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Abstract  Vibration of structures is often an undesirable
phenomena and should be avoided or controlled. There are
two techniques to control the vibration of a system, that is,
active and passive control techniques. In this paper, a negative
feedback velocity is applied to a dynamical system, which
is represented by two coupled second order nonlinear differ-
ential equations having both quadratic and cubic nonlinear-
ties. The system describes the vibration of an aircraft tail.
The system is subjected to multi-external excitation forces.
The method of multiple time scale perturbation is applied to
solve the nonlinear differential equations and obtain approx-
imate solutions up to third order of accuracy. The stability
of the system is investigated applying frequency response
equations. The effects of the different parameters are stud-
ied numerically. Various resonance cases are investigated. A
comparison is made with the available published work.

Keywords Active vibration control - Stability - Response
curves - Aircraft tail

1 Introduction

Vibration of a system or structure may cause disturbance,

discomfort, damage, and destruction. For these reasons, one
applies vibration control by using effective control tools.
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Ricciardelli et al. [1] investigated the performance of active
mass damper for the reduction of the buffet response of
tall buildings. Eissa et al. [2,3] studied the control of both
vibration and dynamics chaos of mechanical system hav-
ing quadratic and cubic nonlinearties, subjected to harmonic
excitation forces. Pai and Schulz [4] studied the control of
the first mode vibration of a stainless steel beam through a
negative velocity feedback. El-Badawy and Nayfeh [5] used
two simple control laws based on linear velocity and cubic
velocity feedback to suppress the high-amplitude vibrations
of the twin-tail assembly of an F-15 fighter in a structural
dynamic model when subjected to primary resonance exci-
tations. Hanagud et al. [6] designed a standoff piezoceramic
stack based active control system to control the fine vibra-
tions of an F-15 tail. They found that as the disturbance level
increases, the effectiveness of the controller decreases.
Shen et al. [7] used an actively constraining layer
damping (ACLD) treatment, which consists of a piezoelec-
tric constraining layer and a visco-elastic shear layer warp-
ing around the shaft in a helix form. They indicated that this
method would reduce the vibration of the shaft. Fuller et al.
[8]investigated active vibration control (AVC) with synthesis
vibration source. Benassi et al. [9] used a frequency-domain
formulation to analyze the stability and performance of an
active isolation system using the modified inertial actuator
and an outer velocity feedback control loop. Wu et al. [10]
described the principle and application of AVC for reducing
undesirable small-amplitude vertical vibration in the driver’s
seat of a vehicle. They used a frequency domain technique
for achieving the control identification and controller design.
Liuetal. [11] studied the vibration isolation characteristics of
four semi-active damping control strategies, which are based
on skyhook control and balance control. Eissa and Amer [12]
studied the vibration control of a second order system sim-
ulating the first mode of a cantilever beam subjected to a
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primary and sub-harmonic resonance. A control law based
on cubic velocity feedback was proposed. Shih et al. [13]
investigated the behavior of photostrictive opto-electrome-
chanical actuators bonded to the surface of two-dimensional
elastic structures for active vibration control. Pai et al. [14]
presented a study on controlling steady-state vibrations of
cantilevered skew aluminum plate using saturation phenom-
ena due to higher-order-internal resonance. Omar et al. [15]
designed a controller based on gain-scheduling feedback to
move a load on a gantry crane from point to point within one
oscillation cycle and without including large swings.

In the present paper, a two-degree-of-freedom system hav-
ing quadratic and cubic nonlinearities subjected to multi-
excitation forces is studied. The method of multiple time
scale perturbation is used to solve the nonlinear differential
equations describing the controlled system up to third order
of accuracy. In this system, different active controllers are
applied. The system is controlled by negative (linear, qua-
dratic, cubic) velocity feedback. Best active control of the
system is achieved by the negative velocity feedback. The sta-
bility of the system is investigated with frequency response
equations. The resonance cases and effects of system’s var-
ious parameters are studied numerically. A comparison is
made with the available published work.

