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Abstract

The aim of this study is to derive accurate models for quantities characterizing the dynamics of droplets of non-vanishing
viscosity in capillaries. In particular, we propose models for the uniform-film thickness separating the droplet from the tube
walls, for the droplet front and rear curvatures and pressure jumps, and for the droplet velocity in a range of capillary num-
bers, Ca, from 10~ to 1 and inner-to-outer viscosity ratios, 4, from 0, i.e. a bubble, to high-viscosity droplets. Theoretical
asymptotic results obtained in the limit of small capillary number are combined with accurate numerical simulations at larger
Ca. With these models at hand, we can compute the pressure drop induced by the droplet. The film thickness at low capil-
lary numbers (Ca < 1073) agrees well with Bretherton’s scaling for bubbles as long as A < 1. For larger viscosity ratios, the
film thickness increases monotonically, before saturating for A > 10 to a value 22/3 times larger than the film thickness of a
bubble. At larger capillary numbers, the film thickness follows the rational function proposed by Aussillous and Quéré (Phys
Fluids 12(10):2367-2371, 2000) for bubbles, with a fitting coefficient which is viscosity-ratio dependent. This coefficient
modifies the value to which the film thickness saturates at large capillary numbers. The velocity of the droplet is found to be
strongly dependent on the capillary number and viscosity ratio. We also show that the normal viscous stresses at the front
and rear caps of the droplets cannot be neglected when calculating the pressure drop for Ca > 1073,
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Half width of droplet

Coefficient for classical pressure model
Time

Coefficient for plane curvature model
Droplet velocity

Average outer flow velocity

Outer far-field velocity profile

Velocity field

Streamwise velocity

Spanwise velocity

Streamwise direction (planar geometry)
Spanwise direction (planar geometry)
Axial direction (axisymmetric geometry)
Coefficient for plane curvature model
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Greek symbols

a Parameter for solution of linear lubrication
equation

p Coefficient for plane curvature model

A Difference between inner and outer quantities

ApNP Pressure correction due to non-parallel flow effects

Ap,, Total pressure drop

y Surface tension

n Rescaled film thickness

K Plane curvature of droplet interface in the (z, r) or
(x, y) plane

Ky, Plane curvature at the front/rear droplet extremities

A Inner-to-outer dynamic viscosity ratio

u Dynamic viscosity

& Rescaled axial direction

c Total stress tensor

T Viscous stress tensor

¢ Phase of solution of linear lubrication equation

X Geometric coefficient

Q Droplet volume or area

Subscripts and superscripts

f Front cap

i Inner

o Outer

r Rear cap

2z Normal tensor component in the axial direction

Abbreviations
2D Two-dimensional
3D Three-dimensional

ALE Arbitrary Lagrangian—Eulerian
BIM Boundary integral method
FEM Finite element method
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1 Introduction

Two-phase flows in microfluidic devices gained consider-
ably in importance during the last two decades (Stone et al.
2004; Giinther and Jensen 2006). The key for success of
these microfluidic tools is the fluid compartmentalization,
allowing the miniaturization and manipulation of small liq-
uid portions at high throughput rates with a limited number
of necessary controls. Reduced liquid quantities are com-
monly used as individual reactors in several biological and
chemical applications (Kohler and Cahill 2014), as well as
in industrial processes (Abadie et al. 2012) and in micro-
scale heat and mass transfer equipments (Leung et al. 2011;
Warnier et al. 2010; Mikaelian et al. 2015). Bubbles and
droplets often flow in microchannels with a round or rectan-
gular/square cross section (Kreutzer et al. 2005; Khodaparast
et al. 2015; Mikaelian et al. 2015).

The dynamics of a bubble in a microchannel has been
the subjects of several studies, since the seminal works of
Fairbrother and Stubbs (1935), Taylor (1961) and Bretherton
(1961). These long bubbles, also referred to as Taylor bub-
bles, flowing in a tube of radius R, have been characterized
by the thickness H_, of the uniform film separating them
from the tube walls, the minimum thickness H;, of the film,
the plane curvature of the front and rear caps in the (z, r)
or (x, y) plane, k; and k,, as well as by their velocity U,.
Bretherton (1961) used a lubrication approach to derive the
asymptotic scalings in the limit of small capillary numbers,
Ca = p,U,;/y, where p,is the dynamic viscosity of the outer
fluid and y the surface tension. In particular, Bretherton
(1961) showed that in the limit of Ca — 0, the film thickness
scales as H_ /R ~ 0.643(3Ca)*/? and that the plane curvature
of the front and rear caps scales as k; R ~ 1 + ﬁf,,(3Ca)2/ 3,
with f;, a different coefficient for front and rear caps. The
uniform thin-film region is connected to the static cap of
constant curvature at the extremities of the bubble through
a dynamic meniscus (Cantat 2013) (see Fig. 1).

Yy Ud 1/Iif
[FE:

uniform film

static
meniscus

dynamic meniscus
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Fig. 1 Sketch of the front meniscus of the bubble advancing at veloc-
ity U, in a capillary of radius R with indication of the uniform thin-
film region of thickness H, the dynamic meniscus region and the
static meniscus region. The plane curvature &, of the front static cap
in the (z, ) or (x, y) plane is also highlighted
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The counterpart theory for a bubble in a square duct was
derived by Wong et al. (1995a, b). However, these scalings
agree with Taylor’s experimental results (Taylor 1961) only
in the small Ca limit, namely when Ca 3 1073. To under-
stand the dynamics of confined bubbles in a broader param-
eter range, researchers have performed experiments (Chen
1986; Aussillous and Quéré 2000; Fuerstman et al. 2007,
Han and Shikazono 2009; Boden et al. 2014) as well as
numerical simulations (Shen and Udell 1985; Reinelt and
Saffman 1985; Ratulowski and Chang 1989; Giavedoni and
Saita 1997, 1999; Heil 2001; Kreutzer et al. 2005; Lac and
Sherwood 2009; Gupta et al. 2013; Anjos et al. 2014a, b;
Langewisch and Buongiorno 2015). As an outcome, sev-
eral correlations have been proposed for the evolutions of
the relevant quantities as a function of the different param-
eters [see, for example, Han and Shikazono (2009) and
Langewisch and Buongiorno (2015)]. Among them, Aus-
sillous and Quéré (2000) proposed an ad hoc rational func-
tion with a fitting parameter for the film thickness which is
in good agreement with the experimental results of Taylor
(1961) for capillary numbers up to 1. The two recent works
of Klaseboer et al. (2014) and Cherukumudi et al. (2015)
tried to put a theoretical basis to this extended Bretherton’s
theory for larger Ca.

