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Abstract A high-performance vibration isolation platform
(VIP) has been developed for a cluster of control moment
gyroscopes (CMGs). CMGs have long been used for satel-
lite attitude control. In this paper, the influence of flexible
solar arrays on a passive multi-strut VIP of CMGs for a satel-
lite is analyzed. The reasonable parameters design of flexi-
ble solar arrays is discussed. Firstly, the dynamic model of
the integrated satellite with flexible solar arrays, the VIP and
CMGs is conducted by Newton–Euler method. Then based
on reasonable assumptions, the transmissibility matrix of the
VIP is derived. Secondly, the influences of the flexible so-
lar arrays on both the performance of the VIP and the sta-
bility of closed-loop control systems are analyzed in detail.
The parameter design limitation of these solar arrays is dis-
cussed. At last, by selecting reasonable parameters for both
the VIP and flexible solar arrays, the attitude stabilization
performance with vibration isolation system is predicted via
simulation.

Keywords Control moment gyroscope · Vibration isolation
platform · Attitude control · Ultra quiet platform

1 Introduction

The control moment gyroscope (CMG) has been used as the
actuator of attitude control for modern spacecrafts [1–3]. Be-
cause of static and dynamic imbalances of rotor and bearing
disturbances, the CMG becomes one of the main vibration
sources on spacecrafts. In large complex spacecrafts, the dis-
turbances induced by the CMG can be ignored. However, in
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some spacecraft having an ultra-precise pointing capability
requirement, such as in a space telescope or in a high reso-
lution remote sensing satellite, it is necessary to reduce the
vibration caused by the CMG.

Generally, control moment gyroscopes (CMGs) em-
ployed are of some kind of configuration, and it is common
to use one multi-degree-of-freedom vibration isolation plat-
form (VIP) to interface the cluster of CMGs with the satellite
bus [4–6]. Some optical imaging satellites have already used
this method to isolate the disturbances caused by CMGs,
such as Worldview I, Worldview II and Pleiades-HR [7].

During the past decades, many researchers focused on
how to improve the performance of vibration isolator ele-
ment and have designed some vibration isolators: D-Strut,
D-StrutTM 1.5 Hz D-Strut, Adaptable D-StrutTM, and Hybrid
D-Strut for instance [8–12]. The D-strut manufactured by
the Honeywell Inc. is widely used as the vibration isolator
element for a VIP. Its effectiveness was sufficiently proved
in isolating the vibration of fly wheel on Hubble Space Tele-
scope (HST) [13]. There are abundant researches about the
vibration isolation system using these vibration isolator ele-
ments. Davis and Wilson [14] tested the efficiency of vibra-
tion isolator in HST by doing hardware simulation on earth.
Pendergast and Schauwecker [15] designed a passive vibra-
tion isolation system for reaction wheel to meet the imaging
performance requirement of advance X-ray astrophysics fa-
cility (AXAF). This isolation system aligned in a geometry
commonly known as a Stewart platform arrangement can re-
duce multi-dimensional disturbances. Bronowiki [16] gave
a detailed description of the vibration isolation system of
the James Webb Space Telescope (JWST). The jitter perfor-
mance using the vibration isolation system of spacecraft was
predicted in some missions, such as The Space Interferome-
ter Mission (SIM) [17], The Terrestrial Planet Finder Coron-
agraph (TPF-C) [18, 19], The GONES-N spacecraft [20] and
the Solar Dynamics Observatory (SDO) [21]. In these ref-
erences, the structures of spacecraft were all modeled us-
ing finite element method, where some used the vibration
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isolation system consisting of 6 decoupled 2nd-order low-
pass filters to approximate the effect of a passive fly wheel
mount [22, 23]. These accurate finite element models are
necessary to predict the jitter performance of the spacecraft.
However, the analysis method using finite element models
has some limitations: The spacecraft structure should be well
known, the dynamic coupling can not be obtained, and the
finite element model is not suitable for attitude controller de-
sign based on modern control theory for instance.

In previous work, an integrated satellite dynamic model
including the VIP and pyramid configuration CMGs was
built. The influence of the vibration isolation system on the
attitude control system of the satellite was also analyzed in
detail [24]. However, the dynamic model of the satellite ig-
nores the flexible solar arrays. Actually, some studies show
that these flexible solar arrays do affect the vibration isola-
tion platform characteristics and the attitude control system
stability [25, 26]. Therefore, in order to manufacture a satis-
factory VIP of CMGs, it is necessary to analyze the influence
of flexible solar arrays on both the VIP system and the sta-
bility of attitude control system.

