
been paid to suppress forced vibrations of structures sub-
jected to external excitations. The structures were modeled
as single-degree-of-freedom oscillators [5—19], two-degree-
of-freedom linear oscillators [20-23], linear strings [24,25],
linear beams [26,27], and single-degree-of-freedom non-
linear oscillators [28]. A simplest model of a nonlinear
energy sink is an essential nonlinear oscillator consisting
of a small mass, a cubic stiffness, and a linear damper
[5,7,8,10,15,16,20,22-28].

Most available investigations focused on periodic steady-
state responses [5,8-10,12,13,15-20,22-28]. In addition
to experimental works [5,7,16,23] and numerical simula-
tions [5,6,9-14,17-19,21-23,26,28], approximate analyti-
cal methods are a powerful approach to predict the steady-
state responses by yielding amplitude-frequency response
curves and examining their stabilities [5-13,15-21,24-28].
The most used approach is the complexification averaging
method [5,6,9,11-13,16,17,19-21,26-28]. In the applica-
tions of the method, it is difficult to solve numerically the
resulting nonlinear algebraic equations. The difficulty can
be overcome via an arc-length continuation technique [26—
28]. The method of harmonic balance is also used to analyze
the periodic steady-state response [8]. In addition, a mixed
multiple scale/harmonic balance algorithm was proposed
and applied for the two-degree-of-freedom nonlinear sys-
tem [15] and the elastic strings considering the internally
resonant [24] and non-resonant [25]. In addition to peri-
odic motions, weakly quasiperiodic response [7,8,10,21,25],
strongly modulated responses [9,11,12] with saddle-node
bifurcation [12] and chaotic regimes [6,8,14] were also
investigated.
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The nonlinearity may change the dynamics of the system
qualitatively as well as quantitatively. Specifically, the non-
linearity may lead to new complex dynamics such as chaos.
The possibility of chaotic motion was initially revealed in
Ref. [8], and chaos was examined by the Lyapunov expo-
nent [6] and Melnikov’s methods [14]. It is well known that
the route to chaos is essential and significant to understand
nonlinear behaviors of a system. However, the route to chaos
has not been researched for a system composed by a struc-
ture and a nonlinear energy sink. To address the lack of
research in this aspect, the present work explores the route
to chaos by examining global bifurcations in the Poincaré
maps regarding two key design parameters of a nonlinear
energy sink, namely the mass and the nonlinear stiffness.
To present a complete view of dynamic complexity created
by a nonlinear energy sink, amplitude-frequency response
curves of periodic steady-state response curves are derived
from the method of harmonic balance for different nonlin-
ear energy sink masses and stiffness with the assistance of a
pseudo arc-length continuation technique. The stabilities of
the responses are analyzed with the emphasis on the locations
of the Hopf bifurcations and the saddle-node bifurcations.

The manuscript is organized as follows. Section 2 presents
a basic model of a structure with a nonlinear sink. In Sect. 3,
global bifurcation diagrams are numerically calculated and
chaos is numerically identified. In Sect.4, the amplitude-
frequency response curves are determined by the method
of harmonic balance and supported by the direct numerical
integrations. Section5 ends the manuscript with concluding
remarks.

2 A linear single-degree-of-freedom system with
a nonlinear energy sink

Consider a harmonically excited structure coupled with a
nonlinear energy sink. To highlight the dynamic complex-
ity induced only by the nonlinear energy sink, the simplest
model is used to represent the structure. Namely, the struc-
ture is a model as a linear single-degree-of-freedom system
with stiffness k1, linear damping coefficient ¢, the mass m 1,
and excited by the periodic force F (1) = Acos(wt). The
nonlinear energy sink consists of mj, cubic stiffness k, and
linear damping c. Figure 1 shows the model.

Measured from their static equilibriums, the displace-
ments of masses my and m are denoted as xp and x,
respectively. It should be remarked that both the effect of
gravity and the pre-stress have been ignored. It works in
the case of a structure coupled with a smooth nonlinear
energy sink as shown in Fig. 1. If nonsmoothness is taken
into account [17-19], the effects of gravity should be con-
sidered. Newton’s second law yields the dynamic equations
of the system.
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Fig. 1 A linear oscillator with a nonlinear energy sink
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Fig. 2 The bifurcation diagram of the structure response for varying
mass m

moio + koxo + coxo + ¢ (¥o — %) + k (xg — x)°
+ Acos(wt) =0
m¥ 4k (x — x0)° + ¢ (x — %9) = 0. (1)

3 Numerical explorations of global bifurcations:
periodic and chaotic motions

This section examines nonlinear behaviors of the system
based on the numerical integrations calculated via the Runge-
Kutta scheme implemented by MATLAB [29,30]. The time
stepis 0.01 of a period T which is the 27 /w and the absolute
error is 107°. Choose the parameter values as mo = 24 kg,
ko = 20kN/m, ¢co = 1.2 N-s/m, ¢ = 1.2 N - s/m,
A = 10N, and w = 28.8675 rad/s. Two key design parame-
ters of the nonlinear energy sink, namely, mass m and cubic
stiffness k are considered as a varying parameter, respec-
tively. Bifurcations in the Poincaré maps are employed to
demonstrate the effect of the two parameters on dynami-
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cal behaviors. The displacement components in the Poincaré
maps are focused. The first 4800 periods in the Poincaré
maps are calculated, and only the last 200 periods are plotted
in bifurcation diagrams to eliminate transient responses.
The varying mass m is focused with fixed £k = 10,000
kN/m?>. Figures 2 and 3 depict the displacements compo-
nents in the Poincaré maps of the structure response and
the nonlinear energy sink response. The numerical results
show that the responses of the structure and the energy sink
are periodic except for a few bursts of chaotic motions.
Such chaotic motions are dynamic complexity induced by
the nonlinear energy sink, because linear structures behave
periodically only. For the periodic responses, the vibrations
of the structure and the energy decreases with the increas-
ing energy sink mass, except for the very small energy sink
mass. It should be remarked, the response of the energy sink
seems more complex than that of the structure, as shown in
Figs.2 and 3. Specifically, Figs.4 and 5 show that the struc-
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Fig. 4 Periodic vibration of the structure for m = 0.2496 kg. a The time history. b The enlargement of the time history. ¢ The phase portrait.

d The Poincaré map
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Fig. 5 Chaotic motion of the energy sink for m = 0.2496 kg. a The time history. b The amplitude spectrum. ¢ The phase portrait. d The Poincaré

map

ture vibrates periodically but the energy sink chaotically for
m = 0.2496 kg. Figures 6 and 7 show that the structure is with
period-1 motion while the energy sink has period-2 motion,
for m = 0.3384 kg, and the fact implies the occurrence the
period-doubling bifurcation for the energy sink, also shown
inFig. 3. Figures 8 and 9 show vibrations of both the structure
and the energy sink are possibly chaotic. In above-mentioned
figures, chaos is identified by the time history, the amplitude
spectrum, the phase portrait, and the Poincaré map, while
periodic motion is demonstrated by the time history with its
local enlargement, the phase portrait, and the Poincaré map.

Figures 10 and 11 present bifurcation diagrams of the
displacement components in the Poincaré maps of the struc-
ture and the energy sink for varying cubic stiffness k for
m = 0.5kg. The structure and the energy sink vibrate peri-
odically except for the bursts of chaos for the small and the
large stiffness k. Samples of periodic motions of the struc-
ture and the energy sink are respectively shown in Figs. 12
and 13, and those of possibly chaotic motions can be found

@ Springer

in Figs. 14 and 15. It may be expected that periodic motion
and chaotic motion occur alternately for the further increase
of the stiffness. The amplitude of the periodic motion of the
structure increases with the stiffness, while that of the energy
sink remains almost unchanged.

4 Amplitude-frequency response curves: harmonic
balance analysis

This section focuses on periodical motion from the view of
the amplitude-frequency response. The method of harmonic
balance will be employed to predict the response under an
excitation with a given frequency. To perform the harmonic
balance analysis, Eq. (1) is cast into the dimensionless form.

u8+uo+§ou6+§(u6—u/> + B (up — u)®
+ feos(yo) =0,
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W 408 (= up)® + Ac (u - u’o) —0, )

where the dimensionless displacements of the structure and
the energy sink as well as the dimensionless time are

X0 X

3

T = wot,

in which / is the static deformation of the linear structural
spring ko per 1 kN, and the structural frequency, the mass
ratio, the damping ratio of the structure and the energy sink,
the dimensionless nonlinear stiffness, the frequency, as well
as the dimensionless excitation amplitude are, respectively,

2 ko mo co c k%
wy = —, A= —, 60 = s = ) = 2 )
my m nmowo mowg a)omo
f== o)
V=) T kol

Based on the harmonic balance method, the responses of the
governing Eq. (2) can be approximated by a finite sum of
low harmonic terms. Since the nonlinearity in this system
is cubic, the responses contain the odd harmonics only. In
order to check the numerical convergence of the harmonic
expansion, the lowest three odd harmonics are considered.
Then the responses can be expressed as follows

uog(t) = ayycos(yt) + by sin(yt) + azy cos(3y )
+ b31 sin(3y ) + asy cos(Syt) + bsy sin(Sy 1),
u(t) = ajpcos(yt) + byasin(yt) 4+ azp cos(3y 1)
+ b3y sin(3yt) + asy cos(Syt) + bsy sin(Sy 1),
(5)

where a;; and b;; (i = 1,3,5 and j = 1,2) are the
coefficients of corresponding harmonic components to be
determined.
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Fig. 7 Period-2 motion of the energy sink for m = 0.3384 kg. a The time history. b The enlargement of the time history. ¢ The phase portrait.

d The Poincaré map

Substituting Eq. (5) into Eq. (2) and equating the coeffi-
cients of each harmonic cos(iy t) and sin(iyt) (i =1, 3, 5)
of the both hands of resulting equations yield a set of non-
linear algebraic equations, presented in “Appendix A” as
Eq. (Al). Equation (A1) leads to a set of equations of the
coefficients of the harmonic balance with the orders 1 and
3 by letting as; and bs5; (j = 1, 2) be all zero, and it fur-
ther reduces to the equations for the harmonic balance with
order 1 only by letting a;; and b;; (i = 3,5and j = 1,2)
be all zero. For given parameters, Eq. (A1) and the degener-
ated cases can be numerically solved via a pseudo arc-length
continuation technique. Thus, one can obtain the amplitude-
frequency response curves.

