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Abstract

The present study investigates the influence of uniform magnetic field on the flow of a Newtonian fluid sandwiched between
two micropolar fluid layers through a rectangular (horizontal) porous channel. Fluid flow in the every region is steady,
incompressible and the fluids are immiscible. Uniform magnetic field is applied in a direction perpendicular to the direc-
tion of fluid motion. The governing equations of micropolar fluid are expressed in Eringen’s approach and further modified
by Nowacki’s approach. For respective porous channels, expressions for linear velocity, microrotations, stresses (shear
and couple) are obtained analytically. Continuity of velocities, continuity of microrotations and continuity of stresses are
employed at the porous interfaces; conditions of no slip and no spin are applied at the impervious boundaries of the com-
posite channel. Numerical values of flow rate, wall shear stresses and couple stresses at the porous interfaces are evaluated
by MATHEMATICA and listed in tables. Graphs of flow rate and fluid velocity are plotted and their behaviors discussed.
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A Conductivity ratio parameter second™']
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Symbols Description [S.I. Units] [Ampere-meter‘z]
h* Width of channel [meter] B* Magnetic field [Tesla]
U* Uniform fluid velocity E* Electric field [Newton-Cou-
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(a*, 6%, 7%) Gyro-viscosity coefficients
[Poise meter?]
(", y*,2%) Cartesian coordinates

[meter]

1 Introduction

Micropolar fluids respond to micro-rotational motions and
spin inertia which can support stress moments (i.e. couple
stresses) and body moments (i.e. body couples) (Lukasze-
wicz 1999). Motion of micropolar fluids can represent the
various effects that are not possible in non-polar Stokesian
fluids, given in the book by Stokes (1984). Eringen (1966)
reported the fundamental concepts on micropolar fluids
consisting of the effects of couple stresses and microstruc-
ture. An explicit dependence on components of deforma-
tion tensors was reported by Nowacki (1970). In the pres-
ence of magnetic field, an incompressible and electrically
conducting micropolar fluid flow through a rectangular
channel with suction and injection was reported by Mur-
thy et al. (2011). Srinivasacharya et al. (2001) observed
the unsteady incompressible micropolar fluid motion
between two porous plates with a periodic injection/suc-
tion. Yadav et al. (2018) formulated a mathematical model
for the flow of two immiscible fluids through a porous hor-
izontal channel and obtained its analytical solution using
direct method. Yadav et al. (2018) reported steady and
incompressible fluid flow of an Eringen fluid sandwiched
between two Newtonian fluid layers flowing through a
porous channel. Perturbation solutions were obtained
for a diverging channel filled with conducting micropo-
lar fluid by Srinivasacharya and Shiferaw (2009). Jaiswal
and Yadav (2020) investigated the effect of width of the
layers on the micropolar—Newtonian fluid flow through
the porous layered rectangular channel by sandwiching of
non-Newtonian fluid between the Newtonian fluid layers.
Sherief et al. (2014) reported the quasi-steady micropolar
fluid flow between two coaxial cylinders by considering
two types of flow problems: one is flow parallel to axes
of cylinders and other is the flow perpendicular to axes of
cylinders. Lok et al. (2018) reported flow of a micropolar
fluid over a extensible surface on applying the slip condi-
tion. Deo et al. (2020) investigated the Stokesian flow of
a micropolar fluid through a cylindrical tube enclosing an
impermeable core coated with porous layer in the pres-
ence of external magnetic field. Deo et al. (2021) reported
the magnetic effects on hydrodynamic permeability of
biporous membrane relative to the flow of micropolar liq-
uid using four known cell models. In addition, Maurya
et al. (2021) investigated the Stokes flow of non-Newto-
nian fluid flow through a porous cylinder and compared
the flow patterns for two types of BVPs.
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Krishna et al. (2019) considered the unsteady magneto-
hydrodynamic convection flow of an incompressible, vis-
cous and heat-absorbing fluid over a flat plate. Asia et al.
(2016) investigated the flow and heat transfer characteristics
of an electrically conducting micropolar fluid using different
methods. Krishna et al. (2020) studied the effects of Hall
and ion slip on MHD rotating flow of ciliary propulsion and
mixed convective flow past an infinite porous plate. Krishna
et al. (2019) studied the Soret and Joule effects of magne-
tohydrodynamic flow of an incompressible and electrically
conducting viscous fluid past an infinite vertical porous
plate. Krishna and Chamkha (2022) investigated the hall
and ion slip effects on the flow of micropolar and elastico-
viscous fluid between two porous surfaces.

Porosity of a porous medium is fraction of the total vol-
ume of medium that is occupied by void space (Nield and
Bejan 2006). Brinkman (1947) improved the Darcy’s law
for porous medium with an appropriate combination of the
usual Darcy term analogous to the Laplacian terms. Deo
and Maurya (2019) obtained the generalized stream function
solution of the Brinkman equation in the cylindrical polar
coordinates. Recently, Maurya and Deo (2020) reported the
analytical solution of Brinkman and Stokes equations in
the parabolic cylindrical coordinates. On using cell model
techniques, hydrodynamic permeability of biporous medium
composed by porous cylindrical particles which is located
in another porous medium was investigated by Yadav et al.
(2013). In the porous channel, fully developed flow of an
incompressible, electrically conducting viscous fluid through
a porous medium of variable permeability in the presence
of transverse magnetic field was studied in Srivastava and
Deo (2013). Umavathi et al. (2010) reported the analytical
concept of Couette flow and heat transfer in a composite
channel. Recently, Maurya and Deo (2022) investigated the
MHD effects on micropolar—Newtonian fluid flows through
coaxial cylindrical shells.

