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Abstract The velocity field and the associated shear stress
corresponding to the longitudinal oscillatory flow of a gen-
eralized second grade fluid, between two infinite coaxial cir-
cular cylinders, are determined by means of the Laplace and
Hankel transforms. Initially, the fluid and cylinders are at
rest and at t = 0+ both cylinders suddenly begin to oscillate
along their common axis with simple harmonic motions hav-
ing angular frequencies �1 and �2. The solutions that have
been obtained are presented under integral and series forms
in terms of the generalized G and R functions and satisfy the
governing differential equation and all imposed initial and
boundary conditions. The respective solutions for the motion
between the cylinders, when one of them is at rest, can be
obtained from our general solutions. Furthermore, the cor-
responding solutions for the similar flow of ordinary second
grade fluid and Newtonian fluid are also obtained as limiting
cases of our general solutions. At the end, the effect of dif-
ferent parameters on the flow of ordinary second grade and
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generalized second grade fluid are investigated graphically
by plotting velocity profiles.
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1 Introduction

In many fields, such as food industry, drilling operations,
polymer chemical industry and bio-engineering, the fluids,
either synthetic or natural, are mixtures of different stuffs
such as water, particles, oils, red cells and other long chain
molecules. The viscosity function varies non-linearly with
the shear rate and the elasticity is felt through elongational
effects and time-dependent effects. In these cases, the fluids
have been treated as viscoelastic fluids. Because of the diffi-
culty to suggest a single model, which exhibits all properties
of viscoelastic fluids, they cannot be described as simply as
Newtonian fluids. For this reason, many models or consti-
tutive equations have been proposed and most of them are
empirical or semi-empirical.

The second grade fluids are the common non-Newtonian
viscoelastic fluids in industrial fields, such as polymer solu-
tions. The ordinary linear constitutive model for a second
grade fluid has the following form

τ(t) = με(t) + E
dε(t)

dt
, (1)

where τ is the stress, ε is the strain, μ is the viscosity coef-
ficient and E is the viscoelasticity constant. This mathe-
matical model provides a reasonable qualitative description.
However, it is not satisfactory from a quantitative view-point
(see Ref. [1]).

Several authors [2–4] suggested that integer-order mod-
els for viscoelastic materials seem to be inadequate from
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both qualitative and quantitative point of view. At the same
time, they proposed fractional-order laws of deformation
for modeling the viscoelastic behavior of real materials. For
instance, Caputo and Mainardi [1] formulated the following
fractional-order model for a second grade fluid

σ(t) + a
dασ

dtα
= mε(t) + b

dαε

dtα
, 0 < α ≤ 1, (2)

where α, a, m and b are constants which depend on the nature
of material. This model includes the classical law when α =
1, a = 0, m = μ and b = E . Bagley and Torvik [5,6] and
Rogers [7] have shown that law (2) is very useful for model-
ing of most viscoelastic materials. In addition to experimen-
tal findings, they proved that the four-parameter model (2)
seems to be satisfactory for most real materials.

Bagley and Torvik [5,6], Koeller [8], Xu and Tan [9,10]
proposed the fractional derivative approach to viscoelasticity
in order to describe the properties of numerous viscoelastic
materials. They suggest the general form of the model as

σ(t) = E0ε(t) + E1Dβ
t [ε(t)], (3)

where Dβ
t [ε(t)] is the Riemann–Liouville fractional differ-

ential operator of order β with respect to t defined by [11,12]

Dβ
t [ε(t)] = 1

�(1 − β)

d

dt

t∫

0

ε(τ )

(t − τ)β
dτ, 0 < β < 1, (4)

where �(·) is Gamma function.
According to the molecular theory for dilute polymer solu-

tions due to Rouse [13], the stress is

σ(t) = μsD1
t [ε(t)] +

[
3

2
(μ0 − μs)nkT

]1/2

D1/2
t [ε(t)], (5)

where n is the number of molecules per unit volume of the
polymer solution, k is the Boltzmann constant, T is the abso-
lute temperature, μs is the steady-flow viscosity of the sol-
vent in the solution and μ0 is the steady-flow viscosity of
the solution. Thus, the Rouse theory provides us presence of
fractional derivative along with the first derivative of classi-
cal viscoelasticity in the relation between stress and strain for
some polymers. Ferry et al. [14] modified the Rouse theory
in concentrated polymer solutions and polymer solids with
no cross-linking and obtained that

σ(t) =
(

3μρRT

2M

)1/2

D1/2
t [ε(t)], (6)

where M is the molecular weight, ρ is the density, μ is the
viscosity and R is the universal gas constant.

