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Abstract
Microfluidic-based sorting systems are an integral part of many biological applications, where sorting of cells, microorgan-
isms, and particles is of interest. In this paper, a computational fluid dynamics model is established to expand investigations 
on a hybrid microparticle sorting method, which combines inertia-magnetic focusing and hydrodynamic separation, known as 
multiplex inertia-magnetic fractionation (MIMF). This microfluidic device consists of two regions, i.e. a narrow microchan-
nel with a magnet on its side for inertial and magnetophoretic focusing of particles and a downstream wide hydrodynamic 
expansion zone for particles’ separation and imaging. A Lagrangian–Eulerian framework was adopted to simulate particle 
trajectories using the ANSYS-Fluent discrete phase modeling (DPM) approach. Acting forces that were considered to pre-
dict particle trajectories included the drag, inertial lift, Saffman lift, gravitational, and magnetophoretic forces. User-defined 
functions were used for inertial lift and magnetophoretic forces that are not built-in relations in the ANSYS-Fluent DPM. 
Numerical results were verified and validated against the experimental data for MIMF of 5 and 11 µm magnetic particles at 
flow rates of 0.5–5 mL/h. Particles fractionation throughput and purity in the expansion region could be predicted with errors 
of 6% and 2%, respectfully. The validated model was then used to perform a numerical parametric study on the unknown 
effects of magnetization, particle size, higher flow rates, and fluid viscosity on MIMF. The presented numerical approach 
can be used as a tool for future experimental design of inertia-magnetophoretic microfluidic particle sorting devices.

Keywords  Microfluidic sorting · Computational fluid dynamics · Magnetophoresis · Inertial focusing · Hydrodynamic 
fractionation · Discrete phase modeling

1  Introduction

Sorting and separation of small substances such as cells, 
microorganisms, and microparticles and nanoparticles from 
a heterogeneous mixture is a common sample preparation 
step in many biological applications such as diagnosis 
(Saliba et al. 2010), genomics (Podar et al. 2007; Yilmaz and 
Singh 2012), cellomics (Andersson and Van den Berg 2003), 

and immunoassays (Cheng et al. 2018). Particle and cell 
sorting are normally performed by laboratory-based meth-
odologies that involve sedimentation, filtration, or centrifu-
gation. These conventional methods are time-consuming, 
prone to filter clogging, and expensive. Other commonly 
used methods such as fluorescence-activated cell sorting 
(Geens et al. 2006; Julius et al. 1972) and magnetic-acti-
vated cell sorting (Adams et al. 2008) are more accurate and 
specific to target cells. But they require compatibility with 
fluorescent tagging and in-line fluorescent imaging, analysis 
and downstream sorting that makes them costly, complex, 
and inaccessible, especially for point-of-care and point-of-
use applications.

An ideal sorting method must meet certain requirements 
such as involving a simple and low-cost design, working 
continuously at high throughput, being efficient in terms of 
energy consumption, operating without a diluting sheath 
flow and performing multiplex separation with high purity 
and efficiency (Kumar and Rezai 2017a). Recently, many 
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biological applications such as cancer diagnosis (Chen et al. 
2012; Karabacak et al. 2014; Lee et al. 2013; Nagrath et al. 
2007; Ozkumur et al. 2013; Pappas 2016), immunomagnetic 
assays (Dalili et al. 2019; Ng et al. 2010), and pathogen 
separation (Bayat and Rezai 2018; Jiang et al. 2016; Rama-
dan et al. 2010; Richardson and Ternes 2011) have benefitted 
from microfluidic-based sorting systems that meet most of 
the requirements above and exceed expectations by offering 
minimal reagent consumption and portability (Baker et al. 
2009; Bélanger and Marois 2001).

Several microfluidic particle sorting methods have been 
proposed such as pinched flow fractionation (Wang et al. 
2005; Yamada et al. 2004), hydrodynamic filtration (Yamada 
and Seki 2005), deterministic lateral displacement (Huang 
et al. 2004), size exclusion filtration (Mohamed et al. 2007), 
optical sorting (Applegate et al. 2006), dielectrophoresis 
(Valero et al. 2010; Zhang et al. 2018), acoustic separation 
(Li et al. 2015), and magnetophoresis (Chalmers et al. 1998). 
Samples are flown hydrodynamically in microchannels, 
while target particles are separated from nontargets either 
via the use of flow-induced passive forces such as inertial 
and drag or actively using magnetic, electrokinetic, acoustic, 
and optical stimuli (Wyatt Shields Iv et al. 2015).

Among the active microfluidic sorting methods, magne-
tophoretic sorting with permanent magnets has attracted a 
lot of attention due to its semi-passive nature, yet specificity 
and high precision in sorting target biomarkers (Saeed et al. 
2014; Sajeesh and Sen 2014; Wyatt Shields Iv et al. 2015). 
Nevertheless, design of a robust sorting device remains chal-
lenging as some of these methods are developed by exper-
imental trial and error that is costly and time consuming 
(Hejazian et al. 2015; Hoffmann et al. 2002; Krishnan et al. 
2009; Kumar and Rezai 2017a, b; Martel and Toner 2014; 
Matas et al. 2004). Numerical methods have been adopted 
to facilitate the design of microfluidic-based sorting sys-
tems and expand rapidly on experimental outcomes, start-
ing with simulating the motion of spherical particles in a 
fluid medium (Matas et al. 2004; Yang et al. 2005). Earlier 
models were mostly limited to either 2D domains or simple 
geometries (Feng et al. 1994a, b). Recently, more complex 
geometries such as straight, spiral, and T-shaped microchan-
nels have been simulated (Bhagat et al. 2008; Modak et al. 
2009). A major advantage is that these models can provide 
the capability to investigate the effect of multiple dominant 
forces on particle focusing and separation such as the com-
bined effects of inertial focusing and magnetophoresis on 
magnetic particles.