In this paper, the performance of a passive multi-strut
VIP of CMGs is discussed for a satellite with flexible so-
lar arrays. An integrated satellite dynamic model including
the VIP, pyramid configuration CMGs and the flexible solar
arrays is built. Then the transmissibility matrix of the VIP
with two-parameter isolators is obtained. The influence of
the flexible solar arrays on the performance of the vibration
isolation platform and on the stability of the attitude control
system is analyzed in detail.

2 Dynamic model of the integrated satellite

In this study, CMGs are in pyramid configuration and the
mass of each CMG is 19 kg. The passive multi-strut VIP
is a Stewart platform with cubic configuration and has 6 ex-
tensible struts [27, 28]. Each strut of the platform includes an
upper part, a lower part and spring and damper to connect the
two parts. The legs are connected to the upper platform by
spherical joints, and to the base platform by universal joints.
Figure 1 gives a schematic representation of the satellite.

Fig. 1 The satellite configuration

Because CMGs are fixed at the upper platform, CMGs
and the upper platform are taken as the upper platform sys-
tem, while the satellite with flexible solar arrays and the base
platform are taken as the base platform system. The kine-
matic and dynamic models of each strut are firstly derived.

Then based on the forces and torques which are given re-
spectively for the upper and the base platform systems, the
dynamic models of these two systems are established. Ac-
cording to the kinematic and dynamic models of the base
platform system, the attitude information of the satellite can
be obtained.

In addition, there are no control forces acting on the flex-
ible solar arrays in engineering. Because the angular veloc-
ities of the central rigid body, the angular velocities and the
elastic vibration velocities of the flexible solar arrays with re-
spect to the central rigid body are small, and high order non-
linear coupling terms caused by the multiplication of above
velocities are negligible. Based on the above assumptions
and the structural property of the satellite, dynamic equations
can be obtained for the upper and the base platform systems,
respectively.

The coordinate frames of the satellite system are shown
in Fig. 2, in which fu is the upper platform system frame,
fd is the base platform frame, fb is the satellite body frame,
ff j is the j-th flexible solar array frame, Amn represents the
transformation matrix from fn to fm which can be any two
frames.

fb

fu

fd

zb

zu

zd
yd xd

zfj

ffj

yu
xu

yb
xb

yfj xfj

Vibration isolation
platform

CMGs

Flexible solar array

Fig. 2 Coordinate frames of the satellite system

The dynamic equations of the upper platform system can
be described as

mpv̇vvp − SSS ×pω̇ωωp = −AAAue

N∑

i=1

FFFsi + FFFd,

IIIpω̇ωωp +ωωω
×
p IIIpωωωp + SSS ×p v̇vvp (1)

= TTT c −
N∑

i=1

ppp×i AAAueFFFsi +

N∑

i=1

FFFpi + TTT d,

where the variables with index i represent the i-th leg vari-
ables, which means that the equations are applicable to any
leg in general. N is the number of struts; mp is the mass of
upper platform system; IIIp is the moment of inertia of upper
platform system; SSS p is the static moment of upper platform
system; “×” denotes the skew-symmetric matrix for vector
cross product; vvvp represents the absolute velocity of point
ou; ωωωp is the angular velocity of the upper platform system;
pppi is the vector from the mass center of the upper platform to
the upper platform connection point as shown in Fig. 3; FFFsi



Influence of flexible solar arrays on vibration isolation platform of control moment gyroscopes 1481

is the constraint force at the spherical joint acting on upper
part; TTT c is the output torque provided by CMGs; FFFd and TTT d

are respectively the disturbances force and torque caused by
CMGs; FFFpi = csi(AAAueωωωli −ωωωp) is the moment of viscous fric-
tion at spherical joint; csi is the coefficient of viscous friction
in the spherical; ωωωli is the angular velocity of each strut; AAAue

is the transformation matrix from the inertial frame to upper
platform system frame.
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Fig. 3 Coordinate frame of the vibration isolation platform

