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Abstract Converting ambient vibration energy into elec-
trical energy by using piezoelectric energy harvester has at-
tracted a lot of interest in the past few years. In this paper,
a topology optimization based method is applied to simulta-
neously determine the optimal layout of the piezoelectric en-
ergy harvesting devices and the optimal position of the mass
loading. The objective function is to maximize the energy
harvesting performance over a range of vibration frequen-
cies. Pseudo excitation method (PEM) is adopted to analyze
structural stationary random responses, and sensitivity anal-
ysis is then performed by using the adjoint method. Numeri-
cal examples are presented to demonstrate the validity of the
proposed approach.
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1 Introduction

The quest for everlasting energy sources of micro devices
has been intensified in the recent years due to the limitations
on the applications and deployments of conventional elec-
trochemical power sources arising from their short lifespan.
A completely autonomous energy source is particularly ad-
vantageous in low power systems with restricted accessibil-
ity, such as biomedical implants, remote micro-sensors and
wireless devices. The ultimate renewable energy source for
micro devices should be equipped with an energy-harvesting
mechanism capable of capturing ambient energy and con-
verting it into useable energy. Although a number of har-
vestable ambient energy sources exist, including waste heat,
vibration, wind and solar energy, vibration energy has gained
much attention due to its widespread availability. As one of
the methods used to convert mechanical vibrational energy
to electrical energy, piezoelectric transduction, in contrast to
electromagnetic and electrostatic transduction, has attracted
much interest. Many theoretical and experimental works are
available on modeling and applications of piezoelectric en-
ergy harvesters [1–4]. An overview of research in this field
has been given by Anton and Sodano [5].

Piezoelectric materials can be configured in different
ways to improve the efficiency of piezoelectric power har-
vesting devices. Better geometric designs may lead to a bet-
ter utilization of the piezoelectric materials. Goldschmidt-
boeing and Woias [6] studied a family of beam shapes rang-
ing from rectangular beams to triangular beams in terms of
efficiency and maximum tolerable excitation amplitude, and
showed that triangular-shaped beams are more effective than
rectangular-shaped ones. A parametric study was performed
by Mo et al. [7] to investigate the effects of varied config-
urations on the produced energy of piezoelectric generators.
Lee et al. [8] proposed a stochastic design optimization to



Design of piezoelectric energy harvesting devices subjected to broadband random vibrations by applying topology optimization 731

determine the optimal configuration of the energy harvester
in terms of energy efficiency and durability.

Topology optimization method has been used to de-
termine successfully the optimal design layout in the past
two decades. Applications of topology optimization method
to the design of piezoelectric devices have been reported,
such as piezoelectric transducers [9], piezoelectric actuators
[10–12] and piezoelectric resonators [13]. Most recently,
topology optimization method is applied to the design of
piezoelectric energy harvesting devices. Zheng et al. [14]
proposed a topological optimum design to maximize en-
ergy conversion of the energy harvesting devices. Topology
optimization formulations are developed by Nakasone and
Silva [15] to maximize energy conversion of the piezoelec-
tric device and control resonance frequencies of the struc-
ture.

Most of previous investigation on the design of energy
harvesters considered the systems subject to deterministic
excitations. The vibration source is typically modeled by
a single harmonic signal; consequently, the energy harvester
obtained is tailored to operate only at a single resonant fre-
quency of the driving source. However, the ambient vibra-
tion sources where the energy harvester is deployed are al-
ways random and broadband in many applications. The per-
formance of the single-frequency energy harvesters will suf-
fer greatly in such an environment.

To address this performance issue, we propose a topol-
ogy optimization based approach to design piezoelectric en-
ergy harvesting devices subjected to stochastic excitations,
a more practically available ambient source. The optimal
configurations of the piezoelectric energy harvesting de-
vices and the optimal distribution of mass loading are de-
termined simultaneously to maximize the energy harvesting
performance from a specific vibration input within a defined
range of frequency. In such a situation, the ambient vibra-
tion should be described using the theory of random pro-
cesses and the harvested power should be obtained by using
stochastic analysis techniques. In this paper, for convenience
in performing sensitivity analysis during the topology opti-
mization process, the pseudo excitation method (PEM) de-
veloped by Lin [16] is used for structural stationary random
response analysis and the adjoint method is used to evalu-
ate the sensitivity analysis. This paper is organized as fol-
lows. Firstly, the energy harvesting optimization formulation
is presented. After a brief review of the pseudo excitation
method, sensitivity analysis is carried out. Finally, numeri-
cal examples are analyzed to validate the proposed method.

