Microfluidics and Nanofluidics (2022) 26:40
https://doi.org/10.1007/5s10404-022-02545-z

RESEARCH PAPER q

Check for
updates

Analytical model describing the nonlinear behavior of an elastomeric
pump membrane in a microfluidic network

Hannah Bott' - Aaron Dorr' - Jochen Hoffmann' - Franz Larmer’

Received: 21 February 2021 / Accepted: 29 December 2021 / Published online: 10 May 2022
© The Author(s), under exclusive licence to Springer-Verlag GmbH Germany, part of Springer Nature 2022

Abstract

For several decades, there has been a strong research interest in microfluidic systems and their applications. To bring these
systems to market, a high development effort is often necessary for conceptualization and fabrication of such systems as well
as the implementation of automated biological analysis processes. In this context, the simulation of microfluidic processes
and entire microfluidic networks is becoming increasingly important, as this allows a significant reduction in development
efforts, as well as easy adaptation of existing systems to specific requirements. This work presents an analytical model for
elastomeric membrane-based micropumps as well as guidelines on how to apply this model to calculate microfluidic net-
works. The model is derived from the Young—Laplace equation for a non-prestressed elastomeric membrane with a purely
nonlinear deflection as a function of applied pressure. The resulting cubic pressure—volume relation is validated by static
measurements of the membrane deflection and the transported volume. The model is further used to calculate transient
volume flows induced by a membrane micropump in a microfluidic network by adding Hagen Poiseuille’s law. Pressure
measurements in the pump chamber confirm the basic assumptions of the model and allow definition of its validity scope.
This work lays the foundation for designing elastomeric membrane-based micropumps together with microfluidic networks,
estimating maximum flow rates in the system and optimizing pumping frequencies for different microfluidic configurations.
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1 Introduction silicone rubber (Meng et al. (2000), Yoon et al. (2001), Sim
et al. (2003)) or polydimethylsiloxane (PDMS) ( Unger et al.
1.1 Motivation (2000), Berg et al. (2003), Grover et al. (2003), Jeong et al.

(2005), Tuantranont et al. (2007), Yang and Liao (2009),
Chia et al. (2011), Ni et al. (2012), Mohith et al. (2019)).
Further, compared to silicon or other materials with
higher bending stiffness, elastomeric-based micropumps
comprise a higher compression ratio, which makes them
suitable for self-priming in fluidic operations and enables a
larger displacement volume with less energy loss. Among

brane material. While first the focus was on piezoelectrically ~ the investigated elastomers, ’.I‘hermoplésFi.c Poliyurethan.e
actuated silicon-based membrane micropumps (van Linte]l ~ (TPU) became popular due to its compatibility with organic

et al. (1988), Smits (1990)’ Richter et al. (1998)), today’s solvents (PiCCiIl et al. (2007), Wu et al. (2012)), Suitability
for rapid prototyping (Shaegh et al. (2015), Shaegh et al.

(2018), Podbiel et al. (2020)) as well as its biocompatibility
and thermo-mechanical properties ( Shaegh et al. (2018),
Pergal et al. (2013), Pourmand et al. (2018)). An outstand-
ing property of TPU is its softness and, therefore, the purely

Over the last 3 decades research work in the field of micro-
fluidics led to a multitude of different technologies and
principles to fabricate and actuate micropumps as a central
element of microfluidic networks. Among those, the mem-
brane-based micropumps form a group, which can be further
categorized based on their actuation principle and the mem-

research is conducted on a variety of materials and actua-
tion principles. Commonly used elastic membrane materials
comprise, e.g. parylene (Johnson and Borkholder (2016)),

>4 Hannah Bott non-linear behavior of a non-prestressed membrane.
hannah_bott@outlook.de 0 . . g
ne example for a microfluidic system based on pres-
! 1 Robert Bosch Corporate Research, Robert-Bosch-Campus sure-driven TPU-membrane micropumps is the Lab-on-Chip
1, 71272 Renningen, Germany (LoC) system Vivalytic from Bosch Healthcare Solutions
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GmbH. Different fluidic pathways of the system can be oper-
ated based on valve settings. For the setting of the pump-
ing parameters and implementation of fluidic processes, the
dynamic of the pump in relation to different fluidic pathways
and viscosities must be known. Modeling and simulation
offers the possibility to avoid time-consuming experimen-
tal adjustment and optimization of the pumping parameters
like frequency and valve switching times. Analytical models
can describe the pressure-driven displacement of a pump-
ing membrane. Furthermore, these models enable to solve
differential equations for the dynamic behavior of the pump
operating in different fluidic network configurations straight-
forward and analytically.

1.2 State of the art for modeling of microfluidic
systems

To model the dynamic behavior of micropumps in micro-
fluidic systems, network modelling based on electric-circuit
analogy has been established as a common method (Zengerle
and Richter (1994), Oosterbroek et al. (1999), Akers et al.
(2006), Choi et al. (2010), Oh et al. (2012), Wu et al. (2014),
Schwarz et al. (2016)). This requires an appropriate repre-
sentation of the micropump, modeling its dynamic behavior
in interaction with the system.