2 Mathematical analysis

The modified behavior of the twin-tail of an aircraft can be
modeled in general by the following two generalized second-
order coupled differential equations [5]:

U + w%ul + 2emqu + 80[114% + SOQM% + ez |ug|
N
—exc(uy —uy) =& »_ Fscos(Qt +11) + R, (1)
S=1
iy + w%uz + 2epattr + 80[314% + 8()[414% + gty |y
N
—ex(u) —uz) = »_ Fscos(Qt +12) + Ry, )
5=1

where u1, u» denote the generalized coordinates of the first
bending modes of the twin-tail, w1, w, are the lowest lin-
ear natural frequencies of the right and left tails, w1, uo are
the linear damping coefficients, o, o3 are the coefficients
of the cubic nonlinearity, oy, aa are the coefficients of the
quadratic nonlinearity, u3, (4 are the aerodynamic damp-
ing coefficients, Fyare the excitation amplitudes, 2, are the
excitation frequencies, ¢ is the time, 71, 7o are constants, €
is a small perturbation parameter, « is the coupling coeffi-
cient of the twin tails, Ry = —eG i and Ry = —£Gu},
(n =1, 2, 3) are the control forces (linear, quadratic, cubic,
respectively) and G, G, are positive constants, known as
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the gains. In our investigation it is found that the best control
law is the negative velocity feedback.
Assuming the solution of Egs. (1) and (2) to be in the form

2
ui(e;t) = Zé‘"uln(To, Ti, T2) + O(e%), 3
n=0
2
uy(es 1) = D &"uz(To, Ti, To) + O(&), €
n=0

where T, = &"t (n=0,1,2).
The derivatives will be in the form:

d
d2
7= Do +2eDoDy + (D} 42Dy D), (6)

where D, = 75-,(n =0, 1,2)
Substituting Egs. (3) and (4) into Egs. (1) and (2) and
grouping terms of the same power of ¢, we have:

e (D + )i =0, @)
(D} + wuzg = 0, (8)
el (Dg +wf)u11 = —2DoDiu1p — 21 (Dou10)

- Otl(u?o) - az(u%o) T ua(Dou10)* + K (uz0 — u1o)

N
+ > Fycos(Qut + 1) — G1(Douio), ©)
s=1
(D§ + w3)uz1 = —2DoDiuzg — 2142 (Douno)
—a3(u3g) — aa(udy) F 1a(Douzg) + k(1o — u20)
N
+ D Fycos(Qt + 12) — Ga(Doud). (10)

s=1
¢ (D3 + whuip = —Diuig — 2DgDiuty — 2DgDaut1o
—2u1(Duto + Doury) — 3oy (ulouin)
—2a2(uiou11) F 2u3(Douro)[(Diuio) + (Doui)]
+ic(uzr —u1) — Gi1(Diuio + Douir), (11)
(D§ + w3)uzy = —Diuzg — 2D Dyuz; — 2DoDauag
—2ua(Dyuzg + Douzt) — 3oz (u3guar)
— 204 (up0u21) F 2pa(Dou20)[(Diuz0) + (Douzi)]
+ic(uir —uz1) — Ga(Diuzo + Douzp). (12)

The general solutions of Eqs. (7) and (8) can be written in
the form

u10(To, T1, T2) = A1o(T1, T») exp(iow; To) + cc, (13)
u20(To, T1, T2) = Axo(Th, T2) exp(iwr Tp) + cc, (14)
where Ajg, and Ao are complex functions and cc denotes

the complex conjugate functions. Substituting Egs. (13) and
(14) into Egs. (9) and (10), we get:
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(D§ + oDup =

(D(% + wuz =

—2iw [(D1A10) exp(iw; To)]
—2iwi pu1[Ar0 exp(iow; Tp)]

— a1[A3 expGiw; Tp)

+3A%)(A10) exp(io To)]

— a2[ Afp exp(Riw1 To) + A1oA10]

+ wius[Ay expio Ty) — A1oAio]

