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Abstract Large eddy simulation (LES) of low Mach num-
ber compressible turbulent channel flow with spanwise wall
oscillation (SWO) is carried out. The flow field is analyzed
with emphases laid on the heat transport as well as its rela-
tion with momentum transport. When turbulent coherent
structures are suppressed by SWO, the turbulent transports
are significantly changed, however the momentum and heat
transports change in the same manner, which gives the evi-
dence of inherently consistent transport mechanisms between
momentum and heat in turbulent boundary layers. The
Reynolds analogies of all the flow cases are quite good,
which confirms again the fact that the transport mechanisms
of momentum and heat are consistent, which gives theoreti-
cal support for controlling the wall heat flux control by using
the drag reducing techniques.

Keywords Large eddy simulation ·
Turbulent heat transport · Wall heat flux ·
Spanwise wall oscillation

1 Introduction

The aerodynamic heating will cause a series of problems
such as increasing thermal loading, reducing mechanical
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performances of vehicle’s materials, and increasing infra-
red radiation. These problems will be more serious in turbu-
lent flow due to the increase of surface temperature and heat
flux. Thus, it is necessary to study the turbulent heat trans-
port mechanism and search for proper methods to control the
wall heat flux (WHF). Since the 1970s, plenty of strategies
for drag reducing have been developed practically (riblets,
compliant wall, polymer additive, micro-bubbles etc.) and
theoretically (active controls, wall oscillation etc.), of which
most adopt the method of disturbing the turbulent coher-
ent structures (CS). The simultaneity of drag reduction and
WHF reduction as well as the consistent changes between
heat transport and momentum transport were also reported
in some controlled turbulent flows (riblets [1] and polymer
additive [2]). These facts inspire the authors to look into the
characters of turbulent heat transport and WHF in turbulent
flow when the CS is disturbed by some of above strategies.

In the present study, the spanwise wall oscillation (SWO)
is adopted as the control strategy to manipulate the turbulent
coherent structures. SWO is an effective drag reducing tech-
nique in suppressing turbulence activity. It was first studied
in 1992 by Jung et al. [3], who got the continual reductions
of drag (40% the maximum), turbulence intensity and gener-
ation of coherent structures. After the work of Jung et al. [3],
Laadhari et al. [4] carried out experimental research on this
issue in water channel, validating the conclusions of Jung
et al. [3]. Afterwards, lots of researchers [5–21] have done
numerical researches with consistent results as those of Jung
et al. [3]. Among them, Orlandi et al. [6], Quadrio et al. [12]
and Choi et al. [17] carried out respectively numerical and
experimental studies in the pipe flow oscillating around its
axis, and the maximum drag reduction of 25% was reached
accompanied with some similar results as in channel flows.

SWO, as a large scale control technique, has drawn so
much attention in recent decades due to its dramatic effect
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on drag reduction (the maximum drag reduction of 45% can
be reached according to Choi et al. [16]; contrastively, the ri-
blets can only reach the level of 10%) as well as its connection
with dynamical mechanisms of self-sustain and regeneration
process of turbulence. So far as the authors know, the fluids
in published researches are all incompressible and thermal
field has not been widely studied.

To study heat transport in the controlled turbulent flows,
large eddy simulation (LES) of low Mach number com-
pressible turbulent channel flow with SWO is carried out.
The reliability of LES method for simulating such problems
was sufficiently validated [22], and the consistent changes
between streamwise velocity fluctuation and temperature
fluctuation, between momentum transport and heat transport
as well as between velocity streaks and temperature streaks
under the influence of SWO were observed [22]. Therefore,
in the present paper, the turbulent channel flows with and
without controls are further analyzed with emphases laid on
the turbulent heat transport mechanism, especially on its rela-
tion with the momentum transport with a view to explain the
observed simultaneous changes of momentum transport and
heat transport.

2 Methodologies

2.1 Numerical issues

The following three dimensional unsteady compressible
Favre-filtered Navier-Stokes equations are numerically
solved.
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The residual sub-grid stresses τi j = ρ(ũi u j − ui u j ) and

sub-grid heat flux Q j = ρ(˜u j T −ũ j T̃ ) are modeled by using
dynamic SGS model.
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where the coefficients C , CI and PrT are calculated dynam-
ically with the formulas:
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The details of the symbols and modeling can be found in the
work of Martin et al. [23].