In contrast to bubbles, which have experienced a vast
interest of the scientific community, little amount of effort
has been made for droplets whose viscosities are comparable
to or much larger than that of the outer fluid. Yet, drop-
lets of arbitrary viscosities are crucial for Lab-on-a-Chip
applications (Anna 2016). A first theoretical investigation
of the effect of the inner phase viscosity was conducted by
Schwartz et al. (1986), motivated by the discrepancy in the
predicted and the measured film thicknesses of long bub-
bles in capillaries. They demonstrated that the non-vanishing
inner-to-outer viscosity ratio could thicken the film. Hodges
et al. (2004) further extended the theory and showed that the
film becomes even thicker at intermediate viscosity ratios.
Numerical simulations have been performed to investigate
the droplets in capillaries (Martinez and Udell 1990; Tsai
and Miksis 1994; Lac and Sherwood 2009).

Models predicting the characteristic quantities such as
the uniform film thickness and the meniscus curvatures of
droplets in capillaries over a wide range of capillary num-
bers are still missing. For example, the velocity of a droplet
of finite viscosity flowing in a channel still remains a sim-
ple question yet an open challenge. Such a prediction is,
however, of paramount importance for the correct design of
droplet microfluidic devices. As an example, Jakiela et al.
(2011) performed extensive experiments for droplets in
square ducts, showing complex dependencies of the droplet
velocity on the capillary number, viscosity ratio and droplet
length. Also, what is the pressure drop induced by the pres-
ence of a drop in a channel? This question is crucial and

has been the subjects of recent works, for example, Warnier
et al. (2010) and Ladosz et al. (2016). Other quantities, such
as the minimum film thickness H_,, have to be accurately
predicted as well. H,;, becomes essential for heat transfer or
cleaning of microchannels applications (Magnini et al. 2017;
Khodaparast et al. 2017). Furthermore, being able to predict
the flow field inside and outside of the droplet is crucial if
one is interested in the mixing capabilities of the system.

Here, we aim at bridging this gap by combining asymp-
totic derivations with accurate numerical simulations to
propose physically inspired empirical models, for the char-
acteristic quantities of a droplet of arbitrary viscosity ratio
flowing in an axisymmetric or planar capillary with a con-
stant velocity. The model coefficients are specified by fitting
laws. The present work provides the reader with a rigorous
theoretical basis, which can be exploited to understand the
dynamics of viscous droplets. The considered capillary num-
bers vary from 10 to 1 and the inner-to-outer viscosity ratio
from O to 10°. Following the work of Schwartz et al. (1986),
we extend the low-capillary-number asymptotical results
obtained with the lubrication approach of Bretherton (1961)
for bubbles to viscous droplets. Numerical simulations based
on finite element method (FEM) employing the arbitrary
Lagrangian—Eulerian (ALE) formulation are performed to
validate the theoretical models and then extend them to the
large-capillary-number range, Ca ~ O(1), where the lubrica-
tion analysis fails.

The paper is structured in a way to build, step by step,
the models for the uniform film thickness, the front and rear
droplet’s interface plane curvatures as well as those for the
front and rear pressure drops required to compute the total
pressure drop along a droplet in a channel. We present the
problem setup, governing equations, numerical methods
and the validations in Sect. 2. The flow fields inside and
outside of the droplets as a function of the capillary num-
bers and viscosity ratios are shown in Sect. 3. In particular,
the flow profiles in the uniform-film region are derived in
Sect. 3.1 and the flow patterns are presented in Sect. 3.2.
The theoretical part starts with the asymptotic derivation
of the model for the uniform film thickness in Sect. 4. The
derivation of the lubrication equation is detailed in Sect. 4.1,
followed by the film thickness model in Sect. 4.2 and its
extension to larger capillary numbers in Sect. 4.3. With the
knowledge of the film thickness, the droplet velocity can
be computed analytically (see Sect. 5). The minimum film
thickness separating the droplet form the channel walls is
discussed in Sect. 6. To build a total pressure drop model,
one still needs the knowledge of the front and rear cap mean
curvatures (see Sect. 7.1), the front and rear pressure jumps
(see Sects. 7.2 and 7.4) and the front and rear normal vis-
cous stress jumps (see Sect. 7.3). The stress evolutions at
the channel centerline and at the wall are presented in Sects.
8.1 and 8.2, respectively. Eventually, one can sum up all
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these contributions to build the total pressure drop, which is
described in Sect. 8.3. We summarize our results in Sect. 9.

2 Governing equations and numerical
methods

2.1 Problem setup

We consider an immiscible droplet of volume Q and
dynamic viscosity y; translating at a steady velocity U, in
a planar channel/axisymmetric tube of width/diameter 2R
filled with an outer fluid of dynamic viscosity u,. The vol-
ume flux of the outer fluid is g,, resulting in an average
velocity U, = q,/(2R) and U, = q,/(xR?) for the planar
and axisymmetric configuration, respectively (see Fig. 2).
Given the small droplet velocity and size, the Reynolds num-
ber Re is small and inertial effects can be neglected. Buoy-
ancy is also neglected. The relevant dimensionless numbers
include the droplet capillary number Ca = u,U,/y with y
being the surface tension of the droplet interface and the
dynamic viscosity ratio A = y;/u, between the droplet and
the outer fluid. The capillary number based on the mean flow
velocity is Cay, = p,U /7.