2 Problem formulation

In this section, problem formulation is presented for the de-
sign of piezoelectric energy harvesting devices under ambi-
ent random vibrations. First, a finite element model with
coupled mechanical and electrical fields is introduced. Then,

the optimization formulation is elucidated for maximizing
the energy harvesting performance under a prescribed fre-
quency range.

2.1 Finite element modeling

Applications of piezoelectric materials are always involved
in both mechanical and electric fields. A coupled mechani-
cal and electrical finite element formulation is used to model
piezoelectric energy harvesting devices.

In the finite element formulation, piezoelectric systems
under external excitations and charges can be modeled as

M uuü + K uuu + K uϕΦ = F ,

K ϕuu + K ϕϕΦ = Q ,
(1)

where K uϕ = (K ϕu)T represents the piezoelectric coupling
matrix; K uu and K ϕϕ denote the structural stiffness and di-
electric conductivity matrices; M uu is the structural mass
matrix; ü denotes displacement acceleration vectors; u and
Φ denote displacement and electric potential vectors; F and
Q are the applied force and electric charge vectors, respec-
tively.

Since topology optimization method is used in the de-
sign of energy harvesting devices, a material model such as
the homogenization method or the solid isotropic materials
with penalization (SIMP), should be defined first. For sim-
plicity of derivations, the SIMP model is used to describe the
material properties in the design domain as

c = ρ(x)p1 c0,

m = ρ(x)m0,

e = ρ(x)p2 e0,

ε = ρ(x)p2ε0,

(2)

where c, m, e and ε denote the stiffness, mass, piezoelec-
tric and dielectric properties, respectively; ρ(x) is the vol-
ume density of each element and 0 ≤ ρ(x) ≤ 1; p1 and p2 are
penalty coefficients to the material.

Note that there is often a mass placed on the piezoelec-
tric beam harvesters in practice. In this paper, the distribu-
tion of a non-stiffening mass layer with certain geometry, as
well as the layout of the piezoelectric material, is to be de-
termined. We use a topology description function (TDF) to
formulate the distribution of the mass layer on the piezoelec-
tric device. Take a circle layer with radius r and center co-
ordinate (x, y) for example, as shown in Fig. 1, the topology
description function can be represented as

T (x′, y′) = r − √
(x′2 − x2) + (y′2 − y2). (3)
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Fig. 1 Schematic diagram of mass loading distribution

Then, the density at an arbitrary point (x′, y′) can be ex-
pressed as

ρadd = ρcirH(T (x′, y′)), (4)

where ρcir is the density of the mass layer, H(t) is modified
Heaviside function defined by

H(t) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

0, t < −Δ,
3
4

(
t
Δ
− t3

3Δ3

)
+

1
2
, −Δ ≤ t < Δ,

1, t ≥ Δ,

(5)

where Δ is a small positive number and 2Δ denotes the width
of the “gray density” in boundary; T (x′, y′) < −Δ represents
that point (x′, y′) is outside the mass layer; −Δ ≤ T (x′, y′) <
Δ represents that it is on the boundary; T (x′, y′) > Δ repre-
sents it is inside the mass layer.

2.2 Energy harvesting optimization

To measure the performance of an energy harvester under
random vibration as shown in Fig. 2, we define an average
harvested power in the time domain as

E[P(t)] = E
[v2(t)

R

]
, (6)

where E[·] is the expectation operator; P(t) is the harvested
power; v(t) is the voltage; R is the resistance.

Fig. 2 Schematic diagram of a piezoelectric energy harvester

For a prescribed frequency range, f1 ≤ f ≤ f2, the av-
erage power in the frequency domain can be given as

E[P(t)] =
E[v2(t)]

R
=

1
R

∫ ω2

ω1

S vv(ω)dω, (7)

where ω1 = 2π f1, ω2 = 2π f2, S vv(ω) represents auto power
spectral density (auto-PSD) of output voltage.