The finite volume method is employed to discretize the
equations, and the artificial dissipation is incorporated to sta-
bilize the computation. The convectional fluxes are calcu-
lated with 4-order central scheme in skew-symmetric form
[24], the diffusive fluxes are calculated with 2-order central
scheme, and the classic 3-order 3-stage Rung–Kutta method
is adopted for time integral. The computation and flow con-
ditions are set as Re = 3000 (based on bulk velocity and the
half-high of the channel; the corresponding friction Reynolds
number: Reτ ≈ 180); Ma = 0.5 (based on bulk velocity and
velocity of sound at wall); the size of the computation domain
is 4πh in streamwise, 2h in normal and 4πh/3 in spanwise;
the number of grids is 64 × 64 × 64. The mesh spacing is
uniform streamwise and spanwise, and stretched in the nor-
mal direction. The boundary conditions are periodic in the
stream and span directions with isothermal no-slip condition
at walls.

Because of the weak compressibility of flows, we compare
our results with those from incompressible DNS of Kim,
Moin and Moser (KMM 1987) [25] for similar Reynolds
number for calibration. The comparisons of mean velocity
profiles and Reynolds stresses are plotted in Fig. 1.

2.2 Summary of SWO

According to the former researches, the spanwise wall is
assumed to oscillate in a sinusoidal way:

Wwall = Wm sin

(
2π

Tosc
t

)
, (8)

where Wm is the amplitude of the wall oscillating veloc-
ity; Tosc is the period of the oscillation. The wall tempera-
ture keeps constant, and uniform streamwise body force is
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Heat transport mechanisms of low Mach number turbulent channel flow with spanwise wall oscillation 393

Fig. 1 Comparisons with DNS
of KMM (1987) [25].
a Mean velocity and b Reynolds
stresses

Table 1 Parameters of wall oscillating

Case T +
osc W +

m D+
m

C0 Unperturbed channel

C1 104.1 6.35 204.4

C2 104.1 12.70 408.8

C3 110.4 19.05 649.2

imposed to keep the mass flux to be a constant which equals
to that in the fixed channel flow.

Four flow cases including unperturbed channel flow are
simulated. The oscillating parameters are listed in Table 1.

In Table 1, Case C0 is the unperturbed fixed-wall
channel; Dm is the peak to peak displacement of the wall; “+”
stands for the variable in wall scale (unless otherwise noted
the friction velocity used for nondimensionalization is that
of the unperturbed channel flow C0); Case C1 is the same as
the best drag-reduction case of Jung et al. [3].

With the spanwise oscillation of wall, the generation of
coherent structure is suppressed (as showed in Fig. 2) and
the wall stresses (streamwise) are remarkably reduced (as
showed in Fig. 3). The WHF is oscillatory (as showed in
Fig. 4) with time, due to unsteady dissipation of the peri-
odical spanwise Stokes shear layer. The turbulent transports
of momentum (u′v′) and heart (t ′v′) are significantly sup-
pressed by SWO, as plotted in Fig. 5.

The details of the statistical results, the validation of the
drag reduction data and the analyses can be found in Fang
et al. [22].

The simultaneous reductions of momentum transport and
heat transport indicate the transport mechanisms of momen-
tum and heat are possibly the same. To have deeper insight
into the transport mechanisms, especially into the relation
between momentum transport and heat transport, the flow
fields of both natural and controlled turbulent flows are ana-
lyzed. The instantaneous flow fields are investigated to study
the coherence between the turbulent motions and the trans-
ports; the quadrant contribution is investigated to further
study the changes of the transports characteristics, and the
Reynolds analogy is also evaluated.

Fig. 2 Evolution of coherent structures of Case C1 (isosurface of λ2
and colored with streamwise vorticity). a T + = 0, b T + = 400,
c T + = 825
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Fig. 3 Time variation of the drag ratio

Fig. 4 Time variation of the wall heat flux

3 Results and discussions

3.1 Transport process

To investigate the transport process, the instantaneous flow
field is analyzed.

For unperturbed channel turbulence (Case C0), the distri-
butions of fluctuant velocity vectors along with streamwise
velocity fluctuation and temperature fluctuation at an arbi-
trary moment and a (y−z) plane are plotted in Fig. 6.

