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Abstract Vibration of structures is often an undesirable
phenomena and should be avoided or controlled. There are
two techniques to control the vibration of a system, that is,
active and passive control techniques. In this paper, a negative
feedback velocity is applied to a dynamical system, which
is represented by two coupled second order nonlinear differ-
ential equations having both quadratic and cubic nonlinear-
ties. The system describes the vibration of an aircraft tail.
The system is subjected to multi-external excitation forces.
The method of multiple time scale perturbation is applied to
solve the nonlinear differential equations and obtain approx-
imate solutions up to third order of accuracy. The stability
of the system is investigated applying frequency response
equations. The effects of the different parameters are stud-
ied numerically. Various resonance cases are investigated. A
comparison is made with the available published work.

Keywords Active vibration control · Stability · Response
curves · Aircraft tail

1 Introduction

Vibration of a system or structure may cause disturbance,
discomfort, damage, and destruction. For these reasons, one
applies vibration control by using effective control tools.
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Ricciardelli et al. [1] investigated the performance of active
mass damper for the reduction of the buffet response of
tall buildings. Eissa et al. [2,3] studied the control of both
vibration and dynamics chaos of mechanical system hav-
ing quadratic and cubic nonlinearties, subjected to harmonic
excitation forces. Pai and Schulz [4] studied the control of
the first mode vibration of a stainless steel beam through a
negative velocity feedback. El-Badawy and Nayfeh [5] used
two simple control laws based on linear velocity and cubic
velocity feedback to suppress the high-amplitude vibrations
of the twin-tail assembly of an F-15 fighter in a structural
dynamic model when subjected to primary resonance exci-
tations. Hanagud et al. [6] designed a standoff piezoceramic
stack based active control system to control the fine vibra-
tions of an F-15 tail. They found that as the disturbance level
increases, the effectiveness of the controller decreases.

Shen et al. [7] used an actively constraining layer
damping (ACLD) treatment, which consists of a piezoelec-
tric constraining layer and a visco-elastic shear layer warp-
ing around the shaft in a helix form. They indicated that this
method would reduce the vibration of the shaft. Fuller et al.
[8] investigated active vibration control (AVC) with synthesis
vibration source. Benassi et al. [9] used a frequency-domain
formulation to analyze the stability and performance of an
active isolation system using the modified inertial actuator
and an outer velocity feedback control loop. Wu et al. [10]
described the principle and application of AVC for reducing
undesirable small-amplitude vertical vibration in the driver’s
seat of a vehicle. They used a frequency domain technique
for achieving the control identification and controller design.
Liu et al. [11] studied the vibration isolation characteristics of
four semi-active damping control strategies, which are based
on skyhook control and balance control. Eissa and Amer [12]
studied the vibration control of a second order system sim-
ulating the first mode of a cantilever beam subjected to a
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primary and sub-harmonic resonance. A control law based
on cubic velocity feedback was proposed. Shih et al. [13]
investigated the behavior of photostrictive opto-electrome-
chanical actuators bonded to the surface of two-dimensional
elastic structures for active vibration control. Pai et al. [14]
presented a study on controlling steady-state vibrations of
cantilevered skew aluminum plate using saturation phenom-
ena due to higher-order-internal resonance. Omar et al. [15]
designed a controller based on gain-scheduling feedback to
move a load on a gantry crane from point to point within one
oscillation cycle and without including large swings.

In the present paper, a two-degree-of-freedom system hav-
ing quadratic and cubic nonlinearities subjected to multi-
excitation forces is studied. The method of multiple time
scale perturbation is used to solve the nonlinear differential
equations describing the controlled system up to third order
of accuracy. In this system, different active controllers are
applied. The system is controlled by negative (linear, qua-
dratic, cubic) velocity feedback. Best active control of the
system is achieved by the negative velocity feedback. The sta-
bility of the system is investigated with frequency response
equations. The resonance cases and effects of system’s var-
ious parameters are studied numerically. A comparison is
made with the available published work.

