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Abstract In a microfluidic system, flow slip velocity on a
solid wall can be the same order of magnitude as the aver-
age velocity in a microchannel. The flow-electricity inter-
action in a complex microfluidic system subjected to joint
action of wall slip and electro-viscous effect is an important
topic. This paper presents an analytic solution of pressure-
driven liquid flow velocity and flow-induced electric field
in a two-dimensional microchannel made of different mate-
rials with wall slip and electro-viscous effects. The Poisson-
Boltzmann equation and the Navier-Stokes equation are
solved for the analytic solutions. The analytic solutions agree
well with the numerical solutions. It was found that the wall
slip amplifies the flow-induced electric field and enhances
the electro-viscous effect on flow. Thus the electro-viscous
effect can be significant in a relatively wide microchannel
with relatively large « &, the ratio of channel width to thick-
ness of electric double layer, in comparison with the channel
without wall slip.
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1 Introduction

In macroscopic flows, the non-slip boundary condition on a
wall has been widely accepted. Although a number of recent
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studies [1-10] have found evidences of slip velocities for
liquid flow over a hydrophobic wall (PDMS polymer materi-
als), the wall slip velocity is generally very small in compar-
ison with the average velocity in the macroscopic flow, and
therefore it can been neglected. The wall slip velocity for
liquid flow was first proposed by Navier in 1823, generally
expressed as ug = Bou/dn. du/on is the normal derivative
of velocity on walls, the parameter f is the slip length rang-
ing from several micrometers to several microns, and it has
been assumed to be a property parameter of wall material
and working fluid. The contribution of wall slip velocity to
mainstream velocity is the order of magnitude 0(8/h) [6],
the ratio of slip length to flow scale (say channel width).

In microfluidic systems, the wall slip may play a signifi-
cant role in flow-electricity interaction. A finite difference
method was used to solve flow velocities in a rectangular
microchannel with wall slip and electro-viscous effects [10].
Electrokinetic flows over inhomogeneously slipping surfaces
was studied [11]. The wall slip can enhance electrokinetic
effects [12]. Interfacially driven liquid transport can be ampli-
fied by hydrodynamic surface slip [13,14]. The effect of
wall slip on electrokinetic energy conversion in a micro-
fluidic system was examined [15,16] based on the classi-
cal Onsager relation [17]. In their studies the streaming poten-
tial is allowed to produce a net electric current through the
microchannel, which was treated as an energy conversion
device. The wall slip was found to enhance the electrokinetic
conversion efficiency. In the cases of pressure driven flows in
a microchannel with opened ends, the flow-induced stream-
ing potential does not produce a net current in the micro-
channel, i.e., no energy conversion, but an electric resistance
force retarding flow and reducing flow rate is generated. It is
called electro-viscous effect [18—23]. The streaming poten-
tial is related to the pressure drop across the channel by the
zero net current condition [20].
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The flow behavior in a microchannel with either electro-
viscous effect or wall slip has been well studied. The pres-
ent study is focused on the combined effect of the wall slip
and electro-viscosity on pressure driven flows in a micro-
channel. Polymer material PDMS has many advantageous
optical, chemical and biological properties, and it is innocu-
ous, easily fabricated and inexpensive. However, PDMS is a
soft polymer material and can be easily deformed. A PDMS
film is often attached onto glass substrate to be used. The
flow behavior in a channel made of PDMS is different from
that of the glass channel due to different surface properties.
The slip flow occurs on PDMS surface due to low chemical
energy and low attraction to liquid molecules [6-9]. Glass
is a hydrophilic material and generally does not show sur-
face slip velocity. Furthermore, the zeta electric potential on
a PDMS surface is lower than that on a glass surface when
contacted with electrolyte solution. This work tries to seek
an analytic solution for the pressure-driven flows in a two-
dimensional uniform microchannel made of PDMS and glass
with wall slip and electro-viscous effects in order to gain
a better understanding of the flow-electricity interaction in
microfluidic systems. The steric effect may become signif-
icant as the size of channel goes down, or at large applied
voltages [24,25]. The validity of P-B equation might be a
question. However, it was pointed out in [24] that in the cases
of surface potential 25-200mV, sometimes called “weakly
nonlinear regime”, nonlinearity arises and the fundamental
assumption of the ionic chemical potential, the Boltzmann
distribution, remains valid.