In this research work, the magnetohydrodynamic effects
on Newtonian fluid flowing through a porous channel, sand-
wiched between two rectangular porous channels filled
with micropolar fluids have been investigated. The direc-
tion of fluid flow is taken along x*-axis and the uniform
magnetic field is applied in a direction perpendicular to
the direction of fluid flow. For the corresponding fluid flow
regions, velocity profiles, shear stresses, couple stresses and
flow rate are obtained. Numerical values of the shear wall
stresses and couple wall stresses at the porous interfaces
are also tabulated. The volumetric flow rate and fluid veloc-
ity are plotted and discussed for different values of flow
parameters.
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2 Flow assumptions

e Fluid is flowing through the porous channels with con-
stant pressure gradient.

e [t is supposed that both outer boundaries of the com-
posite channel are impervious and fluids are electrically
conducting.

e Assume that induced magnetic field is very small in the
comparison of the external magnetic field (B¥).

e Fluids are immiscible and flow in each porous channel is
steady, laminar and fully developed.

e The applied fluid pressure p* is same for both the
micropolar and Newtonian fluids.

e Assume that the magnetic Reynolds number is very
small and external electric field (E*) is absent so that the
induced electric current can be neglected.

3 Mathematical formulation

The mathematical model of the present investigation is based on
the sandwiching of Newtonian fluid between two non-Newto-
nian fluid layers through a horizontal porous channel. The hori-
zontal composite porous channel is divided into three porous

layers of equal width #*. The external magnetic field is of uni-
form strength, applied in a direction perpendicular to the flow.
Here, modified Brinkman’s model for momentum equation is
used to investigate the Newtonian fluid, and the governing equa-
tions for micropolar fluid proposed by Nowacki, are applied.

Assuming that the electrically conducting immiscible flu-
ids are flowing with characteristic velocity U* along the x*
-axis in the presence of uniform magnetic field B*. The lower
porous channel (0 < y* < h*) and the upper porous channel
(2h* < y* < 3h*)are filled with micropolar fluids having per-
meability k,* and k5", respectively. The sandwiched porous
channel i.e. middle channel (h* < y* < 2h*)is filled with New-
tonian fluid having permeability k,* (Fig. 1).

In the Eringen approach (Eringen 1966), governing equa-
tions of an incompressible steady micropolar fluid flow, in the
absence of magnetic field, body forces and body couples, are
given by

V*.v' =0, (3.1)
u, K K
( >V*+V*p*——V*xw*
k* 2 (3.2)

+(u, + k) VEXVEX V=0,

y
» B ®
A
y=3n"
.
l/a*
Micropolar Fluid e
e
(Region III)
y=an"
vy
* Newtonian Fluid _
(Region IT)
y=n'
o
l/1 4
I Micropolar Fluid AT, V=
(Region I)
o
V=0 , X'
7

Fig. 1 Geometry of the problem

@ Springer



64 Page4of16

Microfluidics and Nanofluidics (2022) 26:64

—2KIW K VEX V=i VEX VX W

(o + FIVHVE - wh) =0, (33)
where k* is the permeability of the porous medium, v*, w*
and p* are representing the fluid velocity vector, microrota-
tion vector and fluid pressure at any point of the fluid region,
respectively. The material’s constants (x4, k) are viscosity
coefficients and (a7, B, v) are angular-viscosity coefficients
of the micropolar fluid.

Stokes (1984) suggested to redefine viscosity coefficients
using simple replacement u) = p* —x* and k7 = 2x".
Nowacki (1970) proposed to choose angular-viscosity coef-
ficients as y = 6" + 7%, f; =6 — 7" and &) = a™. In the
presence of uniform magnetic field B*, governing equations
(Yadav et al. 2018) of an incompressible steady micropolar
fluid flow through the porous channels (0 < y* < h*) and
(2h* < y* < 3h*), in the absence of body forces and body
couples, are given by

Vivi =0, (3.4)
(” +*K >v:‘ + V' —k*VE X W]
k; (3.5)
+ W+ KOV XV XV =T XB" =0,
- ZK*W;" + K*V* % v;.‘ — (8" +1HVF X V* % wf + (a*
+8 —THVI(VE - W) =0,
(3.6)

where v, w} are representing the velocity vectors and micro-
rotation vectors of micropolar fluid for lower porous chan-
nel (i = 1) and upper porous channel (i = 3), at any point
(x*,¥%, z%), respectively.

The governing equations (Brinkman 1947) for Newtonian
fluid through the porous channel (7* < y* < 2k*), in the pres-
ence of uniform magnetic field and in the absence of body
forces, are given by

Vi.v; =0, 3.7)

ES
Ho
*
2

Vo — iy VIX VI XV + 5 xB" =0, (3.8)

where velocity and dynamic viscosity of the Newtonian fluid
are represented by v; and u3, respectively. The material’s
constants (u*, k*) are viscosity coefficients and (a*, 6%, 7*)
are gyro-viscosity coefficients. These viscosity coefficients
are related by inequalities:

u*>0,k*>0,6>0, 6 +7* >0, 3a* +256* >0,
— (T +TtH L6 =T L (5 + 7).
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By Ohm’s law, J© = o-l.*(E* + v X B*), where o/(i=1,2,3)
and E* stand for electrical conductivity of micropolar fluid
and electric field, respectively. Therefore,
J:xB* = —c'B v}, (3.9)
where B* = |B*|. To treat governing equations of the
micropolar fluid flow problem into dimensionless form,
some non-dimensionalizing variables are introduced:

v* h*w*
VicoeViT e
h*’ M*U*’ 1 k[* 9’
Al = _?k’A’{ = _i»
Gl 03
H o, H H

M =5,
wr+ Kt
2_5*"“[* 2_a*+5*—1*
- 2/4*}1*2’ - zﬂ*h*z

Here, H is the Hartmann number (0 < H < o0), M is
micropolar parameter (0 < M < 1) and L is couple stress
parameter (0 < L < o). The non-dimensional form of the
governing equations (3.4)—(3.6) fori = 1, 3, are