In order to describe the amplitude-frequency response
curves with the higher orders, the root mean squares of the
responses could be calculated as

_ [ 2 2 2 > 2 2
uor =y/ay; +byy +az; + b3y +az) + bsy,

(6)
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up =Jaiy + bty + a5y + b3, + azy + b3, 0
Choose a set of parameters as wy = 28.8675rad/s, A = 30,
o = 0.0017, ¢ = 0.0017, B = 1.25, and f = 0.01. The
amplitude-frequency response curve of the energy sink is
shown in Fig. 16. As shown is the curve with its local enlarge-
ments, the results based on the harmonic balance solution
up to order 5 agrees well with that of the solution up to
order 3, and disagrees with that of the solution of order 1.
Specifically, both the solutions up to order 3 and order 5 pre-
dict a loop with a small break for y between 0.978 and 0.984,
while the first-order solution does not detect the loop. In addi-
tion the obvious qualitative difference, there is a not obvious
qualitative difference of an additional loop for y between
0.978 and 0.984 or quantitative difference for y between
1.35 and 1.41. In all cases, the solutions up to order 3 and
order 5 are completely coinciding, while they do not overlap
with the first-order solution. Therefore, the harmonic balance
up to order 3 seems sufficiently precise.
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Fig. 8 Chaotic motion of the structure for m = 0.72kg. a The time history. b The amplitude spectrum. ¢ The phase portrait. d The Poincaré map

The harmonic balance solution up to order 3 is supported
by the direct numerical integrations. The comparisons of the
amplitude-frequency response curve of the nonlinear energy
sink are shown in Fig. 17 for wy = 28.8675rad/s, A = 160,
o = 0.0017, ¢ = 0.0017, B = 1.25, and f = 0.01. Here,
to highlight the jumping phenomenon in both sides, A =
30 is replaced by 2 = 160. Both in forwarded or reverse
frequency sweeping, the analytical results (solid line) based
on the solution up to order 3 is in good agreement with the
numerical results (regular triangles for forwarded sweeping
and inverted triangles for reverse sweeping). Thus, in the
following investigation, the method of harmonic balance up
to order 3 will be employed.

In order to examine the stability of solution, the responses
are reformulated as

uo(t) = ay(t) cos(yt) + b11(r) sin(y t)
+azi(r) cos(ByT) + b3 (7) sin(By 1),

u(t) = ain(r) cos(yt) + bi2(r) sin(y 7)
+ a3z (t) cos(3yt) + b3a(r) sin(3y 7). ®)

Substituting Eq. (6) into Eq. (2) and equating the coefficients
of each harmonic component in the resulting equation-
slead to a set of nonlinear differential-algebraic equations,
which are presented in “Appendix B” as Eq. (B1). The fixed
points of Eq. (B1) correspond to the steady-state response.
For given parameters, the fixed points can be numerically
located via a pseudo arc-length continuation technique. After
the linearization at each fixed point, the set of nonlinear
differential-algebraic equations are reduced to a set of lin-
ear differential equations. The stability of each fixed point
can be determined by the eigenvalues of the Jacobian matrix
of the linear differential equations. This approach yields the
stability of the steady-state response. There may be Hopf
bifurcation points and saddle-node points on the curves. At
a Hopf bifurcation point, the real part of a pair of complex
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conjugate eigenvalues changes from the negative to the pos-
itive (referred to as the first type) or reversed (referred to
as the second type). At a saddle-node point, a positive real
eigenvalue occurs (referred to as the first type) or disappears
(referred to as the second type).

The method of harmonic balance yields amplitude-
frequency response curves revealing effects of the cubic
nonlinear term coefficient. Figures 18-20 depict the curves
for 8 = 0.0125, 0.125, 1.25 while other parameters are fixed
as wo = 28.8675rad/s, A = 48, o = 0.0017, ¢ = 0.0017,
and f = 0.01. The black solid line and the blue dash-dot
line represent, respectively, the stable and the unstable por-
tions of the curves. The green ball and the red triangle stand
respectively for the Hopf bifurcation points and the saddle-
node points. The case with B = 0.0125 is demonstrated
in Fig. 18. As shown in Fig. 18a, there is an unstable open
loop at the peak part of the response curve of the struc-
ture. The loop begins at a first type Hopf bifurcation point at
y = 0.996501 with another two second type Hopf bifurca-
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Fig. 10 The bifurcation diagram of the structure response for varying
the cubic stiffness &
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tions near y = 0.996555 and y = 0.996564, then undergoes
second type Hopf bifurcation points for y = 1.029951 with
a nearby first type saddle-node point at y = 1.032631 by
increasing the frequency, after that comes three second type
Hopf bifurcations at y = 1.013257, y = 1.013234, and
y = 1.013195 which the frequency turns back, and finally
comes a second type Hopf bifurcation at y 1.011412
followed by the ending point, the second saddle-node at
y = 1.011412. The amplitude-frequency response curve
of the steady-state response of the system for 8 = 0.125
is depicted in Fig. 19, in which the unstable branch begins
at a first type Hopf bifurcation at y = 0.975992 followed
by other two first type Hopf bifurcations y = 0.976041
and 0.976057. Specially, the first type Hopf bifurcation at
y 0.97966 is close to the first type saddle-node at
y = 0.97967 at which the frequency begins to turn back.
After passing through three second type Hopf bifurcations
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Fig. 12 Periodic vibration of the structure for k = 5600 kN/m>. a The time history. b The enlargement of the time history. ¢ The phase portrait.
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at y = 0.971772, 0.969014, 0.959331 and a second type
saddle-node bifurcation at y = 0.971772, this branch ends in
asaddle-node bifurcation at y = 0.90675. The second unsta-
ble branch begins with a Hopf bifurcation at y = 0.978154
followed by a first type Hopf bifurcation y = 0.983675 and
a first type saddle-node y = 0.988493 with increase of fre-
quency, then it undergoes two second type Hopf bifurcation
y = 0.987772 and y = 0.987497, and finally ends at a sec-
ond type saddle-node bifurcation y = 0.987465. The third
unstable branch begins with a first type Hopf bifurcation at
y = 0.99439 followed by another first type Hopf bifurca-
tion at y = 0.994868, then undergoes two first type Hopf
bifurcations y = 1.004820 and y = 1.091698 followed
by a first type saddle-node bifurcation y = 0.987772, and
finally comes three close second type Hopf bifurcations at
y = 1.031755, 1.031695, 1.031666 and another second type
Hopf bifurcation y = 1.030376 followed by the ending sec-
ond type saddle-node bifurcation at y = 1.030375 where
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the frequency turns back. Figure20 shows the amplitude-
frequency response curve of the steady-state response for
B = 1.25. It is different from the curves in Figs. 18 and 19.
There are two circle folds appearing between y = 0.984
and y = 0.992, and there are six unstable branches with
increasing frequency. The first unstable branch begins with
the first type Hopf bifurcation at y = 0.900389 followed by
two other first type Hopf bifurcations at y = 0.900527 and
y = 0.900662, then it undergoes a first type saddle-node
bifurcation at y = 0.903502 where the frequency starts to
turn back to a first type Hopf bifurcation at y = 0.903499,
further on appears three second type Hopf bifurcations at
y = 0.886521, 0.885569, 0.880612, and then comes a sec-
ond type saddle-node bifurcation at y = 0.427613 where
the frequency changes to go forward followed by the ending
second type Hopf bifurcation at y = 0.519692. The second
unstable branch begins with a first type Hopf bifurcation at
y = 0.966910 and ends with a second type Hopf bifurca-
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map