As we know, the dominant turbulent motion in the tur-
bulent boundary layer is the quasi-streamwise vortex, which
induces significant transport effect in the turbulent bound-
ary layer. The quasi-streamwise vortexes can be recognized
clearly from the vectors in Fig. 6 (showed in the black
circle). The patterns of streamwise velocity and tempera-
ture are similar to each other, especially in the near wall
region (y < 0.2). However, in the outer region, the tem-
perature fluctuation is less active than streamwise velocity
fluctuation, which is due to the different mean tempera-
ture and streamwise velocity profiles: the mean tempera-
ture gradient is much smaller than the mean streamwise
velocity gradient in the outer region [22]. How the differ-
ence between the streamwise velocity profile and temper-
ature profile influences the relation between velocity and
temperature fluctuations statistics and the relation between
transports of momentum and heat are discussed in Fang and
Lu [22].

With further analyses of the flow field, the high-low veloc-
ity regions and high-low temperature regions in the wall
region are both distributed alternately in spanwise, which is
consistent with the alternate distribution of quasi-streamwise
vortexes. The connection of turbulent motions with contour
of streamwise velocity as well as with contour of temperature
can be concluded as follows:

The downwash sweep motion transfers the high speed and
high temperature fluids simultaneously from the outer region
to the near-wall region, which increases the velocity and tem-
perature at the sweep position (red regions in both Fig. 6a
and b). The upthrust ejection motion takes the low speed and
low temperature fluids simultaneously in the near-wall region
to the outer region, which will reduce the velocity and tem-
perature at the ejection position (blue regions in both Fig. 6a
and b).

The above effects lead to the exchanges of momentum
and heat, or in other words, the transports. It can be deduced
that, the mechanisms of transports of momentum and heat
in the natural turbulent flow are the same, which are both
dominated by the organized turbulent vortical motions.

In case of controlled turbulent flows, since the SWO
effectively suppress the turbulent coherent structures and

Fig. 5 The turbulent transports.
a u′v′ and b t ′v′
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Fig. 6 Velocity vectors (w′, v′) along with streamwise velocity fluctuations (u′/Uτ0) and temperature fluctuations (t ′/Tτ0) in the (y−z) plane
for Case C0. a Streamwise velocity and b temperature

transports, does it change the consistent relation between the
transports of momentum and heat? To answer this question,
the flow field of Case C1, as plotted in Fig. 7, is analyzed in
the same manner.

It should be pointed out that, though the turbulence
coherent structures are remarkably suppressed, the quasi-
streamwise vortexes can still be recognized (showed in the
black circle), continuing to dominate the distributions of
streamwise velocity and temperature, thus the transports of
momentum and heat.

Compared with the unperturbed channel flow (Fig. 6), the
spanwise scales of high-low velocity and high-low temper-
ature regions are increased in the controlled flow, which is
consistent with the increase of the width of coherent struc-
tures [22]. Based on the analysis of the connections between
the streamwise velocity field and the temperature field in
turbulent motions, we can figured that, both of the high-low
velocity regions and the high-low temperature regions are
still closely correlated to the sweeping and ejection of turbu-
lent vortical motions.

The comparative analysis of instantaneous flow fields
indicates that though the turbulent coherent structures and
transports are dramatically suppressed by SWO, the turbu-
lent transports of momentum and heat are still connected to
the turbulent vortical motions, which means that the consis-
tent transport mechanisms of momentum and heat remain
unchanged.

3.2 Quadrant analysis

In order to further study the transport characteristics, the
quadrant contributions of Reynolds shear stress u′v′ and nor-
mal turbulent heat flux t ′v′ are analyzed.

The quadrant contributions of u′v′ for both the natural and
controlled channel flow are plotted in Fig. 8.

It can be seen from the figure that, the quadrant contribu-
tions of u′v′ are remarkably changed by SWO: the contribu-
tion of Q1 increases dramatically and contributions of Q2 and
Q4 also increase, but less than Q1. This phenomenon demon-
strates the anisotropy of the near wall momentum transport is
weakened, which is consistent with the thickening of linear
layer and the suppression of near wall organized turbulent
motions [22].

The quadrant contributions of t ′v′ for the natural and con-
trolled channel flow are plotted in Fig. 9.