2 Mathematical analysis

The modified behavior of the twin-tail of an aircraft can be
modeled in general by the following two generalized second-
order coupled differential equations [5]:

ü1 + ω2
1u1 + 2εµ1u̇1 + εα1u3

1 + εα2u2
1 + εµ3u̇1|u̇1|

− εκ(u2 − u1) = ε

N∑

S=1

FS cos(�s t + τ1) + R1, (1)

ü2 + ω2
2u2 + 2εµ2u̇2 + εα3u3

2 + εα4u2
2 + εµ4u̇2|u̇2|

− εκ(u1 − u2) = ε

N∑

S=1

FS cos(�s t + τ2) + R2, (2)

where u1, u2 denote the generalized coordinates of the first
bending modes of the twin-tail, ω1, ω2 are the lowest lin-
ear natural frequencies of the right and left tails, µ1, µ2 are
the linear damping coefficients, α1, α3 are the coefficients
of the cubic nonlinearity, α2, α4 are the coefficients of the
quadratic nonlinearity, µ3, µ4 are the aerodynamic damp-
ing coefficients, Fsare the excitation amplitudes, �s are the
excitation frequencies, t is the time, τ1, τ2 are constants, ε

is a small perturbation parameter, κ is the coupling coeffi-
cient of the twin tails, R1 = −εG1u̇n

1 and R2 = −εG2u̇n
2,

(n = 1, 2, 3) are the control forces (linear, quadratic, cubic,
respectively) and G1, G2 are positive constants, known as

the gains. In our investigation it is found that the best control
law is the negative velocity feedback.

Assuming the solution of Eqs. (1) and (2) to be in the form

u1(ε; t) =
2∑

n=0

εnu1n(T0, T1, T2) + O(ε3), (3)

u2(ε; t) =
2∑

n=0

εnu2n(T0, T1, T2) + O(ε3), (4)

where Tn = εnt (n = 0, 1, 2).
The derivatives will be in the form:

d

dt
= D0 + εD1 + ε2 D2, (5)

d2

dt2 = D0 + 2εD0 D1 + ε2(D2
1 + 2D0 D2), (6)

where Dn = ∂
∂Tn

, (n = 0, 1, 2)

Substituting Eqs. (3) and (4) into Eqs. (1) and (2) and
grouping terms of the same power of ε, we have:

ε0 : (D2
0 + ω2

1)u10 = 0, (7)

(D2
0 + ω2

2)u20 = 0, (8)

ε1 : (D2
0 + ω2

1)u11 = −2D0 D1u10 − 2µ1(D0u10)

−α1(u
3
10) − α2(u

2
10) ∓ µ3(D0u10)

2 + κ(u20 − u10)

+
N∑

s=1

Fs cos(�s t + τ1) − G1(D0u10), (9)

(D2
0 + ω2

2)u21 = −2D0 D1u20 − 2µ2(D0u20)

−α3(u
3
20) − α4(u

2
20) ∓ µ4(D0u20)

2 + κ(u10 − u20)

+
N∑

s=1

Fs cos(�s t + τ2) − G2(D0u20), (10)

ε2 : (D2
0 + ω2

1)u12 = −D2
1u10 − 2D0 D1u11 − 2D0 D2u10

−2µ1(D1u10 + D0u11) − 3α1(u
2
10u11)

− 2α2(u10u11) ∓ 2µ3(D0u10)[(D1u10) + (D0u11)]
+κ(u21 − u11) − G1(D1u10 + D0u11), (11)

(D2
0 + ω2

2)u22 = −D2
1u20 − 2D0 D1u21 − 2D0 D2u20

− 2µ2(D1u20 + D0u21) − 3α3(u
2
20u21)

− 2α4(u20u21) ∓ 2µ4(D0u20)[(D1u20) + (D0u21)]
+ κ(u11 − u21) − G2(D1u20 + D0u21). (12)

The general solutions of Eqs. (7) and (8) can be written in
the form

u10(T0, T1, T2) = A10(T1, T2) exp(iω1T0) + cc, (13)

u20(T0, T1, T2) = A20(T1, T2) exp(iω2T0) + cc, (14)

where A10, and A20 are complex functions and cc denotes
the complex conjugate functions. Substituting Eqs. (13) and
(14) into Eqs. (9) and (10), we get:
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(D2
0 + ω2

1)u11 = −2iω1[(D1 A10) exp(iω1T0)]
− 2iω1µ1[A10 exp(iω1T0)]
−α1[A3

10 exp(3iω1T0)

+ 3A2
10(A10) exp(iω1T0)]

−α2[A2
10 exp(2iω1T0) + A10 A10]

±ω2
1µ3[A2

10 exp(2iω1T0) − A10 A10]
+ κ[A20 exp(iω2T0) − A10 exp(iω1T0)]