tion at y = 0.986591. The third unstable branch begins with
a first type Hopf bifurcation at y = 0.987291 followed by
another first type Hopf bifurcation at y = 0.987311, then
it undergoes a second type saddle-node at y = 0.987311
where the frequency turns back, and gets to a second type
Hopf bifurcation at y = 0.984231 followed by the end-
ing second type saddle-node at y = 0.984218. The fourth
unstable branch begins with a first type Hopf bifurcation at
y = 0.990820 followed by another first type Hopf bifur-
cation at y = 0.990837, then it undergoes a second type
saddle-node bifurcation at y = 0.991051 followed by a sec-
ond type Hopf bifurcation at y = 0.991031, then it goes
through a first type Hopf bifurcation at y = 0.990598, a sec-
ond type Hopf bifurcation at y = 0.990586 and a first type
Hopf bifurcation at y = 0.990583, gets to a second type
saddle-node bifurcation at y = 0.990563, and finally ends
with a second type Hopf bifurcation at y = 0.990566. The
fifth unstable branch begins with a first type Hopf bifurca-

tion at y = 0.990662, and ends with a second type Hopf
bifurcation at y = 0.998331. The sixth unstable branch
begins with a first type Hopf bifurcation at y = 1.057548 fol-
lowed by three first type Hopf bifurcations at y = 1.065659,
1.085802, 1.244552, goes through a first type saddle-node
bifurcation at y = 1.338758 where the frequency turns
back, and then undergoes a second type Hopf bifurcation
at y = 1.084814 followed by a second type double Hopf
bifurcation at y = 1.084431 and another second type Hopf
bifurcation at y = 1.082393, and finally ends with a second
type saddle-node bifurcation at y = 1.082393.
Figures21-23 show the amplitude-frequency response
curves of the steady-state response for different mass ratio
A while wg = 28.8675rad/s, B = 1.25, o = 0.0017,
¢ = 0.0017, and f = 0.01. There are six unstable branches
by increasing the frequency in each figure. In Fig.21 with
A = 160, the six unstable branches begin with the first type
Hopf bifurcations at y = 0.807063, 0.969513, 0.992771,
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Fig. 17 Comparison of the amplitude-frequency curve of the energy
sink based on the analytical and numerical methods
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Fig. 18 The amplitude-frequency response curve of the steady-state
response for B = 0.0125. a The structure. b The nonlinear energy sink

1.001971, 1.000845, 1.108926, respectively. The fourth and
the sixth unstable branches end with the second type saddle-
node bifurcations at y = 1.000331 and y = 1.126458. The
other unstable branches end with the second type Hopf bifur-
cations at y = 0.742804, 0.992097, 0.990458, 1.019081. In
Fig.22 with A = 63.1579, two circles of the third and the
fourth unstable branches are even more visible than those in
Fig.21. The six unstable branches begin with the first type
Hopf bifurcations at y = 0.880777, 0.969011, 0.989561,
0.994257, 0.993705, 1.071969, respectively. The third and
the sixth unstable branches end with the second type saddle-
node bifurcations at y = 0.986711 and y = 1.091146. The
other unstable branches end with the second type Hopf bifur-
cation at y = 0.584962, 0.988919, 0.993511, 1.004267.
Notably, in Fig.23 with A = 30, the first and the second
unstable branches are very close to each other. In addition,
the unstable branches are much more visible than that of in
Figs.20 and 21. The unstable branches begin with the first
type Hopf bifurcation at y = 0.332037,0.928011, 0.959560,
0.981319, 0.982807, 1.025976, respectively. The first, the

a

0.1

u()r

0.01

1E-3

1E_4 L 1 s 1 s 1 L
0.0 0.5 1.0 1.5 2.0

Fig. 19 Amplitude-frequency response curve of the steady-state
response with § = 0.125. a The structure. b The nonlinear energy
sink

fourth and the sixth unstable branches end at the second
type saddle-node bifurcations at y = 0.112208, 0.977563,
1.069976. The other unstable branches end with the second
Hopf bifurcations at y = 0.387639, 0.980444, 0.985522.

5 Conclusions

The investigation treats steady-state response in forced vibra-
tion of a periodically excited linear structure coupled with a
nonlinear energy sink. The global bifurcations are numer-
ically examined via the Poincaré map. Phase trajectories
power spectra and Poincaré maps are used to identify
dynamical behaviors. For periodic steady-state response,
the harmonic balance method is applied to determine the
amplitude-frequency response curves and their stabilities.
Especially the Hopf bifurcations and the saddle-node bifurca-
tions in the response are located. The investigation finds that
a nonlinear energy sink may introduce dynamic complexity.
The dynamic complexity lies in the following aspects:
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(D

2)

3)

Chaotic motion may occur. Actually, the bifurcation dia-
grams reveal that the responses of the structure and the
energy sink are periodic except a few bursts of chaotic
motions.

The dynamic behaviors of the structure may be different
from those of the nonlinear energy sink for appropriate
parameters.

Even for the periodic steady-state responses, their ampli-
tude-frequency response curves look complicated. There
are more unstable portions defined by the Hopf bifurca-

tions or the saddle-node bifurcations.
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Appendix A

The nonlinear algebraic equations of the harmonic
balance up to order 5

—3/4Ba? b3y +3/4Bat b3 +3/2Ba2 b1y — 3/2Ba2 bra
—9/4Bb% b1y + 9/4Bb1 b3y — 3/4Bad b1y + 3/4Ba? b1
+3/4Batyb11 — 3/4Batybia — 3/2Bag,biy + 3/2Bad,bi
—3/4Bb,b31 + 3/4Bb3 b3y — 3/4Bb3 31 + 3/4Ba,b3
—3/4Baiybzy — 3/2Bbiob3; — 3/2Bb12b3, — v () an
— ygoar1 + 3/2Bb11b3, +3/2Bb11b3; +3/28b11b3,
+3/2Bb11b3) — 3/4Bagybs) + 3/4Bazybs)

—3/2Ba3,b1 + 3/4Ba3 bsy + 3/2Bad,bi1 — 3/2Ba3,b12
—3/4Ba3bs) + 3/2Ba3,b11 + 3/2Bazyas by
—3/2Bazzasibia — 3/2Bazzasybiy + 3/2Bazzasybin
—3/2Bazasi b3y + 3/2Bazpas b3a + 3/2Bazrasy b3y
+3/4Bb,b3s — 3/2Bazasrbzy + 3/2Baz1asbx
—3/2Ba3z1asybiz — 3/2Bazasybzy — 3/2Baz1as1032
+3/2Bazasyby1 — 3/2Baz1azrbsy + 3Baziazzbi
+3/2Bazazbs) — 3/4/317%21?52 +3/2Ba3zas51012
+3/2Bazias1 b3 — 3/2Baziasibiy + 3/4Bb3,bs
—3/4Bb3,bsy + 3/4Bb3,bs1 — 3/2Bb12b3,

—3/2Bb12b3; — 3Bb11bs1bsy + 3b12b31b3
+3/2Bb12b31bs) — 3/2Bb12b31b53 — 3/2Bb12b32b5)
+3/2Bb12b32bsy + 3Bb12bs1bsy — 3/2Bb31b32bs5)
+3/2Bb31b32bsy — 3/2Bb11b32bsy —3/2Bay1a12b11
+3/2Ba1ai2biz — 3/2Barai2bz; + 3/2Baryaizbs
—3/2Bayyazi by +3/2Bayaz1bia + 3/2Bajaz 1 bsy
—3/2Bayyaz1bsy +3/2Bayaznbi) — 3/2Bajjaznbn
—3Basyasybi1 + 3Basyaspbia +3/28b1101203)
—3/2Bb11b12b32 + b11 + 3/2Baizasybzp — 3/2Bajasrb3)
+3/2Baizas1bz) —3/2Baynas by + 3/2Bajrazqbs;

—3/2Baizazxnbsy +3/2Baizaz1bsy — 3/2Baizaz1bs)
+3/2Bar1aspbzy — 3/2Bay1asybzy + 3/2Bb11b32bs)
—3/2Bayazxnbs) +3/2Bay1aznbsy — 3/2Bayias1b3)
+3/2Bay1as1bzp —3/2Bb11b31bsy +3/2Bb11b31bs5)
+3/4Bb7, — bi1y® — 3/4Bbi, — 3/2Barpazbi
+3/2Barazabir — 3Bb11b31b32 + 3/2Barnaz by
—3/2Bajpaz b1y — 3Baziaxnby =0,