+k[Az exp(iwzTo) — Aqo exp(iw1 To)]
o
+5 2 Frexpl(@To + 1)

s=1
—iw1G1 A9 exp(iw Ty) + cc, (15)
—2iwy (D1 A) exp(iwz To)

— 2iwrpua Azg exp(iwz To)

— a3[ A3 expBiwa To)

+3A5)(A20) explier To)]

— a4[ A3y exp(Riwr Tp) + AzgAxo]

£ w3 pal A3 expRiwa Tp) — Az Al
+K[Aroexp(iwy To) — Az exp(iwaTo)]

N
1
+5 Z; Fy exp(i(2,To + 2))
sS=

— 1wy GaApg exp(iwa Tp) + cc. (16)

Eliminating the secular terms in Egs. (15) and (16), the gen-
eral solution of the resulting equations is obtained as:

up(To, Ty, Ty) =

u21(To, Ty, Tr) =

Aqq exp(iw Tp)
o .

+ —IZA?O exp(3iw1 Tp)
8wy

o2

T2 ATexpQienTy) = 34104 10]
1

+

Y Hn3 .
FuzAiAio F ?A%O exp(iw; Tp)

+ Ao exp(iwzTp)

(@ — »3)

N .
exp(i(€25To+71))

+> Fs(—wz_gz )+ee. (A7)
s=1 1 K

Az exp(iwaTo)
a3 3 .

+ —2A20 exp(3iwy 7o)
8w;
[e21 2 . —

+ 5 [A5 exp(Ziwy To) — 3A20A20]
3w;

- 1) .

F aArA2 F ?Azo exp(2iw, To)
———Ajpexp(io Tg
=D 10 exp(iw; To)

N )
+ Z Fq(eXP(I(QsTo-Hz))
s=1

)+cc. (18)
w5 —Q2

Similarly, substituting Eqgs. (13), (14), (17) and (18) into

Eq

s. (11) and (12), we get

u12(To, 1, T2) = A exp(ior To) + E1 exp(iwzTo)

+ E> exp(Riw1 Tp) + E3 exp(LiwaTp)

+ E4exp(Biw Tp) + E5 exp(3iwr Tp)

+ Eg¢ exp(diw1 Tp) + E7 exp(Siw; Tp)

+ Egexp(i(w1 + @2)To) + Eg exp(i(wz + 2w1)To)
+ Erpexp(i(w2 — 2w1)To) + E11 exp(i(w1 — w2)Tp)
+ E12exp(i(2; 7o + 71))

+ E13exp(i((S2s + 1) To + 71))

+ E14exp(i((2s — w1)To + 1))

+ E15exp(i((S25 + 201)To + 71))

+ E16exp(i((§25 — 2w1)To + 1))

+ E17exp(i(2To + 2)) + E18 + c, (19)

u22(To, T, T2) = Aoz exp(iwnTp) + H exp(iow Tp)

+ Hp expRiwn Tp) + Hz exp(2iw Tp)

+ Hyexp(Biwa To) + Hs exp(3iw; To)

+ Hg exp(diwa Ty) + H7 exp(Siwy Tp)

+ Hg exp(i(w1 + @2)To) + Hg exp(i(w; + 2w2)To)
+ Hypexp(i(w1 — 2w2)Tp) + Hiy exp(i(w2 — w1)Tp)
+ Hiz exp(i($25To + 72))

+ Hy3exp(i((2s + @2)To + 12))

+ Hi4exp(i((€25 — w2)To + 72))

+ Hi5exp(i((Qs + 2w2) Ty + 12))

+ Hie exp(i((25 — 202) 1o + 12))

+ Hy7exp((2sTo + 1)) + Hig + cc, (20)
where, E; and H;, i = 1,2, ..., 18 are complex functions
of Ty, T>.