V-.v;=0, (3.10)
2 2
Vp + <% +Hi2>vi— lMM2 VXxw,
- B (3.11)
+ Yy VXVXv, =0,
L*(1 - M?
W,-—lVXVi+¥VXV
2 M (3.12)
W2(1 — M? '
ww,— VA=M) GG wy=0.
1 M2 l

Similarly, the field equations (3.7) and (3.8) for middle chan-
nel are

V.v, =0, (3.13)

Vp=—¢mvy+¢ Vv, — H v, (3.14)

For micropolar fluid, the non-dimensional form of tangential
stresses (Tyx(l-)) and couple stresses (myz(i)) fori=1,3are



Microfluidics and Nanofluidics (2022) 26:64

Page50f16 64

1 du; M?>
o= 15\ ) T e ) v

dw,] (3.15)

and M) = [d_y
For Newtonian fluid, the non-dimensional form of tangential
stress (7)) Will be

du,

Tyo) =@ @ (3.16)

4 Analytical solution
4.1 For lower and upper channels

The fluid velocities v; and microrotation vectors w; for plane
Poiseuille flow of micropolar fluid along the x-axis of lower
(i = 1) and upper (i = 3) porous channels are v; = (;(y), 0, 0)
and w; = (0, 0,w;(y)), respectively. Therefore, governing
equations (3.10)—(3.12) will assume the form

PM?

2 2 2 2 _
(D - Si )(D - ei)ui = —7

, “.nH

where

2 2 (2+MHM?

T 12(—1 4+ M?)
M2

= et MO

+n} —(-1+MHH?,

S?&
i

and pressure gradient P = Z—i is taken constant.

The general solution of Eq. (4.1) represents velocity of the
micropolar fluid and it comes out as

u,(y) =A; e +B; e + C; e’
PM?
s7erL? ’

F D — 4.2)

where A;, B;, C;, and D; (i = 1, 3) are arbitrary parameters.
The microrotation component can be computed using fol-
lowing expression:

W= <_l L ra-m
i 2 M*

du; I1*(1 - M?) d’u;

dy M* dy’’

(nF + 1 —MZ)H,.Z)>
4.3)

Therefore, we have

w; =

(szz (02— ) 1)
2
-p))

(Ais?esly - Bis?e“iy + €?€7y€’ (C,-ezye" -D;)).
4.4)

The tangential stresses for corresponding micropolar fluid
regions are

(Ais,-es"y — B;s;e” + g7 (Ciezys"
L*(1-M?)
-

1
Ty = (-
[Aisie (2L% (M? = 1) (—=n? + H} (M? = 1) + 57) —M*(M* - 2))
+e70%) (e, (Ce™ - D) (212 (M? — 1)
(=7 + H} (M* 1) +€7)
—M*(M? =2)) = Bis;@ i QL*(M* = 1) (—n} + H (M* = 1) +57)
- M*(M* - 2))].
4.5)

Couple stresses for corresponding micropolar fluid regions
are

_(LZ(MZ—I)(H?(MZ—I)—'??) 1>
Myiy =

M* 2

(Al»size“'y + Bis?e_sfy

+ €ize_y€f (CieZVe,» + Di)) (4.6)
L>(M? -1
+ ( ) [e—y(si+ei)(A's4ey(2‘vi+e,-)
M4 v

+ B;ste*i + le’? (Cie™ + D,))].

4.2 For middle channel

The fluid velocity v, for plane Poiseuille flow along the x-axis
of the middle porous channel filled by Newtonian fluid is
v, = (u,(y), 0, 0). Therefore, Egs. (3.13) and (3.14) will
reduce to

d*u P
W; — 2uy = 7 (4.7)
where 42 = + (%)

Therefore, the analytical form of velocity vector of New-
tonian fluid will be

Uy (y) = Ay e + By e — , (4.8)

2

where A, and B, are arbitrary parameters.
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Tangential stress for Newtonian fluid is

Ty = Ape™ (Ay €% — B,).

4.9)

5 Determination of arbitrary parameters

To determine ten parameters A, B,, C;,D,,A,, B,,A;, B;, C3, D;,
we will apply the following boundary conditions (Yadav
et al. 2018) that are physically realistic and mathematically
valid:

(i) no slip condition at y = 0 implies that

u, =0. 5.1
(i) no spin condition at y = 0 implies that

w, =0. (5.2)
(iii) continuity of the velocity at y = 1 implies that

Uy =uy. (5.3)

My = 0. 5.5
(vi) continuity of the velocity at y = 2 implies that
Uy = Us. (5.6)

(vii) continuity of tangential stress at y = 2 implies that

Tyy0) = Ty (5.7)
(viii))  no couple stress at y = 2 implies that

Myz3) = 0. (5.8)
(ix) no slip condition at y = 3 implies that

uy, =0. (5.9)
(x) no spin condition at y = 3 implies that

w; = 0. (5.10)

Substituting the boundary conditions (BCs) from Egs. (5.1)
to (5.10), we will obtain a system of linear equations for
the arbitrary parameters appearing in the solution of the
velocities u;, u,, us. The system of linear equations can be