Polyflow (Feng et al. 1994a, b) and CFD-ACE (Bhagat 
et al. 2008; Krishnan et al. 2009; Telleman et al. 1998) pro-
grams were among the popular numerical solvers employed. 
These solvers were abandoned due to their inability to 
accommodate the multi-physical complexity of the micro-
fluidic-based sorting systems. COMSOL Multiphysics and 

ANSYS-Fluent are being adopted nowadays, as they cover a 
wide range of numerical analyses with accuracy and simplic-
ity. For instance, in 2015, Amin (2014) performed a simula-
tion on the effects of inertial focusing in a spiral microchan-
nel with a trapezoidal cross section employing the discrete 
phase model (DPM) of ANSYS-Fluent. Particle trajectories 
were calculated considering the dominant forces acting on 
them, including the drag, buoyant, and lift forces. The lift 
force was included in the force balance through the addition 
of a user-defined function (UDF). A polynomial approxima-
tion based on the variations of the lift coefficient with Reyn-
olds number was derived to predict the lift coefficient. In a 
more recent study, Parrot (2017) utilized a similar numerical 
framework and modified the proposed lift coefficient based 
on the particle distance from the sidewall rather than the 
Reynolds number.

Numerical studies on magnetophoretic microfluidic-based 
sorting systems, as one of the objectives in this paper, are 
scarce in the literature (Yang et al. 2016). Among the ear-
lier studies, analytical models (Nandy et al. 2008; Zhu et al. 
2011) and CFD-ACE + program (Krishnan et  al. 2009) 
were adopted for simulation. Specialized numerical mod-
els (Modak et al. 2010; Zolgharni et al. 2007) have also 
been developed to simulate specific cases. Forbes and Forry 
(2012) developed a numerical model to investigate micro-
fluidic magnetophoretic separation of immunomagnetically 
labeled rare mammalian cells. Their model accounts for 
the magnetic orientation, magnet type, flow rate, channel 
geometry, and buffer to achieve the desired level of magne-
tophoretic deflection or capturing. Hale and Darabi (2014) 
utilized COMSOL Multiphysics to simulate their magneto-
phoretic microfluidic device for DNA isolation and studied 
the effect of various parameters on the magnetic flux within 
a separation channel. In another study, Kim et al. (2016) 
proposed a numerical model that uses hydrodynamic vis-
cous drag and magnetophoretic repulsion forces to predict 
particle trajectories. These efforts have certainly contributed 
to the numerical modeling of microfluidic-based sorting sys-
tems, however, to the best of our knowledge, a numerical 
framework that accounts for the effects of magnetophoretic 
focusing, inertial, and drag forces, as well as hydrodynamic 
fractionation is currently lacking.

The present study attempts to establish a 3D numeri-
cal framework to simulate our multiplex inertia-magnetic 
fractionation (MIMF) method proposed earlier (Kumar and 
Rezai 2017a, b). Standard Navier–Stokes equations were 
discretized and solved to simulate the flow. ANSYS-Fluent 
DPM was adapted to model particle trajectories and distribu-
tion in the microfluidic device. Acting forces on the particles 
such as drag, lift, gravitational, and magnetophoretic forces 
were considered to calculate particle trajectories. UDFs were 
written for non-built-in relations of inertial lift and mag-
netophoretic forces. The results were validated against our 
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empirical data (Kumar and Rezai 2017a). Furthermore, with 
the validity of the model established, the unknown effects 
of significant parameters on MIMF such as magnetization 
(0–2.7 × 106 A/m), particle size (5–30 µm), and fluid vis-
cosity (0.5–1.5 mPa s) were investigated in this paper. This 
investigation is novel both in terms of integrating the effects 
of multiple dominant forces on particle sorting and inves-
tigating the effect of new parameters on inertia-magnetic 
focusing. The presented numerical model can serve as an 
accessible and reliable tool to simulate inertia-magnetic phe-
nomenon and facilitate the design of hybrid microfluidic 
sorting systems.

2 � Numerical model

2.1 � Model geometry

The schematic diagram and geometrical specifications of 
the modeled device were based on our experiments (Kumar 
and Rezai 2017a) as presented in Fig. 1. The model is a 
microfluidic device consisting of three regions, namely the 
inertia-magnetic focusing zone, the narrowing section, and 
the hydrodynamic expansion zone. The inertia-magnetic 
focusing zone was a narrow microchannel over which the 
magnetic particles (MPs) were affected by inertial and mag-
netic forces caused by the flow hydrodynamics and a perma-
nent magnet located by the side of the channel, respectively.

Similar to our experiments (Kumar and Rezai 2017a), poly-
styrene paramagnetic microparticles with mean diameters of 5 
and 11 µm were suspended in deionized water (DI water) with 
the ratio of 10:1 for 5:11 µm particles. The mixture concentra-
tion was approximately 1.1 × 107 particles/mL that resulted in 
a volumetric fraction of 0.135%. The density of particles was 
approximately 1.05 g/cm3, almost the same as water density. 
Hence, sedimentation velocity of these particles was assumed 

negligible compared to their flow velocity in the forward direc-
tion. In the experiments (Kumar and Rezai 2017a), a small 
amount of Tween 20 (~ 0.1 wt%) was added to particle sus-
pension to avoid any particle aggregation and to keep them 
dispersed in the sample. Accordingly, particle aggregation was 
neglected in the presented simulation. The flow rates used in 
our simulations were in the range of Q = 0.5–10 mL/h.

2.2 � Numerical model theory

To achieve a better convergence behavior, the numerical proce-
dure was divided into three stages. First, the steady-state solu-
tion of the flow without injecting particles or introducing the 
magnetic field was obtained. Then, particles were injected into 
the flow, where their trajectories were calculated. Finally, the 
magnetic field was applied to recalculate particle trajectories 
and achieve the final solution. The solved equations for each 
stage are described below.

