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Abstract In many situations rocks are subjected to biax-
ial loading and the failure process is controlled by the lat-
eral confinement stresses. The importance of confinement
stresses has been recognized in the literature by many re-
searchers, in particular, its influence on strength and on the
angle of fracture, but still there is not a clear description for
the influence of confining stress on the crack propagation
mechanism of rocks. This paper presents a numerical pro-
cedure for the analysis of crack propagation in rock-like ma-
terials under compressive biaxial loads. Several numerical
simulations of biaxial tests on the rock specimen have been
carried out by a bonded particle model (BPM) and the influ-
ence of confinement on the mechanism of crack propagation
from a single flaw in rock specimens is studied. For this pur-
pose, several biaxial compressive tests on rectangular spec-
imens under different confinement stresses were modeled in
(2 dimensional particle flow code) PFC2D. The results show
that wing cracks initiate perpendicular to the flaw and trend
toward the direction of major stress, however, when the lat-
eral stresses increase, this initiation angle gets wider. Also
it is concluded that in addition to the material type, the initi-
ation direction of the secondary cracks depends on confine-
ment stresses, too. Besides, it is understood that secondary
cracks may be produced from both tensile and shear mecha-
nisms.

Keywords Crack propagation · Confinement · Bonded par-
ticle model · Rock · Secondary cracks

1 Introduction

In addition to elasticity and material mechanics theories,
over the past century several failure criteria such as Rankin,
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Griffith, Saint–Venant, Drucker–Prager, Mohr–Coulomb,
Hoek–Brown and etc. have been presented to describe frac-
ture phenomena due to stress concentration in materials.
Sometimes an engineering structure seems to be stable and
safe according to elasticity theory, material mechanics theory
and failure criteria, but due to pre-existing cracks or induced
cracks during loadings, it yields at lower level of stress in
which this sudden failure can lead to heavy losses.

As viewed from structural point, a rock is made up
of minerals and cements with numerous microcracks and
pores in which various combinations of these elements result
in various properties (physical properties, chemical proper-
ties, mechanical properties, magnetic properties, etc.) [1–
6]. Studies have shown that large-scale behavior of failure
process in rocks is strongly affected by behavior of microc-
racks (initiation, propagation and coalescence) [7–9]. So it is
very important to understand the mechanism of microcrack’s
growth under different loading situations. For example, for
rock slope stability it is essential to know if and how the ex-
isting fractures connect with each other or coalesce to form
a continuous fracture surface. This problem has attracted
many researchers to study in the field of rock crack behav-
iors under different loading situations [10–18].

In recent years, many studies have been done to under-
stand crack propagation mechanism in rocks and rock-like
materials under uniaxial load [11–17]. Results have shown
different crack patterns, but there is a common characteris-
tic in all of these researches [14]. Cracks propagate in rocks
and rock-like materials in two forms: wing cracks and sec-
ondary cracks. Wing cracks are tensile cracks that initiate
at the tips of pre-existing cracks (flaws) and propagate in a
stable manner towards the direction of the maximum com-
pressive stress. Secondary cracks initiate also from the tips
of the flaws, propagate in a stable manner, and have been rec-
ognized by many researchers as shear cracks. Two initiation
directions are possible for secondary cracks: one coplanar or
quasi-coplanar to the flaw, and the other one parallel to the
wing cracks but in the opposite direction [11–13]. In par-
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ticular, Wong and Einstein considering previous studies pre-
sented a systematic evaluation of cracking behavior in speci-
mens containing single flaws which are subjected to uniaxial
compression [14].

In many situations rocks are subjected to biaxial loads
(for example in the walls of tunnels), so mechanism of fail-
ure and crack growth under biaxial loads can be very helpful,
but these kinds of studies have been done by few researchers
especially in the area of rock mechanics [19–24]. Exper-
imental studies by Kupfer et al. [19] on concrete samples
under both uniaxial and biaxial compression using differ-
ent stress ratios showed generation of numerous microcracks
parallel to the applied load. The results showed that the com-
plete collapse of specimen was associated with the forma-
tion of several shear fractures induced at angles between 18◦
and 30◦ from the loading plate [19]. Tayler et al. [20] per-
formed a series of biaxial compressive tests on cubic samples
of all-lightweight aggregate concrete. They reported split-
ting of specimens into thin slabs parallel to unstressed direc-
tion without formation of shear fractures. Similar observa-
tions were reported by Brown [21] who performed biaxial
tests on marble samples. Papamichis et al. [22] tested rock
samples, rigidly confined laterally in one plane. The results
showed that the failure mode depends on the type of rock;
Berea sandstone samples failed by splitting parallel to the un-
confined surfaces and Indiana limestone failed by shearing.
Fracture surfaces parallel to intermediate principal stress di-
rection were observed by Mogi [23] who tested prismatic
rock samples using tapered greased epoxy cement inserts.
Sahouryeh et al. [24] presented an experimental and analyt-
ical investigation into three-dimensional crack growth under
biaxial compression and reported that all samples failed by
splitting parallel to the free surface.