+ 1

2

N∑

s=1

Fs exp(i(�s T0 + τ1))

− iω1G1 A10 exp(iω1T0) + cc, (15)

(D2
0 + ω2

2)u21 = −2iω2(D1 A20) exp(iω2T0)

− 2iω2µ2 A20 exp(iω2T0)

−α3[A3
20 exp(3iω2T0)

+ 3A2
20(A20) exp(iω2T0)]

−α4[A2
20 exp(2iω2T0) + A20 A20]

±ω2
2µ4[A2

20 exp(2iω2T0) − A20 A20]
+ κ[A10 exp(iω1T0) − A20 exp(iω2T0)]

+ 1

2

N∑

s=1

Fs exp(i(�s T0 + τ2))

− iω2G2 A20 exp(iω2T0) + cc. (16)

Eliminating the secular terms in Eqs. (15) and (16), the gen-
eral solution of the resulting equations is obtained as:

u11(T0, T1, T2) = A11 exp(iω1T0)

+ α1

8ω2
1

A3
10 exp(3iω1T0)

+ α2

3ω2
1

[A2
10 exp(2iω1T0) − 3A10 A10]

∓µ3 A10 A10 ∓ µ3

3
A2

10 exp(2iω1T0)

+ κ

(ω2
1 − ω2

2)
A20 exp(iω2T0)

+
N∑

s=1

Fs

(exp(i(�s T0+τ1))

ω2
1−�2

s

)
+cc, (17)

u21(T0, T1, T2) = A21 exp(iω2T0)

+ α3

8ω2
2

A3
20 exp(3iω2T0)

+ α4

3ω2
2

[A2
20 exp(2iω2T0) − 3A20 A20]

∓µ4 A20 A20 ∓ µ4

3
A2

20 exp(2iω2T0)

+ κ

(ω2
2 − ω2

1)
A10 exp(iω1T0)

+
N∑

s=1

Fs

(exp(i(�s T0+τ2))

ω2
2−�2

s

)
+cc. (18)

Similarly, substituting Eqs. (13), (14), (17) and (18) into
Eqs. (11) and (12), we get

u12(T0, T1, T2) = A12 exp(iω1T0) + E1 exp(iω2T0)

+ E2 exp(2iω1T0) + E3 exp(2iω2T0)

+ E4 exp(3iω1T0) + E5 exp(3iω2T0)

+ E6 exp(4iω1T0) + E7 exp(5iω1T0)

+ E8 exp(i(ω1 + ω2)T0) + E9 exp(i(ω2 + 2ω1)T0)

+ E10 exp(i(ω2 − 2ω1)T0) + E11 exp(i(ω1 − ω2)T0)

+ E12 exp(i(�s T0 + τ1))

+ E13 exp(i((�s + ω1)T0 + τ1))

+ E14 exp(i((�s − ω1)T0 + τ1))

+ E15 exp(i((�s + 2ω1)T0 + τ1))

+ E16 exp(i((�s − 2ω1)T0 + τ1))

+ E17 exp(i(�s T0 + τ2)) + E18 + cc, (19)

u22(T0, T1, T2) = A22 exp(iω2T0) + H1 exp(iω1T0)

+ H2 exp(2iω2T0) + H3 exp(2iω1T0)

+ H4 exp(3iω2T0) + H5 exp(3iω1T0)

+ H6 exp(4iω2T0) + H7 exp(5iω2T0)

+ H8 exp(i(ω1 + ω2)T0) + H9 exp(i(ω1 + 2ω2)T0)

+ H10 exp(i(ω1 − 2ω2)T0) + H11 exp(i(ω2 − ω1)T0)

+ H12 exp(i(�s T0 + τ2))

+ H13 exp(i((�s + ω2)T0 + τ2))

+ H14 exp(i((�s − ω2)T0 + τ2))

+ H15 exp(i((�s + 2ω2)T0 + τ2))

+ H16 exp(i((�s − 2ω2)T0 + τ2))

+ H17 exp(i(�s T0 + τ1)) + H18 + cc, (20)

where, Ei and Hi , i = 1, 2, . . . , 18 are complex functions
of T1, T2.