It can be seen that, the change of quadrant contributions
of t ′v′ is similar to that of u′v′: dramatic increase of Q1
contribution and relatively slight increase of Q2 and Q4 con-
tributions, which imply that the anisotropy of heat transport
in the near-wall region is also weakened by SWO.

The similar changes of quadrant contributions of u′v′ and
t ′v′ under the influence of SWO demonstrate the inherently
consistent transport mechanisms between momentum and
heat in turbulent boundary layers, especially in the near-wall
region.
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Fig. 7 Velocity vectors (w′, v′) along with streamwise velocity fluctuations (u′/Uτ0) and temperature fluctuations (t ′/Tτ0) in the (y−z) plane
for Case C1. a Streamwise velocity and b temperature

Fig. 8 The quadrant contributions of u′v′

3.3 Reynolds analogy

According to the analyses above, the mechanisms of momen-
tum transport and heat transport are inherently consistent.
Such consistent transport mechanism is a necessary pre-con-
dition for the Reynolds analogy. For further investigation,
it’s indispensable to evaluate the Reynolds analogy for all
the cases.

The friction coefficient Cf and Stanton number St in the
channel flow are defined as:

C f = μ · ∂u/∂y

0.5ρbU 2
b

, (9)

Fig. 9 The quadrant contributions of t ′v′

St = k · ∂T/∂y

ρbcp(Tb − Tw)Ub
, (10)

where the subscript “b” means the bulk averaged value, and
the subscript “w” means the wall value.

The instant spanwise distributions of Cf and St of Case
C0 at the same moment and streamwise slice as in Fig. 6 are
plotted in Fig. 10.

It can be seen that the distributions of Cf and St are highly
similar, which clearly shows strong Reynolds analogy.

For the controlled turbulent flow Case C1, the instant span-
wise distributions of Cf and St at the same moment and
streamwise slice as in Fig. 7 are plotted in Fig. 11.
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Fig. 10 The instant spanwise distributions of Cf and St of Case C0

Fig. 11 The instant spanwise distributions of Cf and St of Case C1

The amplitudes of the varieties of Cf and St in Case C1
are reduced obviously by SWO due to the suppression of
turbulent intensity, however, the similar distributions between
Cf and St still exist in the controlled turbulent flow, and so
does the Reynolds analogy. This phenomenon confirms again
the consistent transport mechanisms between momentum
and heat.

To quantitatively evaluate the Reynolds analogy in all the
cases, the correlation of Reynolds analogy CRA is defined as:

CRA = 1

N

∑
N

(Sti − St)(C fi − C f )√
V arC f V arSt

, (11)

where V arC f and V ar St stand for the variance of variable Cf
and St , respectively. It should be pointed out that CRA = 1
means perfect Reynolds analogy between Cf and St, while
CRA = 0 stands for none Reynolds analogy.

To get the statistical values of CRA, the time average
should be carried out. For flows with SWO, the time var-
iation of WHF is oscillatory with large amplitude and high
frequency (as plotted in Fig. 4) due to the heating effect of the
unsteady dissipation caused by oscillatory spanwise Stokes
shear layer. To investigate the reason of the oscillation of
WHF above, we carry out a simulation of a laminar channel
flow with SWO. The comparison of the time spectrum of
WHF in Case C1 with that of the laminar channel flow with
SWO is plotted in Fig. 12.

It can be seen that, there is lots of spectral energy concen-
trated around the frequency of SWO in Case C1 and laminar

Fig. 12 The time spectrum of WHF of Case C1 and result of the lam-
inar flow with SWO

flow. This proves that the large-amplitude, high-frequency
oscillation of WHF is attributed to the laminar Stokes flow,
not turbulence.

In the unperturbed turbulent flow, the fluctuations of wall
stress and WHF are decided by turbulence. The situation in
the flow with SWO is different, the fluctuation of streamwise
wall stress (∂u/∂y) is still caused by turbulence, while the
fluctuation of WHF is attributed to two factors: turbulence
and spanwise Stokes shear layer, of which the latter is a lam-
inar flow. Therefore, for flows with SWO, the fluctuation of
WHF is artificially divided into “streamwise” and “spanwise”
components analogizing to the wall stress. The “stream-
wise” WHF analogizes to the streamwise wall stress (∂u/∂y)

which is attributed to the turbulence. The “spanwise”
WHF analogizes to the streamwise wall stress (∂w/∂y)