Taking into account these flexible solar arrays, one can
express the attitude dynamics of the base platform system by
the following equations

mbv̇vvb − SSS ×bω̇ωωb +
3∑

j=1
AAAT

f jbSSS
T
f jω̇ωωf j +

3∑
j=1

AAAT
f jbPPPf jq̈qqf j =

−AAAbe

N∑
i=1

FFFui + FFFext,

IIIbω̇ωωb +ωωω
×
b IIIbωωωb + SSS ×b v̇vvb +

3∑
j=1

(rrr×bf jAAA
T
f jbSSS ×f j + AAAT

f jbIIIf j)ω̇ωωf j

+
3∑

j=1
(AAAT

f jbHHHf j + r×bf jAAA
T
f jbPPPf j)q̈qqf j

= − N∑
i=1

(AAAbdqqqi + rrrdb)×(AAAbeFFFui)

+
N∑

i=1
FFFqi +MMMext − AAAbe

N∑
i=1

MMMuihhhui.

(2)

The rotation equation of the j-th flexible solar arrays can
be described as

IIIf jω̇ωωf j +HHHf jq̈qqf j + (−SSS ×f jAAAf jbr×bf j + IIIf jAAAf jb)ω̇ωωb + SSS ×f jAAAf jbv̇vvb

= TTT f j. (3)

The vibration equation of the j-th flexible solar array can
be described as

MMMf jq̈qqf j + PPPT
f jAAAf jbv̇vvb + (−PPPT

f jAAAf jbrrr
×
bf j +HHHT

f jAAAf jb)ω̇ωωb

+HHHT
f jω̇ωωf j +CCCf jq̇qqf j + KKKf jqqqf j = 000, (4)

where mb and IIIb are the mass and the moment of inertia of
base platform system, respectively, MMMf j is the model mass of
the j-th flexible array, IIIf j is the moment of inertia of the j-
th flexible array, vvvb represents the absolute velocity of point

ob,ωωωb is the angular velocity of base platform system,ωωωf j is
the angular velocities of the j-th flexible solar array with re-
spect to the central rigid body, qqqf j is the first m orders modal
coordinates of the j-th flexible solar array, SSS b is the static
moment of base platform system, SSS f j is the static moment of
the j-th flexible solar array, PPPf j is modal momentum matrix
of the j-th flexible solar array, HHHf j is modal angular momen-
tum matrix of the j-th flexible solar array, CCCf j and KKKf j are the
modal damping and modal stiffness of the j-th flexible solar
array, respectively, AAAbd is the transformation matrix from the
base platform frame to the satellite body frame, AAAf jb is the
transformation matrix from the satellite body frame to the
j-th flexible solar array, rrrdb is the vector from the centre of
satellite body frame to the centre of base platform frame as
shown in Fig. 3, qqqi is the vector from the mass center of base
platform to the i-th base platform connection point as shown
in Fig. 3, rrrbf j is the vector from the centre of satellite body
frame to the centre of the j-th flexible solar array frame, FFFui

is the constraint force at the universal joint acting on lower
part, MMMui is the magnitude of the constraint moment at the
universal joint acting about strut axis, cui is the coefficient
of viscous friction in universal joints, FFFext and TTT ext are the
external disturbing force and torque acting on the satellite
respectively, TTT f j is the torque acting on the j-th flexible solar
array, FFFqi = cui(AAAbeωωωli −ωωωb) is the moment of viscous fric-
tion at universal joint, AAAbe is the transformation matrix from
the inertial frame to the satellite body frame.

The expressions of FFFsi and FFFui have been derived by
Zhang and Xu [29], so in this paper they are not given in
detail.

The present study focuses on the disturbances of CMG
caused by the static and dynamic imbalance of rotor, the non-
verticality and non-crossing between gimbal axis and rotor
axis as well as the deviation of mass centre of the CMG sys-
tem from the gimbal rotation axis etc. According to the anal-
yses of previous studies [30], we knew that the installation
error and the coupling disturbance terms are negligible. Then
the simplified dynamic equations of disturbances of CMGs
are as follows for the upper platform system frame.