So, the general solution of Eqs. (1) and (2) is

u1(ε; t) = u10 + εu11 + ε2u12 + o(ε3), (21)

u2(ε; t) = u20 + εu21 + ε2u22 + o(ε3). (22)

From Eqs. (21) and (22), the resonance cases are

(1) Primary resonance: �s = ωn , s, n = 1, 2
(2) Sub-harmonic resonance: �s = mωn , m = 2, 3, 4, 5, 6
(3) Internal resonance: ω1 = rω2,

r = 1, 2, 3, 4, 5, 1
6 , 1

5 , 1
4 , 1

3 , 1
2 , 3

4 , 3
2

(4) Combined resonance:
(i) �1 ∼= ω1 ± ω2

(ii) �2 ∼= ω1 ± ω2

(iii) �1 ∼= 2ω1 ± ω2

(iv) �2 ∼= 2ω1 ± ω2

(v) �1 ∼= ω1 ± 2ω2

(vi) �2 ∼= ω1 ± 2ω2
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(5) Simultaneous resonance: Any combination of the above
resonance cases is considered as a simultaneous reso-
nance.

3 Stability analysis

The stability of the considered system is investigated at the
worst resonance case (being confirmed numerically), which
is the simultaneous primary resonance case where �s ∼= ω1,
�s ∼= ω2.

Using the resonance conditions �s = ω1 +εσ1 and �s =
ω2 + εσ2, then ω2 = ω1 + εσ1 − εσ2, where σ1 and σ2 are
called the detuning parameters. Eliminating the secular terms
from the first approximations of Eqs. (15) and (16) leads to
solvability conditions as:

− 2iω1 D1 A10 − 2iω1µ1 A10 − 3α1 A2
10 A10

+ 1

2

N∑

s=1

Fs exp(i(σ1T1 + τ1)) − iω1G1 A10

+ κ[A20 exp(i(σ1 − σ2)T1) − A10] = 0, (23)

− 2iω2 D1 A20 − 2iω2µ2 A20 − 3α3 A2
20 A20

+ 1

2

N∑

s=1

Fs exp(i(σ2T1 + τ2)) − iω2G2 A20

+ κ[A10 exp(i(σ2 − σ1)T1) − A20] = 0. (24)

Using the polar form

An0 = 1

2
an exp(iβn), n = 1, 2, (25)

where an and βn are the steady state amplitudes and phases of
the motions, respectively. Substituting Eq. (25) into Eqs. (23)
and (24) and grouping the imaginary and real parts, we obtain:

a′
1 + µ1a1 − 1

2ω1
Fs sin γ1 + 1

2
G1a1

− 1

2ω1
κa2 sin γ3 = 0, (26)

a1(γ
′
1 − σ1) + 3α1

8ω1
a3

1 + 1

2ω1
κa1

− 1

2ω1
Fs cos γ1 − 1

2ω1
κa2 cos γ3 = 0, (27)

a′
2 + µ2a2 − 1

2ω2
Fs sin γ2 + 1

2
G2a2

+ 1

2ω2
κa1 sin γ3 = 0, (28)

a2(γ
′
2 − σ2) + 3α3

8ω2
a3

2 + 1

2ω2
κa2

− 1

2ω2
Fs cos γ2 − 1

2ω2
κa1 cos γ3 = 0, (29)

where, γ1 = σ1T1 − β1 + τ1, γ2 = σ2T1 − β2 + τ2, and
γ3 = β2 − β1 + σ1T1 − σ2T1.

For steady-state solutions, a′
n = γ ′

n = 0, n = 1, 2 and
the periodic solution at the fixed points corresponding to
Eqs. (24)–(27) is given by:

µ1a1 − 1

2ω1
Fs sin γ1− 1

2ω1
κa2 sin γ3+ 1

2
G1a1 = 0, (30)

σ1a1 − 3α1

8ω1
a3

1 − 1

2ω1
κa1 + 1

2ω1
Fs cos γ1

+ 1

2ω1
κa2 cos γ3 = 0, (31)

µ2a2 − 1

2ω2
Fs sin γ2 + 1

2ω2
κa1 sin γ3 + 1

2
G2a2 = 0,

(32)

σ2a2 − 3α3

8ω2
a3

2 − 1

2ω2
κa2 + 1

2ω2
Fs cos γ2

+ 1

2ω2
κa1 cos γ3 = 0. (33)