For the numerical simulations, the droplet capillary num-
ber has been varied within 107 S Ca  1to guarantee that
the lubrication film is only influenced by the hydrodynamic
forces and the dynamics is steady. For smaller capillary
numbers, non-hydrodynamic forces such as disjoining pres-
sures due to intermolecular forces might come into play as
reported by the recent experiments of Huerre et al. (2015);
while for larger capillary numbers, instability and unsteadi-
ness might arise, where the droplet might form a re-entrant
cavity at its rear (Tsai and Miksis 1994), which eventually
breaks up into satellite droplets. The viscosity ratios inves-
tigated numerically are from the well-known bubble limit

Uso
——
T7 y 'U,O
zx % Mg
‘ Hmin = uniform film region \
z
Ua

Fig.2 Sketch of the axisymmetric (z, ) and planar (x, y) configura-
tions in the frame of reference moving with the droplet. The flow pro-
files in the uniform film region are shown in Fig. 7

@ Springer

of 1 = 0 of Bretherton (1961) to highly viscous droplets of
4 = 100 that have been scarcely investigated.

We consider both a three-dimensional axisymmetric tube
and a two-dimensional planar channel featured by the span-
wise invariance. Note that the latter configuration does not
correspond to the Hele—Shaw-cell-like microfluidic chips,
where Darcy or Brinkman equations are more appropriate
to describe the flow (Boos and Thess 1997; Nagel and Gal-
laire 2015).

It is worth noting that the confined droplet has to be long
enough to develop a region of uniformly thick film at its
center (Cantat 2013) (see Fig. 2). However, a long axisym-
metric droplet is likely to become unstable to the Ray-
leigh—Plateau instability. The uniform film region would
resemble to a coaxial jet, which is known to be unstable
to perturbations with a wavelength longer than 2z (R — H_,)
(Eggers and Villermaux 2008). Within this range of drop-
let lengths, we found that the effect of droplet volume Q is
insignificant and hence it is fixed to Q/R? = 12.9 for the
axisymmetric geometry and /R? = 9.3 for the planar case.

2.2 Governing equations

The governing equations are the incompressible Stokes
equations for the velocity u = (u, v) and pressure p:

Vou=0 (1)

V-6=0, (2)
where 6 = —pl + u [(Vu) + (Vu)T] denotes the total stress
tensor and y the dynamic viscosity as y; (resp. y,) inside
(resp. outside) the droplet.

The imposed dynamic boundary conditions at the inter-
face are the continuity of tangential stresses

A[I—nn)(om)] =0, 3
and the discontinuity of normal stresses due to the Laplace
pressure jump

A(on) = —y€n. 4)
A denotes the difference between the inner and outer quanti-
ties, n the unit normal vector on the interface towards the
outer fluid, and € = Vj - n the interfacial mean curvature
(Vs the surface gradient). The plane curvature of the inter-
face in the (z, r) or (x, y) plane is denoted as k and its value
at the front and rear droplet extremities is given by x and k.,
respectively. The mean curvature at the front and rear droplet
extremities, which lie on the symmetry axis, is, therefore,
given by 6y, = yk;,, where y = 1 or 2 for a planar or an
axisymmetric configuration, respectively. At any other point
on the droplet interface, the mean curvature is given by the
sum of the two principal curvatures.
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2.3 Numerical methods and implementations

Equations (1)—(2) with boundary conditions (3)—(4) are
solved by the commercial FEM package COMSOL Mul-
tiphysics and the interface is well represented by the arbi-
trary Lagrangian—Eulerian (ALE) technique. Compared
to the commonly known diffuse interface methods such as
volume-of-fluid, phase-field, level-set and front-tracking
all relying on a fixed Eulerian grid, the ALE approach
captures the interface more accurately. Since the inter-
face is always explicitly represented by the discretization
points (see Fig. 3), the fluid quantities (viscosity, density,
etc.), pressure and normal viscous stresses are discontinu-
ous across the interface. This technique has been used to
simulate three-dimensional bubbles in complex microchan-
nels (Anjos et al. 2014b), liquid films coating the interior
of cylinders (Hazel et al. 2012), two-phase flows with sur-
factants (Ganesan et al. 2017; Ganesan and Tobiska 2012)
and head-on binary droplet collisions (Li 2016), to name a
few. The Moving Mesh module of COMSOL Multiphysics
has been recently employed by Rivero-Rodriguez and Scheid
(2018) and Hadikhani et al. (2018) to investigate the inertial
and capillary migration of bubbles in round and rectangular
microchannels.

Despite the high fidelity in interface capturing, it is com-
monly more challenging to develop in-house ALE imple-
mentations compared to the diffuse interface counterparts.
Additional difficulty arises in the case of large interfacial
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Fig.3 Computational mesh. Inset: mesh refinement in the thin-film
region. The triangular inner phase (blue) and quadrilateral outer
phase meshes (red) are separated by the explicitly discretized inter-
face (dashed green). (Color figure online)

deformations, when the computational mesh might become
highly nonuniform and skewed. It is, therefore, necessary
to remesh the computational domain and to obtain all the
quantities on the new mesh via interpolation. Hence, special
expertise in scientific computing and tremendous amount of
development efforts are required to implement an in-house
ALE-based multi-phase flow solvers, which have prevented
large portion of the research community from enjoying the
high fidelity and elegance of the ALE methods.

Hereby, large mesh deformations can be avoided not only
thanks to the convenient moving mesh module of COM-
SOL, but also by solving the problem in the moving frame
of the droplet. To achieve so, we impose a laminar Poiseuille
inflow of mean velocity U, — U, at the inlet of the channel
and the velocity —U, at the walls, where the unknown drop-
let velocity U, is obtained as part of the solution together
with that of the flow field, at each time step, by applying an
extra constraint of zero volume-integrated velocity inside
the droplet. Such constraints with additional unknowns are
imposed in COMSOL Multiphysics by utilizing its so-called
"Global Equations’. This strategy ensures that the deforming
droplet barely translates in the streamwise direction, staying
approximately at its initial position (say in the center of the
domain). Hence, the mesh quality and the robustness of the
ALE formulation are appropriately guaranteed.