FFFd =

M∑

h=1

(
−mwhAAAuwhΩΩΩ

×
hΩΩΩ
×
hρρρwh

)
(5)

TTT d =

M∑

h=1

{rrr×fuh(−mwhAAAuwhΩΩΩ
×
hΩΩΩ
×
hρρρwh)

+ AAAuwh[IIIof

wwhΩΩΩ
×
h + (IIIof

wwhΩΩΩ
×
h )T]ΩΩΩh} (6)

where, the variables with index h represent the h-th CMG
variables, which means that the equations are applicable to
any CMG in general. M is the number of CMG; mwh is the
mass of the h-th rotor; h means the h-th CMG. AAAuwh is the
transformation matrix from the geometric body frame of the
h-th rotor to the upper platform system frame;ΩΩΩh represents
the angular velocity of the h-th rotor with respect to the upper
platform system; ρρρwh represents the offset of center of mass
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of the h-th rotor from its spin axis; rrrfuh is the vector from the
centre of upper platform system frame to the geometric cen-
tre of the h-th rotor; IIIof

wwh = AAAwIhIIIoI

wIhAAAIwh + mwh(ρρρT
whρρρwhE3 −

ρρρwh ρρρ
T
wh), is the moment of inertia of the h-th rotor with re-

spect to its geometric centre in the geometric body frame of

the rotor; IIIoI

wIh = diag( IwIx IwIy IwIz ), is the moment of iner-

tia of rotor with respect to its centroid; E3 is the 3×3 iden-
tity matrix; AAAwIh is the dynamic imbalance of the h-th rotor
which is caused by the misalignment of rotor’s principle axis
and rotation axis.

Thus, the integrated satellite dynamic model is the com-
bination of Eqs. (1)–(6).

3 Frequency domain characteristics of the VIP

In this section, the dynamic model of the integrated satellite
is firstly simplified according to some reasonable assump-
tions. Then the transmissibility matrix of the vibration isola-
tion system is obtained. At last, the influences of the flexible
solar arrays on both the performance of the VIP and the sta-
bility of closed-loop control system are analyzed in detail by
frequency-domain analysis method.

3.1 Transmissibility matrix of the VIP

To analyze the frequency domain characteristics of the VIP
and the influence of flexible solar arrays on satellite systems,
the following assumptions are made:

Assumption 1 The platform configuration does not
change because the amplitude of vibration is small. The
transformation matrix AAAbd from the satellite body frame to
the base platform frame is an identity matrix according to
the position relation between the satellite and the VIP.

Assumption 2 The transformation matrixes AAAeu and
AAAeb which are respectively from the upper and base platform
frames to the inertial frame can be seen as identity matrixes,
and the square of angular velocities can be ignored because
both the attitude angles and the angular velocities are small
under attitude stabilization control.

Assumption 3 Because the influence of strut’s moment
of inertia and mass on the transfer function of the VIP is
small, they can be ignored.

Assumption 4 The angular velocities of flexible so-
lar arrays with respect to the central rigid body can be seen
as zero, because the flexible solar arrays considered is in a
locked state as shown by Fig. 1.

Based on the above assumptions, the simplified dynamic
equations of the integrated satellite are given as

mpẗtt − SSS ×p θ̈θθp = −
N∑

i=1

FFFsi + FFFd,

IIIpθ̈θθp + SSS ×p ẗtt = −
N∑

i=1

ppp×i FFFsi + TTT d, (7)

mbb̈bb − SSS ×b θ̈θθb +
3∑

j=1

AAAT
f jbPPPf jq̈qqf j = −

N∑

i=1

FFFui,

IIIbθ̈θθb + SSS ×b b̈bb +
3∑

j=1

AAAT
f jbHHHbf jq̈qqf j = −

N∑

i=1

(qqqi + rrrdb)×FFFui,

MMMf jq̈qqf j + PPPT
f jAAAf jbb̈bb +HHHT

bf jAAAf jbθ̈θθb +CCCf jq̇qqf j + KKKf jqqqf j = 000, (8)

where, Eq. (7) is the dynamic equations of the upper plat-
form system, Eq. (8) is the dynamic equations of the base
platform system, θθθp and θθθb are the attitude angles of upper
platform system and satellite, respectively, ttt is the position
vector from the center of inertial frame to the mass center of
upper platform, and bbb is the position vector from the center
of inertial frame to the satellite.

For two-parameter isolators, the constraint force at the
spherical joint acting on the upper part FFFsi can be simply de-
scribed as

FFFsi = kisssuisss
T
uit − kisssuisss

T
uippp
×
i θθθp − kisssuisss

T
uibbb

+ kisssuisss
T
ui(qqqi + rrrdb)×θθθb + cisssuisss

T
uiṫtt − cisssuisss

T
uippp
×
i θ̇θθp

− cisssuisss
T
uiḃbb + cisssuisss

T
ui(qqqi + rrrdb)×θ̇θθb, (9)

where, ki and ci are the real parameters of the two-parameter
isolator, and ki is the stiffness coefficient, ci is the damp-
ing coefficient, pppi is the vector from the mass center of up-
per platform to the upper platform connection point, qqqi is
the vector from the mass center of base platform to the base
platform connection point, and sssui is the unit vector along the
strut.