So, the general solution of Egs. (1) and (2) is
ui(e; 1) = uyo + sury + e*upy + o(e), 1)
uz(e; 1) = ung + ezt + eux + o(e?). (22)

(D
2
3)

4)

From Egs. (21) and (22), the resonance cases are

Primary resonance: Q5 = w,, s,n =1,2
Sub-harmonic resonance: Q5 = mw,,m =2,3,4,5,6

Internal resonance: w| = rwy,
11111

721,2,3,4,5,6,5,4, 357354072

Combined resonance:
1) QU =w+wm
(i) 20 =Z2w wn

(1) Q1 = 2w £ w>

(iv) Q2 =E2w; £ wr
V) Q= w 2w
vi) 2 = w 2w
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(5) Simultaneous resonance: Any combination of the above
resonance cases is considered as a simultaneous reso-
nance.

3 Stability analysis

The stability of the considered system is investigated at the
worst resonance case (being confirmed numerically), which
is the simultaneous primary resonance case where Q; = wy,
Qs = wo.

Using the resonance conditions 2y = w; + €07 and Q4 =
w) + €07, then wy = w; + €01 — €07, where o7 and o, are
called the detuning parameters. Eliminating the secular terms
from the first approximations of Egs. (15) and (16) leads to
solvability conditions as:

—2iw1 D1 A1 — 2iw 1A — 30(1A%0Z10

+l§:F (i(o1Th + 1)) —iw1G1 A
2S:l sexplordy + 11 1w1G1A10
+k[Azexp(i(o) — 02)T1) — Aol =0, (23)
—2iwy D1 Ayg — 2iwo it Ao — 30{3A%0Z2()
—i—liF exp(i(02T] + 17)) — 1w G A
) “ s €Xp 241 2 202420

+«k[Apexp(i(oz — 01)T1) — Azl = 0. 24

Using the polar form

1
Apo = Ean exp(iB,), n=12, (25)

where a,, and 8, are the steady state amplitudes and phases of
the motions, respectively. Substituting Eq. (25) into Egs. (23)
and (24) and grouping the imaginary and real parts, we obtain:

1 . 1
ay+ pia; — 2_wlFS siny; + §G1a1

1
— —«kapsiny; =0, (26)
20)1
30 1
ai(y; —o1) + 8oy ai + _2w1Ka1
1 1
— —Fscosy; — —«kazcosy3 =0, 27
2w 2w

1 . 1
a5 + poax — z—wst sin yp + EGzaz
1
+ —«a; sinys =0, (28)
207

a3 1
az(y2 — o) + —2a2 + z—wzlcaz

1 1
— —Fscosys — —«kajcosys =0, (29)
2wo 2w)

where, y1 = 0111 — B1 + 11, Y2 = 0211 — B2 + 12, and

=By — B1+01T1 — oo Ty.
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For steady-state solutions, a, = y, = 0,n = 1,2 and
the periodic solution at the fixed points corresponding to
Egs. (24)—(27) is given by:

1 1 1
niay — —Fysiny| — —«kaz siny;+-Gra; =0, (30)
2w 2w 2
ola) — —a; — —kaj + — Fy cos
1= g 4T o kar+ S E V1
1
+ —«azcosy3 =0, 3D
2wi

1 1 1
Uray — — Fssiny» + —kay sinys + =Goapy =0,
2wy 2wo 2

(32)
oay — ——a, — —kKa — F cos
202 8wy 2 2w 2 2wy y2
1
+—=«ajcosy; =0. 33)
207

Squaring Eqs. (30) and (31) and taking summation, we obtain

905% 6 ( 3 3 4
a —10] — Kal)a
6407 4oy 8?2 !

1
K2 - —/cal) z

1 1
+( +o + G +u1Gr +
1231 01 2 n1G1 do o

1
1 2 2 2
= —2[/( a; + Fy 4 2« Fyas]. (34)
4wy
Similarly, from Eqgs. (32) and (33), we get:
3

4
g/«n)az
2

905% 6 ( 3
ay — | —azop —
64a)% 2 4wy 302

1
K> — —Kaz) 2

1 1
G3 G
—l—(,u2+02—|—4 2+ M2 2—|—4w .

2

_ e
= 2[/( ai + Fy + 2« Fyay]. (35)
4dw;
From Egs. (34) and (35), we have the following cases:
Case 1 a; = ap = 0: We obtain the trivial solution.