2.2.1 � Fluid flow solution

Standard laminar steady-state governing equations, i.e. the 
continuity Eq. (1) and the Navier–Stokes Eq. (2), without 
introducing the microparticles and the magnetic field, were 
solved for the DI water to find the converged steady-state solu-
tion of the flow:

In Eqs. (1) and (2), � is density, u⃗ is fluid velocity, p is static 
pressure, and ̄̄𝜏 is the stress tensor described as follows:

(1)∇ ⋅

(
𝜌u⃗

)
= 0,

(2)∇ ⋅

(
𝜌u⃗u⃗

)
= −∇p + ∇ ⋅ ( ̄̄𝜏) + 𝜌ḡ.

(3)̄̄𝜏 = 𝜇
[(
∇u⃗ + ∇u⃗T

)
−

2

3
∇ ⋅ u⃗I

]
,

Fig. 1   Schematic diagram of 
the modeled MIMF microflu-
idic device [first introduced 
by Kumar and Rezai (2017a)], 
which consisted of an upstream 
inertia-magnetic focusing chan-
nel with a permanent magnet 
beside it, a narrowing section 
at the center, and a downstream 
hydrodynamic expansion zone 
and fractionation channel. The 
figure also shows the sizes of 
particles and channel sections, 
as well as the working principle 
of the device. Particle positions 
reported in this paper are all 
based on the expansion zone’s 
bottom channel baseline
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where � is molecular viscosity, I is the identity tensor, and 
the second term on the right hand side is the effect of volume 
dilation.

2.2.2 � Discrete phase modeling (DPM)

ANSYS-Fluent DPM scheme was employed to inject micro-
particles into the DI water and compute their trajectories 
in a Lagrangian reference frame. This model is used for 
simulating the suspensions with low particle volume frac-
tion (< 10–12%), which is well suited for the present work 
with the volumetric particle fraction of 0.135%. ANSYS-
Fluent predicts the trajectory of a discrete phase particle by 
integrating the force balance on the particle and equating it 
with the particle inertia in a Lagrangian reference frame as 
shown below (ANSYS 2018):

where g⃗ is gravitational acceleration and F⃗ is an additional 
acceleration term (force/unit particle mass), which accounts 
for the effects of inertial and magnetophoretic forces that 
will be added in the next stage via the use of UDFs (see next 
section). FD is the drag force per unit particle mass defined 
by Stoke’s drag law (Ounis et al. 1991):

where u⃗p is the particle velocity and dp is the particle 
diameter.

The trajectory equations were solved by stepwise integra-
tion over discrete time steps. Integration of time yields the 
velocity of the particle at each point along the trajectory, 
with the trajectory itself predicted by:

2.2.3 � User‑defined functions (UDF)

A UDF code in C language was written and incorporated 
into the conventional DPM model to account for the inertial 
lift force (wall-induced and shear gradient-induced) and the 
prescribed magnetic field and the applied magnetophoretic 
force on the microparticles to recalculate their final trajec-
tories. The effects of inertial lift and magnetophoretic forces 
acting on the particles are included in the term F⃗ of the par-
ticle force balance, Eq. (4), as shown:

(4)
du⃗p

dt
= FD

(
u⃗p − u⃗

)
+

g⃗
(
𝜌p − 𝜌

)

𝜌p
+ F⃗,

(5)FD = 3��dpup,

(6)
dx

dt
= u⃗p.

(7)F⃗vm + F⃗pg + F⃗s + F⃗ = F⃗L + F⃗M.

The inertial lift force (F⃗L) has several components, (Di 
Carlo 2009) which include (1) rotation-induced, (2) slip-
shear-induced, (3) shear gradient, and (4) wall-induced 
lift forces. Shear gradient and wall-induced lift forces are 
two dominant components of inertial force acting on a 
particle in a plane Poiseuille flow. Shear gradient-induced 
lift force pushes the particles away from the center line 
of the channel due to the curvature of the velocity pro-
file. Wall-induced lift force repels the particles away from 
the channel walls. The magnitude of the wall-induced and 
shear-induced inertial lift forces on a spherical particle in 
a channel with square cross section are reported as follow 
(Martel and Toner 2014): 

where CWI and CSG are coefficients that depends on the par-
ticle position in the channel cross section and its velocity. To 
account for these parameters, our simulation takes advantage 
of Ho and Leal general force equation that describes forces 
acting on small rigid spheres in low Re numbers using Lor-
entz generalized reciprocal theorem (Ho and Leal 1974). 
The resulting general force equation includes wall-induced 
and shear-induced lift forces, while neglecting forces origi-
nating from lag velocity or the rotation slip of the particles, 
as these are orders of magnitude smaller than the stresslet 
contribution: 

In which, n⃗ is the wall normal at the nearest point on the 
reference wall, ⊗ symbol represents the tensor product of 
the two n⃗ vectors, D is the distance between the channel 
walls, s is the dimensionless distance from the particle to the 
reference wall, and G1 and G2 are dimensionless functions 
of s as previously reported (Ho and Leal 1974, 1976). The 
inertial lift force only acts in the direction perpendicular to 
the velocity of the fluid. The spherical particles are further 

(8)F⃗WI = CWI

u2max

D4
h

𝜌d6
p
,

(9)F⃗SG = CSG

u2max

Dh

𝜌d3
p
,

(10)F⃗L =
1

mp

𝜌
r4
p

D2
𝛽
(
𝛽G1(s) + 𝛾G2(s)

)
n⃗,

(11)𝛽 =
||
|
D
(
n⃗ ⋅ ∇

)
u⃗p
||
|
,

(12)𝛾 =
||
||

D2

2

(
n⃗ ⋅ ∇

)2
u⃗p
||
||
,

(13)u⃗p =
(
I −

(
n⃗⊗ n⃗

))
u⃗.
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assumed to be small compared to the channel width and 
rotationally rigid.