(iv) continuity of tangential stress at y = 1 implies that expressed in matrix form in the following way:
Ty = T (54 NX=Z (5.11)
(v) no couple stress at y = 1 implies that where matrices N, X and Z are
[1 & e —evg sieng 0 0 0 0 0o |
1 =& e e 567§ 0 0 0 0 0
1 & et —erd, g€ 0 0 0 0 0
1 =¢ e e ®g gealg 0 0 0 0 0
N = 0 0 —¢t 0 0 e —eQ 0 0 0
10 0 —e* 0 0 e 2 eQ 0 0 0 ’
0 0 0 0 0 _ 623'3 _ er_; 54 55 62x3 53 e3x3 €3S3
0 0 0 0 0 — e eTINE, s3e7HEy e — eTInE,
0 0 0 —e'Q 0 —e% ¥l gi0%30, 5 %6
0 0 0 e Q 0 —e73 T2, gl e — e
T
X=[A, B, C, D, A, B, A; B; C; Dy,
M’P M’P P M’P P wp 17
and 7= [Lzsfsf 0 (Lzsfef - m) 00 _(Lzs§£§ - Eﬁ) 00 L253€2 0] ’
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where ¢, = 5 [ | 4 BCIHM) 1+ MOH? - PL(=14M%)
b= sl[ T ) 7’1) zLZ‘{41+Ml

C] —61[ + L2( 1+W)(( 1+M2)H2—7]1)+ 1 — ],

éz—s,[Mz( 2+M2) 2L2(=1+M)(~1 + MOH? + 52 — )],

& =M (- 2+M2) 2L2(=1 + M?)((— 1+M2)H2+e —’71)]

& = syl-1 + B0 (-1 4+ M3 - 2)+“—;*Mj

& = e3l—1 + ECD (1 4 MOH? — ) + Li44—4”4],

.54_53[M2( 2+M2) 2L(—1 4+ MY (-1 + MHH? + 5% — )],

= &3 [MA(=2+ M?) = 2LA(—1 + M?)((—1 + M)H? + €2 — n}));

Q = 2M*Ap(1 — M?).

Using MATHEMATICA, all parameters (i.e.
A,B,,C\,D,A,,B,,A;,B;3,C5,D;) have been evaluated
uniquely. Due to cumbersome expressions of these parameters, we
refrain the values of these parameters from the text of manuscript.

6 Evaluation of flow rate and stresses
6.1 Flow rate

The flow rate through channels (0 < y < 3) can be evaluated
using the formula:

1 2 3
0 1 2

Substituting expressions of velocities from Eqs. (4.2) and
(4.8) in Eq. (6.1), we are able to find the analytical expres-
sion for the volumetric flow rate of Newtonian-micropolar
fluid flow. Therefore, the analytical expression of the flow
rate will be

6.1)

e_”(e’l - 1)/1(14263'1 +Bz) - g A(e" = 1)
+

0= A? 5
Aze®i(es = 1)
+ —_—
53
Bi(1—e™) Bye%(e — 1)
+ +
51 53 (6.2)
(e = 1)e; (Cye + D;) — L2
+ > ‘
€
e3¢ (e — 1)€3(C3e 3+ D3) sz;
+
€2

3

6.2 Tangential and couple stresses at the interfaces

6.3 At porous interface y=1:

The non-dimensional form of the tangential stress (T’ 3(1))
and couple stress (myz(l)) at lower interface (y = 1) of the
porous layers are denoted by T;}C) and m;?, respectively.
Mathematically,

1 du M?
[ () ()
w Tl 1-Mm2 \ dy 1-M2 —

and m'! = %
yz dy
Therefore,
7 = 1

o2MR (1 - M?)
[Aje'ts, (2L (M? -
-M*(M* -2))

1) (=i + H (M? = 1) +5))

+ Bye~his, (MA(M? = 2) — 202 (M? = 1) 6.3)
(= + Hy (M = 1) +57))

+e e (Cre* — D)) (212 (M* - 1)

(- +H} (M? = 1) + €7) — M*(M* = 2))].

and

mD = (LZ(MZ B 1)(H12(M2 - 1) _’712) B l>
M* 2

\Z

(A]e“'s% + Ble_sls% +e @ ef(Clezel + D, ))

L*(M? -1
Jrer-n
M4
[e_“_e' (Als‘l‘ez“'“1 + Bls‘l‘ee' + % e?(Cleze' + Dl))].

(6.4)

6.4 At porous interface y=2

The non-dimensional form of the tangential stress (7}, 3))
and couple stress (m,,3)) at upper interface (y = 2) of the
porous layers are denoted by Ty(f() and mﬁ) respectively.
Mathematically,

@ Springer



64 Page8of16

Microfluidics and Nanofluidics (2022) 26:64

Therefore,

G _

yx ZMZ(l _ Mz)
[Ase™s32L7 (M? = 1) (=} + H3 (M? = 1) +53)
— M2(M? = 2)) + e 205%) (293¢5 (Cye*s — Dy)
QL*(M*-1)
(=15 + HE(M* = 1) + &) = M2 (0 = 2)) = Bysye™
QLA (M? = 1) (=n} + H (M? = 1) + 53) = M*(M* = 2)))},

(6.5)
and
@) _ LZ(MZ - 1)(H§(M2 - 1) —'73) 3 l
myz - M 2
(A3S§€S3y + B3s§e_‘f3y
(M -1) (6.6)

+€§e‘y€3(C3e2y€3 +D;)) + 7
|:€_y(33+€3) <A3S§ey(233+€3)

+B3s‘3‘ey€3 + €§es3y(C3ezy€3 + D3))].

7 Discussion of flow rate

In this section, we will discuss the variation of the flow rate
with respect to permeability parameter (7,) on micropolar
parameter (M), couple stress parameter (L), viscosity ratio
(¢), Hartmann number (H), permeability parameters (7, #3)
and conductivity ratio parameters (A;, A;). Numerical val-
ues of flow rate, wall shear stresses and couple stresses at
the porous interfaces are mentioned in Tables (1)—(8). To
plot graphs of flow rate, pressure gradient (P = —0.2) and
permeability parameter (7, = 0 to 5) are used.

