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Abstract A macroscopic based multi-mechanism constitu-
tive model is constructed in the framework of irreversible
thermodynamics to describe the degeneration of shape mem-
ory effect occurring in the thermo-mechanical cyclic defor-
mation of NiTi shape memory alloys (SMAs). Three phases,
austenite A, twinned martensite M t and detwinned marten-
site Md, as well as the phase transitions occurring between
each pair of phases (A → M t , M t → A, A → Md,
Md → A, and M t → Md) are considered in the pro-
posed model. Meanwhile, two kinds of inelastic deformation
mechanisms, martensite transformation-induced plasticity
and reorientation-induced plasticity, are used to explain the
degeneration of shape memory effects of NiTi SMAs. The
evolution equations of internal variables are proposed by
attributing the degeneration of shape memory effect to the
interaction between the three phases (A, M t , and Md) and
plastic deformation. Finally, the capability of the proposed
model is verified by comparing the predictions with the
experimental results of NiTi SMAs. It is shown that the
degeneration of shape memory effect and its dependence on
the loading level can be reasonably described by the proposed
model.
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1 Introduction

NiTi shape memory alloys (SMAs) have been used exten-
sively in many engineering fields such as biomedicine,
micro-electromechanical systems and aerospace, due to their
unique super-elasticity and shapememory effects originating
from their solid-solid thermo-elastic martensite transforma-
tion and good biological compatibility. In these applications,
the structure components and devices of NiTi SMAs are
unavoidably subjected to a thermo-mechanical cyclic load-
ing. So, the cyclic deformation of NiTi SMAs and its
constitutive model are key issues in assessing the fatigue life
and reliability of such components and devices.

In the last three decades, the degeneration of super-
elasticity of NiTi SMAs under pure mechanical loading con-
ditions and at temperatures higher than the finish temperature
of austenite Af have been investigated bymany experimental
observations. It was reported that the degeneration of super-
elasticity occurred during the cyclic deformation of NiTi
SMAs. That is, the residual strain occurred and progressively
accumulated; the start stress of martensite transformation
and the dissipation energy (i.e., the area of the stress-strain
hysteresis loop per cycle) decreased, but the transformation
hardening increased with the increasing number of cycles,
accompanied with the repeated martensite transformation
and its reverse [1]. All of these physical variables would tend
to be saturated after certain numbers of cycles. The degener-
ation of super-elasticity was further investigated with more
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factors considered, including the loading paths [2,3], loading
rate [4,5], grain size [6], and so on.

Recently, the degeneration of shape memory effect was
observed by Kan et al. [7] in the thermo-mechanical cyclic
deformation of NiTi SMA. During the thermo-mechanical
cyclic loading (e.g., in the repeated loading–unloading–
heating–cooling process), it was observed that the degenera-
tion of shape memory effect occurred, i.e., the residual/peak
strains accumulated, the martensite reorientation and trans-
formation hardening moduli increased, but the start stress
of martensite reorientation, start temperature of reverse
transformation and the hysteresis loops presented in the
stress-strain and temperature-strain curves decreased with
the increasing number of cycles. Meanwhile, additional
inelastic deformation occurred in the cooling stage of each
thermo-mechanical cycle and increased with the increasing
number of cycles. Furthermore, the degeneration of shape
memory effect depended strongly on the loading level, and
became more and more apparent with the increasing loading
level.

On the theoretical aspect, twomain approaches are used to
describe the solid-solid phase transformation phenomena of
SMAs. The first approach treats the phase transformation as
amultiscale process. It aims to establish a direct link between
the macroscopic phenomena and underlying events at differ-
ent length and time scales [8–14], which is very useful for
understanding the physics of martensite transformation. The
second approach considers the martensite transformation to
be a macroscopic phenomenological process, and constructs
constitutive models directly from experimental observations.
Owing to their low computational cost, the macroscopic
phenomenological constitutive models are very suitable for
engineering applications after they are implemented into
the finite element codes. In the last two decades, many
macroscopic constitutive models have been constructed to
describe the thermo-mechanical cyclic deformation of NiTi
SMAs. The representative works can be referred to [15–21].
The degeneration of super-elasticity occurring in the cyclic
deformation of super-elastic NiTi SMAs can be reasonably
described by thesemodels. However, due to the lack of exper-
imental data, the capability of these models in describing
the cyclic degeneration of shape memory effect has not yet
been verified. Recently, a physical mechanism-based crys-
tal plasticity model was constructed by Yu et al. [22] to
address the degeneration of shape memory effect occurring
in the cyclic deformation of the NiTi SMAs. The model
considered 24 martensite variants and relative slipping sys-
tems in the scale of a single crystal. Different mechanisms
of inelastic deformation, including the martensite transfor-
mation and reorientation, the transformation-induced and
reorientation-induced plasticity and their interaction, were
taken into account. Although the crystal plasticity-based
models can represent the microstructure information well,

they are not suitable for structural analysis of NiTi SMA
engineering components and devices due to their high com-
putational cost.

Therefore, a macroscopic constitutive model is con-
structed in this work to describe the degeneration of shape
memory effect occurring in the cyclic deformation of NiTi
SMAs. In Sect. 2, based on the framework of irreversible
thermodynamics, the construction of macroscopic multi-
mechanism-based constitutive model is introduced. Two
mechanisms of inelastic deformation related to the degen-
eration of shape memory effect, martensite transformation-
induced and reorientation-induced plasticity are addressed.
In Sect. 3, the determination procedures of material param-
eters used in the proposed model are discussed. In Sect. 4,
the capability of the proposed model to describe the thermo-
mechanical cyclic degeneration of the shape memory effect
of NiTi SMA is verified by comparing the predicted results
with the corresponding experimental results obtained byKan
et al. [7].