There are various numerical methods for analyzing
crack initiation and propagation such as finite element
method (FEM), boundary element method (BEM), displace-
ment discontinuity method (DDM) and discrete element
method (DEM) [25–28]. Recently, a numerical simulation
code, 2 dimensional rock failure process analysis (RFPA2D),
has been released for the analysis of crack propagation in
rock which is capable of modeling both global failure of rock
and local cracking at flaw tips [29]. Also failure process and
cracking in rock and rock-like materials have been modeled
by many researchers by bonded particle model (BPM) using
particle flow code (PFC) [30–35]. In this code cracks gener-
ate simply by breakage of bonds between circular particles
instead of solving complex mathematical equations related
to fracture mechanics.

In this paper confining stress influence on crack growth
from a flaw in rocks as a brittle material is numerically stud-
ied. The numerical results can be very useful for recognition
of mechanism of growth and coalescence of cracks in the
rock mass. In rock engineering projects where pre-existing
cracks (finite cracks) play a dominant role in stability of
rock structure, such results can improve stability analyses
and make the structure safer.

2 Theory

Pre-existed cracks in rocks and rock-like materials under
compressive loads grow and coalesce to form fracture planes.
Many researchers have studied on the analytical problem of
crack initiation and propagation from pre-existing cracks un-
der compressive loads [36, 37].

Fracture mechanics-based analysis of crack in two-
dimensions is very common in literatures. Fracture me-
chanics can be divided into linear elastic fracture mechan-
ics (LEFM) and elasto-plastic fracture mechanics (EPFM).
LEFM gives very good results for brittle elastic materials and
is a primary requirement for brittle rock material analysis.
For a given defect, crack propagation may be accomplished
in opening mode (Mode-I), shearing mode (Mode-II), and
tearing mode (Mode-III) (Fig. 1).

a

b

c

Fig. 1 Basics modes of crack extension: a Opening mode (Mode-
I); b Shearing mode (Mode-II); c Tearing mode (Mode-III)

Practical engineering cracked structures are usually sub-
jected to mixed mode loading and in general the stress inten-
sity factors in Mode-I and Mode-II are both nonzero. Using
Irwin’s concept of the stress intensity factors, which charac-
terize the strength of the singularity at a crack tip of length l
(Fig. 2), the near crack tip (r � l) stresses (Eqs. (1)–(3)) and
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displacements (Eqs. (4) and (5)) in the mixed mode condi-
tions are always expressed as [38]
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where K = 3−4v denotes plane strain and K = (3−v)/(1+v)
plane stress and μ is the shear modulus (often referred to as
strain energy release rate (G)).
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Fig. 2 Definition of the coordinate axis ahead of a crack tip used
for a two dimensional deformation field

In reality, cracks in brittle materials under compression
grow and coalesce with adjacent cracks, but due to some fac-
tors, these analytic models are not able to precisely model
crack propagation mechanism. In order to make further
progress in developing analytical and computational models
for failure of brittle solids under compression, experimental
and appropriate numerical (e.g., RFPA2D and PFC) studies
can be helpful to understand the stress state faces and can

also present a powerful criterion for the initiation and propa-
gation of cracks.