Case 2 a1 # 0, ap = 0: In this case, the frequency response
Eq. (34) is given by:

9a1 6 3 3 4
— (—Ollo'l — —ZK(Xl)al
64a)1 4w 8w;
1 2 1 2
( +01 + G +u1Gr+ —«k° — —/cal)al
4a)1 wi
1
= —I[Fl.
2
4oy
Hence
1 1
= 5[51 + (&2)2] (36)

Case 3 ay # 0, a; = 0: In this case, the frequency response
Eq. (35) is given by:
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9% (3 3 )4
ad>» — | —030) — —=KOX3 )a
64a)§ 2 4wy 392 8(1)% )4
+ (,uz I S 12Ga + Lo iKoz)az
2T ot o 460% o 2
1
= —[F?
4a)%[ ]
Hence
1 1
oy = 5[4“3 =+ (a)2]. 37

Case 4 a1 # 0, ay # 0: In this case, the frequency response
equation is given by Eqgs. (34) and (35), then:

1 1
o] = E[Cs + (%) 21, (38)
1 1
oy = 5[&7 +(g8)2], (39)
where ¢, i = 1, ..., 8, are given in the appendix.

The steady state solution of the obtained fixed points of
the linear system is determined as follows:

1 . .
Ay = E(pn —igy) exp(io, T1);

where p, and g, arereal; n = 1,2, 40)
—2ia)1A/]0 — 2iw 1 Ap —iw1G1Aqg
+Kk[Azexp(i(o) —02)T1) — Aol =0, 41)
— 2ia)2A/20 - 2ia)2,bL2A20 - ia)szAzo
+k[Apexp(i(or —o1)T1) — Azl = 0. (42)

Substituting Eq. (40) into Eqgs. (41) and (42) and grouping
the imaginary and real parts of Egs. (41) and (42), we have:

/+( +—G1) +( = ) + gy =0, 43)

o1 — =0,
P M1 ) P1 1 201 q1 2wl£]2
P+ (5 =)+ ( +Gl) “p=0, (44
q1 26()1 1)P1 M1 ) q1 2(01 2 =Y,

Ga K K

: 22 -5 g =0, 45
Pt (M2+ > )pz+(az 2w2)qz+2w2m (45)

Y ) ( @) _ X p —0. wue
6]2+(2w2 o2 )p2 + (2 + 5 )2 2y ! . (46)

The stability of a particular fixed point with respect to a per-
turbation proportional to exp(171) is determined by roots of
the characteristic equation:

(47)

. K K
[E— O' —_—— —_—
L N 2001
G K
ELPAY o2 0
3 o Atur+ ) 20
0 to+ 22 2
K b2 K
2w 2 2 2w)
K
- 0 A, A Z2
201 3 02 + ua+ >

To analyze the stability of the non-trivial solution, one
uses Eq. (47) to obtain:

A4 4+ A2+ i+ =0, (48)

where, r1, r2, r3 and r4 are constants given in the appendix.

According to the Routh-Hurwitz criterion, the necessary
and sufficient conditions for all the roots of Eq. (48) to have
negative real parts are:

r1 >0, rirp—r3 >0,

ry(rirp —r3) — r12r4 >0 and rq > 0.

4 Results and discussion

The Rung-Kutta fourth order method has been applied to
determine the numerical solution of the given system. Fig-
ure 1 shows the non-resonant system behavior. It can be seen
that the maximum steady state amplitudes of # and u, are
about 36 and 48% of the excitation force Fi, respectively.
This case can be regarded as a basic case.

4.1 Resonance cases

Figures 2, 3, 4, 5 and 6 show the response of the system
at different resonance conditions. Table 1 shows the results
of some of the worst resonance conditions. It describes the
effect of the different worst resonance cases of the system
before and after control. The worst resonance case of the
system is the simultaneous primary resonance case, where
Q1 = Q) = w) = w». In this table we apply active con-
trol to all resonance cases and it is found that the amplitudes
of the system are reduced. The effectiveness of the control-
ler is represented by E,= steady state amplitude of the sys-
tem before control/steady state amplitude of the system after
control.