2 Constitutive model

2.1 Physical mechanism for the degeneration of shape
memory effect

Following Popov and Lagoudas [23], we introduce three
phases, austenite A, twinned martensite M t , and detwinned
martensite Md, to characterize the states of the NiTi SMAs.
These phases and the phase transitions occurring between
each pair of them are illustrated in Fig. 1. The volume frac-
tions of the phases A, M t , and Md are denoted as ξA, ξ tM,
and ξdM, respectively. In order to describe the phase transi-
tions shown in Fig. 1, three internal variables λ1, λ2, and λ3
are introduced by referring to Popov and Lagoudas [23]:

λ1:ξA ↔ ξ tM,

λ2:ξA ↔ ξdM,

λ3:ξ tM → ξdM, λ̇3 � 0, (1)

where λ1, λ2, and λ3 represent the amount of phase transi-
tion from the austenite to twinned martensite, the austenite
to detwinned martensite and the twinned martensite to
detwinned martensite phase, respectively. It should be noted
the rate of λ3 should be non-negative, i.e., λ̇3 � 0, since
the transformation from the detwinned to twinnedmartensite
phase is not thermodynamically stable [23]. In this work, the
martensite transformation means the phase transition from
the austenite to twinned or detwinned martensite phase, and
themartensite reorientation implies the phase transition from
the twinned martensite to detwinned martensite phase. The
amount of phase transitions, λ1, λ2, and λ3 can be connected
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Fig. 1 Austenite, twinned martensite, detwinned martensite, and the phase transitions between every two of them

to the three volume fractions by:

ξA = ξ0A − λ1 − λ2, (2a)

ξ tM = ξ t0M + λ1 − λ3, (2b)

ξdM = ξd0M + λ2 + λ3, (2c)

where ξ0A, ξ t0M, and ξd0M are the initial values of ξA, ξ tM, and
ξdM, respectively. The values of ξ0A, ξ

t0
M, ξd0M , ξA, ξ tM, and ξdM

are constrained by the following conditions

ξ0A + ξ t0M + ξd0M = 1, (3a)

ξA + ξ tM + ξdM = 1, (3b)

0 � ξ0A � 1, 0 � ξ t0M � 1, 0 � ξd0M � 1, (3c)

0 � ξA � 1, 0 � ξ tM � 1, 0 � ξdM � 1. (3d)

Before the construction of our constitutive model, we will
explain the physicalmechanism for the degeneration of shape
memory effect by the evolution of the three phases just intro-
duced.

Figure 2 illustrates a typical stress-strain-temperature
curve of shape memory NiTi SMA from experimental obser-

vations [7], obtained in the first thermo-mechanical cycle and
corresponding variation of three phases (A, M t , and Md).

Before the cyclic deformation, the original phase of the
NiTi SMA is the twinned martensite phase, since the test
temperature is lower than the finish temperature of marten-
site Mf , and is assumed to be defect-free from point o to
point a shown in Fig. 2. When the applied stress reaches a
critical value, martensite reorientation occurs. In the subse-
quent deformation process (i.e., frompoint a to point b shown
in Fig. 2), the domain of detwinned martensite expands but
that of twinned martensite shrinks gradually, which results
in a reorientation strain. Meanwhile, dislocation slipping is
induced in the process of martensite reorientation; such an
inelastic deformation mechanism is named as reorientation-
induced plasticity by Yu et al. [24]. When the martensite
reorientation becomes completed (i.e., at point b), the NiTi
SMA consists of the detwinned martensite phase with some
dislocations as shown in Fig. 2. In the next loading or unload-
ing, only an elastic deformation of the detwinned martensite
phase occurs. In the process of heating, when the tempera-
ture reaches a critical value, reverse transformation (from the
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Fig. 2 (Color online) Illustration for the cyclic degeneration of shape memory effect and the evolutions of three phases (i.e., austenite, twinned
martensite, and detwinned martensite) in the NiTi SMA (where initial phase is twinned martensite)

detwinned martensite to the austenite phase) occurs, and the
domain of detwinned martensite shrinks with the increas-
ing temperature (i.e., from point d to point e in Fig. 2).
Also, the dislocation slippage is caused by the martensite
transformation; such an inelastic deformation mechanism is
called transformation-induced plasticity [25,26]. When the
temperature is high enough (i.e., at point e), the detwinned
martensite phase disappears completely, but an amount of
dislocations are left in the austenite phase as shown in Fig. 2.
It should be noted that, although the reverse transformation
is pinned by the dislocations [27], the detwinned martensite
can be transformed completely into the austenite phase if
the temperature is high enough [28]. Thus, the accumulated
inelastic strain at point e only comes from the dislocation
slippage, and is called a plastic strain.

During the subsequent cooling, a self-balanced internal
stress caused by dislocations exists in the NiTi SMA. The
martensite transformation can be induced by stress (result-
ing in detwinned martensite) and temperature (resulting in

twinned martensite). However, owing to the existing inter-
nal stress, the twinned and detwinned martensite phases can
be simultaneously formed, even if the applied stress is zero.
Then, a new inelastic strain (i.e., at point g) occurs during the
cooling process. This implies that the accumulated inelastic
strain occurring at point g comes from the dislocation slip-
page and martensite transformation strain, simultaneously,
which is called a residual strain.

During the thermo-mechanical cyclic degeneration of
shape memory effect, the increased transformation and
reorientation moduli, the start temperature of martensite
transformation, and the decreased start stress of martensite
reorientation can be explained by the local stress and stress
gradient [1]. At the beginning of the n-th (n � 0) cycle, in
some regions, the projection of the local stress tensor caused
by the dislocations on the applied stress tensor is positive,
which can prompt the martensite transformation and reori-
entation. Thus, the start stress of martensite reorientation
decreases, but the start temperature of martensite transfor-
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mation increases during the cyclic deformation. Meanwhile,
a stress gradient caused by the dislocations can hinder the
growth of the twinned and detwinned martensite phases, and
cause a progressive increase in the martensite transformation
and reorientation moduli during the cyclic loading.

2.2 Definitions of inelastic strains

Based on the hypothesis of small deformation, the total
strain tensor ε in a material point is decomposed into five
parts: elastic strain εe, transformation strain εtr , reorienta-
tion strain εreo, transformation-induced plastic strain εtp, and
reorientation-induced plastic strain tensors εrp. This yields:

ε = εe + εin, (4a)

εin = εtr + εreo + εtp + εrp, (4b)

where ε̇in is the inelastic strain tensor.
The relation between the transformation strain rate ε̇tr and

the rate of transition amount λ̇2 can be formulated as follows

ε̇tr = gNtrλ̇2, (5a)

Ntr =
⎧
⎨

⎩

√
3
2

σ dev+Btr‖σ dev+Btr‖ , λ̇2 > 0,
√

3
2

εtr+εreo‖εtr+εreo‖ , λ̇2 < 0,
(5b)

where g is the magnitude of transformation strain generated
in a full forward transformation, Ntr is the direction tensor
of martensite transformation, σ dev is the deviator of stress
tensor σ, andBtr is the internal stress related to themartensite
transformation.