Thus, the fractional calculus approach to viscoelasticity
for the study of viscoelastic material properties is justified,
at least for polymer solutions and for polymer solids without
cross-linking.

Recently, the fractional calculus has encountered much
success in the description of viscoelasticity. Specifically,
rheological constitutive equations with fractional derivatives
play an important role in the description of the properties of
polymer solutions and melts. The starting point of the frac-
tional derivative model of non-Newtonian fluids is usually a
classical differential equation which is modified by replacing
the time derivative of an integer order by so-called Riemann–
Liouville fractional differential operator. This generalization
allows us to define precisely non-integer order integrals or
derivatives [12].

Flows in the neighborhood of spinning or oscillating bod-
ies are of interest to both academic workers sand indus-
try. Among them, the flows between oscillating cylinders
are some of the most important and interesting problems
of motion. As early as 1886, Stokes [15] established an
exact solution for the rotational oscillations of an infinite
rod immersed in a classical linearly viscous fluid. Casarella
et al. [16] obtained an exact solution for the motion of the
same fluid due to both longitudinal and torsional oscillations
of the rod. Later, Rajagopal [17] found two simple but ele-
gant solutions for the flow of a second grade fluid induced by
the longitudinal and torsional oscillations of an infinite rod.
These solutions have been already extended to Oldroyd-B
fluids by Rajagopal et al. [18]. Other interesting results have
been recently obtained by Khan et al. [19] and Fetecau et al.
[20–25].

It is important to mention here that a number of research
papers in Refs. [22–25] are devoted to the study of the flow
of different viscoelastic fluids between two cylinders, when
only one of them is oscillating and other is at rest. On the other
hand, the exact solutions corresponding to the flow of these
fluids between two cylinders, when both of them are oscillat-
ing along or around their common axis simultaneously, are
very rare in literature. Recently, Mahmood et al. [21] have
studied the flow of fractional Maxwell fluid between two
cylinders, when both of them are oscillating around their
common axis. In this paper, we are interested into the lon-
gitudinal oscillatory motion of a generalized second grade
fluid between two infinite coaxial circular cylinders when
both of them are oscillating along their common axis with
given constant angular frequencies �1 and �2. Velocity field
and associated tangential stress of the motion are determined
by using Laplace and Hankel transforms and are presented
under integral and series forms in terms of the generalized
G and R functions. It is worthy to point out that the solu-
tions that have been obtained satisfy the governing differen-
tial equation and all imposed initial and boundary conditions
as well. The solutions corresponding to the ordinary second
grade fluid and those for Newtonian fluid, performing same
motion, are also determined as special cases of our general
solutions. Furthermore, the respective solutions for the oscil-
latory motion between the cylinders, when one of them is at
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Fig. 1 Flow geometry

rest, can be obtained from our general solutions. Finally, the
effects of different fractional and rheological parameters on
the flow field are also examined by graphical illustrations.

2 Statement of the problem and governing equation

Consider an incompressible second grade or generalized
second grade fluid at rest in the annular region between
two infinite circular cylinders of radii R1 and R2(> R1),
as shown in Fig. 1. At time t = 0+, the cylinders suddenly
begin to oscillate along their common axis (r = 0) with the
velocities V1 sin(�1t) and V2 sin(�2t) of frequencies �1 and
�2, respectively. Owing to the shear, the fluid between the
cylinders is gradually moved, its velocity being of the form

v = v (r, t) = v(r, t)e z, (7)

where e z is the unit vector along z-axis of the cylindrical
coordinates system r , θ and z. For such flows the constraint
of incompressibility is automatically satisfied. The govern-
ing equation corresponding to such motions of second grade
fluids, as it results from Ref. [17, Eq. (8.3)], is

∂v(r, t)

∂t
=
(

ν + α
∂

∂t

)(
∂2

∂r2 + 1

r

∂

∂r

)
v(r, t),

r ∈ (R1, R2), t > 0, (8)

while the components of the extra-stress tensor are given by

Srr (r, t) = (2α1 + α2)

[
∂v(r, t)

∂r

]2

,

Sθθ (r, t) = 0,

Szz(r, t) = α2

[
∂v(r, t)

∂r

]2

, (9)

τ(r, t) = Srz(r, t) =
(

μ + α1
∂

∂t

)
∂v(r, t)

∂r
,

Srθ (r, t) = Sθ z(r, t) = 0.