In their review, Laser et al. stated that the flow rate gener-
ated by membrane displacement pumps depends mainly on
(1) the stroke volume (4V), (ii) the dead volume (V,;) and (iii)
the operating frequency (f,,) of the pump, as well as (iv)
the valve properties and (v) the fluid properties (Laser and
Santiago (2004)). Usually these micropumps are character-
ized by the resulting overall flow rate for various operation
frequencies or actuation pressures. They generate a pulsa-
tile flow rate pattern comprising the same frequency as the
actuation. Most publications report that the flow rate is lin-
early increasing with f,, until a critical frequency (f,, ;)
is reached (Woias (2005), Bardaweel and Bardaweel (2013),
Bui et al. (2017), Guevara-Pantoja et al. (2018), Jenke
et al. (2018), Banejad et al. (2020)). For an incompressible
working fluid, the stroke volume for each pump cycle can
be derived with flow rate (@) through AV = @ /f, . How-
ever, for a pressure actuated elastomeric membrane-based
micropump, the pumping characteristic is directly depend-
ent on the fluidic network since the components in the net-
work determine the fluidic resistance and thus the critical
frequency. The characterization of the pump often requires
elaborate experimental measurements of the flow rate gen-
erated under variation of different influencing parameters.
For a LoC system with different fluidic pathways, which
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can be operated based on the valve setting, this characteri-
zation becomes even more complex, as the measurement
has to be repeated for every possible fluidic configuration.
Further, this way of pump characterization does not provide
information about the actual time course of the flow rate,
which includes maximum values and the duration of a pump
cycle. However, these are critical parameters for implemen-
tation of fluidic processes in the LoC, as the impact of flow
rate induced shear rates can compromise the handling of
biological fluids in a microfluidic system. Especially if the
physical and biological properties of a sample are sensitive
to mechanical forces or shear stresses, resulting shear rates
should be considered to transport different analytes in a LoC
system (Brooks (1984), Dinhof (2001), Cheung et al. (2011),
Salmanzadeh et al. (2012), Au et al. (2017)). Hence, there
is a need to model and simulate the dynamic behavior of a
micropump in a fluidic network.

For pneumatically actuated, elastomeric membrane-based
micropumps, non-linear restoring forces have to be taken
into account to model the dynamic response of the mem-
brane. It was already shown that the geometrical displace-
ment of elastomeric membranes follows spherical deforma-
tion (Yoon et al. (2010), Wu et al. (2014), Mazloum and
Shamsi (2020), Sprague et al. (2020)). However, these stud-
ies mainly focus on calculation of the maximum membrane
displacement and, therefore, stroke volume of the micro-
pump for different system parameters.

1.3 Aim of this work

Several publications reported the design and fabrication of
a TPU-membrane-based micropump (Rupp et al. (2012),
Pourmand et al. (2018), Podbiel et al. (2020)). So far, none
of the cited work has reported an analytical model and
simulation for the pressure-driven displacement of TPU-
membrane-based micropumps. The aim of this work is to
provide an analytical model for the pneumatically actuated
displacement of a TPU-membrane-based micropump featur-
ing a purely non-linear behavior. The intended application
of this model is to integrate it into a network modeling pro-
gram in which individual fluidic components can be arbitrar-
ily interconnected and fluidic processes can be calculated.
Therefore, our approach aims to provide a relatively simple
and analytical model for the pneumatically actuated dis-
placement of the TPU-membrane-based micropump.

The model will be derived from the Young-Laplace
equation, leading to a cubic pressure—displacement law. The
derived relation will be verified through measurement of
the pressure vs. displacement curve of a securely-clamped,
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non-prestressed TPU-membrane. The model will enable to
solve the differential equations describing the fluidic net-
work based on Hagen—Poiseuille’s law. In particular, two
different cases are considered: (I) the pump is connected to a
prefilled fluidic channel, resulting in a constant fluidic resist-
ance and (II) the pump is connected to a previously empty
fluidic channel, resulting in a dynamic fluidic resistance. The
model-derived volumes of a pump cycle will be compared
to experimentally obtained volumes for different actuation
pressure levels. The dynamics of the model is verified by
transient pressure measurements inside the pump chamber.
Furthermore, the model will be expanded to include different
actuation courses as pressure functions, to be able to calcu-
late the effect of system dependent variances. The effect of
different actuation courses on the dynamic membrane behav-
ior will be implemented in the model by a convolution with
the pressure function. Parameter simulation studies will be
done to estimate maximum occurring flow rates and pump
cycle durations depending on the fluidic resistance for dif-
ferent system configurations.

2 Concept and modeling

In this section, we set up an analytical model describing
the non-linear pressure-driven displacement behavior of a
non-prestressed elastomeric-membrane-based micropump.
For example, this model is applicable to the micropump,
which is integrated in the LoC system Vivalytic. A sche-
matic cross-section of such a pump unit is displayed in
Fig. 1. The membrane is displaced through the actuation
Pressure p,.uaion- Hence, the membrane can be pulled, to
open and fill the pump chamber or pushed to close and
empty the pump chamber. As it is a common simula-
tion practice, we first build the model with an analytical
derivation of the membrane behavior based on different

/pneumatic layer

membrane
inlet Pctuation Tpac!uallon < Pridic /
—»42{: :1 X {i—>outlet
. pfluidic ipacluation > pfluidic
inlet valve outlet valve

> fluidic layer

Fig.1 Schematic cross-section and operating principle of a mem-
brane based, pressure-driven pump unit with inlet and outlet valves.
The valves are only shown as symbols. The functional unit is formed
of a three-layer stack, containing a pneumatic layer and a fluidic layer,
which are, for example made of microstructured polycarbonate. Both
layers contain channels for the pneumatic control of the chambers and
valves in the LoC system (not shown here). The layers are separated
by an elastomeric membrane, for example TPU. Different valves can
be chosen according to the transport path that is required for the flu-
idic process. © IOP Publishing. Reproduced with permission from
Bott et al. (2021). All rights reserved

assumptions and simplifications. To specify the model
parameters we use literature values and experimentally
determined parameters. Then we set up and solve a differ-
ential equation based on Hagen—Poiseuille’s law describ-
ing the dynamic of the pump in a microfluidic network.
The model and the analytical solution for the differential
equation are implemented in Matlab to run the simulation
experiments. The dynamic behavior of the micropump in
the fluidic network is then determined with regard to the
influence of the fluidic resistance as well as the depend-
ence on the actuation force and time control of the pump.