The relation between the reorientation strain rate ε̇reo and
the rate of transition amount λ̇3 can be given as

ε̇reo = gNreoλ̇3, (6a)

Nreo =
√
3

2

σ dev + Breo

‖σ dev + Breo‖ , (6b)

where Nreo is the direction tensor of martensite reorienta-
tion and Breo is the internal stress related to the martensite
reorientation.

The transformation-induced and reorientation-induced
plastic strains are written as

ε̇tp = Ntrγ̇tp, (7a)

ε̇rp = Nreoγ̇rp, (7b)

where γ̇tp and γ̇rp are, respectively, the slipping rates related to
the transformation-induced and reorientation-induced plas-
ticity.

2.3 The framework of thermodynamics

In the frameworkof continuum thermodynamics,Helmholtz’s
free energy at a material point can be written as

ψ = ψe + ψT + ψ int + ψh
M + ψh

p , (8)

where ψe is the elastic energy of the representative volume
element (RVE), ψ int is an additional energy caused by the
internal stress, ψT is the energy related to the temperature,
ψh
M is the hardening energy caused by the martensite trans-

formation and reorientation, and ψh
p is the hardening energy

caused by the transformation-induced and reorientation-
induced plasticity. The explicit expression of each term in
the Helmholtz free energy can be given as

ψe(εe) = 1

2
εe : C : εe, (9a)

ψT (T, λ1, λ2) = c

[

(T − T0) − T ln

(
T

T0

)]

−F1 (T ) λ1 − F2 (T ) λ2, (9b)

ψ int = −
∫ t

0

(

Btr : dε
tr

dτ
+ Breo:dε

reo

dτ

)

dτ,

(9c)

ψh
M =

∫ t

0

(

f1
dλ1
dτ

+ f2
dλ2
dτ

+ f3
dλ3
dτ

)

dτ,

(9d)

ψh
p =

∫ t

0
τc

(
dγtp
dτ

+ dγrp
dτ

)

dτ, (9e)

where C is the fourth-ordered elasticity tensor. T0 is the
balance temperature, and c is the heat capacity within a
specific volume. F1 (T ) and F2 (T ) are two functions of
temperature. f1, f2, and f3 are the resistances of the transi-
tions from the austenite to twinned martensite, the austenite
to detwinned martensite and the twinned martensite to
detwinned martensite phases, respectively, and are used to
describe the hardening features of the martensite transfor-
mation and reorientation. τc is the resistance to dislocation
slipping.

Without considering the internal heat production caused
by the dissipation of inelastic deformation, the well-known
Clausius’ dissipative inequality can be written as

Γ = σ : ε̇ − ψ̇ − ηṪ � 0. (10)

Substituting Eqs. (4), (8), and (9) into Eq. (10) yields

Γ =
(

σ − ∂ψe

∂εe

)

: ε̇e

︸ ︷︷ ︸
elasticity

+
(

−η − ∂ψT

∂T

)

Ṫ

︸ ︷︷ ︸
entropy
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+ (σ + Btr) : ε̇tr + (σ + Breo) : ε̇reo − ∂ψT

∂λ1
λ̇1 − ∂ψT

∂λ2
λ̇2 −

3∑

α=1

fαλ̇α

︸ ︷︷ ︸
transformation and reorientation dissipation

+ σ : ε̇tp + σ : ε̇rp − τc
(
γ̇tp + γ̇rp

)

︸ ︷︷ ︸
plasticity dissipation

� 0, (11)

Equation (11) is the total dissipation which consists of the
elastic, entropy, and plastic parts as well as the ones related
to the martensite transformation and reorientation. Since the
elastic and entropy parts of the dissipation are always zero,
this yields

σ = ∂ψe

∂εe
= C : εe, (12a)

η = −∂ψT

∂T
= c ln

(
T

T0

)

+ dF1
dT

λ1 + dF2
dT

λ2, (12b)

ConsideringEqs. (5), (6), (7), and (12), Eq. (11) can be rewrit-
ten as

Γ = −
(

∂ψT

∂λ1
+ f1

)

λ̇1 +
[

g (σ + Btr) : Ntr − ∂ψT

∂λ2
− f2

]

λ̇2

+ [g (σ + Breo) : Nreo − f3] λ̇3

+ (σ : Ntr − τc) γ̇tp + (σ : Nreo − τc) γ̇rp � 0. (13)

Stricter constraints for the dissipation inequality are intro-
duced here as

ΓA→Mt = πA→Mt λ̇1 � 0, (14a)

ΓA→Md = πA→Md λ̇2 � 0, (14b)

ΓMt→Md = πMt→Md λ̇3 � 0, (14c)

Γtp = πtpγ̇tp � 0, (14d)

Γrp = πrpγ̇rp � 0, (14e)

where ΓA→Mt , ΓA→Md , ΓMt→Md , Γtp, and Γrp are the
dissipation parts for the transitions from the austenite to
twinned martensite, the austenite to detwinned marten-
site, the twinned martensite to detwinned martensite, the
transformation-induced and reorientation-induced plasticity,
respectively. πA→Mt , πA→Md , πMt→Md , πtp, and πrp are
the corresponding thermodynamic driving forces, and are
defined as

πA→Mt = − [F1 (T ) + f1] , (15a)

πA→Md = g (σ + Btr ) : Ntr − F2 (T ) − f2, (15b)

πMt→Md = g (σ + Breo) : Nreo − f3, (15c)

πtp = σ : Ntr − τc, (15d)

πrp = σ : Nreo − τc, (15e)

where F1 (T ) = ∂ψT

∂λ1
and F2 (T ) = ∂ψT

∂λ2
. Equation (14)

describes the thermodynamic constraints on the constitutive

model, which means that the evolutions of λ̇1, λ̇2, λ̇3, γ̇tp,
and γ̇rp are not arbitrary.

