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Abstract  The equations of motion of an insect with flap-
ping wings are derived and then simplified to that of a flying
body using the “rigid body” assumption. On the basis of
the simplified equations of motion, the longitudinal dynamic
flight stability of four insects (hoverfly, cranefly, dronefly
and hawkmoth) in hovering flight is studied (the mass of
the insects ranging from 11 to 1,648 mg and wingbeat fre-
quency from 26 to 157 Hz). The method of computational
fluid dynamics is used to compute the aerodynamic deriva-
tives and the techniques of eigenvalue and eigenvector anal-
ysis are used to solve the equations of motion. The validity
of the “rigid body” assumption is tested and how differences
in size and wing kinematics influence the applicability of
the “rigid body” assumption is investigated. The primary
findings are: (1) For insects considered in the present study
and those with relatively high wingbeat frequency (hover-
fly, drone fly and bumblebee), the “rigid body” assumption
is reasonable, and for those with relatively low wingbeat
frequency (cranefly and howkmoth), the applicability of the
“rigid body” assumption is questionable. (2) The same three
natural modes of motion as those reported recently for a
bumblebee are identified, i.e., one unstable oscillatory mode,
one stable fast subsidence mode and one stable slow subsi-
dence mode. (3) Approximate analytical expressions of the
eigenvalues, which give physical insight into the genesis
of the natural modes of motion, are derived. The expres-
sions identify the speed derivative M, (pitching moment
produced by unit horizontal speed) as the primary source
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of the unstable oscillatory mode and the stable fast subsi-
dence mode and Z,, (vertical force produced by unit vertical
speed) as the primary source of the stable slow subsidence
mode.
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1 Introduction

Considerable progress has been made in the area of aerody-
namics of insect flight in the last 20years [1-3]. With the
current understanding of the aerodynamic force mechanisms
of insect flapping wings, researchers are beginning to study
the dynamics of insect flight. Thomas and Taylor [4] and Tay-
lor and Thomas [5] studied static stability of gliding animals
and flapping flight, respectively, and they found that flapping
did not have any inherently destabilizing effect, and that flap-
ping could even enhance static stability compared to gliding
flight at a given speed.

Taylor and Thomas [6] and Sun and Xiong [7] studied
dynamic flight stability in the desert locust at forward flight
and in abumblebee at hovering flight, respectively. An impor-
tant assumption, “rigid body” assumption, was made in their
analysis. With this assumption, the analysis was greatly sim-
plified. The “rigid body” assumption is that the insect had
only 6 degrees of freedom of a rigid flying body and the
effects of the flapping wings on the flight system are repre-
sented by wingbeat-cycle-average aerodynamic and inertial
forces and moments that can vary with time over the time
scale of the insect body. It is further assumed that the animal’s
motion consists of small disturbances from the equilibrium
condition; thus, the linear theory of aircraft flight dynam-
ics is applicable to the analysis of insect flight dynamics.
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The equations of motion of a body of 6 degrees of freedom
were directly used under the “rigid body” assumption. The
authors did not first develop the full equations of motion of
an insect (body plus the flapping wings) and then simplify
the equations to that of a body. As a result, the simplifica-
tion process could not be examined and its validity could
not be tested. In the present study, we first derive the full
equations of motion of an insect with flapping wings; and
then we reduce the equations of motion to that of a body
with 6 degree of freedom using the “rigid body” assump-
tion. By doing so, the simplification process can be exam-
ined and the magnitudes of the neglected terms can be
estimated.

Different insects have very different sizes and wingbeat
frequencies, it is of great interest to investigate the size and
wing kinematics influence on the validity of the “rigid body”
assumption. In the present study, we address this question
by studying the longitudinal dynamic stability in hovering
flight of four insects (a hoverfly, a dronefly, a cranefly, and a
hawkmoth; their mass ranging from 11 to 1,648 mg and wing-
beat frequency ranging from 26 to 157 Hz). These insects
are chosen because their sizes and wingbeat frequencies
are different greatly, and because their morphological
and wing kinematic data are available from previous
studies.

In the study of Sun and Xiong [7], numerical solutions for
the eigenvalues were obtained. The solutions, although they
could show the properties of the natural modes of motion, do
not give much physical insight into their genesis. If approxi-
mate analytical solutions are obtained, the production of the
natural modes of motion and the influence of the flight param-
eters could be better understood. In the present study, approx-
imate analytical expressions of the eigenvalues are derived
and physical insight into the genesis of the natural modes of
motion can be obtained.

Similar to Ref. [7], we use the method of Computation
Fluid Dynamics (CFD) to compute the flows and to obtain
the aerodynamic derivatives and use the techniques of eigen-
value and eigenvector analysis to study the properties of the
dynamic flight stability of the hovering insects.

2 The model of analysis and the solution methods
2.1 Equations of motion and fluid dynamics equations

Equations of motion for flapping flight have been developed
and presented by Gebert et al. [8]. However, due to some
errors, their equations cannot be used as they are. We have
re-derived the equations in Appendix A. Three frames of
reference are used, as seen in Fig. 1: frame (x¢, yr, z¢) is an
inertial frame; frame (xy, yb, zp) is a frame fixed on the insect
body with its origin at the centre of gravity of the wingless
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Fig. 1 Reference frames

body; frame (xw, Yw, zw) is a frame fixed on an insect wing
with its origin at the root of the wing. For any vector V, in
frame (xf, yr, zf) we have:

V x¢
tV=1|Vy |, (D
Vzs

where Vx¢, Vyr and Vz¢ are the xg, yr and zf components
of V, respectively. Similarly, in frame (xy, yp, zp) and frame
(*w, Yw» Zw), We have, respectively:
Vaxp |
bV =|Vw
Vzp |

(2)
Vixw

Vyw
Vizw |

and V =

tV,pV and , V are related by the following relations [9].

fV = E ,V,
b—f
V= E ,V, (3)
w—{
and V= E V.
w—b
Here E, E and E are matrix of direction cosines. For
b—f w—f w—b
example,
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cosfcosyr singsinfcosy —cosgsiny  cos¢ sin6 cos Y + sin ¢ sin Y
bEf = [ cosfOsinyy singsinfsiny + cos¢pcosy cos¢sinfsiny —singcosyr |, (@)
- —sinf sin ¢ cos 6 cos ¢ cosf
where i, 6 and ¢ are the Euler angles relating frame
(b, ybs zb) to frame (xt, y, z);
cos Oy, COS Yy, SiN @y Sin Oy, COS Yy, — COS Py, SIN Py, COS Py SiN OBy, COS Yy, + SiN Py SiN Yy
Eb = | cosOy sin iy  sin ¢y sin Oy sin Yy + COS Py, COS Yy COS Py SiN By SiN Yy, — Sin Py COS Yy | 5)
w—>

— sin By Sin ¢y, cOS By,

COS ¢y COS By,

where ¥y, 6y and ¢, are the Euler angles relating frame
(X*w, Yw, Zw) to frame (xp, yp, zp). With respect to the iner-
tial frame, the centre of gravity of the wingless body moves
at velocity vy, the body rotates at angular velocity @pq and a
wing rotates at angular velocity @y (note that since angular
velocity of the wing relative to the body is prescribed, @y,
and wpq are not independent). R, is the position vector of
the centre of gravity of the body; R}, is the vector from the
body centre of gravity to the root of a wing; Ry, is the vector
from the root of a wing to the centre of gravity of the wing;
R, is the vector from the centre of gravity of a wing to any
point on the wing (Fig. 1).