The force acting on a magnetic particle due to a per-
manent magnet such as the one used in our experiments 
(Kumar and Rezai 2017a) and model in this paper can be 
expressed by Eq. (14) (Adams et al. 2008):

where rp is the radius of the particle, M is magnetization 
and ∇B is the magnetic field gradient. Based on the data of 
Kumar and Rezai (2017a), magnetization and magnetic field 
gradient were set to 2.7 × 106 A/m and 10 T/m for validating 
our model, respectively. Magnetic field magnitude inside the 
channel was set to 300 mT. Since Eqs. (10) and (14) were not 
built-in expressions in the ANSYS-Fluent commercial pack-
age, a UDF code was written in C language to incorporate 
them into the software and investigate their effects on the 
final trajectories of the microparticles.

Fvm is the virtual mass force, the force required to 
accelerate the fluid surrounding the particle given by 
(ANSYS 2018):

where Cvm is the virtual mass factor with a value of 0.5 and 
�p is the density of the particle. An additional force arises 
due to the pressure gradient in the fluid (ANSYS 2018), 
which is expressed as:

The virtual mass and pressure gradient forces can be 
neglected when the density of the fluid is significantly lower 
than that of the particles. But for our case, with particles 
and the fluid having relatively similar densities, these forces 
were included.

The Saffman’s lift force, or lift due to shear, is also 
included in the additional force term. This lift force, F⃗s , 
was adopted from Li and Ahmadi (1992), which is a gen-
eralization of the expression provided by Saffman (1965). 
This form of the lift force is recommended for small par-
ticle Reynolds numbers (ANSYS 2018):

where K = 2.594 and dij is the deformation tensor (ANSYS 
2018).

(14)F⃗M =
4𝜋

3
M∇Br3

p

1

mp

,

(15)F⃗vm = Cvm

𝜌

𝜌p

(

u⃗p∇u⃗ −
du⃗p

dt

)

,

(16)F⃗pg =
𝜌

𝜌p
u⃗p∇u⃗.

(17)F⃗s =
2K𝜈

1

2 𝜌dij

𝜌pdp
(
dlkdkl

) 1

4

(
u⃗ − u⃗p

)
,

2.2.4 � Calculation procedure for the fraction of exited 
particles

Since ANSYS-Fluent does not directly calculate the frac-
tion of particles exiting from the device at different regions, 
particle flow rate Qp for discrete exit position ranges at the 
device outlet in Fig. 1 was calculated based on:

In this equation Arange is the exit position range with respect 
to the baseline, �p,exit is the cumulative particle density of 
the exited particles for every range and vp,exit is the velocity 
of the exited particles. The fraction of exited particles (f) 
for every range was then calculated by dividing the particle 
flow rate of the desired range by the total particle flow rate 
( Qp,total ) as shown:

2.3 � Boundary conditions and solver

The boundary conditions of the microfluidic device shown 
in Fig. 1 were set in our model to provide the closest 
approximation to the experimental conditions. At the inlet 
section, a uniform velocity profile was imposed at the inlet 
in the x direction described with u = Uinlet. It should be 
mentioned that the longest required fully developed length 
for our range of flow rates (Q = 0.5–10 mL/h) is 0.124 mm, 
which is well below the channel length of 42 mm. The 
transverse fluid velocities in the y and z directions were 
both assumed to be zero (v = w = 0). At the outlet, a con-
stant pressure boundary condition with zero gauge static 
pressure was assumed (poutlet = 0). The non-slip boundary 
condition was applied on the device walls and formulated 
with u = v = w = 0.

The above equations were discretized and solved uti-
lizing the SIMPLEC (semi implicit method for pressure 
linked equation consisted) algorithm. Two-way coupling 
was assumed between the fluid flow and the particles tra-
jectories by which the impacts of the fluid flow on the 
trajectory of the particles and vice versa were considered. 
This is accomplished by alternately solving the discrete 
and continuous phase equations, until the solutions in both 
phases have stopped changing. Flow velocity and particle 
concentration were monitored as benchmark parameters 
to check for convergence. For all simulation cases, solu-
tions became stabilized when residuals dropped below the 
prescribed value of 10−9.

(18)Qp = Arange

(
�p,exit × vp,exit

)
.

(19)f =
Qp

Qp,total

.
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3 � Results and discussion

We first verified our model by investigating its mesh 
independency and fluid flow characteristics (Sect. 3.1), 
then validated the model against the experimental results 
of Kumar and Rezai (2017a) in which a similar device 
was utilized (Sect. 3.2). Lastly, we used our validated 
model to investigate the unknown effects of magnetiza-
tion (0–2.7 × 106 A/m), microparticle size (0–30 µm), 
and fluid viscosity (0.5–1.5 mPa s) on inertia-magnetic 
focusing and sorting of microparticles in a MIMF device 
(Sect. 3.3).

3.1 � Model verification

3.1.1 � Mesh independence study

The device geometry in Fig. 1 was meshed with hexahe-
dral cells with regular connectivity (Supplementary Fig. 
S1). Both the narrow inertia-magnetic focusing and the 
expanded hydrodynamic fractionation microchannel cross 
sections had 45 and 25 grid points in the vertical and 
horizontal directions, respectively. The mesh was more 
refined near the microchannel walls and the entrance of 
the expansion zone to accurately capture the flow fluctua-
tions around these areas.

To ensure mesh independency of our simulations, while 
minimizing the computational costs, several mesh sizes 
(i.e. number of mesh elements) in the range of 5.7 × 104 
to 1.1 × 106 elements were considered. Based on our ini-
tial investigations, we found that larger flow fluctuations 
occur at the centerline of the inertia-magnetic focusing 
microchannel, especially as the flow enters the expan-
sion zone, due to the difference between the cross section 
sizes. Therefore, the magnitude of axial velocity along 
the microchannel centerline and the axial velocity profile 
on the cross section of the expansion zone entrance were 
plotted in Fig. 2a, b, respectively, for different mesh sizes 
in the case of DI water flowing at 1 mL/h.