Denote SSS = sssuisssT
ui,

xxx =
[

tttT θθθTp tttT
pl θθθ

T
pl bbbT θθθTb qqqT

f1 qqqT
f2 qqqT

f3

]T
,

JJJi =

[
SSS −SSSppp×i −SSS SSS (qqqi + rrrdb)× 0003×3m

]
.

Then Eq. (9) can also be rewritten as

FFFsi = kiJJJixxx + ciJJJiẋxx. (10)

Equations (7) and (8) can be rewritten as

MMMẍxx +CCCẋxx + KKKxxx = UUU, (11)

where,

MMM = diag
([

MMM1 MMM2

])
,

MMM1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
mpEEE3 −SSS ×p
SSS ×p IIIp

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ ,

MMM2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

mbEEE3 −SSS ×b AAAT
f jbPPPf j

SSS ×b IIIb AAAT
f jbHHHbf j

PPPT
f jAAAf jb HHHT

bf jAAAf jb MMMf j

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,
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CCC =
N∑

i=1

ci

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

JJJi

ppp×i JJJi

−JJJi

−(qqqi + rrrdb)×JJJi

1
ci

CCCf

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

KKK =
N∑

i=1

ki

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

JJJi

ppp×i JJJi

−JJJi

−(qqqi + rrrdb)×JJJi

1
ki

KKKf

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

CCCf =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

000m×18 CCCf1 000m 000m

000m×18 000m CCCf2 000m

000m×18 000m 000m CCCf3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

KKKf =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

000m×18 KKKf1 000m 000m

000m×18 000m KKKf2 000m

000m×18 000m 000m KKKf3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

UUU =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
EEE6

000(3m+6)×6

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
FFFd

TTT d

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ .

The force and torque propagating into the satellite can
be rewritten as

FFFe = CCCeẋxx + KKKexxx, (12)

where,

CCCe =

N∑

i=1

ci

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
JJJi

(qqqi + rrrdb)×JJJi

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦, KKKe =

N∑

i=1

ki

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
JJJi

(qqqi + rrrdb)×JJJi

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦.

Denoting XXX = [ xxxT ẋxxT ]T, Eqs. (11) and (12) can be de-

scribed by the state equation as

ẊXX = AAAXXX + BBBuuu,

YYY = CCCzXXX +DDDuuu,
(13)

where

YYY = FFFe, CCCz =

[
KKKe CCCe

]
, DDD = 0006, uuu =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
FFFd

TTT d

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ ,

AAA =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
0003m+12 EEE3m+12

−MMM−1KKK −MMM−1CCC

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ , BBB =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

000(3m+12)×6

MMM−1EEE6

000(3m+6)×6

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

So, the transmissibility matrix of the VIP with the two-
parameter isolators can be obtained by Eq. (14) as follows

GGG(s) = CCCz(sEEE − AAA)−1BBB +DDD. (14)

3.2 Influence of the flexible solar arrays

The VIP for CMGs can not only isolate disturbances, but also
transmit the effective torques to the satellite to execute atti-
tude control. So when the VIP is used, the effective torque,
which is below 2 Hz and caused by CMGs to satellite for
completing attitude control, must not be influenced. As the
rotor speed of the CMG is usually 6 000 rpm, the distur-
bances caused by the CMGs must be attenuated by more than
90% at frequencies above 100 Hz.

The parameters of the VIP are as follows

ppp =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.5 −0.25 −0.25 0.5 −0.25 −0.25

0 0.25
√

3 −0.25
√

3 0 −0.25
√

3 0.25
√

3

0 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

qqq =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.25 −0.5 0.25 0.25 −0.5 0.25

0.25
√

3 0 −0.25
√

3 −0.25
√

3 0 0.25
√

3

0 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

kkk =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−√3/2 0
√

3/2
√

3/2 0 −√3/2

0.5 −1 0.5 0.5 −1 0.5

0 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

where, ppp and qqq are the matrixes of the upper and the base
platform points respectively. Because the VIP has 6 struts, ppp
contains the six vectors (ppp1, ppp2, · · · , ppp6) and qqq also includes
six vectors (qqq1,qqq2, · · · ,qqq6). The unit of each vector is meter.
kkk is the unit vectors along fixed axes of universal joints.