Let Fp be the total aerodynamic force and Ma
moment (about the centre of gravity of the body ), moal
the total mass of the insect (body and wings), m, the mass
of a wing, I'y, the matrix of moments and products of inertia
of the body, I the matrix of moments and products of iner-
tia of a wing, g the gravitational acceleration and ¢ the time.
The equations of motion (Eqgs. A14 and A39 in Appendix A)
are as follows:

N
bFa+ |:mbd + meg,i:|bg

i=1

N
dbll
= |:mbd + E mwg,i] (Tcg + b®Whd X bvcg)
i=1

N
dp@bd
+ E [mwg[—dt X pRp + b@bd X (b@bd X bRp) '
i=1 i

N

dwwwg
t2 e 2, [ 25 R
i=

+ w®we X (w®wg X wag)i“ s (6)
i
N

bMa + D [mug bRy + b Rug) X bgli
i=1

d
= p®@bd X b bdb@bd + I {blbdbwbd

N
+ D [mug(oRh + bRyg) (5eg + b@bd X b Rn)

i=1

R R E (I }

+mygh Ry X (b@wg X bRyg) + W_>b(w wew®@wg) i

N
+ z{bwbd X ng(wlwgwwwg) + Mygb®bd

=
X[pbRh X (b@wg X bRwg)] + Mwgb@bd X [(b Rh+ b Ryg)
X (bVcg + b@bd X bRK)] + MygbVeg X (b@bd X bRp
Fb@Wwg X bRWg)}i, @)

where N is the number of wings, and pF, ,M and
Mmutal in Egs. (Al4) and (A39) have been replaced

by vF = pFa + [Mbd + >N, mwg,i]bg7 M =
bMa + Z,N:ﬂmwg(th + bRywg) X bgli and My =
[mbd + ZZN=1 mwg,i], where myq is the mass of the body.
The aerodynamic force and moment (Fa and M4 in
Egs. (6) and (7)) are determined by fluid dynamic equations

(the Navier—Stokes equations). The equations can be found
in Ref. [3] and will not be repeated here.

2.2 Simplification of the equations of motion by “rigid
body” assumption

The motion of the insect is governed by the two systems of
equations, the system of equations of motion and the system
of fluid dynamics equations. These equations are very com-
plex. With “rigid body”” assumption, the equations of motion
can be greatly simplified, and furthermore, flight stability of
an insect can be made similar to that of aircraft.

We first re-write Eqgs. (6) and (7) as follows. Let @wgo rep-
resent the angular velocity of the wing relative to the body,
which is determined by the flapping motion of the wing, then
Wyg Ccan be written as

w®wg = wlwg0 + E ywbd, (®)
b—w

b@wg = ngwwwg = p@we0 + b@hd- 9
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Substituting Egs. (8) and (9) into Egs. (6) and (7) and after
some manipulation, we have (assuming the insect with
two wings):

+ pWpa X bvcg) +a;+ by,
(10)

dpv
bF A+ mpipg = mbd( dtcg

dp@pa
bM A = b@bd X blpdb@bd + blbd +a+by, (11)

dt

where

dp@pd

dpv
al—mng[_b +_+b")bdxbvcg+ ar

i=1 dr

X (b Ry 4 pRyg) + p®bd X [pb@bd X (b Ry + bng)]} ,

i

(12)
by =m z (E E o+ E dww—wgo)
1 = Mwg webb bWhbd dr
X bng + (b®bd + b@we0) X (b@wg0 X bRywg)
+ b@wg0 X (b®@bd X bng)] . (13)
i
2 dpv

a = Z [mwg(th + b Rwg) X (— bg + dtcg

i=1

dpw dpw
+ bdtbd X th> + Mmygb Rn X (ﬂ X bng)

+ MwgbVeg X [b@bd X (bRh +bRwg)] + Mwgb®bd
X [(bRh + bRwg) X (bVcg + b@bd X bRp)
dp@bd

toRn X (b@ba X pRw)I+ E wlve E —

+owbda X[ E wlwg( E bwbd)]] ) (14)
w—b b—>w

i

2
dba) 0
b, = Z {mwgth S [ d:vg X bRWg + (bwng
i=1

+ b@ba) X (ngwag)] + B wLug(uougo
dwwng
dr

® + E
wgw ng) w—>bw

+ E b@bd) + E wlyg
w—b

+ b®bd
E Iy, E

% (w—>bw we b—>wbwbd

+ Mygb@bd X [bRh X (b@wg0 X b Rwg)]

+mwg(wgwawg) X (bVcg + b®bd X pRh)

+ MwgbVcg X (bwng X bRWg)}i, (15)

TR

where the top dot “-” represents time derivative. In Egs. (10)
and (11), a; represents the weight of the wings, the inertial
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force of the wings due to the body acceleration and rotation
and a, represents the moments produced by the weight of the
wings and by the inertial forces of the wings due to the body
motion; by and b, represent the inertial forces and moments
of the wings due to the flapping motion. Without ay, as, by
and by, Egs. (10) and (11) would be the equations of motion
of a flying body.

Because myg is much smaller than my, compared with
the terms of body weight (mpqg) and body inertial force
[mpd(dpveg/dt + p@ba X bUcg)], @1 in the Eq. (10) can be
neglected, and similarly @, in Eq. (11) can be neglected.
Thus we have

dpveg
pF A + mpapg = mbd( + b®pa X bvcg) +by, (16)

dt
db@ba
dt

Now, we further simplify Eqs. (16) and (17) using the
“rigid body” assumption. The main point of the “rigid body”
assumption is as following: the wingbeat frequency is rela-
tively high, so that the time scale of the wingbeat motion is
much smaller than that of the body motion, and when ana-
lyzing the flight dynamic of the insect, the wingbeat-cycle
average aerodynamic and inertial forces and moments, which
could vary over the time scale of the body, can be used. We
take the time average of Egs. (16) and (17) over the fast time
scale (the wingbeat period) to average out the fast motion.
The resulting equations would represent the body motion at
the slow time scale. Let the over-bar denote the mean value
(wingbeat-cycle average value) and the symbol “”” denote
the difference between the instantaneous and mean values
(€.8., Vg = Vg + f)cg). Taking the time average of Eqs. (16)
and (17) gives:

bM A = b@bd X blbdb@bd + blbd + by. (17

dpv,
g - -
a7 + b®bd X bUcg

+ b@bd X bf)cg) + by, (18)

pFa+ Mpdb8 = mbd(

bMA = b@bd X bLbdb®@bd + b@bd X b bdb®@bd

dp@pd
e + by. (19)

+blpd

Note that » and @ represent the fast oscillation of the body due
to the cyclic variations of forces and moments at wingbeat
frequency. Because the wingbeat frequency is assumed to
be high, it is expected that the oscillation is very small (this
should be checked afterwards). Thus terms like @pq X Vg
can be neglected. I_Jl and 1_72 are the mean inertial force and
moment of the wings due to the flapping motion. Since there
are acceleration and deceleration of the wing within one
downstroke (or upstroke) and the motion of the wing in the
upstroke is opposite to that of the downstroke, it is antici-
pated that b; and b, are approximately zero (this should be



Dynamic flight stability of hovering insects

235

(@)
Aerodynamic force
N of wing

Aerodynamic force
KA of body

"_ . " Aerodynamic moment

- of wing
Center of mass

Wing root

Aerodynamic moment
RN of body
Weight s

Fig. 2 a A sketch of the rigid body approximation. b Definition of the
state variables

checked afterwards). As a result, Egs. (18) and (19) become:
dpve
dr

& u@ba X b ) (20)
dp@bd

dr -
Equations (20) and (21) are the simplified equations of
motion (motion at the slow time scale) for the insect; they
are the same as that of a rigid flying body or an airplane. (It
must be emphasized that the basic assumption that the time
scale of the wingbeat motion is much smaller than that of the
body motion should be checked afterwards.)

pFa + mpgpg = mbd(

pM A = b@bd X bIbdb@bd + bIbd 2D

2.3 Linearization of the equations of motion

Equations (20) and (21) are the same as that of an airplane;
methods used in aircraft stability analysis can be used to study
the stability of insects. As done to an airplane, we linearize
Egs. (20) and (21) for stability analysis. As a first step, we
consider the longitudinal motion in the present study.