In above equations μ is the viscosity, α1 and α2 are the nor-
mal stress moduli, ν = μ/ρ is the kinematic viscosity, and

α = α1/ρ (ρ being the constant density of the fluid). As
regards the hydrostatic pressure p, it is obtained from the
equalities [17, Eq. (8.1)]

∂p

∂r
= (2α1 + α2)

[
∂v(r, t)

∂r

∂2v(r, t)

∂r2 + 1

r

(
∂v(r, t)

∂r

)2
]

+2α1
∂v(r, t)

∂r

∂2v(r, t)

∂r2 , (10)

∂p

∂θ
= ∂p

∂z
= 0,

as soon as the velocity v(r, t) is determined.
The governing equations corresponding to an incompress-

ible generalized second grade fluid, performing the same
motion, are (cf. [26, Eqs. (1) and (23)] with λ = 0)

τ (r, t) =
(
μ + α1Dβ

t

) ∂v(r, t)

∂r
, (11a)

∂v(r, t)

∂t
=
(
ν + αDβ

t

)( ∂2

∂r2 + 1

r

∂

∂r

)
v(r, t), (11b)

where r ∈ (R1, R2), t > 0.

Of course, the new material constants α1 and α in Eq. (11)
(although, for the sake of simplicity, we have kept the same
notations) have the dimensions of μtβ and νtβ , respectively,
and they reduce to the previous one for β → 1. As regards
Eq. (10), as well as other relations from Eq. (9), they remain
unchanged in form both for ordinary and generalized second
grade fluids, with the above understanding of dimensions.
Consequently, the normal stress difference corresponding to
the generalized second grade fluid is

Srr (r, t) − Szz(r, t) = 2α1

[
∂v(r, t)

∂r

]2

,

where α1 is the corresponding material constant. Thus α1 and
α have different significations for ordinary and generalized
second grade fluids.

In the following, the fractional partial equation (11b) with
the appropriate initial and boundary conditions

v(r, 0) = 0, r ∈ [R1, R2], (12)

v(R1, t) = V1 sin(�1t), for t ≥ 0
(13)

v(R2, t) = V2 sin(�2t),

will be solved by means of the Laplace and Hankel trans-
forms. In order to avoid the burdensome calculations of resi-
dues and contour integrals, the discrete inverse Laplace trans-
form method [26–29] will be used.

3 Calculation of the velocity field

Keeping in mind the initial condition (12), applying the
Laplace transform to Eqs. (11b) and (13) and using the
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Laplace transform formula for sequential fractional deriv-
atives [12], we obtain the ordinary differential equation

∂2v̄(r, q)

∂r2 + 1

r

∂v̄(r, q)

∂r
− q

αqβ + ν
v̄(r, q) = 0,

r ∈ [R1, R2], (14)

where the image function v̄(r, q) of v(r, t) has to satisfy the
conditions

v̄(R1, q) = V1�1

q2 + �2
1

, v̄(R2, q) = V2�2

q2 + �2
2

. (15)

In the following, let us denote by

v̄n(q) =
R2∫

R1

r v̄(r, q)B0(r rn)dr, n = 1, 2, 3, . . . , (16)

the finite Hankel transforms of v̄(r, q), where rn are the pos-
itive roots of the transcendental equation B0(R1 r) = 0 and

B0(r rn) = J0(r rn)Y0(R2 rn) − J0(R2 rn)Y0(r rn). (17)

In the above relation, J0(·) and Y0(·) are Bessel functions of
order zero of the first and second kind, respectively. Apply-
ing the finite Hankel transform to Eq. (14) and taking into
account the conditions (15), we find that [30]

2V2�2

π(q2 + �2
2)

− 2V1�1

π(q2 + �2
1)

J0(R2rn)

J0(R1rn)

−r2
n v̄n(q) − q

αqβ + ν
v̄n(q) = 0, (18)

or equivalently,

v̄n(q) = 2V2�2(αqβ + ν)

π(q2 + �2
2)(αr2

n qβ + q + νr2
n )

− 2V1�1(αqβ + ν)

π(q2 + �2
1)(αr2

n qβ + q + νr2
n )

J0(R2rn)

J0(R1rn)
.