As shown in Fig. 2a, the largest velocity fluctuations 
along the centerline of the microchannel occur before the 
expansion zone, where the microchannel narrows down 
and the centerline velocity spikes. The axial velocity pro-
file on the entrance cross section of the expansion zone is 
presented in Fig. 2b showing an expected parabolic pro-
file. As seen in Fig. 2a, b, increasing the number of mesh 
elements to more than 959,125 had a negligible impact 
of less than 0.01% on the centerline velocity and the axial 
velocity profile and the flow became independent from 
the mesh. Therefore, this computational mesh size was 
chosen for our simulations.

3.1.2 � Fluid flow study

We continued our verification studies by modeling the fluid 
velocity contours around the expansion zone entrance region 
without the presence of magnetic particles and the magnetic 
field at a flow rate of Q = 3 mL/h (Fig. 3). Supplementary 
Fig. S2 shows the flow velocity contours for different flow 
rates in the range of 0.5–5 mL/h.

As shown in Fig. 3 (and Supplementary Fig. S2), the flow 
velocity reaches a maximum local magnitude at the middle 
of the expansion zone entrance, due to the narrowing cross 
section of the microchannel just before the expansion region. 

Fig. 2   Numerical simulation of DI water flowing at 1  mL/h in the 
MIMF device for various mesh sizes. a Axial velocity magnitude 
along the centerline of the microchannel, and b axial velocity profile 
on the entrance cross section of the expansion zone
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Across the cross section of the microchannel, the flow veloc-
ity is not constant, owing to the effect of viscosity. No-slip 
condition at the walls causes the fluid particles to become 
stationary, while the axial velocity increases symmetrically 
towards the center of the microchannel, ultimately result-
ing in a horseshoe-shaped parabolic velocity profile, with 
minimum velocity at the walls and maximum velocity at 
the center of the channel like a Poiseuille flow (Eyal and 
Quake 2002).

3.2 � Model validation

After the model was verified in Sect. 3.1, we validated its 
performance for predicting particle trajectories against our 
previously published experimental results.

3.2.1 � Inertial and magnetic focusing of magnetic 
microparticles

The capability of our model in predicting the microparticle 
trajectories both with and without the presence of a magnet 
in the MIMF device was investigated. For this, distribution 
of 11 μm magnetic microparticles at different flow rates 
was investigated around the expansion zone of the device 
and compared to the results of Kumar and Rezai (2017a) 
in Fig. 4.

For all the flow rates, 11 µm magnetic microparticles 
were found to be randomly distributed in the channel with-
out the magnetic field in our model (Fig. 4a). However, when 
we introduced the magnetic field (Fig. 4b), microparticles 
were found to be magnetically focused at the side channel of 
the focusing region and deflected as a narrow particle band 

into the expansion region. These results match perfectly 
with the experimental results of Kumar and Rezai in Fig. 4c 
(Kumar and Rezai 2017a). Moreover, as shown in Fig. 4a 
with no magnetic focusing, microparticles focus weakly in 
the expansion region as the flow rate was increased from 1 to 
5 mL/h. This observation, which is experimentally supported 
(Fig. 4c), can be attributed to the inertial forces acting on the 
magnetic microparticles that are more pronounced at higher 
flow rates (Mach and Di Carlo 2010; Martel and Toner 2014; 
Shardt et al. 2012).

3.2.2 � Effect of magnetic focusing on the exit position 
of microparticles

Further model validation attempts were made quantitatively 
by investigating the exit position of magnetic microparticles 
with and without modeling the magnetic focusing effect. 
The fraction of particles (f) was calculated at the exit region 
of the MIMF device, with respect to the bottom sidewall of 
the expansion channel (i.e. baseline in Fig. 1), for the 11 µm 
magnetic microparticles flowing at 3 mL/h. Results were 
compared with the experimental data (Kumar and Rezai 
2017a) in Fig. 5.

As shown experimentally (Kumar and Rezai 2017a) 
in Fig. 5, without magnetic focusing, the particles were 
randomly dispersed along a wide range of the outlet, 
3.5–8.4 mm away from the sidewall. However, magnetically 
focused particles fell within a narrower range of the outlet 
concentrating at 2.0–2.4 mm from the sidewall. Numerical 
simulations predicted the exit position of microparticles to 
be 1.98–2.42 mm and 3.42–8.33 mm from the sidewall, for 
the cases with and without magnetic focusing, respectively. 
The numerical simulation for both cases found particles to 
be distributed approximately 0.05 mm wider than the experi-
ments. The discrepancy between the numerical simulation 
and the experiments was greater for the fraction of particles, 
especially for the case without magnetic focusing in the mid-
range of 5.25–5.95 mm. Maximum discrepancy was found to 
be around 10% within the range of 5.25–5.6 mm.

3.2.3 � Effect of flow rate on inertia‑magnetic focusing 
of microparticles

We also investigated the effect of flow rate on the exit posi-
tion of 11 µm magnetic microparticles at the device outlet 
and validated our numerical simulation with the experimen-
tal measurements (Kumar and Rezai 2017a). Particles’ exit 
position flowing at different flow rates in the presence of 
magnetic field is displayed along the outlet in Fig. 6 for both 
the present simulation and the experimental cases.