Let body be aligned so that the xj-axis is horizontal and
points forward at equilibrium (Fig. 2). The variables that
define the motion are the forward () and vertical (w) compo-
nents of velocity v¢, along xp,- and z,-axes, respectively, the
pitching angular-velocity around the center of mass
(g; yb component of @yq), and the pitch angle between the
x-axis and the horizontal (¢). Let X and Z be the components
of F A along the xp, and zy, directions, respectively, M the yy
component of M o (pitching moment) and I, the moment of

inertia of the body about yy, axis. The longitudinal component
of Egs. (20) and (21) are

it =—wtgt + X"’/mbd g" sin6, (22a)
Wt =—ugt +ZT/ml; + g" coso, (22b)
q* M*/ Ly (22¢)
b= (22d)

where the variables have been non-dimensionalzied
using ¢, U and ¢/ U as reference length, velocity and time,
respectively, (c is the mean chord length of a wing; U =
2®nr is the mean flapping velocity, where r; is the radius
of the second moment of wing area, & is the stroke ampli-
tude and 7 is the wingbeat frequency): X+ = X/0.50U>S;
(S is the area of two wings and p is the fluid density); ZT =
Z/0.5pU%S;; M = M/0.5pUSic; my = mpa/0.5pSc;
t¥ = tUJc; gt = gc/U? (g is the gravitational accel-
eration); u™ = u/U; w* = w/U; g% = qc/U; I =
1y /0.5 pSic3. Let each variable be expressed as the sum of
the reference (equilibrium flight) value and the disturbance
value:

wt =wl +swt
9—964—89,

7t =75 +87+,

ut = u;' +du™,
gt =q +5q7,
Xt =Xxt+8xt,
Mt =MS+5MT,

(23a)

(23b)

where the subscript “e” denotes the equilibrium flight condi-
tion and the symbol “§”” denotes a small disturbance quantity.
Note that ue = we = ge = 0. = 0 (6 is zero because xy is
chosen to be horizontal at equilibrium flight; g, is zero for all
constant-speed flight, including hovering; u and we are zero
for hovering flight). Substituting Eq. (23a) into Eq. (22a) and
neglecting second and higher order terms gives:

Xt =o, (24a)
Zr+mbgt =0, (24b)
M =0, (24¢)
and

Sut =38XT/mly — g0, (25a)
swt =8z%/mfy, (25b)
sgt =8MT/IF, (25¢)
86 = 8q™. (25d)

Equations (24a) and (25a) are the equilibrium equation and
the equation of disturbance motion, respectively. We fur-
ther express the perturbations in the aerodynamic forces and
moment as
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8X* =X out 4+ XFowt + XFaqT, (26a)
87" = Zfout + 255wt + ZF8q7, (26b)
SM™ = M sut + My swt + My 8q7, (26¢)

where X, X, etc. are the stability derivatives [9]. In
Eq. (26a), terms of rate derivatives, such as X ;r du (here u
is the time rate of change in u™), are not included. This is
consistent with the assumption that rate of body motion is
very small. Substituting Eq. (26a) into Eq. (25a), the linear-

ized equations of the disturbance motion are:

sut Sut
Swt Swt
sit | = A sq* | (27)
80 80

where A is the system matrix:

Xy /g Xifmyg X{/myg =g
A Z;,:/m[f Zjvr+/rr15)fl Z(J{Jr/m,f 0 (28)

M/ ME/LE M/ 0

0 0 1 0

Atequilibrium flight, the wing kinematic parameters must
be such that Eq. (24a) is satisfied (mean vertical force bal-
ances the weight of the insect and mean horizontal force and
mean pitching moment are zero). Morphological data and
most of the kinematic data at hovering flight (the equilib-
rium flight) for the insects considered in the present study are
available from previous works [10,11]. But there are three
kinematic parameters, down- and upstroke angles of attack
(g and «, respectively) and mean stroke angle (qS) are not
available. As will be seen below, they can be determined
using the above force and moment balance requirements.
When the equilibrium conditions are determined, the stability
derivatives can be calculated (see below). After the stability
derivatives are calculated, the system matrix A is determined
and the stability properties of the insect can be analyzed.

2.4 The wing, the body and the flapping motion

In determining the equilibrium conditions of the flight, we
only need to calculate the flows around the wings (at equi-
librium the body does not move and it is assumed that the
wings and body do not interact aerodynamically). To obtain
the aerodynamic derivatives, in principle we need to com-
pute the flows around the wings and around the body. But as
discussed in Sun and Xiong [7], near hovering, the aerody-
namic forces and moments of the body are negligibly small
compared to those of the wings, because the relative veloc-
ity that the body sees is very small. Therefore, in estimating
the aerodynamic derivatives, we still only need to compute
the flows around the wings. We further assume that the con-
tralateral wings do not interact aerodynamically. As a result,
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DF

CF

HM

JOUL

Fig. 3 The wing planforms of dronefly (DF), cranefly (CF), hawk-
moth (HM)

in the present CFD model, the body is neglected and the flows
around the left and right wings are computed separately. The
wing planforms of the three insects (Fig. 3) are obtained from
data given by Ellington [10]. The wing section is assumed
to be a flat plate with rounded leading and trailing edges, the
thickness of which is 3% of the mean chord length of the
wing.

The flapping motion of a wing consists of two parts: the
translation (azimuthal rotation) and the rotation (flip rota-
tion). The motion is sketched in Fig. 4 (¢ is the positional
angle of the wing; ¢min and @max are the minimum and max-
imum positional angles, respectively; « is the angle of attack
of the wing; g is the stroke plane angle; 01x1y1z1 is an frame
with the x yj plane parallel to the xy plane of the body frame;
0'x"y’7 is a frame with the x"y’ plane in stroke plane). The
translation (azimuthal rotation) velocity is approximated by
the simple harmonic function [7]. o takes a constant value
during the down- or upstroke translation (the constant value
is denoted by «g for the downstroke translation and «, for the
upstroke translation); around stroke reversal, the wing flips
and « changes with time, also according to the simple har-
monic function [7]. As discussed in Ref. [7], for prescribing
the flapping motion, the stroke amplitude (® = ¢max —Pmin),
the wingbeat frequency (n), the angles of attack in the down-
stroke (oq) and upstroke () translations, the mean posi-
tional angle [qs = (Pmax + Pmin)/2] and the stroke plane
angle (8) must be given.