which is attributed to the Stokes shear layer.
The Reynolds analogy we concern here is the analogy

between the streamwise wall stress and the “streamwise”
WHF that requires the influence of spanwise Stokes layer
to be eliminated. Since the spectrum of WHF caused by the
spanwise Stokes shear layer is mostly concentrated around
the frequency of SWO and has little interaction with other
frequencies, the filter can be designed to remove the spectrum
energy around SWO frequency only (the filter is sketched in
Fig. 12). Both WHF and wall stress are filtered, and then the
filtered values will be used for the statistics of CRA. With the
streamwise wall stress (not presented here) filtered, we can
see that the present filter has little effect on the turbulence-
caused component.

The time variations of filtered St and Cf of Case C1 are
plotted in Fig. 13.

It can be seen that, compared with Fig. 4, the filtered WHF
is not oscillatory any more, showing that the filter works well.
The time variations of filtered Cf and St are very similar to
each other, indicating the preservation of Reynolds analogy.
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Fig. 13 The time variations of filtered St and Cf

Table 2 The statistical results of Reynolds analogy

Case Original Filtered

Cf St CRA Cf St CRA

C0 0.0081 0.0011 0.99 0.0081 0.0011 0.99

C1 0.0058 0.010 0.39 0.0058 0.010 0.96

C2 0.0048 0.014 0.11 0.0048 0.014 0.90

C3 0.0043 0.018 0.026 0.0042 0.018 0.90

The statistical results of all the four cases are listed in Table 2.
Both the original and the filtered Cf, St and CRA are calcu-
lated.

From Table 2, it can be seen that, the filter has little influ-
ence on the mean value of Cf, St of all the cases and the CRA

of Case C0, but it has dramatic influence on the CRA of the
controlled cases: without filter the correlation is weak due to
the influence of spanwise Stokes layer, and the correlation
is even weaker with the increase of the SWO amplitude for
obvious reason. However, with the filter, the correlations of
all the cases are close to 1, which means that the quality of
Reynolds analogy is good and the filter works well. The good
Reynolds analogies of all the cases confirm again the inher-
ently consistent transport mechanisms between momentum
and heat. In other words, though the turbulent field and trans-
ports are changed dramatically by the SWO, the consistent
transport mechanisms between momentum and heat remain
unchanged all the while.

4 Conclusions

With the large eddy simulation of compressible turbulent
channel flows controlled by the spanwise wall oscillation
and the analyses of the flow field, the turbulent transport

mechanisms of momentum and heat are investigated and
some conclusions are reached as follows.

(1) With SWO, the generation of turbulence coherent
structure is suppressed, the drag decreases and the
intensities of velocity fluctuations and temperature
fluctuation as well as the transports of momentum and
heat are all suppressed.

(2) In both the natural and controlled turbulent flows, the
transports of momentum and heat are consistent with
each other, and they are both highly correlated to the
turbulent vortical motions; the quadrant contributions
of u′v′ and t ′v′ varies in the same manner too.

(3) The distributions of Cf and St are distributed similarly
to each other for all the cases; the Reynolds analogy
persists and the qualities of the analogy are good for
all the cases.

(4) The transport mechanisms of momentum and heat are
consistent with each other for both unperturbed and
controlled turbulent flows. This indicates that it comes
from the inherent character of turbulent boundary lay-
ers, which gives theoretical support for controlling
WHF by using the drag reducing techniques.

It should be motioned that the present study is carried out
at low Mach number (Ma = 0.5), which means the com-
pressibility is weak. According to the researches of Coleman
et al. [26,27] and Ringuette et al. [28], the turbulence sta-
tistics and turbulent coherent structures in moderate Mach
number (Ma = 3) channel flows and flat boundary layer
flows are similar to those in incompressible flows. It was also
mentioned by Morkvoin [29] and Bradshaw [30] that when
the mean flow Mach number is less than 5, the influence
of compressibility on turbulent structure can be neglected.
Therefore, it can be concluded as follows: in moderate Mach
number flows, the turbulent transport characteristics are con-
sistent with those in low-Mach number flows, and the present
conclusion will also be valid in this sense. However, in order
to study the influence of Mach number on the transports, fur-
ther investigation into the supersonic and hypersonic flows
needs to be carried out.
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