As shown in Fig. 6, the particles were deflected further 
away from the channel sidewall with increasing the flow 
rate. The focusing zone ranges in the simulations were 

Fig. 3   Axial velocity contours at a flow rate of Q = 3  mL/h in the 
MIMF device, shown around the expansion zone entrance and at its 
cross section
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1.72–1.98, 1.98–2.11, and 2.29–2.46 mm for the flow 
rates of 0.5, 1, and 5 mL/h, respectively. In experiments 
(Kumar and Rezai 2017a), these ranges were 1.73–1.97, 
1.92–2.22, and 2.27–2.47 mm for 0.5, 1, and 5 mL/h flow 
rates, respectively. These findings indicate that the numeri-
cally predicted exit positions of the particles correspond 
well with the experimental data (Kumar and Rezai 2017a) 

with a mismatch of less than 5%. This increase in particle 
deflection with increase in the flow rate can be attributed 
to the inertial lift force acting against the magnetic force. 
For particle Reynolds number, Rep, larger than one, inertial 
lift force becomes more important and microfluidic iner-
tial focusing is being realized (Mach and Di Carlo 2010; 
Martel and Toner 2014). In our case, for the flow rate of 
5 mL/h (Rep,11 = 1.12), inertial force becomes significant, 
but not enough to dominate the magnetic focusing at the 

Fig. 4   Distribution of 11 μm magnetic microparticles at different flow 
rates around the expansion zone of the MIMF device, for the cases 
of numerical simulation a without and b with magnetic focusing, as 

well as experimental results c without and d with magnetic focusing. 
Experimental figures were reproduced based on the work of Kumar 
and Rezai (2017a), with the permission from Springer Nature
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sidewall. The particles were still mainly pulled toward the 
sidewall at this flow rate, while being deflected approxi-
mately 5% of the width of the expansion zone toward the 
channel center.

3.2.4 � Duplex inertia‑magnetic fractionation 
of microparticles

For final step of model validation, inertia-magnetic sorting 
of two microparticles with different sizes was investigated. 
These numerical results are compared against the experi-
mental measurements for the mixture of 5 µm and 11 µm 
magnetic microparticles flowing at 5 mL/h in the channel 
as shown in Fig. 8.

Fig. 5   Comparison of the experimental (Kumar and Rezai 2017a) 
and numerical exit positions (at the device outlet) of 11 µm magnetic 
microparticles flowing at 3 mL/h in the MIMF device

Fig. 6   Effect of flow rate on exit position of magnetically focused 
11  µm microparticles in the MIMF device. a Present simulation. b 
Experimental study (Kumar and Rezai 2017a) with permission from 

Springer Nature. c Exit position of magnetically focused 11 µm parti-
cles demonstrating both the numerical and experimental results
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As shown in Fig. 7a, without introducing the magnetopho-
retic force, microparticles of both sizes enter the expansion 
zone region completely unsorted and randomly distributed 
throughout a wide range of the channel. In contrast, when 
we repeated the simulation under the same condition except 
with introducing the magnetic field (Fig. 7b), we observed 
the streams of magnetically focused microparticles to be 
separated based on their difference in size. The spatial frac-
tion distribution of particles at the outlet is shown in Fig. 7c. 
It was found that 5 µm and 11 µm particles were distrib-
uted within the range of 0.10–2.20 mm and 2.29–2.46 mm, 

respectively, while in the experiments (Kumar and Rezai 
2017a), this range was found to be 0.05–2.15 mm (for 5 µm) 
and 2.15–2.75 mm (for 11 μm). Despite imposing the same 
throughput at the inlet as that of the experiment, to assess 
if the same amount of particles exits the domain after the 
simulation, we recalculated the rate of particles per second 
at the outlet to report the possible inconsistencies due to 
particles loss or accumulation in the domain. The simula-
tion results predicted a fractionation efficiency and particle 
throughput of 100% and 1.38 × 104 particles/s at the outlet, 
respectively, while these parameters were reported to be 
98% and 1.3 × 104 particles/s in the experiments (Kumar and 
Rezai 2017a). Again, an acceptable agreement is observed 
with the errors of 2% and 6% for the fractionation efficiency 
and throughput, respectively.

3.3 � Parametric numerical studies

3.3.1 � Further investigation of duplex inertia‑magnetic 
fractionation

Initially, we analyzed cross-sectional particle trajectories 
along the channel length for two flow rates in Fig. 8.

As shown in Fig. 8a, particles are randomly injected into 
the domain and move along the length of the channel. At 
10 mL/h (Fig. 8a-ii), soon after injection, particles start to 
migrate away from the sidewalls to the center of the channel 
as inertial lift forces are more dominant at this flow rate. As 
expected, particle trajectories are deflected toward the bot-
tom side of the channel as soon as they enter the magnetic 
zone (Fig. 8b). But this deflection is different for different 
flow rates and particle sizes. Based on Fig. 8b, 11 µm parti-
cles are quicker to migrate to the bottom side of the channel 
compared with the 5 µm ones. Also at 1 mL/h (Fig. 8b–i), 
particles’ migration to the bottom side is quicker than the 
10 mL/h, as the inertial lift and the drag forces which depend 
on particle velocity are less pronounced at lower flow rates 
to resist the magnetophoretic force. At the magnetic zone 
exit (Fig. 8c), particles are fully focused at the bottom side 
of the channel, while at 10 mL/h, 11 µm particles focus at 
two inertial equilibrium positions at 22 µm away from the 
centerline of the channel.

As hypothesized by Kumar and Rezai (2017a), by 
increasing the flow rate, the effect of inertial force becomes 
more dominant on large particles (also shown in Fig. 8c). 
Moreover, because of the 3D paraboloid nature of the veloc-
ity profile in a rectangular cross section, it was claimed 
that the 11 µm magnetic particles would follow symmetric 
streamlines, while the 5 μm magnetic particles would lie on 
various ones in the experiments conducted in Sect. 3.2.4. 
Consequently, 5 μm magnetic particles become distributed 
over a larger region compared to 11 μm magnetic particles 
as shown in Fig. 7c (Kumar and Rezai 2017a). To investigate 

Fig. 7   Distribution of 5 and 11  µm magnetic particles flowing 
at 5  mL/h in the MIMF device considering the effects of inertia-
magnetic sorting for the cases of a without the magnet and b with 
the magnet at the entrance to the expansion region. c Magnetically 
focused particles exit positions at the outlet of the MIMF device fea-
turing both the numerical and experimental results
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Fig. 8   Particle trajectories of 5 µm and 11 µm magnetic microparticles flowing at different flow rates near the a domain inlet, b magnetic zone 
entrance, and c magnetic zone exit

Fig. 9   Distribution of 5 µm and 11 µm magnetic microparticles flow-
ing at different flow rates near the expansion zone entrance of the 
MIMF device, for the cases of a without magnet and narrowing sec-

tion, b without magnet and with narrowing section, c with magnet 
and without narrowing section, and d with magnet and narrowing 
section
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the potentially significant effect of inertial lift and study its 
impact on focusing and separation of particles, we simulated 
the 3D distribution of 5 µm and 11 µm particles at different 
flow rates around the expansion zone entrance of the device 
(Fig. 9), considering the effects of the magnet and the nar-
rowing section right before the expansion region (shown by 
Lo = 2 mm and Wo = 55 µm in Fig. 1). For better visibility, 
please refer to Supplementary Fig. S3, which only shows the 
3D distribution of 11 µm particles in the channel.