3 Numerical simulation

3.1 Model generation

In the numerical simulation by PFC2D, rock material is repre-
sented by an assembly of rigid circular disks bonded together
at their contact points. PFC contains two bonding mod-
els: a contact-bond model and a parallel-bond model. The
parallel-bond has a finite size that acts over either circular
or rectangular cross section between the particles, whereas
the contact-bond acts only at the contact point due to its
vanishingly small size, which can be embodied with the
parallel-bond of radius zero. Therefore, the contact-bond can
only resist the force acting at the contact, while the parallel-
bond can resist both the force and moment. The parallel-
bonds are activated with five parameters, such as normal and
shear bond strength, normal and shear bond stiffness, and
the bond radius, among which the bond stiffness and bond
radius are not signed as in the contact-bond model. The
contact/parallel-bonds are broken if the applied stresses are
larger than the bond strengths [39, 40]. In the contact-bond
model, bond breakage may not affect the macro stiffness sig-
nificantly provided the particles remain in contact. How-
ever, in the parallel-bond model, bond breakage induces an
immediate decrease in macro stiffness because the stiffness
is contributed by both contact stiffness and bond stiffness.
Therefore, the parallel-bond model can be more realistic for
rock-like material modeling in which the bonds may break
in either tension or shearing with an associated reduction in
stiffness [41]. So, the parallel-bond model is chosen for rock
simulation in this investigation. A parallel-bond model is
defined by five micro parameters consisting of: normal and
shear stiffness (kn) and (ks) (stress/displacement); normal
and shear strength (σc) and (τc) (stress); and bond radius (R).
These micro parameters should be adjusted to reproduce the
macro properties of the real specimen under uniaxial com-
pression such as Young’s modulus, UCS, and Poisson’s ratio
and this adjustment is done by a calibration process. The
calibration is a “trial and error” process in which by chang-
ing micro parameters in simulated biaxial or Brazilian tests,
the laboratory values of macro parameters (Young’s modu-
lus, UCS, and Poisson’s ratio) will be reproduced. When
simulated results and laboratory results are the same, the ap-
plied micro parameters will be set as input for numerical sim-
ulation. Also there are some quantitative techniques for the
selection of micro parameters [42]. In this study, calibration
process is done by simulating a biaxial test.

3.2 Simulation of compressive loading

The biaxial compressive test, shown in Fig. 3 is to be sim-
ulated to analyze confining stress effect on mechanism of
crack propagation from a single flaw in rock. Physical
and mechanical properties of the simulated rock specimen
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are summarized in Table 1. Also Table 2 presents the se-
lected microparameters for numerical simulation by PFC2D.
The specimen has the height of H = 12 cm and width of
W = 6 cm. The PFC2D model of the biaxial test is given in
Fig. 4. After reproduction of specimen, the flaw is generated
by deleting the particles in an appropriate region. Another
method to generate the flaw is to set the strength of the par-
ticles between adjacent particles in the flaw surface to zero.
Nohut modeled the notch in the single-edge-notched beam
(SENB) test with both methods and observed the same re-
sults [32]. It is reasonable because the radius of the notch
tip is not determined by the radius of the particle which is
deleted or whose bond strength is assigned to zero but it is
determined by the radius, the location and the arrangement
of the particle pair which stay just above the notch. There-
fore it does not have any effect on the crack sharpness. The
flaw has a length of 3.0 cm (w/a = 4) which locates with an
angle of 45◦ in the center of the specimens and the opening
of the flaw is 1.5 mm. Four walls of the model plays role
of platens and confinement pressure. Specifically, the lower
wall is fixed and the upper wall moves down with a velocity
of Vp to simulate loading platen and the lateral stresses are
imposed by the right and left walls. And then, several simu-
lations of biaxial test with different confining stresses (0, 5,
10, 30 and 50 MPa) are performed.

Particle 
assembly

Confining 
stress

Vp

Vp

x

y

H

W

Fig. 3 Schematic representation of biaxial compressive test

Fig. 4 PFC2D model of a rock specimen with a single flaw in com-
pressive test

Table 1 Physical and mechanical properties of simulated rock

Properties Value

Density/(kg ·m−3) 2 700

Young’s modulus/GPa 55.5

Uniaxial compressive strength/MPa 145

Tensile strength/MPa 47.60

Poisson’s ratio 0.27

Table 2 Microparameters used for the PFC2D model

Microparameters Value

Particle mean radius/mm 0.4

Particle radius ratio, Rmax/Rmin 1.66

Particle density/(kg ·m−3) 2 700

Particle contact modulus, Ec/GPa 44.5

Particle stiffness ratio, kn/ks 1.0

Parallel-bond radius multiplier 1.0

Parallel-bond modulus, Ec/GPa 44.5

Parallel-bond stiffness ratio, kn/ks 1.0

Particle friction coefficient 0.50

Parallel-bond normal strength, mean/MPa 177.8

Parallel-bond normal strength, std. dev./MPa 45

Parallel-bond shear strength, mean/MPa 177.8

Parallel-bond shear strength, std. dev./MPa 45

3.3 Results

To study confinement effect on crack propagation mecha-
nism from a single flaw, several numerical simulations are
carried out for the specimens. The specimens are subjected
to different confining stresses: 0, 5, 10, 30 and 50 MPa. Ta-
ble 3 shows the values of axial and confinement stresses at
different stages of simulation (75% peak stress, 90% peak
stress, peak stress, 90% post-peak stress and 80% post-peak
stress).