2 Governing equations and boundary conditions

For the purpose of easy fabrication, slit-type microchannels
are commonly used in microfluidic chips and their thickness
is much less than their width, i.e., H < W. Upper layer of
the microchannel is a PDMS film that is bonded on glass
substrate. The flow in slit microchannel can be reasonably
approximated as two-dimensional flows, as shown in Fig. 1.

In Fig. 1, H is the channel thickness. When a pressure
gradient is applied across the channel, flow in x direction is
generated. The following assumptions have been made in the
present study:

y
4" ppms

...

Glass

Fig. 1 A schematic representation of a two-dimensional microchannel
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(1) The channel materials PDMS and glass are assumed to
be complete insulated. The electric conductivity of wall
will not be considered. The conductivity of bulk liquid
is assumed to be a constant.

(2) The channel wall is uniformly flat, and the wall poten-
tials are below the steric limit. The Poisson-Boltzmann
equation is valid for describing of electric double layers.

Generally, body force except electric resistance can be
ignored in a microfluidic system. The continuity equation
and Navier-Stokes equation of steady flow for incompress-
ible viscous fluid read:

ou

— =0, 1

o (D
d?u

+ud2

Tdx +p.Ex =0, 0<y<H, (2
where p, is the volume charge density of fluid, E, the
flow-induced electric field. p.E, the flow-induced electric
resistance of per unit volume fluid. When wall slip occurs,
the boundary conditions on the channel wall are specified as
follows:
du du
u:ﬁ2_v y=0’ Mz_ﬁl_a ysz (3)
dy dy
where 81 and B; are the surface slip lengths of PDMS and
glass, respectively. Surface slip length has been considered
to be dependent on the properties of solid wall and liquid. For
a symmetric electrolyte solution (1 : 1), the electric potential
and charge density of electric double layers are governed by
Poisson-Boltzmann equation (P-B):

2noze Z
V2 = inh 4
¢ o sin ( kaw) 4)
pe = —2ngze sinh (ka(p) 5)

where ¢ and z are the dielectric constant and ionic valence
of the solution, respectively; ng is the ionic number concen-
tration of bulk fluid, e is the charge of a proton, kj is the
Boltzmann constant, and 7 is the absolute temperature. The
boundary conditions of Eq. (4) on the wall are specified as
follows:

=0, y=0, o=¢8, y=H, (6)

where {1, > are the wall Zeta potentials of PDMS and glass,
respectively. Both wall slip velocity and electric double lay-
ers are tangent to the channel wall. It is assumed, in the
present study, that the wall slip velocity does not interfere
with the electric double layers, and the electric potential and
charge density of electric double layers will not be changed
in cases of wall slip in an infinite uniform microchannel. The
flow-induced electric field is related to the flow velocity and
governed by the electric current balance rule [11], which
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states that the total current in the microchannel must be zero
in a steady state, expressed as follows:

I+ 1. =0, @)

where I and I are the streaming current and the conductive
current in a microchannel, respectively.

H

I =/upedy, (8)
0

I. = ME H, 9

where Ay, is the electric conductivity of bulk liquid. The rela-
tion of the electric field and the flow velocity is expressed as
follows:

H
I _ fo up.dy

x = —_— =

A A MH

The coupling equations (2), (4) and (10) with boundary
conditions (3) and (6) are solved for flow velocity and
flow-induced electric field in the microchannel. For general-
ity, the flow variables are normalized to dimensionless forms:

(10)

e L p
- =, = —, = —, 11
X=q Y=g U=y P PiE (11)

¢ = ¢ N Pe s Ey
%’ (—eSo/HD " (eboU)/(pH?)'
(12)
. . 2dp .
where the characteristic velocity U = umax = _g_ug_f is the

maximum velocity in the microchannel without wall slip and
electro-viscous effects, ¢ is the characteristic surface elec-
tric potential, A, and p are the electric conductivity and the
dynamic viscosity of the bulk liquid, and wall electric con-
ductivity is neglected in the present study. Dimensionless
P-B equation is expressed as

V2§ = oy sinh(a2g), pe = V3@, (13)

;f{} is a dimensionless parameter reflecting
b

the property of EDL, and a; = (k H)?/aa, k H is the ratio

of channel thickness to the EDL thickness, k = L —

D
2,2 . . ..
2;’%’; , Ap is the EDL thickness. The boundary conditions

of Eq. (13) are given as

where ap =

=0/ y=0, ¢9=¢8/%%, y=1 (14)