2.1 Model assumptions and approximations

To set up the model for the pressure-driven, elastomeric-
membrane-based micropump it is connected to a fluidic
network with the fluidic or hydrodynamic resistance (R),).

The pump unit requires two valves as inlet and outlet
to direct the fluid flow in the system. The valve selection
varies depending on the fluidic process (as described in
Podbiel et al. (2020)). The valves are actuated through
independent pneumatic ports. A flat valve seat ensures that
the valve is completely closed when positively pressurized
and admits fluid flow under negative pressure. The influ-
ence of the valves on the fluidic resistance is assumed to
be small compared to the channels in the system. Hence,
in the model the valves of this pump unit are assumed to
be ideal (prrward = 0 and Proyere — 0, see Laser and
Santiago (2004)).

Furthermore, the TPU-membrane is assumed to be non-
prestressed with negligible inherent rigidity and fixed at its
borders, which corresponds to its mounting condition in
the LoC system Vivalytic. As the maximum displacement
of the membrane is small compared to its lateral dimen-
sions, a constant E-modulus is assumed in the considered
dynamic range as well as incompressibility of the TPU.

One challenge posed by the use of elastomeric mem-
branes for micropumps are volume variations resulting
from pressure variations in the system and the possibil-
ity of overstressing the membrane. To overcome this, the
membrane displacement can be limited through stoppers
in the pump chamber in both directions of deflection (as
shown in Fig. 1). The modeling of a limit stop at mem-
brane deflection can have a high complexity depending on
the structure of the membrane and the contact area (Hen-
ning (2003), Henning (2006)). To avoid increased com-
plexity of the model, the limit stop is implemented through
cutting off the pumping operation at a definite point, or
rather the maximum volume of the pump chamber and
the minimal volume, respectively. The admissibility of
this assumption will be investigated by the experimental
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results and discussed in Sects. 4.2 and 4.3. The validity of
this simplification was further investigated by numerical
simulation as illustrated in the Appendix (Figs. 9, 11, 12).
It showed that the residual volume in the pump chamber
after first contact of the membrane with the chamber limit
stop is about 3.88 pL, corresponding to about 13 % of the
whole pump chamber volume.

2.2 Cubic pressure-volume law

As this study is looking at the transient change of the
volume inside the pump chamber or the volume that is
pumped into or out of the pump chamber, respectively, the
focus is on V = V(¢) or rather t = #(V).

As a first step, the relation between the applied pressure
and the membrane displacement, or rather the displaced
volume is derived from the Young-Laplace equation
(Young (1805), Laplace (1805)). If the Young—Laplace
equation is used to determine the two angles of a curved
interface, or rather the shape of a membrane that is dis-
placed by an external pressure, it results in

_2-0-d

A )
P R

ey
where ¢ is the isotropic stress in the membrane, d is the
thickness of the membrane, R is the radius of curvature and
Ap is the pressure operating on the membrane. For a spheri-
cal elongation of the membrane, the shape of the membrane
can be described in a 2-dimensional case as a circle segment
with R being the radius of curvature and /' the membrane

AN
—
-y
=
\\(\\

Fig.2 Geometrical, 2-dimensional representation for the displace-
ment of a circular membrane with radius 7 derived from the Young—
Laplace equation. /; indicates the membrane diameter for its non-
elongated equilibrium position. 7’ indicates the membrane diameter
for an elongated position of the membrane with angle y and curva-
ture R at the displacement distance . of the membrane center from its
equilibrium
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diameter for a certain elongation position of the membrane
(see Fig. 2).

As the maximum displacement is small compared to the
lateral dimensions of the membrane, a small longitudinal
elongation can be assumed and the membrane operates
within its elastic limit. This leads to the assumption that
the elongation of the membrane is constant for a certain
pressure. Then, the elongation of the membrane for an
applied pressure p follows from Hooke’s law for elastic
materials, which is

1
a:(l_v)-e-E. )

generalized for isotropic materials subjected to a normal
force in one direction (see Young and Budynas (2002)).
Here, E is the elastic modulus of the membrane, ¢ is the
strain tensor and v the Poisson’s ratio. For a constant E, € is
obtained from

Al U=
_10_ lO

€

3

with [, being the diameter of the non-elongated membrane
and / being the diameter of the elongated membrane. For
the elongated membrane as a spherical segment with the
curvature radius R and with 7 being the radius of the circular,
non-elongated membrane, the diameter /' results in (Bron-
stein and Semendjajew (1991), p.194)

l’=2-R-y=2-R-arcsin(]—:>. )

With a power series expansion for arcsin(x) (Bronstein and
Semendjajew (1991), p.33), eq. (4) becomes

=3 =5
LD Drod) )

I/ =2. ) .
I RTH R

~t

+

and thereof with [, = 2 - 7, eq. (3) results in

N =2 —4
P27 L2 L3 2 Lo ©)

1
‘T27 TeRTHRE

With £ as the displacement position of the membrane center
from the zero line the radius of curvature can be written as
(Bronstein and Semendjajew (1991), p.200)

i + h?
2h

R =

)

Now, egs. (2), (6) and (7) inserted into the Young—Laplace
eq. (1) result in
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With a Poisson’s ratio of v = 0.5 for TPU (derived from
Tsukinovsky et al. (1997)) equation (8) becomes
v 16 E-d 45

4p ~ = ” h ©))
showing that for small / the membrane follows a cubic pres-
sure -displacement law. Here, E is the parameter reflecting
the membrane elastic properties and can be obtained experi-
mentally from the pressure—displacement behavior of the
membrane, as shown in Sect. 2.3.