Microparticles flowing in rectangular microchannels 
migrate to two equilibrium positions along the larger side 
of the channel due to the shear and wall-induced lift forces 
(Di Carlo 2009; Di Carlo et al. 2007; Zhou and Papautsky 
2013), provided that the particle Reynolds number exceeds 
unity. As shown in Fig. 9a–d, for all the studied flow rates of 
1–10 mL/h, 5 µm particles have particle Reynolds numbers 
lower than 1 (0.05 ≤ Rep,5 ≤ 0.47). Expectedly, no significant 
inertial focusing is observed for these particles in any of the 
investigated cases. Without the magnet (Fig. 9a, b), 5 µm 
particles are dispersed throughout the channel, while adding 
the magnet (Fig. 9c, d) results in their magnetic focusing on 
a plane against the channel wall close to the external magnet. 
This multi-streamline focusing explains why 5 µm particles 
were found to be distributed over a wider range of the outlet 
in both simulation and experimental data in Fig. 9c, prov-
ing Kumar and Rezai’s hypothesis to be correct (Kumar and 
Rezai 2017a).

For 11 µm particles, Reynolds number exceeds unity 
and becomes Rep,11 = 1.13 and Rep,11 = 2.25 at 5 mL/h and 
10 mL/h flow rates, respectively. In Fig. 9a, without both the 
magnet and the narrowing section in the setup, 11 µm par-
ticles were focused at the center of the two largest sides and 
approximately 20 µm and 22 µm away from the centerline of 
the channel at 5 mL/h and 10 mL/h flow rates, respectively 
(see Fig. S3 for clearer view). When we added the narrowing 
section in the setup in Fig. 9b, making the end cross section 
almost square shape, we observed particles migrating to all 
four sides of the square cross section, but not fully focus 
at their center points. This can be explained by the short 
length of the narrowing section (Lo = 2 mm) that might not 
allow for full focusing considering the low particle Reyn-
olds numbers. With introducing the magnetophoretic force 
in the setup in Fig. 9c, particles moved to the bottom side of 
the channel, while 11 µm particles still remained inertially 
focused at two equilibrium positions and approximately 
20 µm and 22 µm away from the centerline of the channel 
at 5 mL/h and 10 mL/h flow rates, respectively. Adding the 
narrowing section at the end (Fig. 9d) caused the 11 µm 
particles to move away from the sidewalls and focus more at 
the center of the channel, especially for the higher flow rate 
of 10 mL/h. In this case, 11 µm particles focused at 15 µm 
and 9 µm away from the centerline of the square shape cross 
section at 5 mL/h and 10 mL/h flow rates, respectively.

Furthermore, comparing particle trajectories at two dif-
ferent locations of magnetic zone exit (Fig. 8c-i, c-ii) and 
expansion zone entrance (Fig. 9c-i, d-i, c-iii, d-iii), a slight 
deflection of particles away from the bottom side toward 
the center of the channel is noticeable at the expansion zone 
entrance, especially for higher flow rate of 10 mL/h. This can 
be attributed to the removal of the magnetophoretic force in 
the section following the magnetic zone exit until the expan-
sion zone entrance (34.5 mm < X < 42 mm) that leaves the 
inertial lift and the drag as dominant forces determining 
the particles equilibrium positions. Numerical results show 
that at 10 mL/h, particles equilibrium positions are approxi-
mately 5 µm higher at the expansion zone entrance than the 
magnetic zone exit.

3.3.2 � Effect of magnetization on inertia‑magnetic focusing 
of microparticles

With the numerical model validated against the experimental 
measurements, we investigated the effect of other important 
parameters on the focusing of microparticles, starting with 
the magnetization effect, M. Magnetization can be changed 
using different magnets and their orientation and positioning 
in the MIMF device to enhance the quality and efficiency 
of particle focusing and sorting. Accordingly, we investi-
gated the exit position of 11 µm magnetic particles flowing 
at 3 mL/h in the MIMF device with different magnetizations 
in Fig. 10.

As displayed in Fig. 10, by increasing the magnetization, 
particles’ focusing quality was enhanced significantly. With 
no magnet in the setup, particles were randomly distrib-
uted over a wide region of the outlet within 3.42–8.33 mm 
from the baseline. Increasing the magnetization to 4.5 × 105 
A/M (~ 17% of the experimental value (Kumar and Rezai 
2017a)) enhanced the effect of magnetic focusing. In this 
case, particles were found to be distributed over a narrower 
range of 2.42–3.82 mm from the baseline. For magnetiza-
tions higher than 1.35 × 106 A/M [~ 50% of the experimen-
tal value (Kumar and Rezai 2017a)], magnetic saturation 
was achieved and no significant change in the focusing was 
observed. For these cases, particle distribution ranges were 
found to be almost identical to those of the experiment at 
2.02–2.46 mm. This study indicates that some design modi-
fications can be considered to accommodate even a weaker 
magnet, with the same length, in this microfluidic setup to 
achieve similar results. At lower magnetization values of 
4.5 × 105 A/m, increasing the length of the magnet may also 
allow the particles to better focus along the channel sidewall 
before entering the expansion zone.
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3.3.3 � Effect of microparticle diameter on inertia‑magnetic 
focusing

Microparticles of various sizes are used as surrogates for 
biological substances to design microfluidic sorters or as 
carriers for conjugation of target analytes and their separa-
tion. The impact of changing the microparticle size on their 
inertia-magnetic focusing and exit position from the MIMF 
device was also studied numerically. The distribution of 

magnetic microparticles with different diameters of 5, 11, 
20, and 30 µm, flowing at 0.5 mL/h is displayed in Fig. 11. 
Magnetization was kept at 2.7 × 106 A/M in all cases, similar 
to the previously used experimental value.