2.4 Evolution equations for internal variables

2.4.1 Internal variables related to martensite
transformation, reorientation, and plasticity

We adopt a rate-independent framework for describing the
martensite transformation and reorientation, since the rate-
dependent mechanical behavior of NiTi SMA is mainly
caused by the SMA’s strong thermo-mechanically coupled
nature rather than its viscosity [29–31], i.e.,
for λ̇1

λ̇1 = 0, no constraint, (16a)

λ̇1 > 0, πA→Mt = YA→Mt , (16b)

λ̇1 < 0, πA→Mt = −YA→Mt , (16c)

for λ̇2

λ̇2 = 0, no constraint, (17a)

λ̇2 > 0, πA→Md = YA→Md , (17b)

λ̇2 < 0, πA→Md = −YA→Md , (17c)

for λ̇3

λ̇3 = 0, no constraint, (18a)

λ̇3 > 0, πMt→Md = YMt→Md , (18b)

where YA→Mt is a variable controlling the temperature differ-
ence between Mf and As (the start temperature of the reverse
transformation) during the transition between the austenite
and twinned martensite phases. YA→Md is a variable con-
trolling the width of the stress-strain hysteresis loop during
the transition between the austenite and detwinned marten-
site phases. YMt→Md is a material parameter controlling the
initial start stress of martensite reorientation.

If the rates λ̇1, λ̇2, and λ̇3 are non-zero, the following
consistent conditions should be satisfied.

For the transition from the austenite to twinned martensite

λ̇1
(
π̇A→Mt − ẎA→Mt

) = 0, if πA→Mt − YA→Mt = 0;
(19a)

from the twinned martensite to austenite

λ̇1
(
π̇A→Mt + ẎA→Mt

) = 0, if πA→Mt + YA→Mt = 0;
(19b)
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from the austenite to detwinned martensite

λ̇2
(
π̇A→Md − ẎA→Md

) = 0, if πA→Md − YA→Md = 0;
(19c)

from the detwinned martensite to austenite

λ̇2
(
π̇A→Md + ẎA→Md

) = 0, if πA→Md + YA→Md = 0;
(19d)

from the twinned martensite to detwinned martensite

λ̇3
(
π̇Mt→Md − ẎMt→Md

) = 0, if πMt→Md − YMt→Md = 0.

(19e)

Equation (19) is used to determine the rates λ̇1, λ̇2, and λ̇3.
The two temperature functions F1 (T ) and F2 (T ) are chosen
as

F1 (T ) = β (T − Ms) − YA→Mt , (20a)

F2 (T ) =
{

β 〈T − Ms〉 − YA→Md , λ̇2 � 0,
β (T − Ms) − YA→Md , λ̇2 < 0,

(20b)

where β is a constant, called the coefficient of entropy differ-
ence between the austenite andmartensite phases, and is used
to describe the dependence of the martensite transformation
on the temperature. 〈x〉 is theMcCauleybracket:when x � 0,
〈x〉 = x ; when x < 0, 〈x〉 = 0. The McCauley bracket in
Eq. (20b) is used to ensure the transition from the austenite to
the detwinned martensite phase cannot occur during cooling
in a stress-free and dislocation-free case.

Considering the effect of the martensite transformation
on the dislocation slippage, the evolution equation of the
transformation-induced plasticity is proposed as

γ̇tp = ξAγ0

(
σ : Ntr

μ

)2

exp

{−
Gslip

kbT

[

1 −
(

πtp

τ0

)p]q}

× (∣∣λ̇1
∣
∣+ ∣

∣λ̇2
∣
∣
)
, if πtp > 0, (21a)

γ̇tp = 0, if πtp � 0, (21b)

where γ0 is the reference slipping rate, p and q are material
parameterswith the constraints of 0 < p � 1 and 1 < q � 2,
μ is the shear modulus, 
Gslip is the activation energy of
dislocation slipping in a stress-free configuration, kb is Boltz-
mann’s constant, and τ0 is the resolved shear stress required
to overcome the Peierl’s obstacles at T = 0 K. The term∣
∣λ̇1
∣
∣ + ∣

∣λ̇2
∣
∣ reflects that the plastic deformation is induced

by the martensite transformation. The term ξA reflects that
the dislocation slipping related to the transformation-induced
plasticity occurs only in the austenite phase.

Similarly, the evolution equation of the reorientation-
induced plasticity is proposed as

γ̇rp = (1 − ξA) γ0

(
σ : Nreo

μ

)2

exp

{−
Gslip

kbT

[

1 −
(

πrp

τ0

)p]q}

× ∣∣λ̇3
∣
∣ , if πrp > 0, (22a)

γ̇rp = 0, if πrp � 0. (22b)

The term
∣
∣λ̇3
∣
∣ reflects that the plastic deformation is

induced by the martensite reorientation. The term (1 − ξA)

reflects that the dislocation slippage related to the
reorientation-induced plasticity occurs only in the marten-
site phase.

The evolution equation of dislocation density can be
described by the equation proposed by Mecking and Kocks
[32]:

ρ̇α = (
k1

√
ρ − k2ρ

) (
γ̇tp + γ̇rp

)
, (23)

where ρ is the dislocation density at a material point, k1
and k2 are two material parameters. The terms k1

√
ρ and

k2ρ represent the dislocationmultiplication and annihilation,
respectively.

The slipping resistance τc progressively increases during
the cyclic deformation, which is caused by the increasing
density of forest dislocation and can be written as [32]

τc = 1

2
μb

√
ρ, (24)

where b is themagnitude ofBurgers vector for theNiTi SMA.

2.4.2 Internal variables related to the degeneration of
shape memory effect

Recently, to address the effect of dislocation slipping on
the martensite transformation, Yu et al. [19,20] proposed
some specific evolution laws to link the internal variables
controlling the degeneration of super-elasticity and the cur-
rent dislocation density. In this work, such an approach is
extended to address the effect of dislocation slipping on both
the martensite transformation and reorientation.

It is assumed that the orientations of Btr and Breo coin-
cide with the orientations of martensite transformation and
reorientation, i.e.,

Btr = Bn
tr

Ntr

‖Ntr‖ , (25a)

Breo = Bn
reo

Nreo

‖Nreo‖ , (25b)

where Bn
tr and B

n
reo are the norms ofBtr andBreo, respectively.