In this work, we are only concerned with the steady
dynamics of the droplet reaching its equilibrium shape. We
do not solve the steady Stokes Eq. (2) strictly but maintain
a negligible time-derivative term Re% for time marching.
This procedure can be seen as an iterative scheme to find
steady solutions of the Stokes equations. Since, indeed, the
time-derivative term vanishes when the equilibrium state
is reached, the solutions to the steady Stokes equations are
eventually obtained.

It has to be stressed that the computed transient dynamics
is not physical and only the final steady solution should be
considered. Theoretically, the stability of the latter might be
affected by the time-derivative term. However, in practice,
no unstable phenomena or multiple-branch solutions were
observed in our study. We monitored, during each simula-
tion, the temporal evolution of the velocity, the mean and
minimum film thickness as well as the front and rear plane
curvatures of the droplet, which exhibited precise time
invariance without exception when the equilibrium state was
reached. Our method, therefore, converges to valid station-
ary solutions, which will be seen in Sect. 2.4 to compare
well with asymptotic estimates and numerical solutions from
the literature.

To reduce the computational cost, half of the channel is
considered and axisymmetric or symmetric boundary condi-
tions are imposed at the channel centerline for the axisym-
metric and planar configurations, respectively. The setup
in COMSOL Multiphysics is intrinsically parallel and the

@ Springer
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computing time required for an individual case needs no
more than 1 h based on a standard desktop computer.

A typical mesh is shown in Fig. 3. Triangular/quadri-
lateral elements are used to discretize the domain inside/
outside the droplet. Furthermore, a mesh refinement is per-
formed to best resolve the thin lubrication film (see inset of
Fig. 3). It is worth noting that quadrilateral elements have
to be used to discretize the thin film because this region
might undergo large radial deformation resulting in highly
distorted and skewed triangular elements if used.

2.4 Validation

Our numerical results are first validated for a bubble (4 = 0)
comparing the film thickness with the classical asymptotic
theory H_, /R ~ 0.643(3Ca)?/3 of Bretherton (1961) in the
low-Ca limit (see Fig. 4). Excellent agreement is revealed
even when the capillary number is 107*; the discrepancy
at larger Ca is mostly because of the asymptotic nature of
the model that becomes less accurate for increasing Ca.
At larger capillary numbers, we compare the uniform film
thickness with the FEM-based numerical results of Giave-
doni and Saita (1997) for a bubble, showing perfect agree-
ment in Fig. 5; agreements for the front and rear plane cur-
vatures are also observed and are not reported here.

For viscosity ratios 4 > 0, we have validated our setup
against the results from an axisymmetric boundary integral
method (BIM) solver (Lac and Sherwood 2009) for a droplet
with Ca_, = 0.05 of viscosity ratios 4 = 0.1 and 10, again
exhibiting perfect agreement as displayed in Fig. 6.

Based on the carefully performed validations against the
theory, numerical results from FEM and BIM solvers, we
are confident that the developed COMSOL implementation

2x1072

5

2x107

Ca

Fig.4 Comparison between the uniform film thickness of the classi-
cal Bretherton bubble obtained by the FEM-ALE simulations (sym-
bols) and by the asymptotic prediction of Bretherton (1961) (solid
line) for the planar channel
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Fig.5 Comparison between the uniform film thickness between the
wall and a bubble obtained by the FEM-ALE simulations (full black
circles) and that of Giavedoni and Saita (1997) (empty red squares)
for the planar channel. (Color figure online)

FEM-ALE BIM
IEE Nl —

Fig.6 Comparison between the droplet profiles obtained by the
FEM-ALE computations (blue dashed) and the BIM (red solid) com-
putations of Lac and Sherwood (2009) for an axisymmetric droplet
in a tube with Ca,, = 0.05 of viscosity ratios A = 0.1 (upper half
domain) and 4 = 10 (lower half domain). (Color figure online)

can be used to carry out high-fidelity two-phase simula-
tions efficiently, at least for the 2D- and 3D-axisymmetric
configurations.

3 Flow field
3.1 Velocity profiles in the thin-film region

For a sufficiently long droplet/bubble, a certain portion of
the lubrication film is of uniform thickness H, (Bretherton
1961) (see Figs. 2 and 8). Within this portion, the veloc-
ity field both inside and outside the droplet is invariant in
the streamwise direction and resembles the well-known bi-
Poiseuille profile that typically arises in several interfacial
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flows, for example, a coaxial jet (Herrada et al. 2008) (see
Fig. 7). For 1 < 1, the velocity profile in the film is almost
linear, whereas for A > 1, the velocity inside of the droplet
is almost constant (plug-like profile). Nevertheless, the para-
bolic component of these profiles is crucial for the accurate
prediction of the droplet velocity (see Sect. 5).

Assuming the bi-Poiseuille velocity profile, we describe
the streamwise velocity u,(r) inside and u,(r) outside the
droplet as a function of the off-centerline distance r as:

dp.

u(r) = %Md%’rz +A;In r+ B, )
d,

u,(r) = 4310 (f; P +A,In r+B,, ©6)

where p; and p, are the inner and outer pressures, respec-
tively, and A;, B;, A, and B, are undetermined constants.
Given the finiteness of u;(r) at r = 0, we have A; = 0. By sat-
isfying the no-slip boundary condition on the channel walls
u,(R) = =U,, the continuity of velocities and tangential
stresses on the interface r = # = R — H, namely u;(F) = u,(7)
and

dy; du, .
Hi—— =Ho——| >
e =l )
we obtain the remaining constants
1 (dp; dp, .
Ay=5—( == )7 ®)
2pu, \ dz dz
7
outer phase
inner phase
A =100 A=1 A =0.01
A
0 0.5 1 15 25 3 35 Ty
[
inner phase
outer phase
z

Fig.7 Inner and outer phase velocity profiles in the uniform film
region of an axisymmetric droplet with Ca, = 0.1 and viscosity
ratios A = 0.01, 1 and 100, represented in the laboratory frame. (Color
figure online)

d dp,
B = ——— | Lo~ Py, + Ly,
4pip, | dz dz
dp; dp R 2
(-3 (8] -
* <dz dz)r”’n ?] Ya
1 [dp, dp; dp,\ .o
B,= - — 2R +2( == - =2 )P InR| - U,
° 4u0[dz (dz ) a- (10)

Under the assumption of a slowly evolving film thickness,
this velocity profile also holds in the nearby regions, where
the thickness is H rather than H_. The derivation for the
planar geometry is given in Appendix 1.