As it was demonstrated, for a pressure-driven micropump
with a fixed, non-prestressed TPU-membrane a cubic rela-
tion for the displacement distance / as a function of the pres-
sure Ap can be assumed. To relate the applied pressure to the
displaced volume, the equation

3.7%.2-h m-B® 3-F.-x-h
+ ~

V= ~
6 6 6

+ O?) (10)

is valid for a circular membrane with the radius 7 (Bronstein
and Semendjajew (1991), p.200). From eq. (10) follows

2.y
T

h

an

for small displacement distances 4 with V as the volume
that is displaced by the membrane, which leads to a cubic
pressure—volume law:

128 E-d g,
3 0 (12)

Introducing a constant parameter

_ 128 . Emembrane i dmembrane
- 3 rl0 43 (13)
pump

c

for the membrane-based micropump with fixed constraints
atradius 7 =r, elastic modulus E, and thickness

pump? membrane
d pembrane- NOW leads to the cubic pressure-volume law
p=pV)=py—c-V? (14)

which is applicable for a membrane-based, pressure actu-
ated micropump with a non-prestressed membrane with
fixed constraints.

2.3 Model parameters
The constant parameter ¢ (see eq. (13)) is the characteristic

parameter for the pump model. It is dependent on the geom-
etry of the pumping membrane, including the membrane

thickness d,,.mirane and the lateral dimensions of the fixed
membrane (€.g. 7y, = the radius of a circular membrane).

The shape of the pumping membrane of the investigated
micropump is closer to an elliptic than to a circular shape.
Here, the ellipticity factor e, correlates the two main axes

r; and r, through
ry=r;- (1 +egp). (15)

With eq. (15) the model derivation from the Young—Laplace
eq. (1) can be carried out simultaneously, starting from the
modified Young—Laplace equation

c-d 1
Ap = 1+ .
p=%d (1) 1o

To estimate c, a substitute radius r, is used for the membrane

radius 7, which is derived from the two radii by

rs=\/rl-7‘2. (17)

For the here investigated pump chamber with the two main
axesradiir; = 2.815mm and r, = 4.115 mm the correspond-
ing substitute radius is r;; = 3.403 mm.

Furthermore, the constant parameter c is dependent on the
elastic modulus of the membrane which was obtained experi-
mentally according to Sect. 3.1.

2.4 Volume flow rate

In this section, the volume flow rate is derived by solving the
differential equation for a micropump connected to a hydro-
dynamic network. The volume flow @ (as V, the time deriva-
tion of V) out of the pump with a connected hydrodynamic
resistance R, is

_ 4

& =
Ry,

(18)
which is based on Hagen—Poiseuille’s law. From this follows
the differential equation

: Po c 3
d=V="L_°C 3
R, R, (19)

Here, p, is the actuation pressure for the membrane pump
which is either positive (e.g. + 1.5 bar over atmospheric
pressure) to eject the volume out of the pump chamber or
negative (e.g. — 0.8 bar) to suck the volume into the pump
chamber. Volume flow happens as long as the driving pres-
sure p = p, —c - V3is> 0, so the equilibrium state for the
displaced membrane is reached, when

po—c-Vy=0 (20)

which leads to

@ Springer
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The solution of the differential eq. (19) is the following
equation (see Bronstein and Semendjajew (1991), p.39):

R 1+ Vo + V2
t(Vnorm) = - 2 ’ |:l ' ln - nzorm
C.VO 6 (1 _Vnorm)
(22)
2-Viorm + 1
+ L arctan Ll -0.52
V3 V3
with
Vv
V, =—=10,1
norm VO [ ]
arctan(L) ~ —0,52
3
and with
c implying the membrane parameters
R, implying the hydrodynamic resistance

of the fluidic network.

To describe a whole suction or ejection process of the micro-
pump by the membrane deflection, two phases have to be
considered in each case. The suction and ejection process of
the membrane and the forces acting on the membrane during
the deflection are illustrated in Fig. 3.

In case of the ejection process, the actuation pressure is
switched from negative pressure (P,,. = —0.8 bar) to posi-
tive pressure (P,, = 1.5 bar). As long as the membrane is
deflected above its neutral position, the elastic restoring

force of the membrane contributes to the ejection process in
addition to P,,. In this case, to compute #(V) with eq. (22),
starting from a deflected membrane by the negative pressure,
is reflected through negative values for the volume from
—V,.ax to 0 until the membrane reaches its neutral position.
For the continued ejection process, the elastic restoring force
of the membrane increases as the membrane is deflected
until its maximum displacement position. Now this force
acts in the opposite direction of the actuation pressure and,
therefore, reduces the net force deflecting the membrane.
In this case, to compute #(V) with eq. (22), positive values
for the volume from 0 to V,,,, are taken to reflect the ejec-
tion process from the neutral position of the membrane to
its maximum deflection. Altogether, the ejection process is
now reflected through the integration of the volume in the
pump chamber from the negative volume —V,,, (which in
the following is referred to as the volume for applied vacuum
V.ae) to the positive volume +V, .. (which in the following
is referred to as the volume for applied vacuum V, ). The
pumped volume at every time step can be calculated as

AV = V() -V, (23)

The corresponding equations apply for the suction process:
here, the actuation pressure is switched from positive pres-
sure (P,, = 1.5 bar) to negative pressure (P,,. = —0.8 bar).
As long as the membrane is deflected below its neutral posi-
tion, the elastic restoring force of the membrane contributes
to the suction process in addition to P,,.. In this case, to
compute #(V) with eq. (22), starting from a deflected mem-
brane by the positive pressure, is reflected through positive
values for the volume from V, ,, to O until the membrane

pactuation =+1.5 bar pactuation =+1.5 bar pactuation =+1.5 bar
—_— 1 ‘presloringjorce N\ 1
l fresmring)orce