From Eq. (25), it is seen that the two tensors Btr and Breo can
be obtained once the two scalars Bn

tr and Bn
reo are known.
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The evolutions of Bn
tr and Bn

reo are assumed to be governed
by the following equations:

Ḃn
tr = d

(
c1

√
ρ − Bn

tr

)
(

3∑

i=1

∣
∣λ̇i
∣
∣

)

, (26a)

Ḃn
reo = d

(
c2

√
ρ − Bn

reo

)
(

3∑

i=1

∣
∣λ̇i
∣
∣

)

, (26b)

where d, c1, and c2 are material parameters.
Based on experimental observations [7], three hardening

functions, f1, f2, and f3 are proposed as

f1 = HA→Mtξ
t
M, (27a)

f2 = HA→Mdξ
d
M, (27b)

f3 = H I
Mt→Md

(
ξdM − λ̃2

)
+ H II

Mt→Md

〈
ξdM − λref

〉
,

(27c)

where HA→Mt and HA→Md are the hardening moduli for
the transitions between the austenite and twinned martensite
phases, and the austenite and detwinned martensite phases,
respectively. From experimental observations, it is seen that
the hardening caused by the martensite reorientation can be
divided into two stages: stage I and stage II. At each stage, the
reorientation hardening exhibits approximate linearity, and
the hardening modulus at stage II is much larger than that
at stage I. H I

Mt→Md
and H II

Mt→Md
are the hardening moduli

for the martensite reorientation. λref is a material parameter.
It should be noted that since the increment of the reorienta-
tion modulus at stage II is not very large [7], the evolutions
of H II

Mt→Md
are not considered for simplicity here. λ̃2 is a

variable defined as

˙̃
λ2 = λ̇2, if

(
λ̇2 > 0

)
or
(
λ̇2 < 0 and λ̃2 > 0

)
. (28)

It should be noted that the variable λ̃2 is introduced here to
ensure that the first term in the right side of Eq. (27c) can
be recovered to zero after each loading–unloading–heating–
cooling cycle, and does not influence the start stress of
martensite reorientation (the evolution of the start stress of
martensite reorientation is controlled only by the variable
Breo).

The martensite transformation and reorientation moduli,
i.e., HA→Md and H I

Mt→Md
can be decomposed as

HA→Md = H f
A→Md

+ Hρ
A→Md

, (29a)

H I
Mt→Md

= H If
Mt→Md

+ H I ρ
Mt→Md

, (29b)

where H f
A→Md

and H If
Mt→Md

are two constants that are used
to reflect the transformation and reorientation hardening fea-
tures of NiTi SMA in a dislocation-free state, respectively.

Hρ
A→Md

and H I ρ
Mt→Md

are, respectively, the additional trans-
formation and reorientation hardening moduli caused by the
increasing dislocation density.

The evolution equations of Hρ
A→Md

and H I ρ
Mt→Md

are
given as

Ḣρ
A→Md

= d
(
c3

√
ρ − Hρ

A→Md

)
(

3∑

i=1

∣
∣λ̇i
∣
∣

)

, (30a)

Ḣ I ρ
Mt→Md

= d
(
c4

√
ρ − H I ρ

Mt→Md

)
(

3∑

i=1

∣
∣λ̇i
∣
∣

)

, (30b)

where c3 and c4 are two material parameters.
The variable YA→Md controls the width of the stress-strain

hysteresis loop. Similarly, it can be decomposed as

YA→Md = Y f
A→Md

− Y ρ
A→Md

, (31)

where Y f
A→Md

is the value of YA→Md under the dislocation-
free condition and is a constant, while Y ρ

A→Md
represents the

effect of dislocation slipping on the stress-strain hysteresis
loop and is a function of the current dislocation density. The
evolution equation of Y ρ

A→Md
is given as:

Ẏ ρ
A→Md

= d
(
c5

√
ρ − Y ρ

A→Md

)
(

3∑

i=1

∣
∣λ̇i
∣
∣

)

, (32)

where c5 is a material parameter.

3 Determination of parameters

In the experimental observations of Kan et al. [7], the exper-
imental material was a NiTi SMA sheet (Ni 50.9% at mass,
from Jiangyin Materials Development Co. Ltd., China). The
finish temperature of martensite Mf , the start temperature of
martensite Ms, the finish temperature of austenite Af and the
start temperature of austenite As were 308, 323, 375, and
357 K, respectively. The test temperature (i.e., 299 K) was
lower than Mf , and the initial phase of the sheet was the
twinned martensite phase. In each thermo-mechanical cycle,
the specimen was first loaded to the peak stress, and then
unloaded to zero stress. After the mechanical loading and
unloading, the specimen was heated to 393 K and finally
cooled to the test temperature.

The material parameters used in the proposed model
will be determined from the cyclic stress–strain–temperature
curves with the peak stress of 850 MPa in Ref. [7]. The solid
and dashed lines in Fig. 3a show the experimental cyclic
stress-strain curves in the first and tenth cycles, respectively,
with the peak stress of 850 MPa [7]. The solid and dashed
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Fig. 3 Stress-strain-temperature curves used to determine the material
parameters for the proposed model. a Stress-strain curves. b Strain-
temperature curves

lines in Fig. 3b show the corresponding cyclic temperature-
strain curves in the first and tenth cycles, respectively. It is
seen that the start stresses of martensite reorientation in the
first and tenth cycles are denoted as σ 1

reo and σ 10
reo, respec-

tively. The maximum stresses/strains in the first and tenth
cycles are denoted as σmax, ε1max, and σmax, ε10max, respec-
tively. The stress and strain at the inflection point in the
first cycle are denoted as σ ∗ and ε∗, respectively. The start
temperatures of the forward transformation and its reverse,
and the finish temperature of reverse transformation in the
first cycle are denoted as T 1

Ms, T
1
As, and T 1

Af , respectively,
and they are denoted as T 10

Ms, T
10
As , and T 10

Af in the tenth
cycle. The plastic strains in the first and tenth cycles are
denoted as ε1p and ε10p , respectively, and the residual strains

in the first and tenth cycles are denoted as ε1r and ε10r ,
respectively.

3.1 Physical constants

Since the cyclic deformation of polycrystalline NiTi SMA
is discussed here, the elasticity tensor C is assumed to be
isotopic, i.e.,

C = Eν

(1 − 2ν) (1 + ν)
δ ⊗ δ + E

(1 + ν)
I, (33a)

Ii jkl = 1

2

(
δilδ jk + δikδ jl

)
, (33b)

where E and ν are the elastic modulus and Poisson’s ratio,
respectively. δ and I are the second-ordered unit tensor and
fourth-ordered identity tensor, respectively. ν is set as 0.33 by
referring to Ref. [15]. The elasticity parameters of the austen-
ite and martensite phases are assumed to be identical here,
and can be obtained directly from Fig. 3a, i.e., E = 35GPa.
Referring to the existing literature [32,33], the physical con-
stants 
Gslip, kb, and b are set to be 2.5 × 10−19 J−1,
1.38×10−23 J/K and 3.6×10−10 m, respectively. The param-
eters k1 and k2 which control the evolution of dislocation
density are set to be 1.5 × 1010 m and 100, respectively.