Equation (13) can be solved for charge density by finite dif-
ference and iterative algorithm without difficulties. Dimen-
sionless form of the flow Eq. (2) is written as follows:

da dp  _ - ) _

= Re X 4 ypE = F(G), 0<F<I, (15)
dy dx

where Re = pUH /i is Reynolds number, y = (££0)%/
(uAp H?) is defined as electro-viscous number reflecting the

ratio of flow-induced electric resistance to viscous force. The
dimensionless boundary conditions are written as

B2 du
Hdy’
Dimensionless form of the electric field Eq. (10) is written
as follows:
1
E.= /ﬁﬁedy. (17)
0

i = 5 =0, j=1 (16)

3 Analytic solution of a two-dimensional microchannel
with wall slip and electro-viscous effects

For the analytic solution of flow Eq. (15), introduce an equa-
tion
d?ii
d_y2 =
where ¢ is a constant to be determined. The solutions of

Eq. (18) can be expanded as an infinite series of eigenfunc-
tions Y, ()

cit, (18)

o
@) =D imYn (3. (19)
m=1
The general solutions of the eigenfunctions can be
expressed as
Yin(y) = c1cos(Amy) + c2sin(Ap y). (20)

The first order derivative of the eigenfunctions is written
as

Y, (3) = —C1m Sin(An §) + c2hm €OS(hm ¥).- 2D
Making use of the boundary condition (16), one obtains
c2hm P2
== 22
ci I (22)
c1cos(Ay) + cpsin(hy,) = —%(—cl)»m sin(A,)

+ cpA cos(Ap)). (23)

Substituting Eq. (22) into Eq. (23), an algebraic equation for
eigenvalues A, is obtained

(ﬂl + /32))\mH

B1Bar2 — H? @9

tg(Am) =

The eigenvalues A1, A2, A3, ..., Ay, ... can be solved by
using Newton iterative algorithm (see Appendix A). So the
eigenfunctions are expressed as follows:

c2B2Am
H

Y (y) = cos(Apy) + ¢z sin(A,y)

ﬁZ)‘m - . _
=) |: i cos(A,y) + 51n(kmy)] . (25)
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The nonslip condition on the glass surface (8> = 0) yields
Y (y) = sin(Amy). (26)

Substituting Eq. (26) into Eq. (19), one has

= Y (3)  — -
mzzjl 5 ZE emYm (). 27)

Substituting Eq. (27) into Eq. (18) obtains
Cm = —k,zn. (28)

The forcing function F(y) of Eq. (15) is expanded as an
infinite series of eigenfunctions Y, (y)

FG) =D fun¥n(@. (29)

m=1

Substituting Egs. (26) and (29) into Eq. (15) yields

00 a2y ) 00
Zﬁmd__;lzzcmﬁmym: meYm~ (30)
m=1 Y m=1 m=1
So we have
i, =" G1)

Cm

Making use of orthogonality of the eigenfunctions
1

/YmYm/dy =0, for m#m'.
0

One obtains

J FO)YuGidy D

fm =5 - — = 0. (32)
Jo Yn®Yu (A5 fr?
Substituting Egs. (31) and (32) into Eq. (12) yields
UH dp / 202
1y - PUHIP [y 454 5 8 /_Yd_
I " 8)?/ mdy + xﬂ)\sz Petmay
0
oUH 3p 1 1
- | —— A -
PRET: o cos(Ay,) + o
22 ) )
Exm PeYmdy, (33)
0
1
@ SO N
LY =] YuYudy =5 ~ o Sin(2hm). (34)
0

Dimensionless equation of electric field (10) is rewritten as

E (35)

=
I
0\_
<
hell
Q
o
<
I
Me
<
3
0\_
hell
Q
3°
o
<
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Substituting Egs. (31)—(34) into Eq. (35) yields

Ex=§:pm/(1—iGm), (36)
m=1 m=1

where
1
Re dp 1 1 ~ 5
Dy = ——g5 2= | —5— cosChm) + — Pe¥Ymdy,
Cmfm dx )\-m )Lm 0
(37)
B \2
)4 (fO ;Oerdy)
G, — L\ P ®) (38)