(19)

In order to determine v̄(r, q) from v̄n(q), we apply inverse
Hankel transform formula [30]

v̄(r, q) = π2

2

∞∑
n=1

r2
n J2

0(R1 rn)B0(r rn)

J2
0(R1 rn) − J2

0(R2 rn)
v̄n(q) (20)

to Eq. (19) and use Eq. (A1) from appendix. Furthermore,
in order to avoid the burdensome calculations of residues
and contour integrals, we apply the discrete inverse Laplace
transform method. For this we write

1

αr2
n qβ + q + νr2

n
= 1

qβ [νr2
n q−β + (q1−β + αr2

n )]

=
∞∑

k=0

(−νr2
n )kq−βk−β

(q1−β + αr2
n )k+1 , (21)

and use Eq. (A2), where [31]

Ga, b, c(d, t) =
∞∑
j=0

(c) j d j t ( j+c)a−b−1

j !�[( j + c)a − b] , (22)

is the generalized G function and (c) j is the Pochhammer
polynomial [31].

Finally, Eqs. (19)–(22), Eq. (A5) and application of dis-
crete inverse Laplace transform to v̄(r, q) give the velocity
field

v(r, t) = V1 ln(R2/r) sin(�1t) + V2 ln(r/R1) sin(�2t)

ln(R2/R1)

−π

∞∑
n=1

∞∑
k=0

(−νr2
n )k J0(R1rn)B0(rrn)

J2
0(R1rn) − J2

0(R2rn)

×
⎡
⎣V2�2J0(R1rn)

t∫

0

cos �2(t − τ)

×G1−β,−βk−β,k+1(−αr2
n , τ )dτ

−V1�1J0(R2rn)

t∫

0

cos �1(t − τ)

× G1−β,−βk−β,k+1(−αr2
n , τ )dτ

⎤
⎦ . (23)

4 Calculation of the shear stress

Applying the Laplace transform to Eq. (11a), we find that

τ̄ (r, q) = (μ + α1qβ)
∂v̄(r, q)

∂r
, (24)

where

∂v̄(r, q)

∂r
= 1

r ln(R2/R1)

(
V2�2

q2 + �2
2

− V1�1

q2 + �2
1

)

+π

∞∑
n=1

∞∑
k=0

(−νr2
n )k rnJ0(R1rn)B̃0(rrn)

J2
0(R1rn) − J2

0(R2rn)

×
[

V2�2J0(R1rn)
q

q2 + �2
2

(k + 1) j (−αr2
n ) j

j ! qk+ j (1−β)+1

−V1�1J0(R2rn)
q

q2 + �2
1

(k+1) j (−αr2
n ) j

j ! qk+ j (1−β)+1

]
,

(25)

has been obtained from Eq. (23) and Eq. (A8), where in the
above relation

B̃0(rrn) = J1(rrn)Y0(R2rn) − J0(R2rn)Y1(rrn).

Substituting Eq. (20) into Eq. (19), applying again the dis-
crete inversion Laplace transform method to the obtained
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result and using Eq. (A3) and Eq. (A5), where

Ra, b(c, d, t) =
∞∑
j=0

c j (t − d)( j+1)a−b−1

�[( j + 1)a − b] (26)

is R function [31], we find for the shear stress the following
expression

τ(r, t)

= μ [V2 sin(�2t) − V1 sin(�1t)] + α1
[
V2�2 R2,β(−�2

2, 0, t) − V1�1 R2,β(−�2
1, 0, t)

]
r ln(R2/R1)

+π

∞∑
n=1

∞∑
k=0

(−νr2
n )k rnJ0(R1rn)B̃0(rrn)

J2
0(R1rn) − J2

0(R2rn)

×
⎧⎨
⎩V2�2J0(R1rn)

⎡
⎣μ

t∫

0

cos �2(t − τ)G1−β,−βk−β,k+1(−αr2
n , τ )dτ + α1G1−β,−βk−1,k+1(−αr2

n , t)