2.5 The flow solution method

The flow equations and the solution method used are the same
as those described in work by Sun and Tang [3]. The com-
putational grids are similar to that used by Sun and Xiong
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(a) YN

Wing root

R
- 0’01 CH,W

Stroke plane “Stroke plane

Fig. 4 Sketches of the wing motion and reference frames

[7]. Once the flow equations are numerically solved, the fluid
velocity components and pressure at discretized grid points
for each time step are available and the aerodynamic forces
and moments acting on the wing can be calculated. Resolv-
ing resultant aerodynamic force of the wing into the z;- and
Xx1-axis, we obtain the vertical (L) and the horizontal (Hy)
forces due to the wing, respectively (see Fig. 3). The pitching
moment about the center of mass of the insect due to the aero-
dynamic force on the wing is denoted as My . The above
forces and moment are non-dimensionalized by 0.5pU?%S
and 0.5pU?Sc, respectively. The coefficients of Ly, Hy,,and
My \ are denoted as Cp w, CH,w and Cy,w, respectively.

2.6 Computation of the equilibrium conditions and
aerodynamic derivatives

®, n, B of the hovering insects are available from the mea-
sured data of previous studies. The kinematics
parameters of a wing left undetermined are oy, oy, and ¢_>
As mentioned above, in the present study, g, o0y and q3 are
not treated as known input parameters but are determined
in the calculation process by the force balance and moment
balance conditions, i.e., the mean vertical force of the wings
is equal to insect weight and the mean horizontal force and
mean pitching moment (about the center of mass) are equal
to zero. The non-dimensional weight of an insect (Cg) is
defined as Cg = mg/O.SpUzSt, where S; = 28, area of two

wings. The mean vertical force coefficient of the wing needs
to be equal to Cg.

Conditions in the equilibrium flight are taken as the refer-
ence conditions in the aerodynamic derivative calculations.
In order to estimate the partial derivatives, X, X, etc., we
make three consecutive flow computations for the wing: an
u-series in which u is varied whilst w, g and 6 are fixed at
the reference values (i.e., w, ¢ and 6 are zero), a w-series in
which w is varied whilst u, ¢ and 6 are fixed at zero, and a
g-series in which u, w and 6 are fixed at zero (in all the three
series, wing kinematical parameters are fixed at the reference
values). Using the computed data, curves representing the
variation of the aerodynamic forces and moments with each
of the u, w and ¢ variables are fitted. The partial derivatives
are then estimated by taking the local tangent (at equilibrium)
of the fitted curves.

2.7 Solution of the small disturbance equations

After the aerodynamic derivatives are determined, the
elements of the system matrix A would be known. Equa-
tion (1) can be solved to yield insights into the dynamic
flight stability of the hovering insects. As described in Sun
and Xiong [7], the central elements of the solution for the
dynamic stability problem are the eigenvalues and eigenvec-
tors of A. A real eigenvalue and the corresponding eigen-
vector (or a conjugate pair of complex eigenvalues and the
corresponding eigenvector pair) represent a simple motion
called natural mode of motion of the system. The free motion
of the flying body after an initial deviation from its ref-
erence flight is a linear combination of the natural modes
of motion. A positive (or negative) real eigenvalue, A, will
result in an unstable divergent (or stable subsidence) mode;
the time to double (or to half) the starting value is given by
0.693/|A|. A pair of complex conjugate eigenvalues, e.g.,
A1.2 = i+ @i, will result in oscillatory time variation of the
disturbance quantities. The period of the oscillatory motion is
27 /@ and the time to double or half the oscillatory amplitude
are 0.693/|n|.

2.8 Flight data

Flight data for the insects are taken from the works of
Ellington [10,11]. The general morphological data, m, R,
¢, S,ro, Iy (body length), /1 (distance from wing base axis to
center of mass) and xo (free body angle), are given in Table 1
(in the table and in the later tables and figures, HF, DF, CF and
HM represent hoverfly, drone fly, crane fly and hawkmoth,
respectively). Moment of inertia of the body about wing-root
axis (Ip) is also available. The moment of inertia of the body
about yp-axis, can be computed as Iy = Iy — llzm; the com-
puted values of /y are also given in Table 1 (for comparison,
the data of bumblebee (BB) studied in Sun and Xiong [7] are
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Table 1 General morphological and wing-kinematic data for the insects
m/mg R/mm ¢/mm r2/R Ib/R I/l x0/(®) I,/(kgm?) @/(°) n/Hz B/(®) x/(®)
HF 27.3 9.3 2.2 0.578 1.10 0.14 53 1.84x10710 90 160 0 43
DF 68.4 11.4 3.19 0.543 1.22 0.12 50 0.70x10~° 109 157 0 50
CF 114 12.7 2.38 0.614 0.85 0.21 70 0.95x10710 120 45.5 0 51
HM 1,648 51.9 18.26 0.525 0.81 0.27 73 2.08x1077 121 26.3 0 51
BB 175 13.2 4.01 0.550 1.41 0.21 57.5 2.13x107° 116 155 6 46.8
Table 2 Parameters determined by equilibrium condition (@ o3 -
Co aa/(°) /(%) /) 02} A Az *
+ - e - +
HF 1.46 33 33 24 3 o T M e
DF 1.10 5 25 0 *ﬁ 00 L e " /:,,‘g\f .,
CF 1.36 27 28 6 . : v
HM 1.51 25.5 30.5 9 3 -1t . oy
-02F -
03 ' : :
also included). The available wing-kinematic data [®, n, 3, -0.1 0.0 0.1
x (body angle)] for the insects are also given in Table 1. Au’
(b) 03
02 F
3 Results and analysis 5 . A
3 0.1 a Seal
3.1 The equilibrium conditions and the aerodynamic E 0.0 E — —
derivatives L i TA.
S -0.1F A
For different set of values of «g, a, and (]3 the mean verti- 02 F
cal and horizontal forces and mean pitching moment of the 03 i . . .
wings would be different. ag, oty and ¢ are determined using ' -0.1 0.0 0.1
the equilibrium conditions as follows. A set of values for Aw?
og, oy and ¢_> are guessed; the flow equations are solved and © 03¢
the corresponding mean vertical force (Cy ), mean hori- .
zontal force (C_‘H,W) and mean moment (C_‘M,W) coefficients . 02r
of the wing are calculated. If C_’L,w is not equal to Cg (the § 01k
non-dimensional yveight, given in Table 2), or Cq, v is_ not Nﬁ I
equal to zero, or Cyy,y 18 not equal to zero, «g, oy and ¢ are f‘" 0.0
adjusted; the calculations are repeated until the magnitude of S -01F
difference_between C_‘L,W and Cg is_less than 0.03 and those oo _
between Ch,w and 0 and between Cy,w and O are less than N
0.01. The calculated values of aq, oty and ¢ which satisfy the -03 e EE—— !
equilibrium conditions are given in Table 2. 002 —001 Z:I)? 0.01 0.02