3.2 Recirculating flow patterns

The axisymmetric velocity profile in the channel away from
the droplet, in its moving reference frame, is given by

r

u(r) = 2U,, [1 - <1_e>2] - v, (11)

As will become clear in Sect. 5, the droplet velocity can be
obtained by imposing mass conservation. For the particu-
lar case of a bubble with A = 0, mass conservation reads
(U, —U)aR? = —z[R* — (R — H)*]U, (Stone 2010),
yielding U /U, = (1 — H, /R)*. The velocity profile (11)
can, therefore, be expressed as a function of H_/R. As
pointed out by Giavedoni and Saita (1997), when 4 =0,
the velocity at the centerline u (r = 0) in the bubble frame
changes sign when H,, = H} = (1 — 1/\/§)R. As a conse-
quence, when the uniform film thicknesses is below H;,
u,(0) > 0, an external recirculating flow pattern forms
ahead of and behind the bubble. For the planar configura-
tion, the critical film thickness for the appearance of the flow
recirculation is HX = R/3.

Based on the flow profiles derived in Sect. 3 and mass
conservation (see Sect. 5), we can generalize the critical
thickness H to non-vanishing viscosity ratios (4 > 0) as
(see Appendix 4 for the derivations):

H* — _
HL | [A-D2i-1) 1 (12)
R 2 -1

for the axisymmetric case and

HY 11

® C31-4 1
for the planar case. HX /R reaches the value of 1 when
A=1/2or A =2/3, for the axisymmetric and planar con-
figuration, respectively. Nevertheless, the uniform film thick-
ness is always much smaller than the channel half-width,
H_, < R. For a fixed volume of fluid, large film thicknesses

@ Springer



67 Page 8of 27

Microfluidics and Nanofluidics (2018) 22:67

would correspond to long droplets, which might be unstable
to the Rayleigh—Plateau instability as discussed in Sect. 2.1.

For viscosity ratios A > 1/2 (4 > 2/3) for the axisymmet-
ric (planar) configuration, there is no critical film thickness
above which the recirculation zones disappear, meaning that
a recirculation region always exists for any capillary number.

At low capillary numbers, when the film thickness is
below H, the external recirculating flows are strong enough
to induce the recirculation inside the droplet as well. Con-
sequently, besides the two droplet vertices as permanent
stagnation points (blue circles in Fig. 8), two stagnation
rings emerge on the front and rear part of the axisymmetric
interface (red stars in Fig. 8); likewise, four stagnation points
arise in the planar case. The stagnation rings/points on the
dynamic meniscus (red stars in Fig. 8) move outwards to
the droplet vertices when Ca increases. When H_ > H:o,
these stagnation rings/points disappear, taking away with
the recirculation regions accordingly (see Fig. 8b). Only the
stagnation points at the droplet vertices remain.

However, since the stagnation rings/points at the droplet
interface move outwards to the front and rear extremities
when the film thickness increases with the capillary number,
the recirculation regions might eventually detach from the
interface before the critical film thickness H is reached.
Nevertheless, since recirculation regions exist far away from
the droplet as long as H,, < H, another flow pattern must
exist close to the droplet interface. The detached stagnation
points are located on the centerline outside the droplet, and
no recirculating flow is present in the region between the
detached stagnation point and the one at the droplet vertex
(see rear of droplet in Fig. 8d). Contrasting with the case of
Fig. 8c, where the stagnation points on the dynamic menis-
cus induce recirculating flow inside the droplet at both front
and rear parts, the inner rear recirculation zone disappears
when the capillary number increases, as shown in Fig. 8d.
This indicates that the detachment of the recirculation region
is not fore-aft symmetric. There is a large range of param-
eters for which a rear stagnation point is not at the droplet
interface anymore and thus there is no recirculation inside
the rear part of the droplet. We have found that the critical
film thickness for which the stagnation ring/point at the rear
detaches from the droplet interface corresponds to when the
rear plane curvature of the droplet changes the sign (see
also Sect. 7.1). For both the flow patterns as well as for the
plane curvatures, the fore-aft asymmetry increases with the
capillary number.

The phase diagram with the main different types of flow
patterns as a function of the viscosity ratio A and film thick-
ness H_, /R is shown in Fig. 9. Note that for viscosity ratios
A >1/2 (A > 2/3), the recirculation regions will be attached
or detached from or to the droplet interface depending on
the the uniform film thickness. Other very peculiar flow
fields, as a detached finite recirculation region at the rear

@ Springer
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Fig.8 Streamlines and recirculation patterns for an axisymmetric
droplet with different capillary numbers Ca, and viscosity ratios 4 in
a frame of reference moving with the droplet. The results are obtained
from FEM-ALE numerical simulations. The permanent stagnation
points at the droplet vertices are highlighted by blue circles, whereas
the (Ca, 1)-dependent stagnation rings/points are highlighted by red
stars. Insets: detailed flow pattern at the droplet front and rear for
A =0.3and Ca, = 0.6. (Color figure online)
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Fig.9 Diagram of the main possible flow patterns for the axisymmet-
ric configuration. The streamlines corresponding to the points a—d are
shown in Fig. 8. (Color figure online)

or a detached recirculation region at the front as observed
by Giavedoni and Saita (1997, 1999), can be obtained for
some parameter combinations. However, since the flow field
structures are not the main aim of this work, an extended
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parametric study to detect all possible patterns has not been
performed. Nevertheless, our current results do not validate
all the flow patterns predicted in Hodges et al. (2004) based
on asymptotic arguments, which indeed have not been veri-
fied neither experimentally nor numerically.