−α1�2

t∫

0

sin �2(t − τ)G1−β,−βk−1,k+1(−αr2
n , τ )dτ

⎤
⎦

−V1�1J0(R2rn)

⎡
⎣μ

t∫

0

cos �1(t − τ)G1−β,−βk−β,k+1(−αr2
n , τ )dτ + α1G1−β,−βk−1,k+1(−αr2

n , t)

−α1�1

t∫

0

sin �1(t − τ)G1−β,−βk−1,k+1(−αr2
n , τ )dτ

⎤
⎦
⎫⎬
⎭ . (27)

5 Limiting cases

5.1 Solutions for ordinary second grade fluid (β → 1)

Making the limit β → 1 into Eqs. (23) and (27) and using
Eqs. (A4) and (A7), we obtain the velocity field

vSG(r, t)

= V1 ln(R2/r) sin(�1t) + V2 ln(r/R1) sin(�2t)

ln(R2/R1)

−π

∞∑
n=1

J0(R1rn)B0(rrn)

J2
0(R1rn) − J2

0(R2rn)

{
V2�2J0(R1rn)

ν2r4
n + �2

2(1 + αr2
n )2

×
{
νr2

n

[
cos(�2t) − exp

(
− νr2

n t

1 + αr2
n

)]

+�2(1 + αr2
n ) sin(�2t)

}
− V1�1J0(R2rn)

ν2r4
n + �2

1(1 + αr2
n )2

×
{
νr2

n

[
cos(�1t) − exp

(
− νr2

n t

1 + αr2
n

)]

+�1(1 + αr2
n ) sin(�1t)

}}
, (28)

and associated shear stress

τSG (r, t)

= μ [V2 sin(�2t) − V1 sin(�1t)] + α1 [V2�2 cos(�2t) − V1�1 cos(�1t)]

r ln(R2/R1)

+π

∞∑
n=1

rnJ0(R1rn)B̃0(rrn)

J2
0(R1rn) − J2

0(R2rn)
[J0(R1rn)g2 − J0(R2rn)g1] , (29)

where, in above Eq. (29)

gm = Vm�m

{
μ

ν2r4
n + �2

m(1 + αr2
n )2

{
νr2

n

[
cos(�mt)

− exp

(
− νr2

n t

1 + αr2
n

)]
+ �m(1 + αr2

n ) sin(�mt)

}

+ α1

1 + αr2
n

exp

(
− νr2

n t

1 + αr2
n

)

− α1�m

ν2r4
n + �2

m(1 + αr2
n )2

{
�m(1 + αr2

n )

[
exp

(
− νr2

n t

1 + αr2
n

)

− cos(�mt)

]
+ νr2

n sin(�mt)

}}
, m = 1, 2,

corresponding to the ordinary or classical second grade fluid,
performing the same motion.

5.2 Solutions for Newtonian fluid

Making α → 0 (equivalently α1 → 0) into Eqs. (28)
and (29), velocity field and associated shear stress for
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Fig. 2 Profiles of the velocity
v(r, t) versus r for different
values of fractional parameter β

(bold solid curve generalized
second grade fluid (β = 0.6),
non-bold solid curve generalized
second grade fluid (β = 0.9)

and dashed curve ordinary
second grade fluid (β = 1)).
The other parameters are
chosen, respectively, as R1 = 1,
R2 = 4, V1 = 1, V2 = 4,
�1 = 5, �2 = 7, α = 0.009 and
ν = 1.174 6 × 10−3

Newtonian fluid, performing the same motion, can be
obtained. For instance, the velocity field is

vN (r, t) = V1 ln(R2/r) sin(�1t) + V2 ln(r/R1) sin(�2t)

ln(R2/R1)

−π

∞∑
n=1

J0(R1rn)B0(rrn)

J2
0(R1rn) − J2

0(R2rn)

{
V2�2J0(R1rn)

ν2r4
n + �2

2

×
[
νr2

n

[
cos(�2t)−exp(−νr2

n t)
]
+�2 sin(�2t)

]

− V1�1J0(R2rn)

ν2r4
n +�2

1

[
νr2

n

(
cos(�1t)−exp(−νr2

n t)
)

+�1 sin(�1t)
]}

, (30)