2
Cmfrgl)

4 A typical example and disscuson

According to [20], typical parameters of electrokinetic flow
in a microchannel are the following:

channel thickness
characteristic velocity
corresponding pressure

gradient g—i’ =0.88 x 107 Pa-s!,
dimensional pressure

H =3 pm,
U =0.01 m/s,

5 d
. d P
gradient *= PHWE = —266,

o = 1,000 kg - m™3,
w=0.9 x 10> Ns - m~2,

density
dynamic viscosity
electric conductivity

of liquid Ay =1.468719x 1074 Q" 'm~!,
dielectric constant
in vacuum g0=8.854 x 10712 C2N—1m—2,

relative dielectric
constant of liquid
Boltzmann constant
absolute temperature
ionic number
concentration
of bulk solution
Zeta potential on glass

g =178.5,
K, =138 x 1073 J/K

T =298 K,

no = 7.28662 x 102!,

surface & = —100 mV,
Zeta potential on PDMS

surface 1 = -50mV,
characteristic surface o = —-50mV,

potential kH =35,
EDL parameter ar = —1.95,
surface slip length

of PDMS B =pi1/H = 0.03,
dimensionless slip

length B2 =0.
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There is no slip on glass surface, and the electro-viscous
number y = 0.0, 0.03. The velocity profile in a channel sec-
tion are shown in Figs. 2 and 3. The numerical solutions are
also given for a comparison.

It can be seen that the slip velocity on the PDMS wall
(y = 1) is about 0.1 times that of the maximum velocity in
the present case. The overall flow velocity in a microchan-
nel increases due to the wall slip. The maximum velocity
increases to about 1.05 times that of the corresponding veloc-
ity when there is no wall slip, as shown in Fig. 1 (8 = 0.03,
y = 0). Meanwhile, it is found that the electro-viscous effect
decreases the flow velocity in a microchannel as shown in
Fig. 3 (8 = 0, y = 0.03). The velocity profile in a channel
section with varying slip lengths is shown in Fig. 4, where

B =0.03,0.06,0.09, and y = 0.03.

1.0+
0.8+
0.6f
I
0.4+
—— Analytic solutions
02t « « « Numerical solutions

0.0 — S
0.0 0.1 02 03 04 05 0.6 0.7 0.8 09 1.0
y

Fig. 2 Flow velocity profile in a channel section with electro-viscous
effect and wall slip
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— Analytic solutions

2t . . i
0 « « « Numerical solutions

0.1¢ 8

0.0 ———
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Fig. 3 Flow velocity profile in a channel section with electro-viscous
effects, but without wall slip

It can be seen that the flow velocity in a microchannel
increases with wall slip lengths. The slip velocity on the
PDMS wall also increases with slip lengths, as shown in
Fig. 5.

It is found that the wall slip velocity increases linearly with
the slip length when there are no electro-viscous effects, and
increases non-linearly when there are electro-viscous effects.
The flow-induced electric field is one of the important phe-
nomena of flow-electricity interaction in a microfluidic sys-
tem. In the present example the flow-induced electric field
with varying slip lengths is shown in Fig. 6.

It is interesting to find that the wall slip amplifies the
flow-induced electric field when other parameters are fixed.
With the fixed pressure gradient, the wall slip increases the
overall flow velocity in a microchannel, and results in an
increase of streaming current. Thus the flow-induced electric

1.0+
0.8+
0.6
=

)

04+
—— Analytic solutions
02} + « »+ Numerical solutions
0.0 : : : : : : : : :
0.0 0.1 02 03 04 0.5 06 0.7 0.8 09 1.0
y

Fig. 4 Velocity profile in a microchannel with varying wall slip
lengths, y = 0.03

0.7 - - . - . . . . .
/1!
0.6 | —— Analytic solutions i
+ + «+ Numerical solutions
0.5+ - 1
T
04} r=0 ]

= 03+ / ]

0.2+t _

0.1¢ _

1 1 1 L

0.16 0.20

0.0 :

0.00 0.04 0.08 0.12

B

Fig. 5 Slip velocity on PDMS wall versus surface slip lengths
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Fig. 6 Flow-induced electric fields versus wall slip lengths, when
y =0.03

20

18 |
16 | — Analytic solutions

B =0.06, y=0.03

1l * + « Numerical solutions

12 ¢+
Iy” 10t

S NN

107 10° 10! 10? 10°
KkH

Fig. 7 Flow-induced electric fields versus « H values

field increases, see Egs. (8)—(10). In the current example, the
flow-induced electric fields with slip lengths 8 = 0.1,0.2 are
approximately two times and three times that of those when
there is no slip (8 = 0), respectively. It is also found that the
flow-induced electric field varies significantly with ¥ H val-
ues, the ratio of the channel thickness to the EDL thickness.
The relationship of electric field and « H is shown in Fig. 7.