The flow fields for the planar configuration are not pre-
sented here as they are similar to those for the axisymmetric
configuration.

4 Film thickness
4.1 Asymptotic results in the low-Ca limit

By following the work of Schwartz et al. (1986), we derive
an implicit expression predicting the thickness H, of the
uniformly thick lubrication film in the low-Ca limit when
H/R < 1satisfies. The derivation of the axisymmetric case
is presented below, see Appendix 2 for the planar case.

The flow rates at any axial location where the external
film thickness is H are:

R-H
q; = 27r/ u,(ryrdr
0

2 1 dpo
= -—zR-H){U;+ 2—2HQR — H)y,
Buim, | dz
(14)
dp; )
+—R-H)py,
dz
dp; dp ) R
4( i ZPo N\ R_HYp 1 ( ) ,
* <dz dz>( )M’nR—H]}
R
q, =27r/ u,(r)yrdr
R-H
dp.  d
= - "l HOR-m)|H2 (22 — 3%
8 0 dZ dZ
dp. d dp, d
+2 @i P R2—H 4ﬁ_6ﬂ R (15)
dz dz dz dz
dp;, dp, 4 R
e - )w-min () |
— zHQ2R - H)U,.

Assuming that H/R < 1, the volumetric fluxes up to the
second order are

dp.
g~ —7rR2<Ud+ 1 Pipa

+ _1 _pl RH + _1 _p0H2>
8u

dz 2p, dz 2u, dz

i

16)

1 dp; 1 dp,  ,
~ —27RH| U, + — —HR + — —2H? ).
90 & ( 47 4y, dz 3u, dz {17

o

In the droplet frame, the inner flow rate is g; = 0. Further-
more, in the region with a uniformly thick film, H = H_; the

: . &, _ d .
inner and outer pressure gradients balance, f = —¢. Using
74

these two conditions, one can obtain the pressure gradient
in the uniform film region

8u;Uy

dp N
¥ TR+ 4AH_R + 47H2. (18)

dz

r=R—H_

and the outer flow rate in the H_ /R < 1limit is

3(R* +4AH R + 4AH?)

R+2IH\
R+4aH ) ¢

3R? + 6AH_R + 4\H>
q, ~ —2xRH_ > 1U,

19)
~ —27RH (

In the dynamic meniscus regions, the inner and outer pres-
sure gradients are not equal and their difference is propor-
tional to the mean curvature of the interface at r = R — H,
through Laplace’s law. By assuming a quasi-parallel flow
whose radial velocity is weaker than the axial velocity by
one order of magnitude and a small capillary number, the
normal stress condition at the interface is not affected by
viscous stresses. Hence, the axial gradient of the normal
stress condition reads

doi _dp, _ &°H

=y—, 20
dz dz v dz? (20)

where the axial gradient of the curvature in the azimuthal
direction is neglected as it is an order smaller. The pres-
sure gradients dp,/dz and dp,/dz as functions of H can be
obtained from Eqgs. (16) and (17) imposing mass conserva-
tion, i.e. imposing ¢g; = 0 and ¢, given by Eq. (19):

dp, 4A(—6HZA+4H HA-3H/R+HR)u,U,
dz HR(AH_J + R)(HA + R)

. 2D

dp, 3(H, - H)[8H HA*+2(H, + H)AR + R*]u,U,
dz ~ H3(4H_A+ R)(HA +R) '

(22)
By plugging Eqgs. (21) and (22) into Eq. (20) and adopting
the change of variables H = H_n and z = H_(3Ca)~'/3¢ in
the spirit of Bretherton (1961), we obtain an universal gov-

erning equation for the scaled film thickness # when taking
the limit H_ /R — 0:

dn _n-1
des B

1+ 2m(1 + n + 4mn)
(1 +4m)(1 + mn)

(23)
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where

H
m=A—
R
denotes the rescaled viscosity ratio. The corresponding pla-
nar counterpart reads (see derivation in Appendix 2)

& _ n=1[2+3m(1 +n+3mn)
de3 7 3 | A +3m)@d+3mnp) |

If the limit of vanishing uniform film thickness is not con-
sidered, the resulting equations for # would depend on H_, /R
(de Ryck 2002). In the limit of m — 0, the classical Lan-
dau-Levich-Derjaguin—Bretherton equation (Landau and
Levich 1942; Derjaguin 1943; Bretherton 1961) is retrieved
for both configurations. Following Bretherton (1961), Egs.
(23) and (24) can be integrated to find the uniform film
thickness H, /R (see also Cantat (2013) for more details).

First, the equations can be linearized in the uniform film
region around # = 1, giving

24

d311

@ K(n—1), (25)

where K is a constant depending on the geometrical configu-
rations and the viscosity ratio m. Equation (25) has a mono-
tonically increasing solution with respect to & for the front
dynamic meniscus, £ — oo, and an oscillatorily increasing
solution for the rear, £ - —co, as derived in Sect. 6. The
solution of the front meniscus is 7(&) = 1 + a exp(K'/3&),
where a is a small parameter, typically 107°. Second, the
nonlinear Eqgs. (23) and (24) can be integrated numerically
as an initial value problem with a fourth-order Runge—Kutta
scheme, starting from the linear solution until the plane cur-
vature of the interface profile becomes constant. A region
of constant plane curvature, called static meniscus region
(see Fig. 1) exists as d3;1/d£j3 ~ 0 for n > 1 (see red line on
Fig. 11). In the static meniscus region, the interface profile is
a parabola: § = P& /2 + C& + D, or, in terms of film thick-
ness, H = P(3Ca)*/37*/(2H_) + C(3Ca)'/3*z + DH_, where
P, C and D are real-valued constants. Thus, P is set by the
constant plane curvature obtained by the integration of the
nonlinear equation.