The exit positions were found to be 1.54–1.72  mm, 
1.72–1.89 mm, 1.94–2.11 mm, and 2.20–2.33 mm for 5, 11, 
20, and 30 µm microparticles, respectively. As demonstrated, 
there is a direct relation between the particles exit position 
and their size, meaning that larger particles concentrate 

Fig. 10   Exit position of magnetically focused 11 µm particles flowing at 3 mL/h with different magnetization magnitudes of a no magnet, b 
4.50 × 105 A/m, c M = 1.35 × 106 A/m, and d M = 2.7 × 106 A/m
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further away from the baseline at a given flow rate. After 
inertia-magnetic focusing on top of the magnet, larger par-
ticles experience larger inertial forces toward the center of 
the channel in the narrowing section, hence they assume 
positions further away from the baseline. This modeling also 
demonstrated that a fourplex separation is achievable for 
the range of particles, magnetization and flow rate reported 
above. This was later shown in almost similar settings by 
Kumar and Rezai (2017b).

3.3.4 � Effect of fluid viscosity on inertia‑magnetic focusing 
of microparticles

Recently, a significant attention has been given to fluids 
other than water due to the prominence of viscoelastic and 
non-Newtonian solutions in various biomedical applications 
(Lu et al. 2017; Nam et al. 2012, 2015; Zhang et al. 2016; 
Zhou et al. 2019). Hence, we became interested in studying 
the effect of fluid viscosity on inertia-magnetic focusing of 
microparticles in the MIMF device. DI water properties were 
obtained from Sabaghan et al. (2016) with the density being 
relatively unchanged within the studied temperature range 
of 5 °C ≤ T ≤ 55 °C. The results are presented for 11 µm par-
ticles in two cases of constant Rep and constant flow rate in 
Fig. 12a, b, respectively. Magnetization was kept at 2.7 × 106 
A/M in all cases.

As shown in Fig. 12a, for the case of constant particle 
Reynolds number, changes in fluid viscosity barely had 
an impact on the particle exit position. The 11 µm parti-
cles exited the device within the range of 1.67–1.89 mm 
with a mean position of 1.81 mm, when fluid viscosity 
was decreased from 1.52 to 0.51 mPa s. Drag force on the 
particles is directly dependent on the fluid dynamic viscos-
ity and particle velocity (see Eq. 5). To keep the particle 

Reynolds number (Rep) constant, we needed to increase the 
flow rate as well to compensate for the increased viscos-
ity. Therefore, drag force and the resulting hydrodynamic 
separation would not change significantly. On the other 
hand, at a constant flow rate of 0.5 mL/h in Fig. 12b, as 
the fluid viscosity declined (Rep increased), particles were 
focused further away from the baseline. In this case, the 
exit position of 11 µm particles was 1.59–1.72, 1.63–1.85, 
1.72–1.89, 1.76–1.94, and 1.80–2.16 mm for the fluid vis-
cosities of 1.52, 1.23, 1.00, 0.75, and 0.51 mPa s, respec-
tively (some are not shown in Fig. 12b due to overlap and 
for better visualization of other data points). At a constant 

Fig. 11   Exit position of inertia-magnetically focused microparticles 
with different sizes flowing at 0.5 mL/h in the MIMF device. Mag-
netization was 2.7 × 106 A/M in all cases

Fig. 12   Effect of fluid viscosity on exit position of inertia-magneti-
cally focused 11 µm particles at a Rep = 0.1156 and b Q = 0.5 mL/h. 
Magnetization was 2.7 × 106 A/M in all cases
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flow rate and particle diameter (Fig. 12b), increasing the 
viscosity increases the drag force on the particles, while 
not changing other acting forces significantly (Eqs. 5–14). 
In the narrowing section, particles experience larger drag 
forces toward the channel sidewall in more viscous fluids; 
hence, they assume positions closer to the baseline.

4 � Conclusion

In this study, a numerical approach was established to 
simulate our MIMF method for microfluidic-based par-
ticle sorting (Kumar and Rezai 2017a). UDF codes were 
developed to account for the combined effects of mag-
netophoretic and inertial lift forces that are not built-in 
relations in ANSYS-Fluent. Magnetic focusing of micro-
particles was investigated by utilizing 11 µm particles at 
various flow rates (0.5–5 mL/h). Then, inertia-magnetic 
sorting of microparticles was studied by flowing a mixture 
of 5 µm and 11 µm particles at 5 mL/h. The presented 
model is able to successfully predict particle trajectories 
for both cases of randomly distributed and magnetically 
focused microparticles. The simulation results were vali-
dated against experimental measurements (Kumar and 
Rezai 2017a). The fractionation efficiency and throughput 
of the method were predicted to be 100% and 1.38 × 104 
particles/s, respectively. Inertial focusing of magnetic 
particles was also investigated, considering the impact of 
rectangular and square-shaped cross sections. Finally, a 
parametric study was performed to study the impact of 
significant parameters such as magnetization, particle size, 
and fluid properties on magnetic focusing and MIMF. The 
presented numerical model can be used as a reliable tool 
to simulate sorting of particles and biological cells based 
on their sizes and magnetic characteristics. In conjunc-
tion with experimental studies, it can potentially lead to a 
better understanding of this phenomenon and a more opti-
mized design of the microfluidic-based sorting systems.
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