—3/2Banaz1asy — 3/2Bananas) + 3/2Basybi1b3y
—3/2Basaby1b3; — 3/2Basab12bzy + 3/2Bayiazzas;
+3Bainbsibsy +3/2Bajiar2az — 3/2Bazbibs:
—3/2Bas1b11b31 + 3/2Bas1b11b32 + 3/2Bas1b12b3
—3/2Bas1b12b32 + 3/2Basib31bzz + 3/2Basrbi2b3n
—3/2Basyb31b32 — 3/2Barainas — 3Baniaziaxn
+3/2Baizb31bsy — 3/2Baiab3ibsi + 3Bainbsibsy
+3/2Bainbs2bsy — 3/2Bazbsbsy + 3/2Barazias;
—3/2Bazaxnas) + 3/2Bazazasy + 3/2Baz1bribiz
+3/2Baz1b11bs1 — 3/2Baz1bi1bsy — 3/2Baz1b12bs)
+3/2Baz1b12bsy + 3/2Bazi1b31bsy — 3/2Ba31b31bs2
—3/2Baz1bsabs) + 3/2Baz1baabsy — 3/2Bazbiibin
—3/2Bazbi1bs) + 3/2Baxnbiibsy + 3/2Bazpbiabs)
—3/2Basz2biabsy — 3/2Bazxnbz1bs) + 3/2Bazb3ibsy
—3Baiiasiasy — 3/2Barbi1bia + 3/2Bai1bi1bz
—3/2Banbi1bsy — 3/2Baiibi2bsy + 3/2Ba11b12b32
+ai +yéobu +y ()b + 3Banazian
—3Baiba1bzy + 3/2Bainbi1bsy — 3/2Bainb11b3)
+3/2Bainbi12b31 + 3/2Baizbiibia — 3/2Baraznas:
+3Bazasiasy — 3/2Banazias) + 3/2Banaz as;
+3/2Barazasy — 3/2Bay1bzbs) + 3/2Bai1b32bs:
—3Baribsibsy — 3/4Batyaz + 3/4Bat,az
+3/4Basyb3, + 3/2Ban b2, + 3/2Ban b2, + 3/4Basrb3,
+3/2Bai1b31bs) — 3/2Bai1b31bsy — 3/2Bai2biabx
+3/2Bazbybsi — 3/2Bainb3; — 3/2Bainbi,
+3/4Ba3,as1 — 3/4Ba3,asy — 3/4Baz1b}, — 3/4Baz1bi,
+3/4Ba%as) — 3/4Bas,asy + 3/4Baxnb?, + 3/4Baxnbi,
—3/4Bas1b3, — 3/4Bas1b3, — 3/2Banb3, — 3/2Banb3,
—3/2Baiaz, — 3/2Bainaz, — 3/4Banbi, — 3/4panbt,
+3/4Bat a3 + 9/4Banat, + 3/2Bana3, — 3/4Bat axn
—9/4Baf ary + 3/2Bana3; + 3/2Bariaz, + 3/4Bar by
+3/4Bai1b, 4+ 3/2Ban b3, + 3/2Banb3, — 3/2Bana3,
—3/2Banal, + 3/2Banai, + 3/4pai, —3/4pai,
—any* =0,

3/2Bas1bs1bsy + 3/2Bay1b31bzz — 3/2Bazrbi12b3
—3/2Bazb11b12 + 3/2Bariarzaz + 3/2Bazbiabsy
—3/2Bar1ai2a31 + 3/2Baz1b11b1a — 3Bas1bz1b3n
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+3Basabs31b3zz — 3/2Bay1az1a3x — 3/2Bainbz bz
—3Baziazas) + 3Baziazasy — 3/2Barbi1bs
+3/2Bai1b11b32 + 3/2Bai1bi2bs1 — 3/2Ba11biabxn
+3/2Bazaziaz, + 3/2Baixbi1b31 — 3/2Banb11bs
—3/2Bai2b12b31 + 3/2Baznbiibxy + 3/2Bainbi2bs
—3/2Bazb11b31 + 3Basybiibin + 3/2Bas1 b3,
—3/2Bas:biy — 3/2Bas:bi, + 3/2Batas:

+3/2Batjas) — 3/2Bat\asy + asi — 3/2Bas;b3,
—3/2Basrb3, + 3/4Bas1b2, +9/4Basia2, + 3/4Bas b2,
—3/4Basb3) — 3/4Bas:b3, + S5y (§) bsi + Sy Lobsi

— 9/4,8a§1a52 - 3/2ﬁa122a52 — 3/4ﬂa1226132 + 3/4,8a122a31
+3/2Bas1b}; — 3Basib1bir — 3Bariarnas
+3Bananasy + 3/2Basabs1bsy + 3/2Baz1b11b3
—3/2Ba31b11b32 — 3/2Baz1biabsy + 3/2Baz1b12b32
+3/2Bad as) — 3/2Ba3 asy — 3/4Baz b}y — 3/4Paz bl
+ 3/2ﬂa§2a51 - 3/2/3(,1%26152 + 3/4/3a32b%1

+3/4Baxbi; + 3/2Basiby; + 3/2Basib3, + 3/4Banby,
+3/4Bainb3, + 3/4Bataz + 3/4Bara3;

—3/4Bat a3, — 3/4Bai1b3, — 3/4Bay b3, — 3/4Bara3,
—3/4Baina3, + 3/4Baaz, + 3/4pa3, — 3/4pad,
—25as1y* =0,

3/2Ba3,b31 + 3/2Banasbiy — 3/2Barias:biy
+3/2Baixas1bi — 3/2Barzas1br2 + 3/2Bb11b12bsy
—3/2Bb11b12bs2 — 3Bb31b51bsy + 3Bb32Db51bs2
—3/2Banasbi + 3/2Baizasybia — 3/2Baz1az b
+3/4Bal,bs) + 3/4Ba%,bs) — 3/4Ba’,bsy — 3/4Bat bsy
+3/2Ba2,b31 — 3/2Ba2 by — 3/2Baz,bzy — 3/4Bb3 bs
+3/2Baz1azbzy — 3Basiasybsy + 3Basiasabzy
—3/2Bananbs) + 3/2Baiiarnbsy — 3/2Baiiasi1bi

+3/2Baniasibia — 3/2Ba} by + 3/2Ba} b3y + 3/4Bb3,b1n

—3/4Bb11bty — 3/4Ba} b + 3/4Bat by + 3/4Batybi
—3/4Batyb1z + 3/2Baziasibyy — 3/2Baziasibin
+3/2Bb%,b31 — 3/2Bb3 b3y + 3/28b7,b31 + 3/2Bat,b3
—3/2Batyby — 3y (¢) az — 3ytoaz — 3/2Bbxnb,
+3/4Bad bs1 + 3/4Bak b1 — 3/4Bak by + 3/2Bb31b2,
+3/2Bb31b2, + 3/4Bb3,bsy + 3/4Bb3 bsy — 3/48b,bs
—3/4Ba3, b3 + 9/4Bb31b3, — 9/4Bb3 b3y — 3/2Bb3ab2,
—3/2Bb1,b3; — 3/2Bazias:byy + 3/2Baziaszbin
—3/2Bazasi by + 3/2Bazasibiz + 3/2Bazas b
—3/2Baszrasabia — 3/2Bb12b31bs1 + 3/2Bb12b31b5>
+3/2Bb12b32bs1 — 3/2Bb12b32bsy + 3/28b11b32bs2
—3/2Banannbn + 3/2Baannbiz — 3faianbs
+3Barannbsy +3/2Bai1a31b51 — 3/2Bai1a31bs5;
—3Bb11b12b31 + 3Bb11b12b32 + 3/2Bb11b31b5)
—3/2Bb11b31bs5y — 3/2Bb11b32bs1 — 3/2Bar1aznbs
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+3/2Banazbsy —3/2Banasibs1 + 3/2Barasi by
+3/2Baiiasybz1 — 3/2Bariasrbzy — 3/2Barzazbsi
+3/2Bainaz1bsy + 3/2Barzazbsy — 3/2Barxazbs:
+3/2Bazas1b31 — 3/2Barzasi bz — 3/2Bainaszbs
+3/2Bannasaby + by — 3/4Bb3, + 3/48b3,
~9b31y% + 1/4bi; — 1/4pb7; = 0,

—3/2Banaziasy — 3/2Barazas; — 3/2Baz1b1absy

—3/2Basyb11b31 + 3/2Basabi1bsy + 3/2Basab12b3y
+3/2Barazzasy + 3Bazbiibiz + 3/2Bazbi1bs)
+3Bananaszy +3/2Basibr1bsr — 3/2Bas1b11b32
—3/2Bas1b12b31 + 3/2Bas1b12bzz + 3/2Baz1b11bs;
—3/2Basybi2b3y — 3Bariarzasr + 3/2Baiz2bz1bsy
—3/2Baixbs1bs) + 3/2Bainbsrbs) — 3/2Bai2b32bsn
+3/2Bar1az1as) + 3/2Baz1b1absy — 3/2Baz1b11bs)
—3Baz1bi1bia — 3/2Bazbi1bsy — 3/2Bazxnbiabs)
+3/2Bazbi2bsy + 3/2Bar1b1b12 + 3/2Bay1b31bsy
—3/2Ba11b31bsy — 3/2Bay1bsabsi + 3/2Bay1b3bss
—3/2Banzazias) + 3/2Banaziasy + 3/2Baiazas;
—3/2Barzaznasy — 3/2Bainbiibiz — 3/2Bainbi1bs)
+3/2Bannb1bsy + 3/2Bainbi2bsy — 3/2Ba12b12bs:
—3Baziasiasy — 3/2Basab11bia — 3/2Baz1b31b32
—3Baz1bs1bsy + 3Bazzasiasy + 3/2Bazbz1b3n
+3Baxbsibsy — 3/4Basibt, + 3/4Basabiy + 3y Gobsi
+3/4Basabiy + 3/4Batyas) + 3y () bay + 3/4Bat a5
—3/4Bat a5y — 3/2Baxa3) — 9/4Ba3 azx