The procedure can be repeated for any rescaled viscosity
ratio m and the obtained results for the coefficient P can well
described by the fitting law (Schwartz et al. 1986):

P(m) = @{1 +2%% + (223 — 1)tanh [1.21og,gm + ¢, ]},

(26)
where the constant ¢; = 0.1657 for the axisymmetric
configuration and ¢; = 0.0159 for the planar configura-
tion (see Fig. 10). The well-known limits for a bubble
P(0) = 0.643 (Bretherton 1961) and a very viscous droplet
P(m — o0) = 2%/3P(0) (Cantat 2013) are recovered.
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Fig. 10 Film-thickness coefficient P obtained for discrete m val-
ues (symbols) and fitting law (26) (solid lines) as a function of the
rescaled viscosity ratio m. (Color figure online)

A=1

uniform film

Z/Ld

Fig. 11 Plane curvature of the droplet interface for exponentially
increasing capillary numbers in the range 10~ < Ca < 1, obtained
from FEM-ALE numerical simulations, where A = 1. The dashed
red line is for the smallest Ca. The z axis is rescaled by the droplet
length to facilitate the comparison. Insets: zoom-in on the front and
rear menisci. Similar profiles are obtained for other viscosity ratios.
(Color figure online)

To obtain the uniform film thickness, the matching prin-
ciple proposed by Bretherton (1961) is employed. The plane
curvature x = d’H/dz? = P(3Ca)*/? /H_, in the static region
has to match that of the front hemispherical cap of radius R,
which exists for small capillary numbers (see red dashed line
in Fig. 11). A rigorous asymptotic matching can be found
in Park and Homsy (1984) for a bubble with m = 0. When
m # 0, the coefficient P(m) depends implicitly on H_, and
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thus on Ca, through m, leading to an implicit asymptotic
relation for H_ /R as:

% = P(m)(3Ca)*">. (27)

Strictly speaking, the uniform film thickness of viscous
droplets (4 # 0) in the low Ca limit does not scale with Ca*/?
as for a bubble (1 = 0).

4.2 Empirical model in the low-Ca limit

Equation (27) holds for capillary numbers as low as below
1073 (Bretherton 1961). We solve Eq. (27) numerically and
present the coefficient P and the uniform film thickness
H_, /R versus Ca in Fig. 12 for the axisymmetric case. To

0.95

0.65 ¢ 1

Ca
(b)

Fig. 12 a Coefficient P (solid lines) obtained by solving Eq. (27) and the
mean coefficient P (dashed lines) for the axisymmetric configuration.
The viscosity ratios are A = 0, 50 and 100. b The uniform film thickness
H_ /R from Eq. (27) (solid lines) and Eq. (28) (dashed lines), compared
to the FEM-ALE simulation results (symbols). (Color figure online)

derive an explicit formulation to predict the film thickness
in this Ca regime, we define Pasa Ca-averaged value of P
and define the empirical model

1%"" = P(A)(3Ca)*’, (28)

where P(A) is independent of Ca (see dashed lines in

Fig. 12a) and can be approximated by the fitting law (see

Fig. 13):

P(3) = Mi{l +2%/3
2 (29)

+(2*3 = tanh [1.281log g 4 + ¢, ] }.

where the constant ¢, = —2.36 for the axisymmetric case and
¢, = —2.52 for the planar case are obtained by fitting. For
A =0, P =0.643is recovered and H_, /R indeed scales with
Ca?/3, at least when Ca < 1073, Figure 12b also shows that
the empirically obtained film thickness (dashed lines) Eq.
(28) agrees reasonably well with the FEM-ALE simulation
results (symbols), whereas the implicit law (solid lines) Eq.
(27) slightly underestimates them at very low Ca. To cure
this mismatch, Hodges et al. (2004) proposed a modified
interface condition, which, however, is found to overestimate
the thickness more than that underestimated by the original
implicit law.

4.3 Modelfor103 S Ca S 1

Despite the explicit law for the uniform-film thickness pre-
diction with P proved to be satisfactory, its validity range
is restricted to low capillary numbers. As known since the
experiments of Taylor (1961), the film thickness of a bubble

1.05

095

09

085 r

Ry axisymmetric
08 r
planar
075

0.7F

0.65 | >

0.6 '
107 10° 10°
A

Fig. 13 Mean coefficient P (symbols) obtained by Ca-averaging the
results of the implicit relation Eq. (27) and fitting law (solid lines) Eq.
(29) versus the viscosity ratio 4. (Color figure online)
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saturates for increasing Ca. Aussillous and Quéré (2000)
proposed a model for A = 0, which agrees well with the
experimental data of Taylor (1961), further inspiring the two
very recent works of Klaseboer et al. (2014), Cherukumudi
et al. (2015). In the same vain, we propose an empirical
model for the film thickness H, as a function of both Ca
and 4

Hy _ P()(3Ca)*/?
R 1+ PWHOM)(3Ca)/3’

(30)

where the coefficient Q is obtained by fitting Eq. (30) to the
database constructed from our extensive FEM-ALE simu-
lations over a broad range of Ca for different A. The pro-
posed function of Q(4) is given in Appendix 5 and plotted
in Fig. 14. For an axisymmetric bubble, we find Q = 2.48,
in accordance with the estimation Q = 2.5 of Aussillous
and Quéré (2000). We now present in Fig. 15 the numerical
film thickness (symbols) and the empirical model (lines) for
A = 1. For the sake of clarity, the results for A = 0 and 100
are shown in Appendix 1 in Fig. 25. For A = 1, the thick-
ness of the two configurations coincides. However, when
Ca ~ O(1), the film is thicker in the planar configuration
than in the axisymmetric one for a bubble (1 = 0); the
trend reverses for a highly viscous droplet (4 = 100). This 4
-dependence of the film thickness is indeed implied by the
crossover of the two fitting functions Q(4) at A = 1 shown
in Fig. 14.