7.1 Effect of micropolar parameter VI

Figure 2 shows the effect of micropolar parameter
(M = 0.25, 0.5, 0.75) on the flow rate of the fluid flow in the
three respective porous regions when couple stress parameter
(L = 0.2), viscosity ratio parameter (¢p = 1), Hartmann num-
ber (H = 1), permeability parameters (7, = 1.2, n; = 1.3)
and conductivity ratio parameters (A; =1, A; =2). As
the parameter M grows, the volumetric flow rate decreases
in all respective porous channels. The behavior of volu-
metric flow rate is almost similar for very small values of
M. Along the variation of permeability parameter #,, we
observed that the flow rate is rapidly decreasing for very
small variation in #, and for the large values of #,, flow rate
decreases very slowly. Numerical values of flow rate (Q),
shear stresses (7)), Tyy(3)) and couple stresses (1, My,3))
at the porous interfaces (y = 1 and y = 2), (i.e. named earlier
as T;}C), T® m;i) mﬁ) in (6.2) and (6.2)), are mentioned in

X’

the Table 1.

Table 1 Numerical values of flow rate, shear stresses and couple stresses at porous interfaces for micropolar parameter M when:
P=-02,L=02,¢=1,H=1,A\\=1,A3=2,n=12,1n=02, =13

M Q T T m{) m)

0.25 0.213984 0.0452436 0.0528572 9.76996 x 10~1 1.9984 x 10714
0.5 0.190562 0.0473355 0.0577326 1.16504 x 10714 9.06289 x 10714
0.75 0.133427 0.060169 0.0686321 1.1869 x 10714 2.38673 x 1073
Table2 Numerical values of flow rate, wall shear stresses and couple stresses for couple stress parameter L when:

P=—-02,M=025¢=1,H=1,A =1, A\;=2,n,=12,17,=02, n,=13

L Q T 7o i) m

0.02 0.234741 0.0342528 0.0516773 2.32016 x 108 5.14887 x 1077
0.2 0.213984 0.0452436 0.0528572 5.77316 x 10716 2.22045 x 10715
2 0.205468 0.0497552 0.0538453 5.68434 x 10~ 2.84217 x 10714
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7.2 Effect of couple parameter L

Effect of couple stress parameter (L = 0.02, 0.2, 2) on the
flow rate of the fluid flow in the three respective porous
regions are reported using Fig. 3 when micropolar param-
eter (M = 0.25), viscosity ratio ¢ = 1, Hartmann number
(H = 1), permeability parameter (7, = 1.2, n; = 1.3) and
conductivity ratio parameters (A, =1, A; =2). As the
couple stress parameter increases, the volumetric flow rate
(Q) decreases in all respective porous regions. Behavior of
the flow rate is almost similar for large values of this stress
parameter. For 7, > 3, the behavior of the graph of flow rate
is almost same for every value of micropolar parameter.
Along the variation of parameter #,, we found that the flow
rate is decreasing rapidly for the small variation of the per-
meability parameter #, and for the large values of this perme-
ability parameter, the flow rate decays smoothly. Numerical
values of flow rate, shear stresses and couple stresses at the
porous interfaces are given in Table 2.

7.3 Effect of viscosity ratio parameter ¢

Figure 4 represents the effect of viscosity parameter (¢)
on the flow rate of the fluid flow in the three respective

porous regions when micropolar parameter (M = 0.25),
couple stress parameter (L =2), Hartmann number
(H =1.1), permeability parameter (n; = 1.2, 3 = 1.3)
and conductivity ratio parameters (A; = 1,A; =2) are
substituted. As the viscosity parameter (¢) increases,
the volumetric flow rate decreases in all respective
porous regions. Along the variation of parameter (#,),
we observed that the flow rate is decreasing rapidly for
the small variation of permeability parameter and for
the large values of this ratio parameter, the flow rate is
decreasing slowly. Numerical values of flow rate, wall
shear stresses and couple stresses at the porous inter-
faces are given in Table 3.

7.4 Effect of Hartmann number H

Effect of magnetic parameter (H) on the flow rate is
described in the three respective fluid flow regions when
micropolar parameter (M = 0.25), couple stress parameter
(L = 2), viscosity ratio parameter (¢ = 1), conductivity
ratio parameter (A; = 1, A; = 2), and permeability param-
eter (n, = 1.2, n; = 1.3) (Fig. 5). As the Hartmann num-
ber (H) increases, the volumetric flow rate decreases in all
regions whenever permeability parameter #, < 2.5. Now,

Table3 Numerical values of flow rate, wall shear stresses and couple stresses for viscosity ratio parameter ¢ when:
P=-02,M=025L=2H=1,A=1,A\3=2,n=12,1n,=02,n3=13

¢ Q T T i) m

0.5 0.210468 0.0480615 0.0510098 5.68434 x 10714 2.84217 x 10714
1 0.205468 0.0497552 0.0538453 5.68434 x 10714 0

1.5 0.203164 0.0498231 0.0546027 0 5.68434 x 10714

Table4 Numerical values of flow rate, wall shear stresses and couple stresses for Hartmann number H  when:
P=-02,M=025L=2¢=1,A\=1,A3=2,n=12,1n=02,n3=13
H Q T 73 m G
yx yx yz yz

0.01 0.0266632 0.0944174 0.100186 3.55271 x 1071 4.61853 x 10714
0.5 0.244019 0.0808337 0.084528 2.84217 x 1071 2.84217 x 10714
1 0.205468 0.0497552 0.0538453 5.68434 x 1071 0
Table 5 Numerical values of flow rate, wall shear stresses and couple stresses for A when:
P=-02,M=025L=02¢=1H=1, A;=2,n=12,1n=02,n3=13

(1) (3) (1) (3)
Ay Q Ty, Ty mi m;
0.75 0.218176 0.043378 0.0536682 2.93099 x 10714 1.26656 x 1071
1.5 0.210477 0.0465373 0.0522948 3.55271 x 1071 0
5 0.206657 0.0473776 0.0.0519295 1.77636 x 10713 6.66134 x 10716
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Table 6 Numerical values of flow rate, wall shear stresses and couple stresses for Ay when:
P=-02,M=025L=2¢=1,H=1,A=1,3=12,1n=02,n3=13