Squaring Eqs. (30) and (31) and taking summation, we obtain

9α2
1

64ω2
1

a6
1 −

( 3

4ω1
α1σ1 − 3

8ω2
1

κα1

)
a4

1

+
(
µ2

1 + σ 2
1 + 1

4
G2

1 + µ1G1 + 1

4ω2
1

κ2 − 1

ω1
κσ1

)
a2

1

= 1

4ω2
1

[κ2a2
2 + F2

s + 2κ Fsa2]. (34)

Similarly, from Eqs. (32) and (33), we get:

9α2
3

64ω2
2

a6
2 −

( 3

4ω2
α3σ2 − 3

8ω2
2

κα3

)
a4

2

+
(
µ2

2 + σ 2
2 + 1

4
G2

2 + µ2G2 + 1

4ω2
2

κ2 − 1

ω2
κσ2

)
a2

2

= 1

4ω2
2

[κ2a2
1 + F2

s + 2κ Fsa1]. (35)

From Eqs. (34) and (35), we have the following cases:

Case 1 a1 = a2 = 0: We obtain the trivial solution.

Case 2 a1 �= 0, a2 = 0: In this case, the frequency response
Eq. (34) is given by:

9α2
1

64ω2
1

a6
1 −

( 3

4ω1
α1σ1 − 3

8ω2
1

κα1

)
a4

1

+
(
µ2

1 + σ 2
1 + 1

4
G2

1 + µ1G1 + 1

4ω2
1

κ2 − 1

ω1
κσ1

)
a2

1

= 1

4ω2
1

[F2
s ].

Hence

σ1 = 1

2
[ζ1 ± (ζ2)

1
2 ]. (36)

Case 3 a2 �= 0, a1 = 0: In this case, the frequency response
Eq. (35) is given by:
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9α2
3

64ω2
2

a6
2 −

( 3

4ω2
α3σ2 − 3

8ω2
2

κα3

)
a4

2

+
(
µ2

2 + σ 2
2 + 1

4
G2

1 + µ2G2 + 1

4ω2
2

κ2 − 1

ω2
κσ2

)
a2

2

= 1

4ω2
2

[F2
s ].

Hence

σ2 = 1

2
[ζ3 ± (ζ4)

1
2 ]. (37)

Case 4 a1 �= 0, a2 �= 0: In this case, the frequency response
equation is given by Eqs. (34) and (35), then:

σ1 = 1

2
[ζ5 ± (ζ6)

1
2 ], (38)

σ2 = 1

2
[ζ7 ± (ζ8)

1
2 ], (39)

where ζi , i = 1, . . . , 8, are given in the appendix.

The steady state solution of the obtained fixed points of
the linear system is determined as follows:

An0 = 1

2
(pn − iqn) exp(iσnT1);

where pn and qn are real; n = 1, 2, (40)

− 2iω1 A′
10 − 2iω1µ1 A10 − iω1G1 A10

+ κ[A20 exp(i(σ1 − σ2)T1) − A10] = 0, (41)

− 2iω2 A′
20 − 2iω2µ2 A20 − iω2G2 A20

+ κ[A10 exp(i(σ2 − σ1)T1) − A20] = 0. (42)

Substituting Eq. (40) into Eqs. (41) and (42) and grouping
the imaginary and real parts of Eqs. (41) and (42), we have:

p′
1 +

(
µ1 + G1

2

)
p1 +

(
σ1 − κ

2ω1

)
q1 + κ

2ω1
q2 = 0, (43)

q ′
1 +

( κ

2ω1
− σ1

)
p1 +

(
µ1 + G1

2

)
q1 − κ

2ω1
P2 = 0, (44)

p′
2 +

(
µ2 + G2

2

)
p2 +

(
σ2 − κ

2ω2

)
q2 + κ

2ω2
q1 = 0, (45)

q ′
2 +

( κ

2ω2
− σ2

)
p2 +

(
µ2 + G2

2

)
q2 − κ

2ω2
P1 = 0. (46)

The stability of a particular fixed point with respect to a per-
turbation proportional to exp(λT1) is determined by roots of
the characteristic equation:
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

λ+µ1+ G1

2
σ1 − κ

2ω1
0

κ

2ω1
κ

2ω1
− σ1 λ+µ1+ G1

2
− κ

2ω1
0

0
κ

2ω2
λ+µ2 + G2

2
σ2− κ

2ω2

− κ

2ω1
0

κ

2ω2
−σ2 λ + µ2+ G2

2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= 0.