4.2 Response curves and effects of different parameters

The frequency response Egs. (36), (38) and (37), (39) are non-
linear algebraic equations with respect to ojand o3. These
equations are solved numerically as shown in Figs. 7, 8, 9
and 10. All these figures are bent to the right, which leads to
multi-valued solutions and to jump phenomenon. There are
stable (solid line) and unstable (dashed lines) solutions. For
cases 2 and 3, thatis, a; # 0,a, =0and ay # 0,a; =0,
respectively: Figs. 7 and 8 show that the steady state ampli-
tudes of the system are increasing with the natural frequency
of the right and left tails w; and w;, respectively, and the
excitation coefficient F' and decreasing with the nonlinear
parameters o1, o3, and the coupling coefficient x. They are
independent of the linear damping coefficients 11, 1y and
the gains G, G».
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Fig. 1 Non-resonant case w; # wy # 21 # Q2: pu; = 0.2, o = 0.004, ap = 0.04, u3 = 0.0004, ur, = 0.3, a3 = 0.005, g = 0.05,
g = 0.0005, w1 =2.25,wp; =1.75, 21 =125, 2, =25,k =10, F; =0.5, F, =0.05
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Fig. 2 Primary resonance case 2] = w;. a Without controller; b with controller
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Fig. 3 Sub-harmonic resonance case €2, = 3w;. a Without controller; b with controller

For case 4, where a; # 0, ax # 0: Figs. 9 and 10, show
that the steady state amplitudes of the system are monoton-
ically increasing with the natural frequency of the right tail
w1, the excitation coefficient F' and decreasing with the non-
linear parameters o1, o3, and the coupling coefficient x, and
also with the linear damping coefficients 111, 17 and the gains
G, Gy

4.3 Vibration control

From Table 1 and Fig. 11, different types of resonance con-
ditions are shown with the control. It can be seen that, the
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steady state amplitudes of both modes can be controlled via a
negative velocity feedback. Best results are obtained for the
worst case (simultaneous primary resonance 2] = Qp =
w; = wy), where E;, = 100 for u; and E, = 50 for u,,
which means that u; is reduced to 1% and u5 is reduced to
2%, respectively, with respect to their basic values. Figure 12
shows the results of the worst case which is simultaneous
primary resonance Q| = Q) = w| = wj, using both neg-
ative quadratic and cubic velocity feedbacks. It is clear that
the best control method is the negative velocity feedback,
where E, = 100 for u and E, = 50 for u; at n = 1 (linear
controller), E, = 8 for u; and E, = 7 for up atn = 2
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Fig. 6 Simultaneous resonance case 2] = Q, = w; = w;. a Without controller; b with controller
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Table 1 Summary of the worst resonance cases

Resonance cases Without control With control Fig. no. Remarks

u1% ur % u % ur %
Non-resonanice 100 100 - - Fig. 1 Limit cycle
w1 Fwy #F Q) # L
Primary resonance 420 190 7 10 Fig. 2 Limit cycle
Q= E, =60 E, =20
Sub harmonic resonance 90 105 25 20 Fig. 3 Double limit cycle
Q) = 3w E,=5 E,=5
Internal resonance 165 125 15 15 Fig. 4 Limit cycle
0l = w E, =10 E, =10
Combined resonance 300 120 8 15 Fig. 5 Limit cycle
Q0 Z w4 2w E, =40 E, =10
Simultaneous primary resonance 500 380 5 8 Fig. 6 Limit cycle
QUED=w ZEwn E, =100 E, =50
Fig. 7 Response curves of the 2
sefond casepa1 # 0,a; = 0. The E Al F{’ﬁﬁf
basic case is: o) = 0.1,k = 0.2, < et
n1 = 0.005, G = 0.005, 1 CR
w; =0.2, F=0.05 g e

-1 0 1 2

gt

14=0.0005

(quadratic controller), E, = 4 for u; and E, = 4 for up at
n = 3 (cubic controller).