For the satellite system, mp = 82.8 kg (the mass of each
CMG is 19 kg), mb = 1 120.75 kg (the mass of each so-

lar array is 40.25 kg), IIIp = diag([ 9.47 9.47 18.72 ]) kg·m2,

IIIb =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 364 −20 −10

−20 1 164 −15

−10 −15 1 255

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
kg·m2.

The three flexible solar arrays are the same, with the size
of 2.3 m× 1.0 m. Their installation parameters are as fol-
lows

rrrbf1 =

[
0 r cos 30◦ −0.55

]
,

rrrbf2 =

[
− r cos2 30◦ −r cos 30◦ sin 30◦ −0.55

]
,

rrrbf3 =

[
r cos2 30◦ −r cos 30◦ sin 30◦ −0.55

]
,
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where, rrrbf j is the vector from the centre of satellite body
frame to the centre of the j-th flexible solar array frame,
r = 0.75 m is the radius of the satellite bus, and j is the
number of the solar arrays, j = 1, 2, 3.

The transformation matrix from the satellite body frame
to the j-th flexible solar array frame is as follows

AAAf1b = III3×3, AAAf2b =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

cos 120◦ sin 120◦ 0

− sin 120◦ cos 120◦ 0

0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

AAAf3b =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

cos 240◦ sin 240◦ 0

− sin 240◦ cos 240◦ 0

0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

The vibration isolator element of the VIP can be sim-
plified as a two-parameter model. In order to achieve sat-
isfactory stability of the closed-loop system, the stiffness
coefficient k and the damping coefficient c are selected as
150 000 N/m and 800 N·s/m, respectively, when the satellite
has no flexible solar arrays. It is obtained that the corner fre-

quencies of the VIP are in the range of 6.83 to 11.5 Hz and
the corner frequency in the z-rotation direction (θz-direction)
is 11.5 Hz which is higher than that in other direction. So it
is crucial to analyze the influence of the flexible solar arrays
on the performance of the VIP in the θz-direction.

According to Eq. (14), the vibration isolation system
performance is predicted for different types of flexible so-
lar arrays. Because the most important structure parameters
of flexible solar array are modal frequencies and damping,
so that firstly in this paper, the fundamental frequencies of
these solar arrays are selected as 0.005 Hz, 0.05 Hz, 0.5 Hz
and 1 Hz, respectively. The frequency response curves in the
θz-direction can thus be drawn, and comparison of the per-
formances of the VIP would be made below.

From Fig. 4, we can conclude that the transmissibility
curve has some resonance peaks caused by the flexible solar
arrays. When the resonance frequencies caused by flexible
solar arrays are below the corner frequencies of the VIP, the
effective torques to the satellite for the purpose of execut-
ing attitude control might be affected. Especially when the
fundamental frequency of solar arrays is below 0.05 Hz, the
effective torque is severely influenced. In Fig. 4, it is also
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Fig. 4 Transmissibility curves for various fundamental frequency in the θz-direction: a 0.005 Hz; b 0.05 Hz; c 0.5 Hz; d 1 Hz
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indicated that the influence of solar arrays on effective
torques is small, when the fundamental frequency of solar
array is high. Thus, the corner frequencies of the VIP should
be selected below the resonance frequencies caused by flex-
ible solar arrays so that the effective torques are guaranteed
to be unaffected.

When the fundamental frequency of solar array is deter-
mined as 1 Hz, we can select different damping for it, and
then draw different frequency response curves accordingly,
as shown in Fig. 5. From Fig. 5, it is concluded that when
the damping of solar array increased, the resonance amplifi-
cation caused by the flexible solar array can be decreased.
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Fig. 5 Transmissibility curves for various damping coefficients in
the θz-direction

In this research, a proportional integrate derivative (PID)
controller is used to achieve the three-axis stability, and its
parameters are chosen as Kp = 2 000, Ki = 0.1, Kd =

3 200 [31]. The bandwidth of attitude control system in each
rotation direction is about 0.5 Hz. The parameters of the VIP
are the same as above. The fundamental frequency of the so-
lar array is selected as 1 Hz or so, and the first 3 order modal
frequencies of the flexible solar array are as follows

ΛΛΛf1b = ΛΛΛf2b = ΛΛΛf3b =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1.02

4.86

6.35

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Hz. (15)