After the equilibrium flight conditions have been deter-
mined, aerodynamic forces and moments on the wing for
each of u, w and g varying independently from the equilib-
rium value are computed. The corresponding X+, ZT and
M are obtained. As an example, the u-series, w-series and
g-series data for the hoverfly are plotted in Fig. 5 (in the
figure, the equilibrium value has been subtracted from each
quantity). Similar to the case of the bumblebee studied by
Sun and Xiong [7], X*, ZT and M vary approximately
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Fig. 5 The u-series (a), w-series (b) and g-series (¢) force and moment
data for hoverfly

linearly when the values of u™, w™ and g™ are small, show-
ing that the linearization of the equations of motion is only
justified for small disturbances (results for other insects are
similar).
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Table 3 Non-dimensional aerodynamic derivatives

X zr M X3 z+ M X ;r Z;r M;r
HF —1.28 —0.04 2.32 0.01 —1.26 0.05 —2.15 0 -0.23
DF —0.85 0.04 2.13 0.02 —-0.99 0.04 —1.15 0.08 —0.38
CF —1.09 —0.06 3.87 —0.01 —1.03 0.13 —1.23 0.15 —0.69
HM -0.99 —0.12 1.97 —0.05 —1.14 0.21 —-1.07 —0.08 —0.69
Table 4 Elgenvalues of the Mode 1 Mode 2 Mode 3
system matrix
AL A3 Agq
HF 0.010+0.019i (0.0744-0.1441) —0.022(—0.171) —0.003(—0.020)
DF 0.010+0.019i (0.07340.1391) —0.022(—0.165) —0.002(—0.015)
Given in parentheses are CF 0.024+0.053i (0.03340.7331) —0.063(—0.865) —0.008(—0.110)
eigenvalues HM 0.043+0.096i (0.2694-0.6081) —0.118(—0.747) —0.015(—0.092)
non-dimensionalized by . .
. BB 0.006£0.018i (0.0454-0.1291) —0.027(—0.197) —0.002(—0.012)
wingbeat frequency n
Table S Magnitudes and phase
angles of the components of Mode Su/U Sw/U 8qU/c 86
each of the three eigenvectors
HF 1 1.3x107! (125) 5.0x 1074 (248) 0.2x107! (63) 1 (0)
2 1.5x10~1 (0) 6.0x10~% (0) 0.2x10~1 (180) 1 (0)
3 3.0 (180) 1.4x102 (0) 0.3x1072 (180) 1(0)
DF 1 0.1043 (123) 0.0005 (50) 0.0213 (62) 1(0)
2 0.1089 (0) 0.0003 (180) 0.0223 (180) 1(0)
3 1.2 (180) 0.6x10% (0) 0.2x1072 (180) 1(0)
CF 1 0.1763 (126) 0.0018 (326) 0.0585 (66) 1(0)
2 0.1741 (0) 0.0039 (0) 0.0630 (180) 1(0)
3 5.7 (0) 1.7x 107 (180) 0.8x1072 (180) 1 (0)
HM 1 0.1803 (123) 0.0030 (231) 0.1055 (66) 1(0)
Numbers in the parentheses are 2 0.1730 (0) 0.0017 (0) 0.1180 (180) 1.(0)
phase angles, in degrees 3 2.5(0) 0.23x 102 (180) 0.1x10~! (180) 1 (0)

The non-dimensional aerodynamic derivatives, X, Z;,
M, XY, ZE My, X(J{, Z} and M;“ are estimated using the
above data and are given in Table 3. Note that although the
insects have a 150-fold weight difference, each of the non-
dimensional aerodynamic derivatives is not greatly different
between the insects.

3.2 The natural modes of the disturbed motion

The eigenvalues and the corresponding eigenvectors, calcu-
lated in Matlab, are shown in Tables 4 and 5, respectively,
(for comparison, eigenvalues for the bumblebee studied in
Sun and Xiong [7] are included in Table 4). For each of
the insects, there are a pair of complex eigenvalues with a
positive real part and two negative real eigenvalues,
representing an unstable oscillatory motion (mode 1) and

two stable subsidence motions (mode 2 and mode 3), respec-
tively. As Sun and Xiong [7] did, we call modes 1, 2, and
3 unstable oscillatory mode, fast subsidence mode and slow
subsidence mode, respectively. The three modes of motion
of each of the insects are similar to the corresponding ones
of the bumblebee studied by Sun and Xiong [7]. The unsta-
ble oscillatory mode is a motion in which 8¢, and §u are the
main variables (see Table 5). In this mode the insect conducts
horizontal and pitching oscillations; in a large part of a cycle,
du and 8¢ are in phase, i.e., the insect pitching down while
moving backwards or pitching up while moving forward. The
fast subsidence mode is also a motion in which éq and §u are
the main variables (Table 5), but §gq and du are out of phase,
i.e., when du has a positive initial value, 8¢ has a negative
initial value and the insect would pitch down (or up) back to
the reference attitude and at the same time moves forward
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(or backwards). The slow subsidence mode is a motion in Table 6 The amplitude of the oscillations
whic':h Sw is the 'main variable'(Table 5?, which represents a a/U  ay/U aqc/U  ap ax/c ay)c
vertical descending (or ascending) motion.
HF 0.013  0.0016  0.0041 0.004 0.014 0.001
3.3 Test of the “rigid body” assumption DF  0.017 0.0013 0.0059 0.005 0014  0.001
CF 0.048  0.0115  0.020 0.043 0.094 0.013
3.3.1 The requirement of body motion being much slower HM  0.039 0.009  0.047  0.044  0.035  0.005

than wing flapping motion

The “rigid body” assumption requires that the time scale of
the body motion is much larger than that of the flapping
motion of the wings. The eigenvalues can determine the time
scale of the body motion. If the largest eigenvalue is much
smaller than the circular frequency of wingbeat, the above
requirement is met.

The circular frequency of wingbeat is 2 n; the non-dimen-
sional circular frequency of wingbeat (non-dimensionalized
by n) is 27 (= 6.28). The largest non-dimensional eigen-
value (non-dimensionalized by n) for the hoverfly, or drone
fly, or bumblebee, is less than 0.2 (see Table 4), more than 30
times smaller than 277 . Thus, for these insects, the assumption
should be reasonable. Note that these insects have relatively
large wingbeat frequency (larger than 150 Hz; see Table 1).

However, for the crane fly or hawkmoth, the largest non-
dimensional eigenvalue is about 0.8 (Table 4), only about one
eighth of 2. For these two insects, the assumption that the
body motion is much slower than the wing flapping motion is
in question. Note that these two insects have relatively small
wingbeat frequency (25-45 Hz; see Table 1).

3.3.2 The requirement of body-oscillation at wingbeat
frequency being small

In the process of simplifying the equations of motion, terms
like @pg x Veg in Eqgs. (18) and (19) have been neglected
under the assumption that @pq, Dcg, etc., are small, i.e., the
oscillations of the body at wingbeat frequency, which is
caused by cyclic vitiations of the aerodynamic and inertial
forces on the flapping wings, are small. Here we use the
complete equation of motion (Egs. 10 and 11) to estimate the
amplitude of the oscillation. Since the flapping motion (wing
motion relative to the body) is prescribed, @wgo in Egs. (10)
and (11) is known. Morphological parameters such as Ry,
Ry, Iy and so on are available or can be computed based
on the data in Refs.[10,12]. As for the aerodynamic force
(F a) and moment (M »), recall that in Sect. 3.1, the aerody-
namic force and moment of the flapping wings at equilibrium
flight (the body assumed not oscillating) have been com-
puted; these force and moment are reasonably good approx-
imations to F o and M 4, respectively. Using these data and
numerically integrating Egs. (10) and (11), we obtain the
body oscillation at equilibrium flight, which could be taken as
an estimate of the body oscillation in the disturbance motion.
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The non-dimensioned amplitudes of oscillation are shown in
Table 6 (in the table the amplitudes of the xp and zp com-
ponents of v, are denoted as ay and ay, respectively; the
amplitudes of pitching angular velocity and pitching angle
are denoted as aq and ag, respectively; the amplitudes of the
horizontal and vertical displacement of the center of mass of
the body are denoted as ax and a, respectively). The non-
dimensional amplitudes are of the order of 1072, Thus, the
magnitudes of the terms like @pq X Dg, etc. would be of the
order of 10™*. The retained terms in the equations of distur-
bance motion, e.g., M 8u™, are of the order of 107!, It is
clear that neglecting terms like @pg X f)cg is reasonable.