6 Concluding remarks and numerical results

Our purpose in this paper was to establish exact solutions
for the velocity field and shear stress corresponding to the
flow of a generalized second grade fluid between infinite
coaxial circular cylinders, by using Laplace and Hankel
transforms. The motion of fluid was due to the simple har-
monic sine oscillations of both cylinders along their com-
mon axis, with different angular frequencies �1 and �2 of
their velocities. It is important to point out that the veloc-
ity field and the shear stress for the oscillatory motion
between the cylinders, when one of them is at rest, can be
obtained from our general solutions by making V1 = 0,
V2 = V and �2 = � (when inner cylinder is at rest)
or V1 = V , V2 = 0 and �1 = � (when outer cylin-

der is at rest). For instance, the velocity field for the flow
of generalized second grade fluid, when inner cylinder is
at rest and outer cylinder is oscillating, is given by (from
Eq. (23))

v(r, t) = V ln(r/R1) sin(�t)

ln(R2/R1)

−πV �

∞∑
n=1

∞∑
k=0

(−νr2
n )k J2

0(R1rn)B0(rrn)

J2
0(R1rn) − J2

0(R2rn)

×
t∫

0

cos[�(t − τ)]G1−β,−βk−β,k+1(−αr2
n , τ )dτ.

(31)

The solutions that have been obtained, presented under inte-
gral and series forms in terms of the generalized G and R
functions, satisfy the governing equation and all imposed
initial and boundary conditions and for β → 1 reduce to
the similar solutions for a second grade fluid. Furthermore,
the solutions for the flow of Newtonian fluid for the sim-
ilar flow between cylinders have also been recovered as
special cases of our general solutions, when β → 1 and
α → 0.

Finally, we present the graphical results for the velocity
field. We compare profiles of the velocity field for an ordinary
or classical second grade fluid (β → 1) and a generalized
second grade fluid (0 < β < 1). We interpret these results
with respect to the emerging parameters, especially the frac-
tional parameter β. In making these graphical illustrations,
we have used SI units for all the parameters and the roots rn

have been approximated by nπ/(R2 − R1) [32].
In Fig. 2, the profiles of the velocity corresponding to the

unsteady oscillations of the ordinary second grade fluid and
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Fig. 3 Profiles of the velocity
v(r, t) versus r for relatively
larger values of fractional
parameter β (bold solid curve
generalized second grade fluid
(β = 0.6), non-bold solid curve
generalized second grade fluid
(β = 0.9) and dashed curve
ordinary second grade fluid
(β = 1)). The other parameters
are chosen, respectively, as
R1 = 1, R2 = 4, V1 = 1,
V2 = 4, �1 = 5, �2 = 7,
α = 0.009 and
ν = 1.174 6 × 10−3

Fig. 4 Profiles of the velocity
v(r, t) versus r for different
values of fractional parameter β

and kinematic viscosity ν (bold
solid curve generalized second
grade fluid (β = 0.6), non-bold
solid curve generalized second
grade fluid (β = 0.9) and
dashed curve ordinary second
grade fluid (β = 1)). The other
parameters are chosen,
respectively, as R1 = 1, R2 = 4,
V1 = 1, V2 = 4, �1 = 5,
�2 = 7 and α = 0.009

generalized second grade fluid are plotted at different values
of time t . It is interesting to observe that the velocity profiles
of ordinary second grade fluid and generalized second grade
fluid (for differen values of β) show a nonlinear behavior with
respect to the fractional parameter β in the sense that they do
not remain in phase for smaller values of time. Furthermore,
it is also observed from Fig. 2 that effect of fractional param-
eter β on the flow field is non-monotonous. More exactly,
for some values of time, the velocity profiles corresponding
to smaller values of β is smaller and for other values of time
they are larger. A similar phenomenon is observed for larger
values of β.

Figure 3 also shows the velocity profiles of the flow but
for relatively larger values of time. It is noted that profiles

corresponding to ordinary second grade fluid and general-
ized second grade fluid come into phase after some time
and then remain in phase forever. But the interesting fact
which has been observed that the flow field remains non-
monotonous with respect to β for all values of time. This
shows that the flow is strong function of the fractional
parameter β.