—3/4Bat,asy + 3/2Baybiobsy + 3/2Bas bi1bya
—3/2Bayaizas1 + 3/2Barianasy +3/2Bay1bi1bs
—3/2Banbi1bsy — 3/2Baybizbsy — 3/2Baxnbs,
—3/2Baznbl, — 3/2BaxnaZ, — 3/4Baxnb3, — 3/4Baznb3,
+3/4Baz1b3, + 3/4Baz1b3, + 3/2Baz1b2, + 3/2Baza,
+9/4Baz1a3, + 3/2Baz1b3, + 3/2Baz1a2, — 3/4Bas1 b7,
+ a3 + 3/2Ba} a3 — 3/2Baaz + 3/2Baz bl
+3/2Baz1b?, — 3/2Baxnb?, — 3/2Baxnbl, + 3/4Banbl,
+3/4Bainb?, +3/2Bak a3 + 3/4Baral, — 3/2Ba% az
—3/4Baf ary — 3/4Ban b}, — 3/4Bayibt, + 3/4Baz,
—3/4Ba3, — 9a31y* + 1/4Ba}; — 1/4Ba3, =0,

—3Bayiainbsy + 3Bayanbsy — 3Bb11b12bs)

+3Bbi1biobsy + 3/2Bariaz b3y + 3/2Baj bsi
+9/4Bbs1b2, — Syoast + 3/4Ba2 bs) — 3/4Baz, bsy
+3/2Bas1asybsy — 3/2Baraz bz

—3/2Bas1asybs) — 3/2Barxaz b3y + 3/2Bajaz bz
+3/2Barazbs; — 3/2Bar1az1bsy — 3/2Bar1a3b31
+3/2Bar1azbz — Sy (¢) as;

+3/2Balybs1 + 3/4Baz,bs) — 3/4BaZ,bsy — 9/4Bb2 bs)
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+3/2Bb3,bs) — 3/2Bb3,bsy + 3/2Bb3,bs

—3/2Ba3bsy — 3/2Ba3,bsy + 3/2Bbiaby1 b3y — 3/4Bd3 b3

+3/4Bai b31 — 3/2Baziaznbir — 3/4BbT,b31

+3/4Bb} b3y — 3Baziaznbsi — 3/4Bb} b1 + 3/4Bal,b3
—3/4Bat,bz + 3Baziazbsy — 3Bb31baabs) — 3/2Bb},bs:
—3/4Bb12b3, — 3/4Bb12b3; +3/2Bb3,bs)

—3/2Bb3,bsy + 3/28b3,bs1 — 3/28b3,bsy + 3/4Bb11b3,
+3/4Bb11b3, — 3/2Ba%,bsy + 3/2Ba3,bs)

—3/4Bad,biy + 3/2Bad,bs1 + 3/4Badbiy — 3/2Ba3 bsa
—3/4Ba3 b1 + 3/4Ba3ibia + 3/4BbT,b3

+3Bb31b32bsy — 3/2Bariainbsr + 3/2Bananbs;
+3/2Baiaz1b

—3/2Bayaz1bia — 3/2Bayaznbyy + 3/2Bajiaznbin
+3/2Bb11b12b31 — 3/2Bb11b12b32 — 3/2Bb11b31b32
—3/2Barxaz1bn + 3/2Banaz bz + 3/2Barazbn
—3/2Banazxnbin + 3/2Bazianbiy + bs) — 3/4pb3,
+3/48b3, — 25bs1y? =0,

—bioy® — 3/2BAanasib31 + 3/2Brarras bz
+3/2Brarnasabs1 — 3/2Brarnaszbzz + 3Braziazbi
—3Braziazbiy — 3/2Braz1aznbs) + 3/2Braz1azbs;
+3/2Brazi1as1bi — 3/2Braz1as1bia — 3/2BAaziasi b3
+3/2Braz1as1b32 — 3/2Braz1aszbiy + 3/2Braziaszbrz
+3/2Braz1asbz1 — 3/2Braziasrbzr — 3/2Brazzasibi
+3/2Brazas1bir — 3/2Braxasi by + 3/2Braxnasybii
—3/2Braznasybia — 3/2Braxnasybsy + 3/2Brazasrbzn
+3BArasiasabin — 3prasiasabia — 3/2BAb11b12b3;
+3/2BAb11b12b32 + 3BAb11b31b32 + 3/2BAb11b31b5)
—3/2pAb11b31bsa — 3/2BAb11b3abs1 + 3/2BAb11b32bss
+3BAb11bs1bsy — 3BAb12b31bza — 3/2BAb12b31bs)
+3/2BAb12b31bs2 + 3/2BAb12b3absi — 3/2BAbi2b32bsy
—3BAb12bs1bsy + 3/2B1b31b32bs1 — 3/2BAb31b32bs)
—3/2Brarianbsy + 3/2Brazyasi b1 + 3/2Brajiainbii
—3/2Brarianbiz +3/2Braranbsr + 3/2Braiiazibi
—3/2Branazibia — 3/2Brariazibs) + 3/2Braraz bsy
—3/2Brarazbiy + 3/2Branazbia + 3/2Braraznbs,
—3/2Braraznbsy + 3/2Brarasibsr — 3/2Brarasibz
—3/2Brarias2bzi + 3/2Branasabz — 3/2BAanazibi
+3/2Brarzazibia + 3/2BAainazibsi — 3/2Praizazibsy
+3/2Brarzazbi — 3/2Brannaxnbiy — 3/2Brarrazbs
+3/2Branaxnbsy — 3/2Braz,bi1 + 3/2Braz,bin
+9/4BAb3 b1y + 3/4Brabzy — 3/2Bra3 b1
+3/2Bra2 b1y + 3/4Bra3 bs) — 3/4Bra3 bs)
—3/2Bra2 bi1 + 3/2Bra2, b1z + 3/4BAb3,b
+3/2BAb1ob3, — 3/2Braz,bi1 + 3/2PAag,bia + 3/4BAas,bsi
—3/4Brad,bsy — 3/2BAb11b3) + 3/4BAb3,bsy — 3/2Brb11b3,
+3/2Ab12b3, — 9/4BAb11bT +3/2B2b12b3,
—3/2BAb11b2, — 3/2BAb11b%, — 3/4B1b1yb3n

+3/4BAb3, b3y

—3/4BAb3 b3 + 3/2BAb12b2, — 3/4B1b3,bs)
+3/4BAb3 bsy — 3/4BAbbs) — 3/4Bra? by
+3/4Bra} bra

—3/4Bra} b1 + 3/4Bra} by — 3/4Bralyby
+3/4Bralyb1a — 3/4Bral by — 3/4B4b3,
+3/4BAb3,

+yAgan —yriap =0,

3/2Branad, + 3/2Branal, + 3/2Brana,

+3/4Brainb}, + 3/4Brainbiy — 3/2Brarb3
—3/4Bra1i b}, — 3/2Brarad, — 3/4Brarb?,
—3/2Brara3, — 3/2Branas, — 9/4Braral,
—3/2Braral, — 3/4Bral az + 3/4Brat an
—3/4Bra3 as) + 3/4Bra3 a2 + 3/4Brazi b}
+9/4Bratary — 3/2Bran b3, — 3/4Bratyaz
+3/2Brainb3, + 3/2Bra1nb3, + 3/2Brainb?,
+3/2Brainb?, — 3/2Bra11b3, — 3/2Bran b3, — anny?
—3/4Brasab3, + 3/4Bras1b3,