3.3.3 The mean inertial force and moment of the flapping
wings being approximately zero

Recall that in Sect. 2.3, by and b, in Egs. (18) and (19), which
represent the mean inertial forces and moments of the flap-
ping wings, were dropped on the assumption that they were
approximately zero. This is checked here. To compute b and
I_)z, we need @ygo, @pd and veg (see Egs. 13 and 15). wwgo is
known because the flapping motions is prescribed. wpg and
vcg can be estimated on the basis of the natural modes of
motion of the body. Thus, 1_71 and 1_72 can be estimated. Our
calculations show that the contributions of b1 and b, to the
equations of disturbance motion are approximately zero (the
values of which are the order of 10~°). The reason for this is
because there are acceleration and deceleration of the wing
within a down- or upstroke and the motion of the wing in
the downstroke is opposite to that of the upstroke, the iner-
tial forces (or moments) in deferent parts of a flapping cycle
approximately cancel out (this was anticipated above).

The above analysis show that for insects, with relatively
high wingbeat frequency (hoverfly, dronefly, bumblebee; n
larger than 150 Hz), the “rigid body” assumption and the sim-
plification of the equations of motion are reasonable, but for
insects with relatively small wingbeat frequency (cranefly
and hawkmoth; n less than 45 Hz), because the requirement
of body motion being much slower than wing flapping motion
is not well met, the applicability of the “rigid body’” assump-
tion is questionable.
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Table7 Approximate eigenvalues for insects in normal hovering com-
puted by Egs. (31), (34)—(38)

Mode 1 Mode 2 Mode 3
AL A3 Ag
HF 0.010+0.0191 —0.023 —0.003
DF 0.010£0.019i —0.023 —0.002
CF 0.02540.052i —0.065 —0.008
HM 0.044+0.095i —0.120 —-0.015

3.4 Approximate analytical expressions of the eigenvalues
and physical interpretation of the natural modes

In order to have physical insight into the genesis of the nat-
ural modes of motion, it is desirable to have approximate
analytical expressions for the eigenvalues. Here, we obtain
the expressions by simplifying the equations of motion on
the basis of the known modal characteristics.

First, we consider the stable slow subsidence mode. We
have noted that du, 8q and §6 are negligibly small in this
mode (Table 5, mode 3). We can therefore simplify the equa-
tions of motion (Eq. 27) by neglecting the X-force equation,
the pitching moment equation and the §0-equation and putt-
ing Su, §q and 66 to zero in the Z-force equation. This results
in the simplified equation:

+
st = Z—_‘:Suﬁ. (29)
Mpq

The characteristic equation is
A—ZF/mi =0, (30)

which gives the approximate expression for the eigenvalue
of the stable slow subsidence mode (A4) as

A~ ZEml (31

Values of A4 computed by Eq. (31) are given in Table 7 and
they are almost identical to the exact values shown in Table 4
(A4 for the bumblebee studied by Sun and Xiong [7] com-
puted by Eq. (31) is —1.795, almost the same as the exact
value —1.799). From Eq. (31), we see that the stable slow
subsidence mode mainly depends on the ratio of two parame-
ters, Zyw and mpq. The physical interpretation of this mode of
motion is clearly seen: when Z,, is negative, for example, a
positive Aw disturbance (insect moving downward) will pro-
duce a negative vertical force, which opposes the downward
motion, stabilizing the motion.

Next, we consider the unstable oscillatory mode and the
stable fast subsidence mode. In these two modes (Table 5,
modes 1 and 2), w is negligibly small. Therefore, we can
neglect the Z-force equation and set w in other equations
zero. The equations of motion (Eq. 27) are simplified to the
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following:
sut XF/mly XF/miy, —gt [Sut
s8¢t | = Mj/1y+ M;/I;r 0 Sgt|. (32)
30 0 1 0 30
The characteristic equation of which is
s (XE O MI L (XTME MIXG
A _( + +I_+))‘ +( ot +1+))“
Mypq y Mpgly Mpgly
tMT
+8 0, (33)
Iy

The exact expressions of the roots of Eq. (33) can be obtained.
But the expressions are rather complex and it is difficult to
see how a parameter influences the roots. By using the bino-
mial series expansion and neglecting the higher order terms,
we obtain relatively simple expressions of the roots (see the
Appendix B):

Mo =nR+id, (34)
where
N 1 3 Mlj_g-‘r .
- 1-2j), 35
n > Iy+ ( J) (35)
‘/g 3 Mlj_g+
DR — , 36
CTON T (36)
and
+ot
R u+ I+ j), 37
I
y
where
1 ME X+ Mgt
j==5(E ) [y (38)
3V Myq Iy

Values of A1 and A3z computed using Eqs. (34)—(38) are
also given in Table 7, which are in very good agreement with
the exact values given in Table 4 (this is also true for the
bumblebee studied by Sun and Xiong [7]).

Using data in Tables 1 and 3, it can be shown that j is

considerably smaller than 1. We thus see that J M g+ / IyJr
plays amajor role in determining A1 » (= 7ti®) and A3;i.e.,

these two modes are mainly determined by the parameters
My, g and Iy. On the basis of these results, the physical inter-
pretation of the two natural modes of motion can be given.
For the unstable oscillatory mode, when the insect moves
forward (positive Au), it pitches up (as seen above, u and
q are approximately in phase); the positive Au produces a
positive moment M, Au, which tends to increase the pitch-
up motion, destabilizing the motion (similar destabilizing
effects can be seen when the insect moves backwards). For
the fast subsidence mode, the opposite is true: when the insect
moves forward, it pitches down (as seen above, u and g are
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approximately out of phase); the positive moment produced
by Au tends to decrease the pitch-down motion, stabilizing
the motion (similar stabilizing effects can be seen when the
insect moves backwards).

4 Conclusions

1. For insects considered in the present study and in Ref.
[7], for those with relatively high wingbeat frequency
(hoverfly, drone fly and bumblebee), the “rigid body”
assumption is reasonable, and for those with relatively
low wingbeat frequency (cranefly and howkmoth), the
applicability of the “rigid body” assumption is question-
able.

2. The same three natural modes of motion as those reported
recently for a bumblebee are identified, i.e., one unstable
oscillatory mode, one stable fast subsidence mode and
one stable slow subsidence mode.

3. Approximate analytical expressions of the eigenvalues,
which give physical insight into the genesis of the natural
modes of motion, are derived. The expressions identify
the speed derivative My, (pitching moment produced by
unit horizontal speed) as the primary source of the unsta-
ble oscillatory mode and the stable fast subsidence mode
and Zy, (vertical force produced by unit vertical speed) as
the primary source of the stable slow subsidence mode.