3.2 Parameters related to martensite transformation,
reorientation, and plasticity

The four parameters p, q, γ0, τ0, and d control the saturated
value and rate of the plastic strain. However, they cannot
be determined directly since Eqs. (21a) and (22a) cannot be
integrated. Thus, they can only be obtained by the trial-and-
error method from the evolution curve of plastic strain with
a peak stress of 850 MPa.

Theparameterg controls themaximumreorientation/trans-
formation strain, and is set as 0.1. The parameters, HA→Mt ,
YA→Mt , H

f
A→Md

, Y f
A→Md

, λref , YMt→Md , H
I
Mt→Md

, c1, c2,
c3, and c5 can be determined directly from the critical points
defined in the cyclic temperature-stress-strain curves. In this
section, only the final forms of the above mentioned param-
eters are given; the detailed derivation can be found in the
Appendix.

YMt→Md = gσ 1
reo, (34a)

λref = ε∗ − σ ∗
E

g
, (34b)

H I
Mt→Md

= gσ ∗ − YMt→Md

λref
, (34c)

HA→Mt = β (Ms − Mf ) , (34d)

YA→Mt = β (As − Mf )

2
, (34e)
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Table 1 Material parameters used in the proposed model

Elastic constants:

E = 35 GPa; ν = 0.33

Physical constants:


Gslip = 2.5 × 10−19 J−1; kb = 1.38 × 10−23 J/K; b = 3.6 × 10−10 m

Parameters related to martensite transformation:

g = 0.1; β = 0.5 MPa/K; HA→Mt = 12.5 MPa; YA→Mt = 12.25 MPa; H f
A→Md

= 24.77 MPa;

Y f
A→Md

= 8.85 MPa; c1 = 1.07 N/m; c3 = 0.16 N/m; c5 = 0.025 N/m; d = 0.2

Parameters related to martensite reorientation:

YMt→Md = 15 MPa; H If
Mt→Md

= 32.4 MPa; H II
Mt→Md

= 200 MPa; λref = 0.31; c2 = 0.96 N/m; c4 = 0.7 N/m

Parameters related to dislocation slipping:

k1 = 1.5 × 1010 m; k2 = 100; p = 0.05; q = 1, γ0 = 2, τ0 = 200 MPa

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

H f
A→Md

Y 0
A→Md

c1
c3
c5

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

−ξ
max,1
d 2 gR −Rξ

max,1
d −2R

0 2 gP 0 −2P

−ξ
max,10
d 2 g

√
ρ10 −√

ρ10ξ
max,10
d −2

√
ρ10

0 2 g
√

ρ10 0 −2
√

ρ10

−ξ
Mf,10
d 0 g

√
ρ10 −√

ρ10ξ
Mf,10
d 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

−1

×

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

β
(
T 1
As − Ms

)

β
(
T 1
Af − Ms

)

β
(
T 10
As − Ms

)

β
(
T 10
Af − Ms

)

β
〈
T 10
Mf − Ms

〉

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

, (34f)

c2 =
YMt→Md

g − σ 10
reo√

ρ10
, (34g)

where

√
ρ1 = k1

k2

(

1 − e− k2ε1p
2

)

, (35a)

√
ρ10 = k1

k2

(

1 − e− k2ε10p
2

)

, (35b)

ξ
max,1
d = ε1max − σ 1

max
E − ε1p

g
, (35c)

ξ
max,10
d = ε10max − σ 10

max
E − ε10p

g
, (35d)

R = √
ρ1

(
1 − e−dξ

max,1
d

)
, (35e)

P = √
ρ1

(
1 − e−2dξ

max,1
d

)
. (35f)

The parameter c4 is set as 0.7 N/m by fitting the increment
of reorientation hardening modulus at stage I. H II

Mt→Md
is set

as 200 MPa by fitting the reorientation hardening modulus
at stage II.

All the material parameters are listed in Table 1.

4 Verification and discussion

By using the material parameters listed in Table 1, the pro-
posed model is used to describe the cyclic degeneration of
shape memory effect occurring in the thermo-mechanical
cyclic deformation of NiTi SMA. Since the initial phase
of the specimen is the twinned martensite phase, the ini-
tial volume fractions of three prescribed phases, i.e., ξ0A, ξ

t0
M,

and ξd0M are set as 0, 1, and 0, respectively. The simulated
cyclic stress-stain and strain-temperature curves obtained in
the stress-controlled thermo-mechanical cyclic test with the
peak stresses of 500, 750, and 850MPa are shown in Figs. 4–
6.

From the figures, it is seen that: (1) The simulated
results are in good agreement with the experimental ones
for the case with a peak stress of 850 MPa. Two stages of
martensite reorientation hardening, decreased start stress of
martensite reorientation, increased temperature ofmartensite
transformation, increased transformation and reorientation
hardening moduli, and new inelastic deformation occurring
in the cooling process in each cycle, are well captured by the
proposed model. However, this good agreement is expected
because the material parameters used in the proposed model
are calibrated from the experimental data obtained in this
case. (2) Although the parameters are determined only by
the stress-strain-temperature curves with the peak stress of
850 MPa, the cyclic degeneration of shape memory effect
occurring in the cyclic tests of NiTi SMAs with two other
peak stresses (500 and 750 MPa) can be well predicted, too.

Figure 7 shows the evolution curves of residual, plastic and
peak strains, respectively. Comparing with the experimental
results, we conclude that the dependence of the cyclic degen-
eration of shape memory effect on the applied loading level
can be described reasonably by the proposed model, since
the corresponding physical mechanism is considered here.