Then, we can formulate the topology optimization
problem as to maximize the average harvested power within
the prescribed frequency range with a given amount of piezo-
electric materials

Max
ρ,x

E[P(t)] =
1
R

∫ ω2

ω1

S vv(ω)dω,

Subject to
N∑

i=1

ρiΩi ≤ Ω,

0 ≤ ρi ≤ 1, i = 1, 2, · · · ,N,
x ≤ x ≤ x,

(8)

where ρ is the volume density of each element; x is the cen-
ter coordinate of the mass layer; Ωi is the volume of the i-th
element; Ω is the upper bound of the material volume; N is
total number of design variables; x and x are the lower bound
and upper bound of the coordinate, respectively.

3 PEM for coupled piezoelectric system

In the proposed optimization problem, the structural random
response analysis needs to be carried out for getting the ob-
jective function. Conventional methods including complete
quadratic combination (CQC) method and square root of the
sum of squares (SRSS) method are applicable for structural
random response analysis. However, when these methods
are used for the present problem, the sensitivity analysis be-
comes very cumbersome during the topology optimization
process. Therefore, an efficient algorithm for random re-
sponse analysis named pseudo excitation method (PEM) is
used for the coupled piezoelectric system in this paper.

3.1 Structural response by using PEM

Consider a structure subjected to a single random excitation,
its equation of motion is

M ÿ + K y = px(t), (9)

in which x(t) is a stationary random process with a power
spectrum density of S xx(ω) and p is a given constant vector.
The structural stationary random response can be obtained
by using PEM. Let x(t) =

√
S xx(ω) eiωt, then Eq. (9) be-

comes the following harmonic equation

M ÿ + K y = p
√

S xx(ω) eiωt. (10)

Its stationary solution is
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y(t) = Y (ω) eiωt. (11)

Using its first q modes for mode-superposition, then

Y (ω) =
q∑

j=1

γ jH jψ j

√
S xx(ω), (12)

Hj = (ω2
j − ω2)−1, γ j = ψ

T
j p , (13)

in which ω j and ψ j are the j-th natural angular frequency
and modal shape, respectively; γ j is mode-participation fac-
tor. According to the PEM, the PSD matrix of y would be

Syy(ω) = y∗yT =

q∑

j=1

q∑

k=1

γ jγkH∗j Hkψ jψ
T
k S xx(ω). (14)

This is well-known CQC formula [16,17]. It involves
the cross-correlation terms between all participant modes.
Therefore, it usually requires considerable computational ef-
forts. The comparisons of efficiency for PEM and conven-
tional CQC were detailed in Ref. [18].

3.2 PEM for coupled piezoelectric system

For a piezoelectric structure subjected to a base acceleration
ẍ excitations with a power spectrum density of S ẍ(ω), the
auto-PSD function of voltage S vv(ω) can be obtained by us-
ing pseudo excitation method. Form a pseudo acceleration
excitation by using power spectrum density S ẍ(ω),

ẍ =
√

S ẍ(ω) eiωt, (15)

then the external force has a harmonic form of F =

M uuE
√

S ẍ(ω) eiωt, E denotes the direction of the acceler-
ation excitation. The structural responses can be expressed
as u = ue eiωt and Φ = Φe eiωt, where ω is the excitation
frequency. Introducing these expressions to Eq. (1) yields
the following frequency response equations

−ω2 M uuue + K uuue + K uϕΦe = M uuE
√

S ẍ(ω),

Kϕuue + K ϕϕΦe = 0 .
(16)

The structural response can be solved from the above system
by using the model superposition method. To extract the out-
put voltage from the potential vector, a unity filter vector,Ψ ,
in the form of [0 0 · · · 1 · · · 0]T with the unity entry
corresponding to the node of interests is used. In this way,
the voltage generated by the device is expressed as

ve = Ψ
TΦe. (17)

The auto-PSD function of voltage can be obtained ac-
cording to pseudo excitation method,

S vv(ω) = v∗eve = v2
e , (18)

where the asterisk “∗” represents complex conjugate.

4 Sensitivity analysis

The sensitivity of S vv with respect to design variable xi can

be obtained by differentiating Eq. (18) as

∂S vv

∂xi
= 2ve

∂ve

∂xi
, (19)

where ve is the potential response when a pseudo excitation
is applied to the structure. The sensitivity of potential re-
sponse, ∂ve/∂xi, can be derived by using the adjoint method.