In Fig. 4, the behavior of the velocity profiles is exam-
ined for different values of kinematic viscosity ν. We can
see that a considerable increase in the fluctuation of velocity
profiles is observed for ordinary second grade fluid when a
small increase in the value of ν takes place. That is, velocity
of ordinary second grade fluid increases with increase in
the value of kinematic viscosity ν. On the other hand, the
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Fig. 5 Profiles of the velocity
v(r, t) versus r for different
values of fractional parameter β

and material constant α (bold
solid curve generalized second
grade fluid (β = 0.6), non-bold
solid curve generalized second
grade fluid (β = 0.9) and
dashed curve ordinary second
grade fluid (β = 1)). The other
parameters are chosen,
respectively, as R1 = 1, R2 = 4,
V1 = 1, V2 = 4, �1 = 5,
�2 = 7 and ν = 1.174 6 × 10−3

Fig. 6 Profiles of the velocity
v(r, t) versus t for different
values of frequency of the inner
cylinder ω2. The other
parameters are chosen,
respectively, as R1 = 1, R2 = 4,
V1 = 0, V2 = 1, β = 1,
α = 0.009 and
ν = 1.174 6 × 10−3

velocity corresponding to the generalized second grade fluid
decreases with the increase in ν.

Figure 5 shows the effect of the material constant α on
velocity profiles. It is observed that by decreasing magnitude
of α, the velocity becomes smaller and smaller. Furthermore,
on decreasing α, the profiles of ordinary second grade fluid
and generalized second grade fluid corresponding to the dif-
ferent values of fractional parameter β tend to superpose,
which shows that for smaller values of material constant α,
the flows of generalized and ordinary second grade fluids
behave alike.

Figure 6 depicts the behavior of the time series of the
velocity profiles for different values of frequency of inner cyl-
inder ω2. It is clearly observed that the time elapsed between

transient motion and the steady-state motion decreases when
the frequency of inner cylinder is increased and hence the
steady-state regime is achieved earlier for larger values of
frequency of inner cylinder. A similar behavior is observed
for the frequency of outer cylinder, however figures are not
included here for this case.

Appendix

Some results used in the text:
The finite Hankel transform of the function

a(r) = A ln(R2/r) + B ln(r/R1)

ln(R2/R1)
, (A1)
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satisfying a(R1) = A and a(R2) = B is

an =
R2∫

R1

ra(r) B0(rrn)dr = 2B

πr2
n

− 2A

πr2
n

J0(R2rn)

J0(R1rn)
.

In order to prove Eq. (A1), we integrate by parts and use the
next identities

∫
J1(u)du = −J0(u),

J1(R1rn)Y0(R1rn) − J0(R1rn)Y1(R1rn) = 2

π R1rn

and

J1(R2rn)Y0(R2rn) − J0(R2rn)Y1(R2rn) = 2

π R2rn
,

if B0(R1rn) = 0.

L−1
[

qb

(qa − d)c

]
= Ga, b, c(d, t);

Re(ac − b) > 0, Re(q) > 0,

∣∣∣∣ d

qa

∣∣∣∣ < 1. (A2)

L−1
(

e−dqqb

qa − c

)
= Ra, b(c, d, t)

=
∞∑
j=0

c j (t − d)( j+1)a−b−1

�[( j + 1)a − b] ;

d ≥ 0, Re[( j + 1)a − b] > 0, Re(q) > 0.

(A3)

R2, 1(−a2, 0, t) = cos(at). (A4)

If u1(t) = L−1[u1(q)] and u2(t) = L−1[u2(q)] then

L−1[u1(q)u2(q)] = u1 ∗ u2(t)

=
t∫

0

u1(t − s)u2(s)ds

=
t∫

0

u1(s)u2(t − s)ds, (A5)

1

z + a
=

∞∑
k=1

(−1)k zk

ak+1 , (A6)

∞∑
k=0

(−νr2
n )k G0,−k−1,k+1(−αr2

n , t)

=
∞∑

k=0

(−νr2
n )k

∞∑
j=0

(k + 1) j (−αr2
n ) j

j !
tk

k !

=
∞∑

k=0

(−νr2
n )k 1

(1 + αr2
n )k+1

tk

k !

= 1

1 + αr2
n

∞∑
k=0

1

k !
(

− νr2
n t

1 + αr2
n

)k

= 1

1 + αr2
n

exp

(
− νr2

n t

1 + αr2
n

)
, (A7)

d

du
[Y0(u)] = −Y1(u), and

d

du
[J0(u)] = −J1(u). (A8)
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