V() = +Vinax V(t) =0 V() = -Vpax
(a) Ejection (b) Ejection #, (c) Ejection 73
piC',UE'JOF = 70'8 bar piCTUEUOF = 70'8 bar pd(.lud“')!‘ = 708 bar

T / T*presloring_lorce N
T ?resloringjorce
V(t) = -Vmax V(t) =0 V(t) = +Vmax

(d) Suction #;

Fig. 3 Ejection and suction process of a TPU-membrane-based pump
chamber with non-linear pressure—displacement behavior. The arrows
indicate the forces acting upon the membrane for the membrane
positions at t,—phase 1, t,—transition phase and t;—phase 2. If the
membrane is displaced until the limit stop of the pump chamber, the

@ Springer

(e) Suction

(f) Suction t3

restoring force (grey) is maximal. At the equilibrium position of the
membrane (b) and e the membrane is in a non-prestressed condition
and no additional restoring forces are acting in addition to the actua-
tion force
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reaches its neutral position. For the continued suction pro-
cess, the elastic restoring force of the membrane increases
while the membrane is deflected until its maximum displace-
ment position. Now this force acts in the opposite direction
of the actuation pressure and, therefore, reduces the net force
acting on the membrane. In this case, to compute #(V) with
eq. (22), negative values for the volume from O to -V, are
taken to reflect the suction process from the neutral posi-
tion of the membrane to its maximum deflection. Altogether,
the suction process is now reflected through the integration
of the volume in the pump chamber from the positive vol-
ume +V,,. (V,,) to the negative volume —V ., (V,,.). The

pumped volume at every time step can be calculated as
AV() = V() =V, (24)

The equation for #(V) now describes the pump characteristic
as a function of a hydraulic resistance R), that is connected
to the pump. Because of the complex formula, the equation
cannot be inverted analytically to obtain a coherent expres-
sion for V(). However, it can be inverted numerically, e.g. by
computing the values of ¢ for different V, or graphically, as
the #(V) diagram with the pump characteristic curve can be
inverted by just switching the axis for  and V. An example
for qualitative pump characteristic curve for #(V) as well as
V(¢) with arbitrarily selected values for ¢ and R is shown in
Fig. 4.

Furthermore, the resulting flow rate can be obtained by
the temporal derivation of V(¢) which leads to the volume
flow rate profile as a function of time:

o) = V(@) (25)

t-V Diagramm V-t Diagramm

0.1r
—_ 1 e
= v
2
1
5 0.05¢ I % -
! ! £
< ’ =R
o ’ [
E 2 - = V[10]
Foo g 05 ==
- g —VoVv, ]
1
. ' —VIV,,0
-0.05
-1 -0.5 0 0.5 1 -0.05 0 0.05 0.1
Pumped volume [\/'/VO] Time [A.U]
(@) ¢(V) (b) V(z)

Fig.4 Example of (a) a qualitative pump characteristic curve V()
(according to eqs. (23) and (24)) and b its time derivative @(¢)
(according to eq. (25)) for a pressure-actuated, TPU-membrane-based
micropump with non-linear behavior. Values for ¢ and R are selected
arbitrarily, so the curve is displayed with arbitrary time units. The
dashed line describes V(f) and @(¢) if the membrane is displaced
without a limit stop, the solid line shows V() and @(¢) if the mem-
brane is displaced against a limit stop with a maximum pump cham-

ber volume V., <V,

Volume V (t)

T 05f
=
E Q
5 E o5l
n" L
. .
0.05 0 0.05 0.1
Time [A.U.]
(a) Volume V(z)
y Volume flow ¢(t)
r \
\
E= o5
o
2E o
2
S =050 S
1 I S~ )
-0.05 0 0.05 0.1

Time [A.U]

(b) Volume flow ®(t)

Fig.5 Example of (a) a qualitative pump characteristic curve
describes V (¢) (according to Egs. (23) and (24)) and (b) its time
derivative ® (#) (according to Eq. (25)) for a pressure-actuated, TPU-
membrane based micropump with non-linear behavior. Values for ¢
and R are selected arbitrarily, so the curve is displayed with arbitrary
time units. The dashed line describes V (f) and ® (¢) if the membrane
is displaced without a limit stop, the solid line shows V () and ® (¢) if
the membrane is displaced against a limit stop with a maximum pump

chamber volume V, <V,

An example for qualitative pump characteristic curve for V()
as well as its derivative @(¢) with arbitrarily selected values
for ¢ and R is shown in Fig. 5.

The constant parameter c¢ results from the experimen-
tally determined membrane parameter E, . ane @S Shown

in Sect. 2.3. To calculate R in the fluidic network, two
cases are now to be considered:

(I) Pumping through a prefilled channel of finite
length.

(II)  Pumping through a previously empty channel of
infinite length.