A new function is defined by adding the governing
equations to the voltage response as follows

ve = Ψ
TΦe + α

T[−ω2 M uuue + K uuue + K uϕΦe

−M uuE
√

S ẍ(ω)] + β T(K ϕuue + K ϕϕΦe), (20)

where α , β are arbitrary adjoint displacement and potential
vectors. Taking derivative of Eq. (20), the sensitivity of the
potential response with respect to design variable xi can be
written as

∂ve

∂xi
= αT

[
− ω2 ∂M uu

∂xi
u+e
∂K uu

∂xi
u+e
∂K uϕ

∂xi
Φe

−∂Muu

∂xi
E
√

S ẍ(ω)
]
+ βT

(∂K ϕu

∂xi
ue +

∂Kϕϕ
∂xi

Φe

)

+(−αTω2 M uu + α
TK uu + β

TK uϕ)
∂ue

∂xi

+(αTK uϕ + β
TK ϕϕ + ΨT)

∂Φe

∂xi
. (21)

By defining and solving the adjoint system as the fol-
lowing coupled system for the adjoint displacement and po-
tential vectors, α and β

−ω2 M uuα + K uuα + K uϕβ = 0 ,

K ϕuα + K ϕϕβ = −Ψ,
(22)

a very simple form of the sensitivity of the potential response
can be obtained from Eq. (21) and it can be readily solved
with the SIMP formulation.

5 Numerical example

Optimal designs of piezoelectric energy harvesters subjected
to random acceleration excitations are presented in this sec-
tion using the proposed topology optimization method. PZT
is employed for the piezoelectric layers and they are bonded
to the top and bottom of an elastic layer. The size of each
layer is 20 mm× 10 mm× 0.25 mm. The piezoelectric layers
are considered as design domain and their material properties
are given in Table 1. The elastic layer is made of Aluminum
with Young’s modulus of 71 GPa, Poisson’s ratio of 0.33 and
density of 2 700 kg/m3. A non-stiffening mass layer is placed
on the device with radius of 0.002 m, thickness of 0.002 m
and density of 7 800 kg/m3. For the objective of maximizing
the energy harvesting performance, the optimal layout of the
piezoelectric material and location of the mass layer are to
be determined simultaneously. The upper bound of volume
constraint is set to be 40% of the total volume of the design
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domain. The resistance is set as 10 kΩ and keeps constant
during the optimization process.

In the finite element model, 8-node brick element is
used and equal-potential constraints are applied to the nodes
on the electrodes. For the sake of manufacturability, the con-
figurations of the structures at the top and bottom piezoelec-
tric layers are assumed to be the same in the optimization
process. It is assumed that the ambient base excitation is
stationary white noise, which has a constant power spectral
density across the frequency range considered.

Table 1 Material properties of PZT [19]

C11 115.65 GPa e13 −12.31 C/m2

C12 64.89 GPa e23 −12.31 C/m2

C13 62.29 GPa e33 20.76 C/m2

C33 92.98 GPa e52 17.04 C/m2

C44 17.86 GPa e61 17.04 C/m2

C55 17.86 GPa ε11 8.93 nF/m

C66 17.86 GPa ε22 8.93 nF/m

ρ 7 640 kg/m3 ε33 6.92 nF/m

5.1 Example 1

In the first case, a ground acceleration excitation is applied to
the piezoelectric bimorph generator, as shown in Fig. 3. This
model is modified from the piezoelectric bimorph generator
by Roundy et al. [20]. The left end of the structure is fixed
and the right end is free. A band of excitation frequencies
ranged from 10 Hz to 400 Hz, which is lower than the first
order natural frequency of the structure, as shown in Fig. 4,
is applied to the piezoelectric bimorph generator.