5 Conclusions
The vibrations of a second order nonlinear system having

both quadratic and cubic nonlinearties, subjected to multi-
external excitation forces, can be controlled via a negative
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feedback velocity to the system as in Refs. [4-6]. A mul-
tiple time scale perturbation method is used to determine
approximate solutions for the coupled differential equations
describing the system up to third order of accuracy. To study
the stability of the system, both the frequency response equa-
tions and the phase-plane technique are applied. In Ref. [5],
two controllers (linear and cubic velocity feedback) were
applied to the system. They found that the linear velocity
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Fig. 8 Response curves of the
third case ap # 0, a; = 0. The
basic case is: a3 = 0.05,

k = 0.2, up = 0.005,

G, = 0.005, w; = 0.2,

F =0.05
[b]
B“‘ B
ZN
sl
-5
< 2l 11,=0.0005
1] 1,=0.005
-5 -3 -1 1 3 5
)
IL, ®,=05 B g 4
. @02 T F=05 ——s4 F=0.05
® 21 S opa 4
®,=0.05 — ._‘—J//
-5 -3 -1 1 3 5 -5 -3 -1 1 3 5
) o
Fig. 9 Response curves of the a s —
fourth case a; # 0, ap # 0. The °1 -7
basic case is: 1 = 0.1, = 0.2 s /‘:
: 1, 2, 1
1 = 0.005, Gy = 0.005, . ]
w =02, F=25 -10 -5 0 5 10
g
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Fig. 10 Response curves of the
fourth case a; # 0, a, # 0. The
basic case is: a3 = 0.1,k = 0.2,
u2 =0.05,G, =2.0,wp =0.2,
F=30

<
W

Fig. 11 Effect of the gains G| and G,

feedback control is more effective than the cubic velocity
feedback. From our study, the following may be concluded:

1. The worst resonance case of the system is the simulta-
neous primary case, where Q2 = Q) = v = ws.

2. The effectiveness of the controller at the simultaneous
primary resonance Q2 = Q) = w) = wp is E, = 100
and E, = 50.

@ Springer

The steady state amplitudes of the system are mono-
tonically increasing functions of the coefficients wy, w»
and F.

The steady state amplitudes of the system are monotoni-
cally decreasing functions of the coefficients o1, a3, G,
G, and k.

The steady state amplitudes of the system are indepen-
dent of the linear damping coefficients 1, @3 and the
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Fig. 12 Simultaneous 15 a L5 a
resonance case 05 - 05 -
Ql = Qz = w1 = ). ~ . ”” B .
a Without controller; b with 0.5 4 0.5 4
quadratic controller; ¢ with s s
cubic controller 0 50 100 150 200 o 50 100 150 200
time time
0.2 02
: b
0.1 4 b 0.1 ‘
f
-0.1 4 -0.1 '
—02 . . . ! 02 4 . . , |
0 50 100 150 200 0 50 100 150 200
time time
04 s 0.4 e
0.2 - 0.2 1
S 00 £ 00
~0.2 1 ~0.2 1
~04 . ; ; -04 . . . |
0 50 100 150 200 0 50 100 150 200
time time
gains G1, G, in the cases of a; # 0,ap = 0and ay # 0, ri =2u2+ G+ Ga +2uy,
@ =0. n= 136 1 163 Gy 4 G
6. The steady state amplitudes #; and u» at the worst res- 2=HpT T O Oy T T T H26n
onance case are monotonically decreasing functions of K2 «2 K2
- : toi+oftauipr+ —5+—5+——
G» and G1, respectively, and the saturation occurs when 1 2 K12 2 2 "y
. . do7 4w wiw?
G1 > 5 and G, > 5, which agrees with Ref. [4]. Koy KO
+G1G2 +2u1G2 +2u2Gp — — — —,
w?2 w]
2 ) 1 ) 1 2
Appendix r3 = 2pipe + 21145 + §M2G1 + 5M1G2
1 1
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