The evolution curves of three phases (A, M t , and Md) in
the mechanical loading–unloading and heating–cooling pro-
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Fig. 4 Degeneration of shape memory effect in the cyclic test of NiTi
SMA with a peak stress of 500MPa. a Stress-strain curves in the 1st
and 10th cycles. b Temperature-strain curves in the 1st and 10 cycles

cesses in the first cycle are given in Fig. 8a and b, respectively.
From Fig. 8a, it is seen that at the beginning of the first cycle,
the material consists of the twinned martensite phase and no
macroscopic strain can be observed. When the applied stress
reaches a critical value, martensite reorientation (i.e., the
transition from the twinned martensite to the detwinned one)
occurs, the volume fraction of twinnedmartensite (frompoint
a′ → point b′ in Fig. 8a) decreases, while that of detwinned
martensite (from point a → point b in Fig. 8a) increases. In
the mechanical unloading process, we see that the volume
fractions of the twinned and detwinned martensite phases
stay constant (from point b′ → point c′ and point b → point
c in Fig. 8a), since only elastic deformation occurs. In the
heating process, the reverse transformation (i.e., the transi-
tion from the twinned martensite to austenite and from the
detwinned martensite to austenite) occurs when the temper-
ature reaches a critical value. Thus, it is seen that the volume
fractions of the twinned (d

′ → e
′ → f

′ → g
′
in Fig. 8b)

Fig. 5 Degeneration of shape memory effect in the cyclic test of NiTi
SMA with a peak stress of 750MPa. a Stress-strain curves in the 1st
and 7th cycles. b Temperature-strain curves in the 1st and 7th cycles

and detwinned martensite (d → e →f in Fig. 8b) decrease,
simultaneously, while the volume fraction of the austenite
increases (a

′′ → b
′′ → c

′′
). In the subsequent cooling pro-

cess, from Eqs. (15a), (15b), (16b), (17b), (20a), and (20b),
the transformation conditions from the twinnedmartensite to
austenite and from the detwinned martensite to austenite can
be written as (note that the applied stress is equal to zero)

−β (T − Ms) = 0, (36a)

gBtr:Ntr − β 〈T − Ms〉 = 0. (36b)

From Eq. (36a), we see that the transition from the twinned
martensitephase to austenite occurs when T = Ms (i.e.,
point h’ in Fig. 8b). From Eq. (36b), it can be concluded
that the transition from the detwinned martensite to austenite
cannot occur if the internal stress tensor Btr is a zero-
tensor. However, the plastic deformation will be induced
by the martensite reorientation in the mechanical loading–
unloading process. In this condition, a self-balanced local
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Fig. 6 Degeneration of shape memory effect in the cyclic test of NiTi
SMA with a peak stress of 850 MPa. a Stress-strain curves in the 1st
and 10th cycles. b Essfiguressfiguressfiguressfigurh cycles

stress will be caused by the dislocations, and then the inter-
nal stress tensor Btr is not a zero-tensor any more. Also,
the transition from the detwinned martensite to austenite
occurs with the help of the internal stress Btr (point g in
Fig. 8b),which leads to the occurrence ofmacroscopic inelas-
tic strain.

It should be noted that when the applied stress is high
enough, another important plastic deformation mechanism
of NiTi SMA, i.e., twinning deformation and dislocation
slipping in the detwinned martensite phase, can be induced
[34]. This mechanism is also known as the martensite plas-
ticity. The dash-dot line in Fig. 3a shows the deformation of
NiTi SMA at high applied stress. It can be seen that when
the applied stress reaches about 900 MPa, significant plastic
deformation occurs in the martensite phase. However, when
the applied stress is set to be 850 MPa (i.e., the maximum
applied stress used in this work), the plastic deformation in
the martensite phase is much smaller than that at 900 MPa,
and then is neglected for simplicity since the applied stresses

Fig. 7 Evolution curves of responding strains in the cyclic test of NiTi
SMAwith various peak stresses (i.e., 500, 750, and 850MPa). a Resid-
ual strain. b Plastic strain. c Peak strain

prescribed in this work are not more than 850 MPa. Surely,
if the applied stress is higher than 900 MPa, the martensite
plasticity should be considered by introducing a new internal
variable, which will be discussed in future work.
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Fig. 8 Evolution curves of three phases (A, M t , and Md) in the cyclic
test of NiTi SMA with a peak stress of 850MPa. a In mechanical
loading–unloading process. b In heating–cooling process

5 Conclusions

(1) Based on experimental observations [7], a macroscopic
phenomenological constitutive model of NiTi SMAs
is constructed in the framework of irreversible ther-
modynamics by addressing two inelastic deformation
mechanisms, i.e., martensite transformation-induced and
reorientation-induced plasticity. Three phases (A, M t ,
and Md) and the transformations between each pair of
them are considered.

(2) The evolution equations of internal variables are pro-
posed by attributing the cyclic degeneration of shape
memory effect to the interaction between the three phases
(A, M t , and Md) and plastic deformation.

(3) The new inelastic deformation occurring in the cooling
process of each thermo-mechanical loading cycle comes
from the transition from the twinned martensite phase
to the detwinned one, and can be well predicted by the

proposedmodel once the internal stress tensorBtr is intro-
duced.

(4) Once various inelastic deformationmechanisms and their
interactions are considered, the stress-strain-temperature
curves and the loading level-dependent degeneration of
shapememory effect can be well simulated and predicted
by the proposed model.

Acknowledgements Financial supports by the National Natural Sci-
ence Foundation of China (Grant 11532010) and the project for Sichuan
Provincial Youth Science and Technology Innovation Team, China
(Grant 2013TD0004) are appreciated.

Appendix

Integrating Eq. (23) yields:

√
ρ = k1

k2

[
1 − e− k2

2 (γtp+γrp)
]
. (A1)

Equation (A1) is the explicit relationship between the slip-
page amount γtp + γrp and the dislocation density ρ. Thus,
the dislocation densities after the first and tenth cycles can
be obtained as

√
ρ1 = k1

k2

(

1 − e− k2ε1p
2

)

, (A2a)

√
ρ10 = k1

k2

(

1 − e− k2ε10p
2

)

, (A2b)

where ρ1 and ρ10 are the dislocation densities after the first
and tenth cycles, respectively.

In the first loading cycle, the reorientation condition
(Eq. 18b) at point σ 1

reo can be written as (note that Breo and
f3 are both zero)

gσ 1
reo = YMt→Md . (A3)

The parameter YMt→Md can be determined by Eq. (A3),
as shown in Eq. (34a).