Fig. 3 Schematic of a piezoelectric bimorph generator mounted as
a cantilever

Fig. 4 Band limited white noise PDS loading

A 40 by 20 finite element model is built for each layer
and the proposed methodology is used to design the piezo-
electric energy harvester. Figure 5 shows the iteration his-
tory of the optimization process. The optimal location of the
mass layer and the optimal layout of the piezoelectric mate-
rial are showed in Figs. 6 and 7. We can see that the mass
layer is placed at the free end of the device. That is because
the distribution of the mass layer on the free end helps to
tune the structure to the low driving frequencies. In addition,
largest deformation can be generated when the mass loading
distributes on the free end. From Fig. 7 we can see that the
piezoelectric material tends to distribute to the supporting
area and the free end. Intermediate design variable appear in
the supporting area. This is because the strain in these areas
is greater, as shown in Fig. 8, and thus piezoelectric materials
should be placed at the supporting area to produce more elec-
tric energy. However, these additional piezoelectric materi-
als also change the stiffness and mass of the structure thereby
changing the structural dynamic response. Adding piezo-
electric material to the supporting area increases the natu-
ral frequency of the structure and decreases the deformation.
Since the excitation frequencies are lower, the piezoelectric
materials tend to distribute at the free end and consequently
decrease the natural frequency. Furthermore, the piezoelec-
tric materials placed at the free end also increase the moment
induced by the gravity, which help to produce more electric
energy.

Fig. 5 Iteration history of the optimization design of the piezoelec-
tric generator
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Fig. 6 Optimal location of the mass layer under a band of excitation
frequencies ranged from 10 Hz to 400 Hz

Fig. 7 Optimal layout of the piezoelectric material under a band of
excitation frequencies ranged from 10 Hz to 400 Hz

Fig. 8 Strain distribution of the structure without piezoelectric
layer under gravity load

5.2 Example 2

In the second example, a band of higher excitation frequen-
cies is applied to the same piezoelectric bimorph generator
as the previous example. The frequencies of external exci-
tations are chosen from 1 800 Hz to 2 200 Hz. The iteration
history of simultaneously optimizing location of mass layer
and distribution of piezoelectric material is showed in Fig. 9.
The optimal results are showed in Figs. 10 and 11. In this
example, the optimal location of mass layer shows a compro-
mise between tuning the structure to the driving frequencies
and changing the moment of the mass loading. A U-shape
distribution of piezoelectric materials is generated, which is
similar to part of the previous design in the same area. How-
ever, no piezoelectric material is placed at the free end. This
is because the excitation frequencies are higher in this ex-
ample and the optimized design should increase its natural
frequency by moving piezoelectric materials to the support

area rather than to the free end. As mentioned in the pre-
vious example, the strain is greater in the support area, so
the piezoelectric materials distributed here is also helpful to
generate more electric energy.

Fig. 9 Iteration history of the optimization design of the piezoelec-
tric generator

Fig. 10 Optimal location of the mass layer under a band of excita-
tion frequencies ranged from 1 800 Hz to 2 200 Hz

Fig. 11 Optimal layout of piezoelectric material under a band of
excitation frequencies ranged from 1 800 Hz to 2 200 Hz

5.3 Example 3

An energy generator model modified from Roundy et al. [21]
is taken as the third example. The piezoelectric bimorph is
simply supported at four corners and a mass layer is placed
on the structure as shown in Fig. 12. A ground acceleration
excitation is applied to the piezoelectric bimorph generator
with a band of excitation frequencies ranged from 10 Hz to
400 Hz. The optimal configuration of the piezoelectric mate-
rial and the optimal location of the mass layer are determined
by using the present method. The iteration history of the ob-
jective function is shown in Fig. 13. The optimal position
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of the mass layer is located at the center of the structure,
as shown in Fig. 14. The final configuration of piezoelec-
tric material is shown in Fig. 15. Figure 16 plots the strain
distribution of the simply supported plate without piezoelec-
tric layer under gravity load. Comparing Figs. 15 with 16,
one can easily find that the piezoelectric materials tend to be
placed at the area with higher strain.

Fig. 12 Schematic of a piezoelectric bimorph generator simply
supported

Fig. 13 Iteration history of the optimization design of the piezo-
electric generator

Fig. 14 Optimal location of the mass layer under a band of excita-
tion frequencies ranged from 10 Hz to 400 Hz

Fig. 15 Optimal layout of the piezoelectric material under a band
of excitation frequencies ranged from 10 Hz to 400 Hz

Fig. 16 Strain distribution of the simply supported plate without
piezoelectric layer under gravity load

6 Conclusion

In this paper, the design of piezoelectric energy harvesting
devices under stochastic excitation is studied. A topology
optimization based method is proposed to simultaneously
determine the layout of piezoelectric material and location
of mass layer. The PEM is used to analyze structural sta-
tionary random responses. The energy harvester obtained is
designed to maximize energy harvesting performance within
a range of ambient excitations. The adjoint method is used
to derive the sensitivity. A few numerical examples are given
to demonstrate the effectiveness of the proposed method.
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