Then various damping coefficients of the flexible solar
array are selected. Figure 6 can be drawn accordingly, which
shows the relationship between the system amplitude mar-
gin and the damping coefficient of the flexible solar array in
the θz-direction. From Fig. 4, we can know that when the
damping coefficient of the flexible solar array is smaller than
0.1%, the system is unstable. When the damping coefficient
is larger than 0.15%, satisfactory stability can be achieved for
the closed-loop system. So, the damping of solar array can
not only make the resonance amplification caused by solar
arrays decrease, but also improve the stability of the closed-
loop system. The application of a damper device which is

an integral part of the two flexible solar arrays in HST can
convincingly demonstrate the reasonableness of the above
conclusions [25].
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damping coefficient of the flexible solar array in the θz-direction

4 Simulations of the integrated satellite

According to the integrated satellite dynamic model for
satellites furnished with flexible solar arrays, VIP and pyra-
mid configured CMGs, the attitude angular velocities of the
integrated satellite with and without the VIP have been sim-
ulated. In the present paper, the three initial attitude angles
are all chosen as 1.5◦. To avoid possible singularity, a robust
pseudo inverse steering law is used [32]. The rotor motor,
gimbal motor, attitude measurement and the external disturb-
ing torque acting on the satellite are ignored in the present
paper. In order to not affect the effective torques provided
by CMGs and to make the attitude closed-loop system sat-
isfactorily stable, the fundamental frequency of solar array
is selected as 1 Hz with the first 3 order modal frequencies
of the flexible solar array given in Eq. (15). The damping
coefficient of the flexible solar array is selected as 0.7%.

The amplitude margin, phase margin and bandwidth for
each rotation direction are shown as follows by using the
above frequency domain analysis.

From Table 1, it is concluded that the above parameters
for both the VIP and flexible solar arrays can satisfactorily
meet the requirement of the system stability. Then the at-
titude angular velocities of the integrated satellite with and
without the VIP are simulated by time domain method.

Table 1 Stability margins and bandwidth for each rotation
direction

Direction
Amplitude
margin/dB

Phase
margin/(◦) Bandwidth/Hz

x-rotation 16.3 72.6 0.480

y-rotation 14.5 74.0 0.540

z-rotation 23.7 73.6 0.525
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The simulation results of the attitude angular velocities
are presented in Figs. 7 and 8, which shows that the attitude
angular velocities can converge well to their equilibriums,
and the response time is appropriate. It is further proved that
the satellite can achieve attitude stabilization and the chosen
parameters of the VIP and flexible solar arrays are reason-
able. In Fig. 7, it is evident that the magnitude of the attitude
stability is 6.2× 10−6 rad/s under the disturbances caused by
CMGs and flexible solar arrays. In Fig. 8, it is evident that
the magnitude of the attitude stability is 3.8×10−7 rad/s with
the VIP. Comparing Fig. 7 with Fig. 8, it is evident that the
VIP is able to reduce the vibration amplitude of the attitude
angular velocities to 6.1% of that under the disturbance of
CMGs. Therefore, the VIP can attenuate the disturbance to
a certain extent and can improve the attitude stability.
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Fig. 7 Attitude angular velocities of the satellite without the VIP
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Fig. 8 Attitude angular velocities of the satellite with the VIP

5 Conclusions

In this paper, a passive multi-strut VIP was discussed for
CMGs on satellites furnished with flexible solar arrays. A
dynamic model was built for the integrated satellite with
three flexible solar arrays, vibration isolation platform and
CMGs, and the transmissibility matrix of the VIP was de-
rived based on reasonable assumptions. The influences of

flexible solar arrays on both the performance of the VIP and
the stability of attitude control system are analyzed in detail.
It is obtained that when the solar array has high stiffness,
the influence of solar arrays on the effective torques is small.
The damping of solar array can not only make the resonance
amplification decrease, but also improve the stability of the
closed-loop system. Selected parameters were used for both
the VIP and flexible solar arrays to simulate the attitude sta-
bilization, and their validity was tested by simulation results.
The simulation results showed that the application of the VIP
for CMGs could improve the attitude stability of the satellite
to 0.078 rad/s.

On a satellite with a VIP of CMGs, the flexible solar
arrays should be constructed as “stiff” as feasible in de-
sign. This would yield model frequencies as high as possible,
which means less effect on the effective torques. A discrete
damping device for solar arrays should be adopted to attenu-
ate the disturbance caused by solar array and to improve the
stability of the closed-loop control system.
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