It is shown that the flow-induced electric field reaches
the maximum in the region of x H value. The electric field
reaches the maximum in the region 20 < k H < 40 when
there is no wall slip 8 = 0.0 in the present example. The elec-
tric field reaches the maximum in the region 80 < k H < 100
when the wall slip length = 0.06. A large k H implies
that the electric double layers are very thin relative to the
channel width, and therefore the electro-viscous effect of

@ Springer
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Fig. 8 Flow rates in a microchannel versus wall slip lengths
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Fig. 9 Flow rates of microchannel versus « H values

electric double layers on the bulk fluid are trivial. A small k H
implies that the channel width is very small and the velocity
in a microchannel is very small with fixed pressure gradient,
u~ O(h2). The streaming current is also small and therefore
the flow-induced electric field and electro-viscous effect are
less significant. The flow rate in a microchannel increases
with the increase of wall slip lengths, as shown in Fig. 8.

It can be seen that the wall slippage increases the flow
rate and the electro-viscous effect decreases the flow rate.
The relationship of the flow rate in a microchannel and x H
value is shown in Fig. 9.

As shown, when the electro-viscous effect (y = 0) is
ignored, the flow rate is independent of k¥ H value, no matter
there is a wall slip or not. When the electro-viscous effect
is taken into consideration (y = 0.03), the electro-viscous
effect plays a significant role in the flow rate. The min-
imum flow rate (corresponding to the maximum electro-
viscous effect) appears around x H & 30 for a non-slip wall
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Fig. 10 The viscosity ratios versus wall slip lengths

(B = 0.0), and around k H ~ 500 for a slip wall (8 = 0.06).
It is also found that the electro-viscous effect is much greater
in slip wall cases than that in non-slip wall cases. It implies
that the wall slip velocity amplifies the electro-viscous effect
on flow, and the x H region of minimum flow rate has been
shifted to a higher value of x H. Therefore, the electro-vis-
cous effect can also be significant in a wider microchannel
with the wall slip («k H = 500, in the present case). For a
non-slip wall, the electro-viscous effect is important only in
a narrow microchannel (« H & 30 in the present case).

The electro-viscous effect decreases the flow rate in a
microchannel, as if the fluid has a higher apparent viscos-
ity. The ratio of apparent viscosity to physical viscosity of
fluid is an indicator of the electro-viscous effect in a micro-
channel. A viscosity ratio is defined as § = /o, where
and o are the physical viscosity and the apparent viscos-
ity, respectively. The viscosity ratio with varying wall slip
lengths is shown in Fig. 10.

It can be seen that the wall slip decreases the viscosity
ratio, no matter the electro-viscous effect is taken into consid-
eration or not. The viscosity ratio with varying x H values is
shown in Fig. 11. It shows that the viscosity ratio is indepen-
dent of k H values when the electro-viscous effect is ignored.
When the electro-viscous effect is taken into consideration,
the viscosity ratio reaches the maximum around k H =~ 30
for a non-slip wall (8 = 0.0 in the present case), and around
k H =~ 500 for a slip wall (8 = 0.06 in the present case).

5 Conclusion remark

The pressure-driven flow behavior in a two-dimensional
uniform microchannel made of PDMS and glass was stud-
ied in this work. The combined effects of the wall slip and
electro-viscosity on flows were taken into consideration. An

kH

Fig. 11 The viscosity ratios versus x H values

analytic solution was reported and in good agreement with
numerical solutions. The wall slip increases the flow veloc-
ity, and the electro-viscous effect of electric double layers
decrease the flow velocity and the flow rate in a microchan-
nel. The wall slip amplifies the flow-induced electric field
and enhances the electro-viscous effect on flows. Therefore,
the electro-viscous effect can be significant in a relatively
wide microchannel with a relatively large ratio of micro-
channel width and thickness of electric double layers. The
electro-viscous effect on flows is trivial when the ratio of the
channel width to the thickness of electric double layers is
either very large or very small.

Appendix A

Eigenvalue Eq. (24) tg(A,) = m—é)i# can be reduced to

tg(Am) = —ﬁ—l}km, when B> = 0 (non-slip on glass wall), as
shown in Fig. 12. Eigenvalues A, can be solved by
Newtonian iterative algorithm. Follows are initial values
WO =722, A0 = At + 7.

(98]
N

S

Fig. 12 Sketch of the numerical solutions of eigenvalues A,
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