For case (I) the hydraulic resistance R;, can be assumed as con-
stant for the flow of an incompressible, Newtonian fluid with
viscosity 7 though a microfluidic channel. Assuming laminar
flow conditions it follows from the Poiseuille equation (Poi-
seuille (1846)) that

_Ap_2-r1-L-P2

Rhﬁstatic - E A3 (26)

with L being the length, P the perimeter and A the area of an
arbitrarily shaped channel in the microfluidic network. For a
circular channel with radius rg,,,,.; it follows
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8-n-L-x
Rhﬁstatic = T 27
with

A=2-7- rghannel (28)

For case (II) the hydraulic resistance changes dynamically
as the part of the channel that is filled with fluid increases
during the pumping process. In this case R), is a function of
time, or rather a function of the current length of the chan-
nel that is filled with fluid. This length is a function of the
Volume V() that is already pumped at a certain time and the
cross section area A of the channel:
V()

Lt =—= (29)

Inserted in eq. (27) this leads to

8-n-rm
Rhﬁdyn(t) = A3

V() (30)

for a dynamically increasing resistance during the pumping
process into a previously empty channel. Equation (19) can
be written as

3y _ € 3 3
——V>—E'(V0—V) (31)
which leads to the differential equation

LA3
“gegv V) )

Equation (32) can be written as

V.V Al
Vo-Vv3: 8.z

(33)

Integration and solving the differential equation ( Bronstein
and Semendjajew 1991, p.39) leads to the analytical solution

[1 L+ Vom + V2
Az —————=
6 (1= Vaorm)

norm

1 <2‘Vnorm+1> ]:|
+ — - |arctan| ———— ] - 0.52]|.
V3 [ V3

(34)
Again, V(¢) can be found numerically or graphically by
“inverting’ #(V). The derived equations now allow to cal-
culate any configuration for a microfluidic network con-
sisting of the modeled TPU-membrane-based micropump
and microfluidic channels. The hydrodynamic resistance of
the channel is either static if the channel of a finite length
L is prefilled with fluid (see eq. (26)) or changes dynami-
cally with the filling level if the channel of infinite length is

8-7m-n
t(\V,R, 4,) =—————
( nam) c-A3-V,
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not prefilled with fluid (see eq. (30)). For a combination of
prefilled and not prefilled channels the static and dynamic
resistances can be added, which results in:

Rh_static,dyn(t) = Rh_smtic + Rh_dynamic(t ) (35)

3 Experimental methods

3.1 E-Modulus

The constant parameter c is dependent on the elastic mod-
ulus of the membrane (see eq. (13)) which was obtained
experimentally by a standardized tensile test for a testing
speed of 1 mm/min.To verify the model assumptions lead-
ing to the cubic pressure—displacement law in eq. (9), the
E-modulus was also determined by measuring the relation
between the displacement of a fixed, non-prestressed TPU-
membrane with circular boundaries and the pressure that
is applied on the membrane. Different pressure levels were
applied through an electronic pressure regulator (type: PCD-
15PSIG-D/5P 5IN, Natec Sensors GmbH). Displacement
was measured optically with a microscope (type: BX 61,
Olympus Europa SE & Co. KG) by determining the position
of the focus plane on the membrane surface. The data were
then fitted to the cubic pressure - displacement law.

3.2 Pressure measurement

The derived model was verified through pressure measure-
ments in the pump chamber of the LoC system Vivalytic.
The pressure sensor (LabSmith-uPS0250-T116-10, Mengel
Engineering, Virum, Denmark) was adapted directly to the
pump chamber ensuring minimal capacity-related delays.
To ensure a sufficient temporal resolution of the pressure
measurement and allow to neglect the system capacities,
a high viscosity fluid (Silicone oil, 100cSt) was used. The
resulting high fluidic resistance entailed a duration of the
ejection process in the range of a few seconds.

3.3 Parameter study

A parameter study was done with the derived analytical
model to deduce maximum flow rates and pump cycle dura-
tions for generic system configurations. The model setup
and example curves from Sect. 2.4 were done with arbitrary
values for the fluidic parameters. Now the model was applied
to the here investigated microfluidic system, to determine
and predict the characteristic curves of the membrane-based,
pressure-driven micropump of the LoC system Vivalytic.
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To determine the influence of various fluidic parameters
like channel length and fluid viscosity the maximum flow
rates were taken into account as well as the duration for
emptying a pump chamber completely. System-related val-
ues were fixed for the parameter study. These include the
E-modulus of the TPU-membrane, which was determined in
Sect. 2.3, the pressure level (p, = 1.2 bar) that is applied
as the actuation force for the micropump, and the hydraulic
radius (Fgammer = 234pm) which is the same for all chan-
nels of the microfluidic network. Variable parameters are,
therefore, (i) the length of the microfluidic channel, which
is determined through the setting of the valves of the micro-
fluidic network, as well as (ii) the viscosity of the fluid to be
transported through the microfluidic system.

4 Results and discussion

4.1 E-Modulus

The elastic modulus of the membrane was obtained experi-
mentally by a standardized tensile test. The resulting E-mod-
ulus for a testing speed of 1 mm/min was E,_ . prane = 33.5
MPa.

The measurement results for the relation between the
displacement of the TPU-membrane with circular bounda-
ries and the pressure that is applied on the membrane are
shown in Fig. 6, verifying the cubic pressure—displacement
behavior of the TPU-membrane. The measurement result
implies an elastic modulus of E, . p.0ne = 35.6 MPa which
is comparable with the measurement result of the standard-
ized tensile test.