As Q TO 7 () m

0.6 0.213768 0.0500216 0.0532525 5.68434 x 10~ 3.41061 x 10713
1 0.20787 0.0493608 0.0547232 0 5.68434 x 10714
3 0.205104 0.500975 0.0530837 5.68434 x 10~ 2.84217 x 10714

Table 7 Numerical values of flow rate, wall shear stresses and couple stresses for permeability parameter #;, when:
P=-02,M=025L=02¢=1,H=1, A\ =1, A3=2,1n,=02,n3=13
n Q M TG mh m®

X x vz yz
1 0.22536 0.0372195 0.0563454 7.9492 x 10714 3.37508 x 10714
1.5 0.197595 0.0568309 0.0478201 6.21725 x 10713 9.99201 x 10713
2 0.17424 0.0734248 0.0406065 2.66454 x 10713 4.44089 x 1071

Table 8 Numerical values of flow rate, wall shear stresses and couple stresses for permeability parameter #; when:
P=-02,M=025L=02¢=1,H=1, A\ =1, A\s=2,n=12,13n,=02

3 Q T, T my e

0.75 0.249411 0.0536507 0.0333265 1.77636 x 10713 1.63425 x 10713
1 0.229411 0.0499282 0.0419743 1.33227 x 10713 4.57412 x 1074
1.5 0.20403 0.042212 0.0598999 1.77636 x 10713 2.22045 x 10716

for n, > 2.5, the flow rate is increasing with the increment
in the Hartmann number H. Along with the small varia-
tion of this ratio parameter (#,), we see that the flow rate
is decreasing rapidly and for , > 2.5, flow rate is almost
coincided. Numerical values of flow rate (Q), wall shear
stresses (T, T®) and couple stresses (m{", m®) are men-
R . yx yx )z Yz

tioned in Table 4.

Fig.2 Variation of the flow rate: (1) M = 0.25,(2) M = 0.5,(3) M = 0.75

@ Springer

7.5 Effect of conductivity ratio parameter A,

Effect of conductivity ratio parameter (A;) on the flow
rate in the three respective porous regions (Fig. 6) when
micropolar parameter (M = 0.25), couple stress parameter
(L = 0.2), viscosity ratio parameter (¢p = 1), Hartmann num-
ber (H = 1), conductivity ratio parameter (A5 = 2), and per-
meability parameters (7, = 1.2, n; = 1.3) is discussed. The
flow rate decreases in all porous regions with the increment
in the values of the parameter (A,). For the large value of
conductivity ratio parameter A,, the behavior of flow rate

Fig. 3 Variation of the flow rate: (1) L =0.02, 2)L=0.2, 3)L =2
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Fig.4 Variation of the flow rate: (1) p = 0.5, 2) ¢ =1, B)p=1.5

Fig.5 Variation of the flow rate: (1) H =0.01,(2) H = 0.5, 3)H =1

Fig.6 Variation of the flow rate: (1) A, =0.75, ) A, = 1.5, @) A, =5

is similar. In addition, the flow rate is decaying rapidly
whenever n, < 3 and for 5, > 3, the similar variations in the
flow rate are found for every values of A,. For the porous
interfaces (y = 1 and y = 2), numerical values of flow rate
(Q), wall shear stresses (Tyx(l), Tyx(3)) and couple stresses
(myzm, myz(3)) are written in Table 5.

Fig.7 Variation of the flow rate: (1) A; = 0.6, 2) A3 =1, B) A3 =3

Fig.8 Variation of the flow rate: (1), =1, )5, = 1.5, 3)n, =2

Fig.9 Variation of the flow rate: (1) ; =0.75, @) n; = 1, 3) 3 = 1.5

7.6 Effect of conductivity ratio parameter A,

Effect of conductivity ratio parameter (A;) on the flow
rate in the three respective porous regions (Fig. 7) when
micropolar parameter (M = 0.25), couple stress parameter
(L = 2), viscosity ratio parameter (¢ = 1), Hartmann num-
ber (H = 1), conductivity ratio parameter (A; = 1), and
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permeability parameters (n; = 1.2, n; = 1.3) is discussed.
For all value of conductivity ratio parameter A;, the flow
rate is almost same for all the values of #,. The volumetric
flow rate decreases in respective porous regions as the values
of the parameter (A) increases. In addition, the flow rate is
decaying rapidly whenever #, < 4 and for n, > 4, decreases
very slowly for every values of A;. At the porous interfaces
(y =1 and y = 2), numerical values of flow rate (Q), wall
shear stresses (7)), Tyy(3)) and couple stresses (m,,,, my,3))
are given in Table 6.

7.7 Effect of permeability parameter 1,

Effects of permeability parameter (#;) on the flow rate in
the three respective porous regions are discussed when
M=025L=02¢=1,H=1,A\=1,A3=2,13=13
(Fig. 8). Volumetric flow rate decreases in all respective
porous regions whenever the parameter (#,;) increases. In
addition, we observed that for a fixed value of #,, the flow
rate is decreasing rapidly for the small variation of the per-
meability parameter (#,) and for the large values of #,, the
flow rate decreases slowly. In addition, for the large variation
in #,, flow rate is converging therefore, streamlines become
very close to each other. Numerical values of flow rate (Q),
wall shear stresses (T}(D](), T;;?) and couple stresses (m;l), m;‘z))
are mentioned in Table 7.