—3/4Brasyb3; + 3/4Braz1biy — 3/4Bradyas
+3/4Bradasy — 3/4Branbl; — 3/4Braxnbl,
+3/4Bras b3, + 3/4Bralyaz + 3/2Branas,
+3/2Brazb31bs) — 3/2Brazabs1bsy — 3/2Brazbsbs)
+3/2Braxnbsrbsy + 3/2Bras1biibsr — 3/2Bras1b11b32
—3/2BAas1b12b31 + 3/2Bras1biabsy — 3/2Bras1b31b32
—3/2Brasab11b31 + 3/2BAasrbi1bzy — yALbi
+yACbiy + 3/4Braj, — 3/4BAa3, + 3/2Brasrbiab
—3/2Braszb12b32 + 3/2Bhasrb31b3 + 3/2BAajazxnas)
—3/2Branaxnasy +3Brariasiasy + 3/2ra11b11bia
—3/2Bray1b11b31 + 3/2Brar1b11b32 + 3/2BAa11b12b3)
—3/2B1a11b12b32 + 3Brar1b31bsy — 3/2Bhar1b31bs)
+3/2Bra11b31b52 + 3/2Brar1bazbs — 3/2Brar1bxbsy
+3BAray1bsibsy — 3Brarpaziaz, + 3/2Branaz asy
—3/2Branaziasy — 3/2Brarpazas) + 3/2Brananasy
—3Brarzasiasy — 3/2Brainb11b12 + 3/2Bra12b11b3:
—3/2Branb11b3r — 3/2Bra12biabs1 + 3/2Brainbiabs
+3/2Brainbzibsy — 3/2Brainbz1bsy — 3/2frainbzrbsy
+3/2Branbs2bsy — 3Brarnbs1bsy + 3/2Braz1aznas)
—3/2Braz1azasy — 3/2Braz1bi1bia — 3/2Braz1bi1bs)
+3/2BAaz1b11bs2 + 3/2BAaz1b1absy — 3/2Braz1b12bs2
—3/2BM1az1b31b51 + 3/2B1a31b31bs53 + 3/2BAaz1b3abs
—3/2Braz1b32bsy + 3/2Brazzbi1bia + 3/2Brazabi1bs
—3/2Braznbi1bsy — 3/2Brazbiabsy + 3/2Brazabiabsy
—3Brainbsibsy + 3/2BAaiiaraz — 3/2Brananan
+3Branaziazn — 3/2Branaziasy + 3/2Brarazasy =0,
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—9b3y% — 3/2Branasibyi + 3/2Branas by —3/2Bray1b11bs) + 3/2BAraybiabsy — 3/2Bras1bi1bia
+3/2BAarasybsy — 3/2Brarnasrbzy — 3/2Brazias by +3/2Brararas) + 3/4Brasibiy + 3/2Brazaz,
+3/2BAaz1as1bi2 + 3/2Braz1aszby — 3/2Brazaszb12 +3/4Braxnbi; + 3/4Brazb3, + 3/2Braxnb?,
+3/2Brazasi by — 3/2Braxasibia — 3/2Brazxasrbi +3/2Brazb?, + 3/2Bra31b31bza — 3/2Braz b3,
+3/2Brazzasybiz + 3BAb11b12b31 — 3BAb11b12b32 —3/2Braz1bi, + 3/2Braxal, + 3/2Brasrbib1n
—3/2B1b11b31bs1 + 3/2BAb11b31bs5 + 3/2BAb11b32bs) —3/2Bxay1biabsy + 3/2Braiabi1bs; — 3/2Branbi1bs:
—3/2BAb11b32bsy + 3/2B1b12b31bs1 — 3/284b12031bs) —3/2Braiabiabst + 3/2Braiabiabsy + 3Braziasiasy
—3/2BAb12b32bs1 + 3/2BMb12b32bsy — 3BMariainbs; — 1/4Bra3| + 1/4Bra, — 3/2Bras1bi1b3
+3/2Branannbi — 3/2Braianbiz + 3Brarainbs +3/2Bras1b11bzy + 3/2Brasibiabs — 3/2BAras1biabin
—3/2Branazibsy + 3/2Braraz1bsy + 3/2Brar1azbs) +3/2Brasab11b31 — 3/2Brasabi1bzs — 3/2Bhasrbiaba
—3/2Blayazbsy + 3/2BArayias1bs1 — 3/2Brajas1b3; +3/2Brasxb1abyy + 3/2Brar1azas; — 3/2BAraj1azas;
—3/2BAanasybs; + 3/2Brarasabsy + 3/2Braizaz1bs) —3/2Brai1bi1bia — 3/2Bray1b3ibsy + 3/2B1a11b31bsy
—3/2B\aixaz1bsy —3/2Braaxnbs) + 3/2Bra12axnbs: +3/2Brai1bybs) — 3/2B ai1biabsy + 3/2Brairaz as
+3/2Braiybza — 3/4BAbT b1y — 3/2BbT b3 —3/2Brapaziasy — 3/2Brazazas; + 3/2Brarnaznasy
+3/2BAbT b3y + 3/4BAb11 bty — 3/2B)bT,b3 +3/2Brainb1ibia + 3/2Bra1nbs1bsy — 3/2Bra12b31bs2
+3/2B1b%b3y — 9/4BAb31b3, — 3/4B1b3bs) —3/2Bra1b3abs) + 3/2Brainbyabsy + 3Brazibi1bin
—3/2BAb31b3| — 3/4BAbT,bsy + 9/4BAb3 b3 +3/2Braz1biibs) — 3/2Brazibiibsy — 3/2BAaz1biabs
—3/2Bhatyby1 + 3/4BAbT bs1 — 3/2Braz,bs +3/2Braz1bizbsy — 3Branbiibiy — 3/2Braxnbiibsi
+3/2Brad,bs; + 3/4BAbiybs + 3/4Bat bsy +3/2Brazbiibsy + 3/2Braxnbiabs) — 3/2Braznbiabs
—3/4Bhratybsi + 3/4Bratybsy — 3/4Brat bsi +3Brananas — 3praianazn — 3/2Braaz as)
—3/4Braz,b3i — 3/4BAa3 b31 + 3/4Paz b +3/2Braiaziasy =0,

+3/2Bxra} by — 3/4Bratybyy + 3/4Bral,biy
—3/4Brai b1y + 3/4Brat b1y — 3/2Bral b3
+3/2B1a2, by + 3/4Bra3,bya — 3/2B1a2, b3

+ 1/4BAb3, — 1/4BAb3, — 3/4BAb3, — 3/2BAb31b2,
+3/2BAb32b2, 4 3/2BAb3ob%, + 3/2BAb11b12bs)
—3/2BAb11b12bs) — 3BAasiasabsz + 3BAasiaszbsy
—3/2B\az1a3b3 + 3/2B a3 axbs — 3/2BAarasabia
+3/2Brarpas2byy + 3/2Bhazas1biy — 3/2BMajzas by
+3/2BAar1asabin — 3/2BAarasabyy — 3/2BAaras1bin
+3/2Brarias1byy + 3/2Brajainbs; — 3/2Bra1a12bs
+3BAb31bs1bsy — 3BAbybsibsy + 3/4BAbY, — 3yAtaxn

—25bsyy? — 3/2Braziaxnbii + 3/2Braz1aznbin
+3BAaz1azbs) — 3Braziazabsy — 3/2BAb11b12b3)
+3/2BAb11b12b32 + 3/2BAb11b31b32 — 3/2BAb12b31b32
+3BAb31b32bs1 — 3BAb31b3absy — 3/2BAhararxbs
+3/2BAay1a12b31 — 3/2Brarazibyy +3/2Braraz bz
+3/2Bra11a32b11 — 3/2Brar1a3b12
+3/2Brannaz1biy —3/2Brainaszibia — 3/2Brarazxnbi
+3/2Branazbi, — 3/2Braraz1b3;
+3/2BAar1az1bzy — 3/4/3Ab11b§2 - 3/4,3)»b11b%1
+3/2BAb3,bsy + 3/4Bratybya — 3/2Brad,bs
+3/2Bradbsy — 3/4Bra3 b1y — 3/2Brad; bsi

+3yiaz =0, 5 5 5
+3/2Bra2,bsy + 3/4Brad,by1 — 3/4Braz,bin
—3/4Brainb?, — 3/4Brainbl, + 3/4Bray b, +3/4Bra3 b1y + 3/4BAb12b3, + 3/4BAb12b3,
+3/4Bray b3, — 3/4Brara, — 3/2Bral a3 +3/4BAb3,b31 — 3/2Brasiasabsy + 3/2Bras asrbs
+3/2Bratiaz — 3/2Braz bty + 3/4Brat ar —3/2Braipazbsz + 3/2Brarxazbszn + 3/2Braraz1b3
—9aypy? — 3/2Brazbt, + 3/2Brazbi; + 3/2Braxnbi, —3/2Brarpaz1bzy + 3/2Braj1azbs)
+3/2Brat a3y — 3/2Bratya31 + 3/4Brasibly —3/2Bra11aznbyy — 3/4B1b3,b3s + 3/4BAb3 b3
—3/4Brasabl, — 3/4Brasybty — 3/4Brat as —3/4pb3} b3y — 3/4Braz bs) + 3/4BraZ b
+3/4Brat asy — 3/4Bratyas) + 3/4Bratas, —3/4Brat,bsi + 3/4Bra,bsy + 3/2B1b3 bsy
—3/4Braz b3, — 3/2Braz1a2, — 3/4Brazi b, +3/2Brb},bsy — 3/4pral,bs1 + 9/4B1b32,bs)
+9/4Bra3 az — 9/4Brazia3, — 3/2Braza3, —9/4Brbs1 b2, — SyrLasy — 3/2pAbi bs
—3/2BAazb31b3y + 3BAaz1bsibsy — 3Brazxasiasy —3BAb11b12bsy + 3BAb11b12bs1 + 3BAararzbs;
+3/2Bra11bi1bsy — 3/4Bra3, + 3/4Bra3, —3BAraiabs:
—3yALb31 4+ 3yArbiy — 3Braxnbsibsy — 3/2Brayanas: —3/2BAb3,bsi + 3/2Bral bsy — 3/2Bral,bs
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+3/2Brabbsy — 3/2Brat bs + 3/4Brat by —3/2b11 (v) a1 (1) bia (1) B+ 3/2b11 (7) b3y (v) ar2 (1) B
—3/4Brat b1 — 3/2BAb3,bsy + 3/2BAb3,bs) —3/2b11 (v) ana (v) b (1) B
_ 2 _ 3 3 _ d d

3/2BAbspbsi + Syrlasy —3/4PAbs, +3/4Prbs, = 0.y (Ebu (r)) y = 3/4(@@n () p - (Eau (r)) o