(47)

To analyze the stability of the non-trivial solution, one
uses Eq. (47) to obtain:

λ4 + r1λ
3 + r2λ

2 + r3λ + r4 = 0, (48)

where, r1, r2, r3 and r4 are constants given in the appendix.
According to the Routh-Hurwitz criterion, the necessary

and sufficient conditions for all the roots of Eq. (48) to have
negative real parts are:

r1 � 0, r1r2 − r3 � 0,

r3(r1r2 − r3) − r2
1 r4 � 0 and r4 � 0.

4 Results and discussion

The Rung-Kutta fourth order method has been applied to
determine the numerical solution of the given system. Fig-
ure 1 shows the non-resonant system behavior. It can be seen
that the maximum steady state amplitudes of u1 and u2 are
about 36 and 48% of the excitation force F1, respectively.
This case can be regarded as a basic case.

4.1 Resonance cases

Figures 2, 3, 4, 5 and 6 show the response of the system
at different resonance conditions. Table 1 shows the results
of some of the worst resonance conditions. It describes the
effect of the different worst resonance cases of the system
before and after control. The worst resonance case of the
system is the simultaneous primary resonance case, where
�1 ∼= �2 ∼= ω1 ∼= ω2. In this table we apply active con-
trol to all resonance cases and it is found that the amplitudes
of the system are reduced. The effectiveness of the control-
ler is represented by Ea= steady state amplitude of the sys-
tem before control/steady state amplitude of the system after
control.

4.2 Response curves and effects of different parameters

The frequency response Eqs. (36), (38) and (37), (39) are non-
linear algebraic equations with respect to σ1and σ2. These
equations are solved numerically as shown in Figs. 7, 8, 9
and 10. All these figures are bent to the right, which leads to
multi-valued solutions and to jump phenomenon. There are
stable (solid line) and unstable (dashed lines) solutions. For
cases 2 and 3, that is, a1 �= 0, a2 ≡ 0 and a2 �= 0, a1 ≡ 0,
respectively: Figs. 7 and 8 show that the steady state ampli-
tudes of the system are increasing with the natural frequency
of the right and left tails ω1 and ω2, respectively, and the
excitation coefficient F and decreasing with the nonlinear
parameters α1, α3, and the coupling coefficient κ . They are
independent of the linear damping coefficients µ1, µ2 and
the gains G1, G2.
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Fig. 1 Non-resonant case ω1 �= ω2 �= �1 �= �2: µ1 = 0.2, α1 = 0.004, α2 = 0.04, µ3 = 0.0004, µ2 = 0.3, α3 = 0.005, α4 = 0.05,
µ4 = 0.0005, ω1 = 2.25, ω2 = 1.75, �1 = 1.25, �2 = 2.5, κ = 1.0, F1 = 0.5, F2 = 0.05

Fig. 2 Primary resonance case �1 ∼= ω1. a Without controller; b with controller

Fig. 3 Sub-harmonic resonance case �2 ∼= 3ω1. a Without controller; b with controller

For case 4, where a1 �= 0, a2 �= 0: Figs. 9 and 10, show
that the steady state amplitudes of the system are monoton-
ically increasing with the natural frequency of the right tail
ω1, the excitation coefficient F and decreasing with the non-
linear parameters α1, α3, and the coupling coefficient κ , and
also with the linear damping coefficients µ1, µ2 and the gains
G1, G2.

4.3 Vibration control

From Table 1 and Fig. 11, different types of resonance con-
ditions are shown with the control. It can be seen that, the

steady state amplitudes of both modes can be controlled via a
negative velocity feedback. Best results are obtained for the
worst case (simultaneous primary resonance �1 ∼= �2 ∼=
ω1 ∼= ω2), where Ea = 100 for u1 and Ea = 50 for u2,
which means that u1 is reduced to 1% and u2 is reduced to
2%, respectively, with respect to their basic values. Figure 12
shows the results of the worst case which is simultaneous
primary resonance �1 ∼= �2 ∼= ω1 ∼= ω2, using both neg-
ative quadratic and cubic velocity feedbacks. It is clear that
the best control method is the negative velocity feedback,
where Ea = 100 for u1 and Ea = 50 for u2 at n = 1 (linear
controller), Ea = 8 for u1 and Ea = 7 for u2 at n = 2
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Fig. 4 Internal resonance case ω1 ∼= ω2. a Without controller; b with controller