7.8 Effect of permeability parameter 1,

Effects of permeability parameter (1;) on the flow rate
of the fluid flow in the three respective porous regions
are explained by Fig. 9 when values of micropo-
lar parameter, couple stress parameter, viscosity ratio
parameter, Hartmann number, conductivity ratio
parameters, and permeability parameter are taken as
M=025L=02 =1, H=1,A =1, A,=2,7,=12
respectively. As the permeability parameter #; increases,

U
1
0.06 3 :
0.04 !
0.02 Region | E Region Il E Region lll
I . ) ) y
05 1.0 1.5 2.0 25 30
Fig. 10 Variation of the fluid velocity:

(HDM =04, Q)M =05, 3)M=0.6
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Fig. 11 Variation of the fluid velocity: (1) L=10.01, @) L=0.1, ) L=1

the volumetric flow rate decreases in all respective porous
regions. Graphs of flow rate are looking similar for every
values of #, whenever, the parameter 7, decreases. Flow
rate is decaying rapidly for small variation of permeability
parameter #, and the streamlines passing through a cross-
section coincide to each other for the large values of 7,.
Numerical values of flow rate, wall shear stresses and couple
stresses at the porous interfaces are mentioned in Table 8.

8 Discussion of the fluid velocity

In this section, we will discuss the graphical behavior of the
fluid velocity along with the variation of width of channel
y in which pressure gradient P = —0.2 is kept fixed for the
following parameters: (i) effect of micropolar parameter (M),
(i1) effect of couple stress parameter (L), (iii) effect of viscos-
ity ratio parameter (¢), (iv) effect of Hartmann number (H),
(v) effect of conductivity ratio parameter (A,), (vi) effect of
conductivity ratio parameter (A;), (vii) effect of permeability
parameter (#,), (viii) effect of permeability parameter (7,),
and (ix) effect of permeability parameter (7).

W
1
006 e &
3
004 ! !
002 Region | % Region I E Region Il
. I L | . y

0.5 1.0 1.5 20 25 30

Fig. 12 Variation of the fluid velocity: (1) ¢ =1, 2)p =2, B)p =3
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8.1 Effect of micropolar parameter

Effects of micropolar parameter (M = 0.4, 0.5, 0.6) on the
fluid velocity in the three respective porous regions are dis-
cussed when couple stress parameter (L = 0.2), viscosity
ratio parameter (¢ = 1), Hartmann number (H = 1), con-
ductivity ratio parameters (A; = 1, A; = 2), and permeabil-
ity parameters: 7, = 1.1, n, = 1.2, n3 = 1.3 (Fig. 10). The
velocity of fluid flow through channels decreases whenever
the parameter M increases and streamlines are parabolic. In
addition, we observed that the velocity profile on the width
of the channel y varies up to a maximum values whenever
y < 1, almost constant for 1 < y < 2 and decreases smoothly
for y > 2. Near the walls (both lower and upper), velocity
vanishes due to presence of no slip conditions at walls (i.e.
y=0 and y = 3).

8.2 Effect of couple stress parameter L

Effects of couple stress parameter (L = 0.01, 0.1, 1) on the
fluid velocity in the all porous regions when micropolar
parameter (M = 0.25), viscosity ratio parameter (¢ = 1),
Hartmann number (H = 1), conductivity ratio param-
eters (A, =1, A; =2), and permeability parameters
(n, = 1.1, n, = 1.2, 53 = 1.3) are discussed (Fig. 11). Veloc-
ity of fluid flow through channels decreases whenever the
couple stress parameter L increases and the streamlines are
parabolic. In addition, we observed that the velocity profile
on the width of the channel y varies up to a maximum value
whenever y < 1, varies constantly for 1 <y < 2 and decays
smoothly for y > 2.

8.3 Effect of viscosity ratio parameter ¢
Figure 12 represents the effect of viscosity ratio parameter
(¢ =1, 2, 3) on the fluid velocity in the three respective

porous regions when micropolar parameter (M = 0.25), cou-
ple stress parameter (L = 0.2), Hartmann number (H = 1),

0.08
0.06

0.04

Region Il

Region Ill

0.02

Fig. 13 Variation of the fluid velocity: (1) H = 0.75, Q) H=1, (3) H = 1.25

U
1
0.08 ™
3 i
0.06 1 !
0.04 E 3
3 | \
0.02 Region | j Region Il I Regionlll "':,%
i \
: e
I 1 ! Il ! 1] y
05 1.0 15 2.0 25 3.0
Fig. 14 Variation of the fluid velocity: (1) A, =05, @ A, =1, 3) A, =15

conductivity ratio parameters (A; = 1, Ay = 2), and perme-
ability parameters (n, = 1.1, n, = 1.2, 53 = 1.3) are used.
Velocity of fluid flow through porous channels decreases as
parameter ¢ increases. In addition, it is seen that the velocity
profile on the width of the channel y varies up to a maximum
value whenever y < 1, varies constantly for 1 <y < 2 and
decays smoothly for y > 2. Streamlines are fluctuating in the
middle porous region which is filled by the Newtonian fluid.

8.4 Effect of Hartmann number H

Effects of the Hartmann number (H = 0.75, 1, 1.25) on
the fluid velocity in three respective porous regions are
explained when micropolar parameter (M = 0.25), cou-
ple stress parameter (L = 0.2), viscosity ratio (¢ = 1),
conductivity ratio parameters (A; =1, A; =2), and
permeability parameters: n;, =1.1, 5, =12, 53 =13
(Fig. 13). When the values of width of channel y < 1,
the velocity of fluid flow through porous channels
increases as parameter H increases and for middle chan-
nel (1 <y <2), it decreases as H increases. For y > 2,

Region | Region Il

05 1.0 15 2.0 25 3.0 :

Fig. 15 Variation of the fluid velocity: (1) A; = 0.2, 2) A; = 0.4, (3) A; = 0.8
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W
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Fig. 16 Variation of the fluid velocity: (1), = 0.5, 2)n, = 1,3y, = 1.5

velocity profiles are found almost same for all values
of H. Streamlines are parabolic and the velocity profile
for width of the channel y varies whenever y < 1. In
addition, the velocity decays slowly within the region
(1 <y <2) and rapidly for y > 2.