The failure developments for specimens under compres-
sive loads are illustrated in Figs. 5–9. The light and dark
lines denote the tensile and shear microcracks in the PFC2D

model, respectively.

Under unconfined situation, first noticeable fractures ap-
pear as wing cracks. At about 75% of peak-stress wing
cracks initiate perpendicularly to the flaw surface from both
tips and turn toward loading direction as the stresses in-
crease. Secondary cracks propagate from the flaw tips quasi-
coplanar to it. Failure of specimen is caused by the growth
of secondary cracks in the post peak-stress stage.
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Table 3 Values of axial and confinement stresses at different stages of simulation

Confinement stress/MPa
Axial stress/MPa

75% peak 90% peak Peak 90% post-peak 80% post-peak

0 109.3 131.1 145.7 131.1 116.5

5 127.5 153.0 170.0 153.0 136.0

10 131.6 158.0 175.5 158.0 140.4

30 145.0 174.0 193.3 174.0 154.6

50 166.0 199.3 221.4 199.3 177.2

a b c d e

Fig. 5 Crack propagation from a single flaw at confinement of 0 MPa. a 75% peak; b 90% peak; c peak; d 90% post-peak; e 80% post-peak

a b c d e

Fig. 6 Crack propagation from a single flaw at confinement of 5 MPa. a 75% peak; b 90% peak; c peak; d 90% post-peak; e 80% post-peak

a b c d e

Fig. 7 Crack propagation from a single flaw at confinement of 10 MPa. a 75% peak; b 90% peak; c peak; d 90% post-peak; e 80%
post-peak
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a b c d e

Fig. 8 Crack propagation from a single flaw at confinement of 30 MPa. a 75% peak; b 90% peak; c peak; d 90% post-peak; e 80%
post-peak

a b c d e

Fig. 9 Crack propagation from a single flaw at confinement of 50 MPa. a 75% peak; b 90% peak; c peak; d 90% post-peak; e 80%
post-peak

Similarly, wing cracks begin to form at near peak-stress
under confinement of 5 MPa. In this condition, initiation
angles of wing cracks are not perpendicular to the flaw sur-
face. In fact, the angle between the maximum load direction
and the initial direction of wing crack become sharper. Due
to confining stresses, wing cracks detain and can not propa-
gate as far as in the case where there is no confinement, so
wing cracks are shorter than those in unconfined condition.
Both the cracks coplanar with the flaw and the ones paral-
lel with the flaw but in opposite direction of wing cracks are
seen as secondary cracks. In addition to these, branching
of secondary cracks is obvious in the case of 10 MPa lateral
stresses.

For the confinement of 30 MPa, wing cracks are very
short and stop at very early stage after initiation. Wider sec-
ondary cracks parallel with wing cracks but in opposite di-
rection are conspicuous. Besides, fractures appear at top and
bottom of the specimen for the confinement of 50 MPa case.

4 Discussion

The experimental and numerical studies in rocks and rock-
like materials show two types of cracks: wing cracks and
secondary cracks. Both types of cracks may initiate at the
tips of the flaws and propagate in a stable manner and the
secondary cracks may also initiate at the kinked part of the

propagated original crack or previously existent secondary
cracks. Wing cracks initiate at an angle with the flaw and
tend to propagate towards the direction of the maximum
compressive stress. Secondary cracks, however, have been
observed to initiate in a direction coplanar or quasi-coplanar
to the flaw and also parallel to the wing cracks but in the
opposite direction. The quasi-coplanar direction has been
systematically observed in a large number of tests, while the
second direction has been observed only in few tests. It is
concluded by many researchers that the initiation direction of
the secondary cracks may depends on the material type [11–
13]. According to Figs. 5–9, the current numerical results
show that the secondary cracks may form in both directions
in the same material. In fact, the confining stresses may have
great influence on the initiation direction of the secondary
cracks. So according to the present work, in addition to ma-
terial type the initiation direction of secondary cracks can be
depended on the confinement stresses, too.