2 2 2
—3/4Brai a3 + 3/4BAat a3 + 3/4Braz1by, +an (1) Y2 +3/4an (@)’ B

+3/2prasrb3, — 3/2Bras1b3, + 3/2Bras:b3, d ,
+3/4Brasibly — 3/2Bradpast + 3/2Bhayas - (aau (T)> (¢) +3/2a12 (t) (a3 ()" B
—3/4Praxnbl, — 3/4Braxnbt, — 3/2Brasi b3, +3/2a12 (1) (b32 (1))? B — 3/4 (b12 (1))* a2 (v) B
+3/4Bratrazn + 3/4Brana3) — 3/4Brat,az —yb11 (T) (©) — ybu1 (1) 6o — 3/4 (a11 (v)* a1 (1) B
—3/2Bhrasibt, + 3/2Brasybi, + 3/2ras:bi, —3/2a11 (v) (az2 (1))? B — 3/4ar1 (7) (bi1 (1)* B
+3/4Bran b3, — 3/4Brariad, + 3/4Braii b3, +3/2(a31 ()2 a () B+ 3/4 (b1 ()2 ar2 (1) B
—25asyy% + 3/4Brarnad, — 3/4Brarnb3, +9/4 (an (1) arz (1) B — 3/2ay;1 (1) (b3 (1))* B
—3/4Branb3, — 3/2Pra3,as) + 3/2Pra3 as) +3/4 (b1 (1) az1 (1) B —3/4 (b11 (1))* az (1) B
—3/4prar1a3; — 3/2Brasrbsibsy — 3/2Brazbizb —3/2a11 (v) (a31 (1))* B — 3/2a11 (v) (b31 ())* B
+3/2Brazbiaby +3/2Brasibsibsy + 3/2BAaz1b12b3) —9/4ar (t) (ar2 (1))* B — 3/4ar; () (b12 (1))* B
—3/2Braz1b11b31 — 3/2Braz1b12bsy + 3/2Bhazzby1b3 +3/4a31 (v) (b12 (1)) B+ 3/2 (b31 (1)) arz (1) B
—3/2Prat,asy + 3/2Prat asy — 3/2Bratas +3/4 (a2 (1)) a3 (1) B+ 3/4ary (1) (b12 (1))* B
+3/2Bratyasy — Syribs) + Syrcbsy +9/4Braz as —3/4a3 (1) (a12 (1))* B+ 3/4 (a1 (1)) az (1) B
- 9/4ﬁka51a§2 +3/4Bra3, - 3/4Bra3, 2 e - ddzzau o 0.
—3/4Blas b5, — 3/4Bras b5, + 3/4Brasrbs, T
—3/2Braxbiibsy + 3/2Brazibi1bx + 3/4Brasrb3, —3/4 (a1 (1)) bi1 () B —3/4 (a11 (1)) b3 () B
—3/2Bxrasib?y + 3Brasibiibiy — 3Brasbiibio +3/4 (a1 (1))* b1z () B+ 3/4 (a1 (1)) b3 () B
+3Brariapas) — 3Brariainasy + 3BArasibz1b3n +3/4 (b11 (1))? b31 (1) B +9/4 (b1) (1))* b12 (1) B
—3Brasab31bzy + 3/2Bhai1b11b31 — 3/2Brai1bi1b3 —3/4(b11 (1)) b32 (v) B — 3/2b11 (7) (a31 (1)) B
—3/2Branbiobsi + 3/2Braiibiabs; — 3/2Brarb3ibx —3/2b11 (1) (b31 (1))* B — 3/4b11 (1) (a12 (T))* B
—3/2Braiaziazy — 3/2Branbiibsy + 3/2Brainbi1by —9/4b11 (1) (b12 (1))* B — 3/2b11 (1) (a3 (1))* B
+3/2Brainb1abs1 — 3/2Brainbiabi + 3BLaziazas —3/2b11 (1) (b32 (1))* B+ 3/2 (a31 (1)) bia (1) B
—3Braziaznasy — 3/2Brazibiibiz + 3/2Braxnbiibi +3/2(b31 (1)) b12 (1) B — 3/4b31 (7) (a12 (1))* B
+3/2BAaiab31b3z + 3/2BAaj1arza3 — 3/2BAajaraz +3/4b31 (7) (b12 (1)) B+ 3/4 (a12 (1))> b12 (1) B
+3/2Branaziaz, = 0. (A1) +3/4 (a2 (1) b3y (1) B — 3/4 (b12 (1))* b3 (7) B
+3/2b12 (1) (a3 (1))* B+ 3/2b12 (1) (b32 (1))* B
Appendix B +yan (v) (¢) + yai (v) So + 3/2a11 (v) biy () az1 (v) B

+3/2ay1 (t) by1 (t) arz (v) B — 3/2a11 (t) b1y () az (v) B

The nonlinear differential-algebraic equations of the —32an (M az () b2 () B

harmonic balance up to order 3 +3/2a11 (v) b31 (v) a2 (v) B — 3/2an1 (v) a2 (1) biz (v) B
—=3/2a11 (v) a2 (v) b32 (v) B +3/2a11 (7) bia (t) axn (1) B
—f = 3/2b1 (D an (D) by (1) B+ 3/2b11 (D by (Manp (1 g~ /2@ ax (W an (@) f+3bi (0 as (1) ax () F
—3a3 (1) ap (v) az (v) B —3/2b11 (t) b31 () bi2 (v) B + 3b11 (1) b31 (v) 32 (1) B
—3/2b31 (¥) a2 (v) b1z (1) B — 3b31 (v) arn (1) bao (7) B +3/2b11 (t) a2 (t) azn (v) B+ 3/2b11 (T) b2 (T) b (7) B
+3/2a15 (v) b12 (v) b3 (7) B +3/2a31 (v) a1z (v) b1z (v) B — 3az1 () b2 (v) a3 (v) B
—3/2a1; (0) biy (1) b31 (¥) B+ 3/2a11 (1) biy (1) bia (1) B —3b31 (D bi2 (1) b32 (1) B = 3/2a12 (W) bz (D) az2 () B
+3/2a11 (z) bi1 (v) b32 (7) B +b1 () y> =3/4 (b1 (1)) B — (%bu (1')) o
+3/2a11 (v) az1 (v) a2 (v) B+ 3ai1 (1) az1 (v) azn (v) B d d
+3/2a11 (v) b3y (v) b1 (v) B +3/4(bi2 (1)) B — (abn (f)) ) +2 (Ea“ (T)> 14
+3an; (v) b31 (v) b3z (v) B — 3/2a11 (T) arz (v) a3 (7) B P2
—3/2a11 (1) bi2 (1) b3 (1) B —bn (@) = 95bu (1) =0,

@ Springer



820 J. Zang, L.-Q. Chen

d2
—9/4az1 (t) (a3 (v))? B — 3/4a31 (1) (b3 (1)) B =3/2a31 (1) ax2 (1) bsa () B = b3 (1) =0,

+3/4 (b31 (1)) az (1) B+ 9/4 (az1 (1) az (1) B

5 —yb12 (T) A +3/4 (a11 (v))? B — 3/4 (a12 (1)) B2
—3/4a31 () (b31 ()" B — 3y b31 (v) (§)

d
—3yb31 (1) &o + 3/4az (1) (b2 (1)) B Frbu(mar =2 <E bz (’)) yHan @y’
—3b11 (v) b2 (t)azxn (v) B + (ian (T)) AL — <£a12 (T)> AL
—3/2a11 (t) by () biz (v) B+ 3an () a3 () arz (v) B de dr
—3ay1 (t)aiz (v) az (t) B+ 3b11 (v) az1 (1) bia () B +3/2b11 () az1 (v) bi2 (v) BA — 3/2b11 (7) b31 (v) a1z () BA

+3/2b11 (v) a1 (v) b1z (v) BA + 3/2b11 () arz (t) b32 (1) BA
) ) —3/2byy (v) brz (7) ax (1) P2

d d +3a31 (1) a1z (v) asy () BA + 3/2b31 (7) ara (7) b1z (1) B2
-6 (Eb“ (T)> Y — (Ecm (T)> 0 +3/4(axn (1)’ B +3b31 (t) ar2 (t) by (7) B

F9a31 (1) ¥ — 3/4 (a31 (1)) B — 1/4 (an, (1))} B —3/2a12 (t) bia (v) b32 (v) BA + 3/2a11 () b1y (T) b3y (v) BA

+1/4 (@2 () B+3/2 (biz (1) ax (1) B = 3/2a1 (2) but (2) bz ()

—3/2 (a1 ()2 a1 (2) B + 3/4an (2) (b1 (1) B —3/2a11 (t) b1y (v) b3z (v) BA — 3/2ay1 (1) az1 (t) arz (v) BA
—3ay1 (v) az1 (t) az (t) BA — 3/2a11 (v) b31 () b1 (T) BA

—3/4 (b1 (1)) a2 (v) B+ 3/4 (an (1) an (1) B

) ) ) 5 —3ay1 (t) b31 (v) b3a () BA + 3/2a11 (T) arz (1) azn (v) BA
—3/2(G1 (@) a3 () B +3/2 (b1 ()" ax () B +3/2a11 (v) b1a (v) b3z (v) B+ 3/4 (a1 (1)) a31 (T) A

d
+3/2b11 () a2 (v) b2 (1) B — (E%l ()