At the inflection point (σ ∗, ε∗), since the applied stress
is very low, the plastic deformation can be neglected. In this
condition, the total strain consists of the elastic strain and the
transformation strain, i.e.,

ε∗ = σ ∗

E
+ gλref . (A4)

The parameter λref can be obtained by Eq. (A4), as shown
in Eq. (34b).
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The reorientation condition at the inflection point can be
written as

gσ ∗ − H I
Mt→Md

λref = YMt→Md . (A5)

The parameter H I
Mt→Md

can be obtained by Eq. (A5), as
shown in Eq. (34c).

Considering the transition between the austenite and
twinned martensite phases under the stress-free conditions,
the transformation condition at the finish point of the forward
transformation and the start point of the reverse transforma-
tion can be written as (by Eqs. (15a), (16b), (16c), and (20a))

− [β (Mf − Ms) − YA→Mt + HA→Mt

] = YA→Mt , (A6a)

− [β (As − Ms) − YA→Mt + HA→Mt

] = −YA→Mt . (A6b)

Two parameters HA→Mt and YA→Mt can be obtained by
Eq. (A6a) and (A6b), as shown in Eq. (34d) and (34e).

Rewrite Eqs. (26a), (26b), (29), and (31) in the following
form

Żi = d
(
ci

√
ρ − Zi

)
(

3∑

i=1

∣
∣λ̇i
∣
∣

)

, i = 1, 2, 3, 4, 5, (A7)

where Z1, Z2, Z3, Z4, and Z5 represent Bn
tr, B

n
reo, H

ρ
A→Md

,

H I ρ
Mt→Md

, and Y ρ
A→Md

, respectively. Note that Eq. (A7) can-
not be integrated unless the

√
ρ is regarded as a constant in

the first cycle. Thus, for simplicity, it is assumed that
√

ρ can
be replaced by

√
ρ1 in Eq. (A7). Then, integrating Eq. (A7)

yields:

Zi = ci
√

ρ1

[

1 − exp

(

−d
3∑

i=1

λ̄i

)]

, i = 1, 2, 3, 4, 5,

(A8)

where ˙̄λi = ∣
∣λ̇i
∣
∣.

From Eqs. (21a) and (22a), it can be concluded that the
amount of dislocation slippage in the loading part is much
larger than that in the unloading and cooling/heating pro-
cesses. Thus, in the first and tenth cycles, the plastic strains
at maximum stress points are approximately equal to ε1p and

ε10p , respectively. Thus, the maximum strains in the first and
tenth cycles can be given as

ε1max = σ 1
max

E
+ gξmax,1

d + ε1p, (A9a)

ε10max = σ 10
max

E
+ gξmax,10

d + ε10p . (A9b)

By Eq. (A9), the maximum volume fraction of the
detwinned martensite in the first cycle, i.e., ξ

max,1
d can be

obtained as

ξ
max,1
d = ε1max − σ 1

max
E − ε1p

g
, (A10a)

ξ
max,10
d = ε10max − σ 10

max
E − ε10p

g
. (A10b)

By Eq. (A8), the variable Zi at the start and finish points,
respectively, of reverse transformation in the first cycle can
be written as

Z1
i,As = ci

√
ρ1

[
1 − exp

(
−dξ

max,1
d

)]
, i = 1, 2, 3, 4, 5,

(A11a)

Z1
i,Af

= ci
√

ρ1

[
1 − exp

(
−2dξ

max,1
d

)]
, i = 1, 2, 3, 4, 5.

(A11b)

For the transition between the austenite and detwinned
martensite phases, the transformation conditions at the start
and finish points of reverse transformation in the first cycle
can be written as, respectively (by Eqs. (15b), (17b), (17c),
(20b), (26)–(31))

gc1R − β
(
T 1
As − Ms

)
+ Y f

A→Md
− c5R

−
(
H f

A→Md
+ c3R

)
ξ
max,1
d = −Y f

A→Md
+ c5R, (A12a)

gc1P − β
(
T 1
Af

− Ms

)
+ Y f

A→Md
− c5P

= −Y f
A→Md

+ c5P, (A12b)

where R = √
ρ1

[
1 − exp

(
−dξ

max,1
d

)]
, P = √

ρ1

×
[
1 − exp

(
−2dξ

max,1
d

)]
.

In the tenth cycle, the term exp

(

−d
3∑

i=1
λ̄i

)

approaches

zero, since
3∑

i=1
λ̄i is a very large number. Thus, the variable

Zi at the start and finish points, respectively, of the reverse
transformation in the tenth cycle can be written as

Z10
i,As = ci

√
ρ10, i = 1, 2, 3, 4, 5, (A13a)

Z10
i,Af = ci

√
ρ10, i = 1, 2, 3, 4, 5. (A13b)

Similarly, the transformation conditions at the start and
finish points of the reverse transformation can be written as:

gc1
√

ρ10 − β
(
T 10
As − Ms

)
+ Y f

A→Md
− c5

√
ρ10

−
(
H f

A→Md
+ c3

√
ρ10

)
ξ
max,10
d

= −Y f
A→Md

+ c5
√

ρ10, (A14a)

gc1
√

ρ10 − β
(
T 10
Af − Ms

)
+ Y f

A→Md
− c5

√
ρ10

= −Y f
A→Md

+ c5
√

ρ10. (A14b)
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After the cyclic deformation, the residual strain ε10r con-
sists of two parts, the transformation strain and the plastic
strain, i.e.,

ε10r = gξ
Mf,10
d + ε10p . (A15)

By Eq. (A15), the volume fraction of the detwinned
martensite phase at the finish point of the forward transfor-

mation in the tenth cycle, i.e., ξ
Mf,10
d can be obtained as

ξ
Mf,10
d = ε10r − ε10p

g
. (A16)

The transformation condition at this point can be written
as

gc1
√

ρ10 − β
〈
T 10
Mf

− Ms

〉
−
(
H f
A→Md

+ c3
√

ρ10

)
ξ
Mf,10
d = 0.

(A17)

By Eqs. (A12a), (A12b), (A14a), (A14b), and (A17),
the five parameters H f

A→Md
, Y 0

A→Md
, c1, c3, and c5 can be

obtained, as shown in Eq. (34f).
In the tenth cycle, the reorientation condition at point σ 10

reo
can be written as

g
(
σ 10
reo + c2

√
ρ10

)
= YMt→Md . (A18)

The parameter c2 can be determined by Eq. (A18), as
shown in Eq. (34g).
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