500 -

N w EN
=3 =3 o
S S S
T T
\
\

\\

Displacement [um]
\\

2100 ® measurement data
1 fit Ap ~h®
4 L 1

L L L I L )
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0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45
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Fig.6 Measurement points for the pressure dependent displacement
of a TPU-membrane with circular constraints (r = 2500um). Dif-
ferent pressure levels were applied through an electronic pressure
regulator (type: PCD-15PSIG-D/5P 5IN, Natec Sensors GmbH). Dis-
placement was measured optically with a microscope (type: BX 61,
Olympus Europa SE & Co. KG) by determining the position of the
focus plane on the membrane surface. The data can be fitted to the
cubic pressure—displacement law in (eq. (9)). The mean value of the
resulting E-modulus of the TPU-membrane for the obtained measure-
ment points is E, ~ 35.6 MPa

membrane
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Fig.7 Measurement and model data for the pressure to volume dis-
placement ratio of the TPU-membrane-based, pressure-driven micro-
pump of the LoC system Vivalytic. For the measurement of average
pumped volume per cycle the mean of 50 pump cycles was taken and
this measurement was repeated 5 times. The parameters for the model
calculation were E. ~ 35.6 MPa (see Sect. 2.3) and r =3.8

. membrane pump
mm (substitute radius for the used pump chamber)

4.2 Static measurements

The displaced volume predicted by the presented model for
one pump cycle was compared with experimentally obtained
data from the LoC System Vivalytic. The result for different
pressure levels is displayed in Fig. 7. The measurement data
show a good agreement with the volume prediction by the
model. The graph also shows the comparison between the
model with limit stop and without limit stop. Modeling the
limit stop by cutting off the volume at the maximum seems
to be a good approximation for determining the volume per
pump cycle.

4.3 Transient measurements

The pressure course in the pump chamber was measured
according to Sect. 3.2 and the result is displayed in Fig. 8.
Integrating the curve of the measured pressure differ-
ence allowed to obtain the pumped volume over time and
to extract the two phases of the ejecting process: phase 1,
where the membrane is moving towards the equilibrium
position (see Fig. 3a) and phase 2, where the membrane is
moving away from the equilibrium position (see Fig. 3c).
The membrane is in equilibrium position, when half of the
volume is ejected from the pump chamber (dashed line at
V = 12.5pL). The derived time of the equilibrium position
(At =~ 1s) corresponds to the inflection point of the meas-
ured pressure curve. The measurement shows a quite good
qualitative agreement with the model derived volume over
time, which confirms the general approach and the assump-
tions of the presented model. In the second phase of the
pump cycle, model and measurement start to diverge which
is probably mainly due to modeling the limit stop by just
cutting off the curve at a maximum pump chamber volume
of 25 pL. This could be tackled by introducing a counter
force into the model, which reflects the increasing resistance
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when the membrane is pressed against the pump chamber
limit stop.

4.4 Parameter study

A parameter study was done according to Sect. 3.3. The
E-modulus E, . prane & 35.6 MPa resulting from Sect. 4.1
was used for the study. The results of the parameter study
are shown in Table 1. The maximum flow rate and the dura-
tion of one pump cycle are taken from the flow rate pro-
file for each parameter setting. All parameters were set and
investigated in the range they occur in microfluidic processes
on the LoC system Vivalytic. Fluid viscosities of 1cSt and
10cSt were investigated to cover the range of fluid viscosities
mainly used in the system. Maximum flow rates vary from
1273 % for a channel length of 100 mm and a fluid viscosity
of 1 ¢St to 64 ”—L for a channel length of 200 mm and a fluid
viscosity of 10 cSt. The duration for one pump cycle varies
between 27 ms and 541 ms, respectively.

4.5 Enhanced model with transient actuation
parameter

To map the model with the actual operating conditions of the
LoC system Vivalytic, the profile of the actuation pressure
needs to be considered in the model. So far, the actuation
pressure was set as a constant, instantaneously applied pres-
sure that is acting on the pumping membrane. However, for
the real system the delay time of switching between vacuum
and overpressure or vice versa needs to be considered as
well, to involve the time needed to build up the pressure at
the pumping membrane. The actuation pressure profile of
a test bench for the LoC system was determined by a pres-
sure sensor (BMP388, Bosch Sensortec GmbH, Reutlingen,
Germany). The result of the pressure measurement is shown
in Fig. 9. It demonstrates that the time delay for switching
between applied vacuum and overpressure takes up to 50 ms
and the time to build up the pressure at the pumping mem-
brane takes up to 75 ms. This result confirms the hypothesis
that the profile of the actuation pressure needs to be con-
sidered in the model description of the system as one pump
cycle proceeds in the same time range.

To implement the actuation parameter p, as a time-
dependent function, in the model, the measured pressure
profile was convoluted with the analytical solutions of
eq. (32). The resulting volume over time and derived volume
flow rate over time for a channel length of 200 mm is dis-
played in Fig. 9 for both: the assumption of an instantaneous
pressure jump (dotted line) and for the measured pressure
course (solid line). The comparison shows that a delayed
build-up of pressure increases the pump cycle duration but
reduces the maximum occurring flow rates.
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Fig.8 Measurement and model data for the transient volume dis-
placement of the TPU-membrane-based, pressure-driven micropump
of the LoC system Vivalytic. For the measurement, the pressure sen-
sor was adapted directly to the pump chamber. The pressure course
was measured during a pump cycle while pumping a high viscosity
silicone oil (100 cSt) through a channel with length a of 200 mm. The
parameters for the model calculation were taken from Sect. 2.3 with a
pressure level of p, = 1.2bar. The dashed line at V. = 12.5pL shows
the equilibrium position of the membrane, when half of the volume is
ejected from the pump chamber. Model and measurement data show
a good agreement for phase 1 of the pump cycle and start deviating in
phase 2 (see Fig. 3)

Table 1 Results of the parameter study with the analytical model.
Maximum flow rates and pump cycle durations are obtained for vari-
able channel lengths / and viscosities v

Model parameter Maximum flow rate Pump
cycle dura-
tion

[WL/s) [ms]
v=1cSt

1=100 1273 27

1=150 849 41

1=200 637 54

1=200 mm

v)=5 127 270

v)=10 64 541

4.6 Discussion

The step-by-step guidelines for an analytical model that
describes the non-linear deflection of an elastomeric mem-
brane, and calculates dynamic fluid processing, are a power-
ful tool for developing pressure-driven microfluidic systems.
Maximum flow rates occurring in microfluidic systems are a
critical factor, for example for sequential filling of compart-
ments where emulsions and air bubble entrapment must be
avoided, or when handling biological sample materials like
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Fig.9 Convolution of V (¢) and the measured pressure profile for the
actuation pressure of a research test bench to process the LoC system
Vivalytic. a The measured pressure profile shows that the ramping
time-constant from the applied vacuum of — 80 kPa to 0 kPa is about
25 ms and ramping up to the maximum overpressure of 120 kPa takes
about 75 ms. The graphs display (b) the pumped volume over time
and c the derived volume flow rate over time as a result of the convo-
lution of the pressure function with the analytical model for #(V) (see
eqs. (23)—(25))

cells which are sensitive to shear stresses. For setting and
optimizing pumping frequencies for different fluidic param-
eters and system configurations, it is also relevant to know
the duration of a pump cycle.