Appendix A Derivation of the equations of motion
A.1 Translational equations of the motion

Variables veg, @pd, Reg, Rn, Ryg, €tc. have been defined in
the text. Newton’s law is applied to an element dm of the
insect and then integrated over all elements. The position
vector of dm relative to the origin of the inertial frame is
R; + R, where R is a vector from the centre of mass of the
body to dm. The inertial velocity of dm is

d d¢R
U= a(chg +R) = Vg + ——

T (A1)

The momentum of dm is vdm, and of the whole insect is:

dfR
fodm = (fvcg + ?)dm

body & wings body & wings

drR
= Myotalf Veg + ?dm
body & wings

(A2)
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where moa 1S the total mass of the body and wings of the
insect. Newton’s second law applied to dm gives:
dfv

de f = —dm,
tf dr m

where d¢ f is the force acting on the element. Integration over
the insect gives:

dfvcg /
F =
f Notal dr +

(A3)

dsz

a7 dm

body & wings

dev a2 V@2
€+ (Rdm + > Pl / ¢Rdm,
body i=1 wing,i

= Mitotal

dr dr?
(A4)

where F is the force acting on the insect and N is the number
of wings. Since R is a vector from the centre of mass of the
body, we have:

/ fRdm = 0. (AS)
body

For a point on a wing (Fig. 1),

fR:th‘i‘wag‘i‘pry (A6)

where R,, is a vector from the centre of mass of the wing.
Since (Ry + Ry,) is constant in the integration, we have:

/ fRdm = / (fRh + tRywg + ¢ Rp)dm
wing wing

= Mmyg(t Ry + t Rwy), (AT)

where my, is the mass of the wing. Substituting Egs. (A5)
and (A7) into Eq. (A4) gives:

2

N
dsv d
¢ F = Mol —= + E mwg,i@(th + tRyg)i- (AB)
i=1

dr

Equation (A8) is in the inertial frame. As will be seen below,
in deriving the rotational equation of motion, time deriva-
tives of angular momentum, which contains moments and
products of inertia of the body, are needed. If equations of
motion are written in body frame, moments and products
of inertia of the body would be independent on time and
the resulting equations would be relatively simple. There-
fore, it is desirable to rewrite the equations of motion in the
body frame (xp, Vb, zp). Equation (A8) can be transformed
to frame (xp, yb, Zp) by using the following relations [13]:

deV dpV
G¥ _ DV V. A9
” ” + b®Wbd X b (A9)
d% v d3V dpyV  dpwpg
SLAAN L) A 14
dr? dr? + Zp@pa X dt ar b

+bp@bhd X (b@bd X bV). (A10)
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When ,V and pwyg are changed to V and wwyg, respec-
tively, Eqgs. (A9) and (A 10) relate the time derivatives of 1V
and V. Applying these relations to the terms on the right
hand side (RHS) of Eq. (A8) gives:

dfveg  dpveg

_— = , All
m i + b®bd X bUcg (A11)

d’% Ry  dpwpd

— 5 = 7 XbRn+p®pa X (b@bd X bRh),  (Al2)
dr dr

d*¢R dyw
dtzwg = wdtwg X whRyg + wowg X (w@wg X wRyg).

(A13)

Thus Eq. (A8) can be rewritten as

N
dpv dpwhd
bF = mtotal( dtcg + b®bd X bvcg) + Z {mwg[ a
i=1

XpRh + p@pd X (p@pd X th)]}‘ + E {mwg WEb
i —
i=1

dyw
X[ = twg X wRwg + wowg X (wwg X WRWg):I}is

(A14)

which is the translational equation of motion.

A.2 Rotational equations of motion

The moment of momentum of dm with respect to the origin
of the inertial frame is

deH = ¢R| x fvdm, (A15)

where R is a vector from the origin of the inertial frame,
Newton’s second law written for the angular momentum
gives:
d d
dtM| = —(dfH) = —(t Ry x fvdm), (A16)
dr dt
where df M| is the moment acting on the element about the
origin of the inertial frame. Integrating over the insect gives:
deH

tM| = ,

& (A17)

where M is the moment acting on the insect about the origin
of the inertial frame and H can be written as follows:

fH =
body & wings

fR] X fvdm

N

= /fR1vadm+Z

body izlwing,i

tR1 x fvdm. (A18)

At a point on the body, inertial velocity is

d
v = E(fRCg +¢R) = tvcg + @ba X £ R. (A19)

Atapoint on a wing (R is Ry + Ry + R)), inertial velocity
is

d
v = a(chg +tRn + tRwg + £ Rp)

d
= a(chg + tRp) + f@wg X (wag ‘|’pr)

= fUcg + f®bd X th+f60wg X (wag+pr)- (A20)
R can be written as
fRy =R+ R (for point on body), (A21)

fR1 = tReg+iRh+fRwg+fRp,  (for point on wing).

(A22)

Using Eqgs. (A19)-(A22), Eq. (A18) can be written as

tH = / (fRcg + tR) X fvcgdm + / (fRcg +tR)
body body
N

X (fwpq X £ R)dm + Z
i=1

(chg + Ry +wag

wing,i

N
+tRp) X (fVcg + f@pd X £Rp)dm + Z / (fRcg
i=]wing,i

+t Ry + Ry + £ Rp) X [f0wg X (fRwg + ¢ Rp)]dm.
(A23)

The terms on the RHS of Eq. (A23) can be simplified as
following. The first term becomes:

/ fRco X fVcgdm + / tR X fvegdm
body body

= mbdecg X fUcg, (A24)

where myq is the mass of the body and the second integration
is zero because R is a vector from the centre of mass of the
body. The second term on the RHS of Eq. (A23) becomes:

/ fReg X (fwpg X fR)dm + / fR X (fwpg X tR)dm
body body

= / fR x (fwpg X fR)dm = ¢Ipgf@hg,
body

(A25)
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where I'pq is the inertia matrix of the body. The third term on The time rate of change of ¢ H is
the RHS of Eq. (A23) becomes:
—de Mmpdf Reco X —— dfvcg +m —deCg X £V
dr bdf fLcg dr bd dr fUcg
z / (tR cg+th+wag+pr)X(fvcg"'fwbd +Z|: Wg d X(fvcg+fwbdeRh)
i=lying,i
N dfveg d
+ mwngcg X — +mwngcg X —(f@bd X th)] .
¢ Rn)dm = [myg (s Reg + £ Ri + £ Ryg) dr i

i=1

X (fVeg + f@bd X £ Ru)]i, (A26)

because in the integration, (R¢g + Ry + Ryyg) and (fveg +
f@pg X  Ryy) are constant and R, is a vector from the centre of
mass of the wing. The fourth term on the RHS of Eq. (A23)
becomes:

/ (fRcg + £ Ry + tRyg + £ Rp) X [fwwg X (tRyg

i= 1wmgz
N
+Rp)dm =D {myg(iReg + tRy) X (f0wg X tRyg)
i=1

+ / (wag +pr) X [fwwg
wing

X (fRwg + pr)]dm}i

N
= Z[mwg(chg + ¢ Rp) x (fwwg Xwag)
i=1

+ il wgr@wgli, (A27)

where

fIwgfwwg = / (wag+pr) X [fwwg S (wag + pr)]dm7
wing

(A28)

and Iy, is the inertia matrix of the wing. Substituting
Eqgs. (A24)—-(A27) into Eq. (A23), ¢ H is written as