8.5 Effect of conductivity ratio parameter A,

Effects of conductivity ratio parameter (A; = 0.5, 1, 1.5)
on the fluid velocity in the three respective porous
regions are discussed using Fig. 14 when micropo-
lar parameter (M = 0.25), couple stress parameter
(L =0.2), viscosity ratio (¢ = 1), Hartmann number
(H = 1), conductivity ratio parameter (A; =2), and
permeability parameters (7, = 1.1, #, = 1.2, n;, = 1.3)
are used. The velocity of fluid flow through porous
channels decreases as parameter A, increases in all
fluid regions. For large values of y, velocity profiles
are same for all values of A;. The nature of streamlines
are looking as parabolic.

0.08

0.06

0.04

1
! Regionlll

Region | Region Il

0.02

y

0.5 1.0 15 2.0 2.5 3.0

Fig. 17 Variation of the fluid velocity: (1) 7, = 0.5, @)1, =1, @)y, = 1.5
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8.6 Effect of conductivity ratio parameter A,

Effects of conductivity ratio parameter (A; = 0.2,0.4,0.8)
on the fluid velocity in the three respective porous
regions are described (Fig. 15) when micropolar param-
eter (M = 0.25), couple stress parameter (L = 0.2), vis-
cosity ratio (¢ = 1), Hartmann number (H = 1), con-
ductivity ratio parameter (A; = 1), and permeability
parameters (n;, = 1.1, n, = 1.2, 53 = 1.3. Velocity of fluid
flow through porous channels decreases as parameter A,
increases in all fluid regions. For very small values of y,
velocity profiles are same for all values of A; and for large
values of y, different graphs are obtained. In addition, in
fluid velocity, more fluctuations can be seen in the region
(2 < y < 3) for small values of A;.

8.7 Effect of permeability parameter 17,

Figure 16 shows the effect of permeability parameter
(1, = 0.5,1,1.5) on the fluid velocity in the three respec-
tive porous regions when value of micropolar parameter
(M = 0.25), couple stress parameter (L =0.2), viscos-
ity ratio (¢p = 1), Hartmann number (H = 1), conductiv-
ity ratio parameters (A; = 1, Ay =2), and permeability
parameters (17, = 1.2, n; = 1.3) are taken. As the permea-
bility parameter #, increases, fluid velocity through porous
channels decreases. For y > 2.5, similar velocity profiles
are obtained for all values of ;. Behavior of streamlines
are of parabolic. For the small values of y, different graphs
are obtained.

8.8 Effect of permeability parameter 1,
Effects of permeability parameter (r, = 0.5, 1, 1.5) on the
fluid velocity (Fig. 17) in the three respective porous regions

when micropolar parameter (M = 0.25), couple stress param-
eter (L = 0.2), viscosity ratio (¢ = 1), Hartmann number

0.06

Region Il

|
Region | i Region Il
i

y

0.5 1.0 1.5 2.0 2.5 3.0

Fig. 18 Variation of the fluid velocity: (1) n; = 1, (2) 3 = 1.5, 3) n; =2
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(H = 1), conductivity ratio parameters (A; = 1, Ay =2),
and permeability parameters (1, = 1.2, ; = 1.3) are dis-
cussed. As the permeability parameter 7, increases, the
fluid velocity through porous channels decreases. For the
regions y < 0.5and y > 2.5, velocity profiles are similar for
all values of #,. Behavior of streamlines are of parabolic. In
addition, for the region 0.5 < y < 2.5, different graphs are
obtained for every value of #,. In addition, for a fixed value
of #n,, we found that velocity increases up to a maximum
value when y = 1.5.

8.9 Effect of permeability parameter 1,

Effect of permeability parameter (y; = 1,1.5,2) on the
fluid velocity in the three respective porous regions are
described with the help of Fig. 18 when micropolar param-
eter (M = 0.25), couple stress parameter (L = (.2), viscosity
ratio (¢ = 1), Hartmann number (H = 1), conductivity ratio
parameters (A, = 1, A; = 2), and permeability parameters
(n, = 1.3, n, = 1.2) are substituted. As the permeability
parameter #; increases, the fluid velocity through porous
channels decreases. For the region 0 < y < 1, almost simi-
lar variations are obtained and variations of streamlines for
region 1 <y < 3 are different.

9 Conclusion

In this research work, we have investigated the micropo-
lar—Newtonian flow through composite porous channels in
the presence of magnetic field. The volumetric flow rate
and fluid velocity are plotted for different values of vari-
ous parameters and these parameters are such as micropo-
lar parameter (M), couple stress parameter (L), viscosity
ratio parameter (¢), Hartmann number (H), conductivity
ratio parameters (A;, A;), and permeability parameters
(n;, My, n3). Numerical values of flow rate, tangential
stresses and couple stresses at both porous interfaces (i.e.
y=1land y = 2) are calculated by MATHEMATICA and
listed in tables. Investigating the effect of these param-
eters, following conclusions are made:

e The fluid flow rate through the cross-section of chan-
nels, decreases in each case when either M increases or L
increases or ¢ increases or H increases or A increases or
A increases or 7, increases or #, increases or #; increases.

e The fluid velocity passing through respective porous
channels, decreases in each case when either M increases
or L increases or ¢ increases or H increases or A
increases or A, increases or #, increases or #, increases
or 13 increases. The velocity profile is looking approxi-
mately parabolic in each case.

e The obtained results can be utilized for investigating the
industrial problems associated with the filtration and
purification of contaminated groundwater, oil recovery
process through non-homogeneous reservoir, circulation
of blood flow through veins of human body, etc. These
results can also be used for solving the problem of cool-
ing and heating process of refrigerator (air conditioned),
problem of sedimentation, etc.
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