In most fracture mechanics literatures, the secondary
cracks are described as shear cracks or shear zones [11–13],
but some experimental and numerical works show that the
secondary cracks can be produced from both shear and ten-
sile stresses [17, 37]. The particles displacement vectors are
shown in Fig. 10, demonstrating the direction of the parti-
cles displacement and crack opening or sliding under uniax-
ial loading. As is illustrated, wing cracks start when bonds
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between particles (at the tips of the flaw) break and these
zones start to split in opening mode (Fig. 10a). Actually, in-
duced tensile stresses lead to initiation of wing cracks but
increase of confining stresses weaken this induction. So,
no more wing cracks initiate when the confining stresses
are high enough to completely offset this effect. Increase
of the major stress closes the wing cracks, but new cracks
(secondary cracks) initiate due to breakage of the bonds be-
tween particles by induced tensile stresses (Fig. 10b). These
cracks can propagate from the tips of the flaw in different di-
rections (Figs. 10b and 11). Also, the particle displacement
vectors illustrate secondary cracks initiation at the confine-
ment of 50 MPa (Fig. 11). This shows that secondary cracks
initiate under tensile stresses (Fig. 11a) but they will be sub-
jected to shear forces (Fig. 11b) later. These shear forces
may cause roughness and uncleanness of the crack surface.
It is said while wing cracks show a clean and smooth sur-
face, the surface of shear cracks appears rough and covered
with powder, which is an indication of slip between the faces
of the crack [11]. These reasons which are derived from ex-
perimental works have ever served as the main reasons for
recognizing the secondary cracks as shear cracks, but the
present numerical work shows that this conclusion may be
not correct.

a

b

Fig. 10 The particle displacement vectors showing initiation of a
wing cracks (at 90% peak stress) and b secondary cracks (at peak
stress) under uniaxial compressive loading

Therefore, crack propagation from a single flaw in rocks
and rock-like materials can be explained as follows:

Wing cracks start from tips of the flaw in opening mode
due to the induced tensile stresses and continue up to the
zones where the induced tensile stresses are not high enough

to break bonds between the particles. At this situation, sec-
ondary cracks start under similar mechanism (in opening
mode) but they may be subjected to shear forces later. Also,
crack branching may occur. It means that new branches of
crack initiate to reduce strain energy inside the specimen
when induced tensile stresses or shear stresses are not high
enough for the propagation of the currently growing crack.

a

b

Fig. 11 The particle displacement vectors showing secondary
cracks initiation at a 90% peak stress and b peak stress in the con-
finement of 50 MPa

5 Conclusions

In this paper, the effect of confinement on crack propaga-
tion from a single flaw in rock was numerically investigated.
For this purpose several simulations have been performed to
study failure process under lateral stresses of 0, 5, 10, 30 and
50 MPa. The following results and conclusions can be drawn
from the present study.

Some common characteristics of failure development re-
sulting from numerical simulations are quite similar to lab-
oratory observations. These characteristics can be described
as:

(a) Initial micro cracks form in the pre-failure stage due
to the existence of flaw, and their development are highly
affected by stress concentration around the flaw;

(b) Fractures take place near peak stresses;
(c) Fracture planes or faults appear in the post-failure

stage and cause the specimen to fail.
The numerical simulation results show that the initia-

tion of wing and secondary cracks and the failure process
are strongly affected by the confining stresses. In the ab-
sence of confining stresses, wing cracks form perpendicu-
lar to flaw and tend toward loading direction. As the con-
finement stresses increase, wing cracks initiate in a wider
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angle with respect to the original flaw. Increase of confin-
ing stresses leads to shortening of wing cracks and when
these stresses are sufficiently high, wing cracks become com-
pletely negligible.

The numerical results also show that from tips of the
flaw, secondary cracks propagate in two directions; one
coplanar or quasi-coplanar to the flaw, and the other one par-
allel to the wing cracks but in the opposite direction. Sec-
ondary cracks propagate only quasi-coplanar to the flaw in
unconfined situation but the second direction of propagation
appears when the confinement stress increases. It is under-
stood that in addition to the type of material, the magnitude
of confinement can also affect the direction of secondary
cracks propagation. Due to increase of confining stresses,
the axial fractures detain and more shear fractures develop
and coalesce to form shear faults. Furthermore, higher ap-
plied confinement will cause wider shear fault plane.

In many literatures, the secondary cracks are described
as shear cracks but the current numerical work has shown
that these kinds of cracks can be produced by tensile mech-
anism, too. In fact, from this work it can be concluded that
secondary cracks are produced under tensile forces but these
cracks may be subjected to shear forces which can make the
crack surface rough and unclean. So, under compressive
loading conditions, the initiation of secondary cracks may
be attributed to both shear and tensile mechanisms.
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