N
fH = mpafReg X fVcg + tIbdf@bd + Z[mwngcg X (fVcg
i=1
+t@pd X fRy) + MygfReg X (f0wg X tRye)l;i
N
+ D [mug(tRn + £ Rwg) X (tvcg + 1@ba X 1Rp)
i=1

“rmwngh X (fwwg X wag) + fIngng]i' (A29)
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+Z|: wg d X (twwg S wag)

d d
+ Mmygt Reg X — (f@wg X wag)], + — (¢l pdf@pd)
dr i dr
N4
+ Zl d_t[mwg(th +Ryg) X (fVcg +t@bd X £ Rn)
=

+mwngh S (fwwg X wag) + fIwgfwwg]i

N
dfvcg
I + ; [mwgfvcg X (f@bd X fRy)

= mpdf Reg X

dfl)

+mwngch +mwngch (fwbdeRh)],
i

N
+ Z [mwgfvcg X (fwwg X wag)
i=1

d
+ Mgt Reg X E(fwwg X wag):Il_

d Nod
+ E(flbdfwbd) + ; a[mwg(th + 1 Rwg)
X (fVcg + t@bd X £ Rh)

+mwngh X (f(l’wg X wag) + fIwgfwwg]i~ (A30)

M in Eq. (A17) (the moment acting on the insect) is about
the origin of the inertial frame. It can be written as

tMy=¢M +¢Ree x ¢F, (A31)

where M is the moment acting on the insect about the center
of mass of the body and F is the force acting on the insect.
Using Eq. (A8), (A31) becomes

dfvcg

tMy =M +¢Rcg x [mtotal P

N d2
+ z Myg,i @(th + wag)i]
i=1

dfvcg
dr
2

N
d
+ E [mwngcg X m(th + fRWg):Ii
i=1

= tM + moraif Reg X

dfvcg

=M + mtotalchg X ar
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i

al d
+Z [mwngcg X a(f(‘)bd Xth+f‘l)wg Xwag)]
i=1

drv
=M flcg

+

Miotalf Reg X

d
[mwngcg X E(f‘obd X th)]

M=

+

i

I
—-

+ (A32)

d
[mwngcg X a(f‘owg X fRWg)]

-

i

i=1

Substituting Eqs. (A30) and (A32) into Eq. (A17) and noting
that

N

mpd + meg,i = Miotal
i=1

Eq. (A17) becomes

N
tM = Z[mwgfvcg X (t@bd X Ry + t@wg X £ Ryg)]li

i=1

(A33)

N
d d
+a(flbdfwbd) + ,'—21 5[mwg(th + Rwg)

X (fVcg + f@bd X £Rh) + Mmwgr Ry
X(fwwg X wag) + fIng(’)wg]i‘ (A34)

Equation (A34) is the rotational equation of motion in
inertial frame. It is transformed into the body frame using
Egs. (A9) and (A10). First, the time derivative terms on the
RHS are treated separately as following:

d d
5(f1bdfwbd) = 5(b1bdbwbd) +b@bd X bl bdb®@bds
(A35)

d
E[(th + Ryg) X (tVcg + f@ba X £ Rp)]

d
= a[(th + bRwg) X (bVcg + b@bd X bRh)]

+b@bd X [(bRh + bRwg) X (bVeg + b@bd X bRh)],

(A36)
d
E[th X (@wg X fRyg)]
d
= a[th X (b@wg X bRwg)] + b®hd
x[pRp x (bwwg X bng)]y (A37)

d d
a(flwgf(l)wg) = E(blwgbwwg) + b®bd X bIngwwg

d
= E [ng(wlwgwwwg)]

+ b®bd X ng(wlwgwwwg)~ (A38)

Using Eqgs. (A35)—-(A38), Eq. (A34) is transformed into the
body frame as following:

N
M = Z[mwgbvcg X (b@bd X bRy + b@wg X b Rwe)l;i

i=1

d
+b@bd X bLbdb@bd + §{b1bdbwbd

N

+ Z[mwg(th + b Rwe) X (pVeg + b®@bd X bRh)
i=1

+mwgth S (bwwg X bng) + Wl_':)b(wlwgwwwg)]i}
N

+ ;{bwbd X WEb(wIWgwwwg) + Mwgb®bd

X[pRh X (b@wg X bRwg)] + mygb@bd

X [(oRy + pRyg) X (bVcg + b@bd X bRK)]}i. (A39)

Equation (A39) is the rotational equation of motion in body
frame.

Appendix B Derivation of approximate roots

X+ M+ X+tm+ Mtx+
Lettingb:—( T —i——j‘_), —( u+ 3 — i i)
Mpg Iy Mg ly Mg ly
s .
and d = Eq. (A33) can be written as

LS
M4+brAl+er+d=0. (B1)

From the values of M, MJ, etc. (Table 3), we have b > 0,
¢ > 0andd > 0. Letting

p=c—b*3, (B2)
q =2b°/27+d — bc/3, (B3)
the roots of Eq. (B1) are [14]:
AMa2=n=Lio, (B4)
where
. 1, 5 b
n:—z(\/—A+B+\/—A—B)—§, (B5)
3
@:%(Q/—AjLB—ﬁ/—A—B), (B6)
and
3 3 b
K3=&/—A+B+&/—A—B—§. (B7)
A and B in the above equations are defined as
q d
A=L=—(1 —B), B8
> 2( +o—p) (B8)

2 3
lq )4 d I, )1/2
B=,—+%X =" (1420 —-28+ -8 B
4 27 2( 3 Y » (BY)
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where o« = (b/3)} - (2/d), B = (b/3) - (¢/d), y = (4/27)-  and

2, 3
(c/d)”-c. hy=—Vd(1+ ), (B18)

Using the values of m, Iy, M, etc. in Tables 1 and 3, it
can be shown that o and g are generally much smaller than
1 and that y is the same order of magnitude as 2. Thus,
approximate, but simple, expressions for A; 2 and A3 can be
obtained using the binomial series expansion with the higher
order terms (HOT) dropped. This is done as follows:

1
mz[—g(l+a—ﬁ)+§(l+a—ﬁ—za2

2, 1 13
—3B FaBt oy +HOT) |

w_ygle BBy

B10
4 3 2 4 (B10)

d d 1/3
3/—A—B=[—§(1+a—ﬂ)—§(1+a—ﬁ+H0T)]
~ —\/g(l + §Ol — 3,3) ~ —\/E.
Using Egs. (B10) and (B11), we have

—%(S/—A B+ Y AB) -2~ l3/3(1 —2\3/%)’

(B11)

372

(B12)
?(«7—A+B+€/—A—3)z%§%, (B13)
3/—A+B+«3/—A—B—b/3:—x3/3(l+\3/§).

(B14)
Finally the roots (Eqs. B4-B7) can be written as:
Ao =h+id, (B15)
where
A= %3/2(1—2]), (B16)
= ?S/E, (B17)

@ Springer

where j = \3/§ = b/(3\3/c_z’); interms of I;F, M;f, etc., j is:

+
j__l( q+X[1")/3Mlj'g+
= T T Vo
3\ Myg Iy
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