For a pump chamber where the deflection of the dia-
phragm is restrained by a limit stop, the assumption was
made that the process in the model can be cut off when the
maximum volume is reached. However, this assumption
neglects additional forces that affect the membrane dis-
placement when the membrane is displaced against the solid

boundary of the pump chamber like in the actual setting. The
results of the dynamic pressure measurements suggest that
this assumption may lead to a deviation from the model with
the actual course of the volume flow in the second phase of
the pumping process (see Fig. 8). One way to address this
deviation would be to include the limit into the model as a
counterforce that builds up depending on the application of
the diaphragm to the pump chamber.

The computation of the hydraulic resistance in the
model through the Poiseuille equation (eq. (26)) is based
on the assumption of laminar flow conditions. Flow rates
> 10001 may result in a Reynolds number > 2200 even
in microfluidic channels. This is the range of transition
from laminar to turbulent flow profiles in microfluidic
systems (Nguyen and Wereley (2006)). Consequently, for
our investigated system the model assumptions work well
to determine the flow rate profile within an operation
range of < 1000%, where laminar flow conditions can
still be assumed.

5 Conclusions

This work describes the derivation of an analytical model
for the dynamic behavior of a pressure-driven elastomeric
membrane-based micropump. The model yields a cubic
pressure—displacement law for the non-linear behavior of
the membrane as derived from the Young—Laplace equa-
tion. This was confirmed by measurement of static deflection
and volume transport of the micropump at different pres-
sure levels. The analytical model was further extended to
dynamic processes in the microfluidic system by incorpora-
tion of Hagen—Poiseuille’s law. It can be used both to design
microfluidic networks for certain process requirements and
to integrate fluidic processes into existing systems.

Two important results are provided by the model which
are of particular relevance, e.g. when dealing with biological
samples: (i) maximum flow rates that occur during a pump
cycle and (ii) the duration of a pump cycle. The model can
be used to estimate the influence of system modifications
and device related variations, e.g. by the implementation of
system dependent pressure actuation courses. In future work,
refinements will be added to the model to better account for
the boundary conditions when reaching the limit stop.

Appendix

Figs. 10, 11, 12.
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Fig. 10 Numerical simulation to estimate the error resulting from
the assumptions for the analytical model. The simulation was set up
in COMSOL, computing the displacement of an elastic membrane
securely clamped with the form of the investigated pump chamber
and displaced through a surface load. As the pump chamber is sym-
metrical in x and y direction, two symmetry planes were inserted into
the model to reduce computing times. The pressure in the COMSOL
experiment is given in arbitrary units, as the elastic modulus taken
for the membrane in the simulation was estimated and deviates from

the actual value. So the membrane displacement as a function of the
applied pressure is shown qualitatively but not quantitatively. First,
the pressure is determined when the membrane reaches the limit stop
which is at 0.6 mm (height of the pump chamber from the zero line
of the membrane). The displacement of the center point of the mem-
brane is shown in the graph as a function of pressure. The positions
of the membrane at the pressure steps p = 0 (zero line of the mem-
brane) and p = 0.14 (just before the membrane reaches the maximum
displacement) are also displayed
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Fig. 11 Two different simulation experiments compared (I) the pres-
sure-dependent displacement of the membrane with a limit stop in
the dimensions of the pump chamber (upper row and darker curve)
with (II) the pressure-dependent displacement of the membrane
without a limit stop (lower row and light curve). The displaced vol-
ume was extracted for every simulated pressure step and is shown
in the displayed graph. The position of the displaced membrane is
shown for the pressure steps p =0, p =0.14, p =1 for simulation
(D) and for the pressure steps p =0.14, p =0.4, p =1 for simula-
tion (II). The displaced volume for simulation (I) at p = 0.14 is the

@ Springer

same as the displaced volume for simulation (II) at p = 0.14 which
is Vpumpea = 2.785pL. After p = 0.14, when the membrane center
reaches the maximum displacement, the two curves start to deviate
from each other as the increasing contact area between membrane and
pump chamber results in an increasing counterforce and limits the
maximal displaceable volume to 3.75 pL (corresponding to 1 of the
pump chamber volume for the simulated part of the pump chamber
with two symmetry planes and displacement of the membrane from
the zero line)
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Fig. 12 Cross-section of the pump chamber and graphical visualiza-
tion of the residual volume in the pump chamber at different posi-
tions of the displaced TPU-membrane: The pressure-driven displace-
ment of the TPU-membrane was simulated with the same model as
described in Fig. 10. For a pressure p =0 the membrane is in its
zero position, meaning that 50 % of the pump chamber volume is
already pumped out, if the membrane started from its maximum posi-
tion, being displaced by negative pressure. The membrane is being
displaced through applied overpressure, while its center reaches the
half of the maximum displacement position from the zero line at
p = 0.04 and its maximum displacement position at p = 0.14. From
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