Fig. 5 Combined resonance case �2 ∼= ω1 + 2ω2. a Without controller; b with controller

Fig. 6 Simultaneous resonance case �1 ∼= �2 ∼= ω1 ∼= ω2. a Without controller; b with controller
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Table 1 Summary of the worst resonance cases

Resonance cases Without control With control Fig. no. Remarks

u1% u2% u1% u2%

Non-resonanice 100 100 – – Fig. 1 Limit cycle

ω1 �= ω2 �= �1 �= �2

Primary resonance 420 190 7 10 Fig. 2 Limit cycle

�1 ∼= ω1 Ea = 60 Ea = 20

Sub harmonic resonance 90 105 25 20 Fig. 3 Double limit cycle

�2 ∼= 3ω1 Ea = 5 Ea = 5

Internal resonance 165 125 15 15 Fig. 4 Limit cycle

ω1 ∼= ω2 Ea = 10 Ea = 10

Combined resonance 300 120 8 15 Fig. 5 Limit cycle

�2 ∼= ω1 + 2ω2 Ea = 40 Ea = 10

Simultaneous primary resonance 500 380 5 8 Fig. 6 Limit cycle

�1 ∼= �2 ∼= ω1 ∼= ω2 Ea = 100 Ea = 50

Fig. 7 Response curves of the
second case a1 �= 0, a2 = 0. The
basic case is: α1 = 0.1, κ = 0.2,
µ1 = 0.005, G1 = 0.005,
ω1 = 0.2, F = 0.05

(quadratic controller), Ea = 4 for u1 and Ea = 4 for u2 at
n = 3 (cubic controller).

5 Conclusions

The vibrations of a second order nonlinear system having
both quadratic and cubic nonlinearties, subjected to multi-
external excitation forces, can be controlled via a negative

feedback velocity to the system as in Refs. [4–6]. A mul-
tiple time scale perturbation method is used to determine
approximate solutions for the coupled differential equations
describing the system up to third order of accuracy. To study
the stability of the system, both the frequency response equa-
tions and the phase-plane technique are applied. In Ref. [5],
two controllers (linear and cubic velocity feedback) were
applied to the system. They found that the linear velocity
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Fig. 8 Response curves of the
third case a2 �= 0, a1 = 0. The
basic case is: α3 = 0.05,
κ = 0.2, µ2 = 0.005,
G2 = 0.005, ω2 = 0.2,
F = 0.05

Fig. 9 Response curves of the
fourth case a1 �= 0, a2 �= 0. The
basic case is: α1 = 0.1, κ = 0.2,
µ1 = 0.005, G1 = 0.005,
ω1 = 0.2, F = 2.5
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Fig. 10 Response curves of the
fourth case a1 �= 0, a2 �= 0. The
basic case is: α3 = 0.1, κ = 0.2,
µ2 = 0.05, G2 = 2.0, ω2 = 0.2,
F = 3.0

Fig. 11 Effect of the gains G1 and G2

feedback control is more effective than the cubic velocity
feedback. From our study, the following may be concluded:

1. The worst resonance case of the system is the simulta-
neous primary case, where �1 ∼= �2 ∼= ω1 ∼= ω2.

2. The effectiveness of the controller at the simultaneous
primary resonance �1 ∼= �2 ∼= ω1 ∼= ω2 is Ea = 100
and Ea = 50.

3. The steady state amplitudes of the system are mono-
tonically increasing functions of the coefficients ω1, ω2

and F .
4. The steady state amplitudes of the system are monotoni-

cally decreasing functions of the coefficients α1, α3, G1,
G2 and κ .

5. The steady state amplitudes of the system are indepen-
dent of the linear damping coefficients α1, α3 and the

123



Active control of an aircraft tail subject to harmonic excitation 461

Fig. 12 Simultaneous
resonance case
�1 ∼= �2 ∼= ω1 ∼= ω2.
a Without controller; b with
quadratic controller; c with
cubic controller

gains G1, G2 in the cases of a1 �= 0, a2 = 0 and a2 �= 0,
a1 = 0.

6. The steady state amplitudes u1 and u2 at the worst res-
onance case are monotonically decreasing functions of
G2 and G1, respectively, and the saturation occurs when
G1 ≥ 5 and G2 ≥ 5, which agrees with Ref. [4].
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