—3/4a11 (7) (a12 (1))* B + 3/4an (v) (b12 (v))* B —9/4 (a1 (1))* a2 (v) BA

—3/2a31 (1) (b12 (1))* B+ 3/2 (a12 (1)) a3 (1) B =3/4 (a1 () a3 (v) Br + 3/4arr (0) (bi1 (1))* B2

—3/4a12 (v) (b12 (1))* B — 3/2a31 (7) (ar2 (1))* B +3/2a11 (1) (a31 (1))? B+ 3/2a1; (v) (b31 (1)) B

+3/2(a11 ())* ax (1) B — az1 (1) +9/4ay (v) (a12 (v))? Br + 3/4ay; (v) (b12 (1)) B

+3/2a31 () b3 (1) b3 (7) B +3/2a11 (v) (a3 (v))? B+ 3/2a11 (7) (b3 (1)) B
d? —3/4(b11 (1))* a3 (x) B — 3/4 (b11 (1))* arn (v) B2

T @@z ObR OF = g (0 =0 +3/4 (b11 (1) a3 (1) B — 3/2 (axt (1)) ara (0) B

+3/4az1 (v) (ar2 (v))? Br — 3/4a31 (1) (b12 (1)) B

=3/4(an ()" b1 (1) B = 3/2 (@ () b31 (7) B 372 (b (£ a1 (8) Bk — 3/4 (arz (2))% aza () B

+3/4 (@11 (1) bi2 (1) B +3/2 (an1 (2))* b3 (1) B —3/4ai2 (1) (bi2 (1)) Br = 3/2a12 () (32 (1)) B2
—3/2(b11 (1)) b31 (r) B — 3/4 (b1 (1)) b12 (1) B —3/2a12 (1) (b3 (1))? B+ 3/4 (b12 (1)) ax () A
+3/2 (b1 (1))* b32 (v) B — 3/4b11 (7) (a12 (1))* B a2

2 2 — T 5412 (r) =0,
+3/4b11 (7) (b12 (1))* B = 3/2b31 (7) (a12 (1))* B dr
—3/2b31 (v) (b12 (1))* B+ 3/4 (a12 (1))* b2 (v) B —yan (t) A +3/4(b11 (v))? Bi — 3/4 (b12 (1))’ B2
+3/2 (@12 (1) b3 (1) B+3/2 (b12 (1)* b3 (1) B +yan (1) A - (dibu (r)) ¥

T

+3/2a11 (t) b11 (v) arz (v) B + 3an (v) b3 (v) a2 (7) B q d
—3/2a11 (t) az (v) b12 (v) B — 3an (v) a2 (v) bxz () B + (Ebll (f)) A +2 (aau (f)) Y

+3b11 (t) b31 (T) b12 (t) B —3b11 () b12 (T) b32 (T) B +b12 (1) Y% +3/2a11 (t) ain (v) b (1) B

—3/4b31 (7) (a32 (1)) B — 9/4b31 (7) (b3 (1)) B —3/2a11 (t) b1z (v) a3 (v) BA + 3/2b11 (7) az1 () ar2 (7) BA
+3/4 (a3 (1)) b3 (T) B + 3yaz (1) () + 3yazi (1) o —3by1 (v) az1 (v) az (7) BA
—3/4(a31 (1)) b31 (v) B +3/4 (a31 (1)) b3 (7) B +3/2b11 () b31 (1) bia () BA — 3b11 (7) b31 (1) b3s (7) BA

d _
+9/4 (b31 (1)) b3 (7)  + 931 (1) y2 — (—b31 (r)) o T FEnman@an@pr
dr —=3/2b11 (t) b1z (v) b3z (v) BA — 3/2a31 (7) aiz () b1z (v) BA

_ (ibﬂ (,)) @) +6 (Lm (I)> y +3a31 (1) bia (1) ax: (7) B

de de +3b31 (1) bi2 (v) b32 () B +3/2a12 (1) bia (v) az (v) B
—3/4(b31 (1)) B +3/4 (b3 (1))* B+ 1/4 (b1 (1)* B —3/2ay1 (1) by (t)az) () BA
—1/4(b12 (1))’ B —3/2a11 (t) b1y (v) a1z (v) A+ 3/2a1 (t) by (7) azn (7) BA
—b31 (7) +3/2a31 () b31 (1) az (1) B +3/2a11 (t) az; (v) b1 (v) BA
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—3/2a11 (v) b31 (v) a1z (v) BA + 3/2a11 (t) a1z () b1 (v) BA

—3/4(a11 (1))* b3 (1) P2
—3/4(b11 (1))? b31 (x) Bi — 3/4b3) (1) (b12 (1)) BA
—3/4(ar2 (1))* b2 (1) P2
—3/4 (a2 (1))* b3 (7) B+ 3/4 (b12 (1))? b3z (7) B
—3/2b13 (7) (a3 (1)) B
—3/2b1 (1) (b3 (1))* A — 9/4 (b1 (1)) b2 (1) A
+3/4 (by) (1))* b3 (1) B
+3/2b11 (v) (a31 (v))? Br +3/2b11 (7) (b31 (1)) B
+3/4b11 (7) (ar2 (1)) B
+9/4b11 (1) (b12 (T))* BA + 3/2b11 (7) (a3 (1)) BA
+3/2b11 (1) (b32 (1)) BA
—3/2(a31 (1)) bia (v) B — 3/2 (b31 (1))* bia (v) B
+3/4b31 (1) (ar2 (1)) B
+3/4 (an (1)) b1y (1) BA + 3/4 (ar1 (1)) b3y (7) A

—3/4 (a11 (v))* b1 (z) B2
d2
——bn(r) =0,

dr?
3yb31 (1) A — 3yba (1) AL + 3/4 (a1 ())° Br
—3/4 (a3 (1)) Br + 1/4 (a11 (1)) B

—1/4(ar2 (1)) Br + (%031 (r)) A

d 5 d
-6 (Ebﬁ (T)) Yy +9az (v) y© — (E%z (T)) AL
—3/2a31 (v) b31 (v) b3z (t) BA + 3/2b31 (7) a3z (v) b3z (T) BA
—3/4 (b31 (1)) a3 (v) B
—3/4az; (1) (b3 (1)) BA — 9/4 (a31 (1)) ax (1) PA
+3/4a31 (1) (b31 (1))* A
+9/4a31 (1) (a3 (1))* BA + 3/4a3) (1) (b3, (1))* B
—3byy (1) azi (t) bi2 (7) BA
—3/2b11 (v) a1z (t) b12 (v) BA + 3b11 () b12 (7) a3z (T) BA
+3/2ay;1 (1) b1y (1) bi2 (1) BA
—3ay1 (t) a3 (v) arp (v) BA + 3air (v) a1 (v) az (T) BA
+3/2 (a11 ()* az1 (z) BA
—3/4 (a11 (1))* a2 (r) B — 3/2 (a1 (1))* az (7) B
—3/4ay; (1) (br1 (1)* Br
+3/4ay; (7) (ar2 (1))* B — 3/4ay; (v) (b2 (1)) BA
+3/2(b11 (1))* az1 (v) B2
+3/4 (b11 (1)* ar2 (v) A — 3/2 (b11 (1))* ax (v) B2
+3/2a31 (1) (ar2 (1))* B2
+3/2a31 (1) (b12 (1))* A — 3/2 (a12 (1)) a3 (1) B2

+3/4arz (1) (b12 (2))* B
2

d
~3/2(b12 (1)) ax () Br — 3792 () =0,

—3yaz; (1) A + 3yaz (1) AL + 3/4 (b31 () Br
—3/4 (b3, (1)) Br — 1/4 b1y (1)) B2

d
+1/4 (b12 (1)) Br — (Ebsz (r)) AL + 93 (1) y?

+6 (iagz (r)) v+ (ibal (r)) At

dt dr
—3/2a31 (v) b31 (v) a3z (v) BA + 3/2a31 (v) a3z (v) b3z (T) BA
+3/4 (a31 (1))* b31 () BA — 3/4 (az1 (1))* bz (1) BA
—9/4 (b31 (1))* b3y (T) BA + 3/4b31 (T) (a32 (1)) B2
+9/4b31 (1) (b3 (1))* BA — 3/4 (az (1)) b3 (1) B2
+3ay; (v) arn (v) b3z (7) BA
—3b11 (t) b31 (1) b12 () BA + 3b11 () b12 (7) b3 (T) BA
—3/2ay; (v) b1y (v) a2 (t) BA
—3ay1 (t) b31 (1) a1z () BA + 3/2a11 () a1z (1) b1z (7) BA
—3/2(a11 (1))* b3z (1) P2
+3/2 (b11 (£))? b31 () B+ 3/2b31 (7) (b12 (1)) B
—3/4 (a2 (1))? brz (v) B
—3/2(a12 (1))* b3z (v) BA — 3/2 (b12 (1)) b32 (7) B
+3/4 (b1 (1)* b12 (1) B2
—3/2(b11 (1))* b3z (T) BA + 3/4b11 (1) (a12 (1)) BA
—3/4by; (1) (br2 (1)) A
+3/2b31 (1) (@12 (1))* BA + 3/4 (a1 (1)) b1y (1) B2

+3/2 (a11 (2))* b31 (z) B2
2

d
—3/4 (a1 (1)) bia () Br — bR (0 =0. (B1)
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