It has to be noted that when the capillary number is
increased, the regions of constant plane curvature in the
static front and rear caps reduce in size and eventually dis-
appear (see Fig. 11), and this for all viscosity ratios. The
matching to a region of constant plane curvature for large

25

T

axisymmetric

planar

S 15F
1 .
05 :
107 10° 10°
A

Fig. 14 Coefficient Q obtained for the simulated viscosity ratios
(symbols) and proposed fitting law (see Appendix 5) as a function of
the viscosity ratio 4. (Color figure online)
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Fig. 15 Uniform film thickness given by Eq. (30) (lines) and FEM-
ALE numerical results (symbols) as a function of the droplet capil-
lary number for A =1 and both axisymmetric (blue solid line, full
symbols) and planar (dashed red line, empty symbols) geometries.
Cross and circle correspond to a droplet with 37 and 82%, respec-
tively, larger volume than the standard one used for the axisymmetric
geometry. (Color figure online)

capillary numbers as proposed by Klaseboer et al. (2014)
and Cherukumudi et al. (2015) might be questionable for
this Ca-range.

The uniform film thickness of droplets with 37 and 82%
larger volume, resulting in longer droplets, are compared in
Fig. 15, showing that as long as such a uniform region exists,
the results are independent of the droplet length.

5 Droplet velocity

Equipped with the model of the uniform-film thickness H_,
we derive the droplet velocity based on the velocity pro-
files in the uniform-film region given in Sect. 3.1. At the
location H = H_ where the interface is flat, the pressure
gradients are equal, dp;/dz = dp,/dz = dp/dz. We further
use g, = nR*(U,, — U,) imposed by mass conservation and
g; = 0 (in the moving frame of the droplet) to obtain the
analytical expressions for the pressure gradient

dp 3 —8R?U_ u;
dz|pen,  (R—Hy)* + H (2R — H,)QR? = 2H_R + H2)A’
(€29

and for the droplet velocity

R*[(R—H_)*+2H_(2R — H_)/]

(R—H.)* + Ho(2R — H)(2R2 — 2H_R + H2)A
(32)
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The relative velocity of the axisymmetric droplet with
respect to the underlying velocity reads

e e LT
Us 1+(2—”?°°>H7w(2/1—1) 9

An analogous derivation for the planar configuration yields
(see Appendix 3):

(34

Equations (30) and (32) form a system of the two unknowns,
namely the droplet capillary number Ca and the uniform film
thickness H_, /R. It is important to remind that the former is
related to the droplet velocity via Ca = Ca,,U,;/U.,. For a
given combination of inflow capillary number Ca_, and vis-
cosity ratio 4 as the input, the system can be solved numeri-
cally (see Matlab file filmThicknessAndVelocity.m
in the Supplementary Material) outputting Ca and H_ /R.
The predicted relative velocity (U, — U,,)/ U, (lines) agrees
well the FEM-ALE simulation results (symbols) as shown
in Fig. 16.

In the limit of H_/R — 0, the relative velocity can be
approximated asymptotically as

Us=Us _,(He (1+424) e 2+0 He )’
U, ~“\R R R
(35
for the axisymmetric case, and

2 3
LV ()3 (He) s o(te) g
U, R 2\ R R
for the planar geometry. For very low capillary numbers, the
asymptotic estimates predict that the relative droplet velocity
scales with H_, /R, and hence with Ca®/3 (Stone 2010). The
viscosity ratio 4 only enters at second order of H_ /R, which,
however, influences the validity range of the asymptotic esti-
mates (35) and (36) considerably. The asymptotic estimates
are exact for A = 0. In this case, Eqs. (35) and (36) reduce
to the well-known predictions for bubbles (2 — H/R)H /R
and H /R (Bretherton 1961; Stone 2010; Langewisch and
Buongiorno 2015), respectively (see Fig. 16a). For non-
vanishing 4, the complete expressions (33) and (34) should
be employed (see Fig. 16b). For example, the asymptotic
estimate for 4 = 100 is only valid when Ca_, < 107* (see
Fig. 16¢).

axisymmetric o

g planar

03F - A
axisymmetric planar

25+ =g
,'D

02f q
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Ua o

0.15F fu 5|

0.1F 4

005 = -

=g

107 Cas 10” Jj

;F planar
0.1 axisymmetric D.P

005F 1

Fig. 16 Relative droplet velocity (lines) predicted by Eqs. (33) and (34)
together with the proposed empirical model for the uniform film thickness (30)
and the results of the FEM-ALE numerical simulations (symbols) as a function
of capillary number Ca, for A = 0 (a), 1 (b) and 100 (¢) and both axisymmet-
ric (blue solid line, full symbols) and planar (dashed red line, empty symbols)
geometries. Long dashed gray lines correspond to the asymptotic estimates of
Eqgs. (35) and (36). (Color figure online)
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6 Minimum film thickness

At low capillary numbers Ca, the droplet interface exhib-
its an oscillatory profile between the uniform thin film and
the rear static cap (see Fig. 11). The minimum film thick-
ness in the low Ca limit can be computed by integrating
the lubrication Egs. (23) or (24) for £ =0 to & —» —oo.
The initial condition for this initial value problem is given
by the solution of the linear equation (25) for negative &:
n =1+ aexp(—K'/3¢/2) cos(\/3K'/3£/2 + ¢), where a is
a small parameter of order 1076 and ¢ is a parameter taken
such that the constant plane curvature of the nonlinear inte-
grated solution at £ - —oo is equal to the one of the front
static cap (Bretherton 1961; Cantat 2013) as discussed in
Sect. 4.1. Note that the linear solution for the rear dynamic
meniscus presents oscillations. The minimum film thickness

0.72
0.715]

0.71

0.705

axisymmetric planar

K 07¢
0.695
0.69

0.685 |

0.68 ;

10~ 10°

10 10

Fig. 17 a Minimum film-thickness coefficient F as a function of the
rescaled viscosity ratio m. b Mean coefficient F (symbols) and fitting
law (solid line) as a function of the viscosity ratio A. (Color figure
online)

@ Springer

of the obtained profile is found to follow the empirical model
(Bretherton 1961):

Hmin 2/3 . Hoo
T = F(m)P(m)(3Ca) with m = /1?, (37)

where F(m) is a coefficient obtained through fitting Eq. (37)
to our numerical database (see Fig. 17a). Similar to the mean
coefficient P adopted in Sect. 4, a Ca-averaged F(m) can be
introduced as F, which is further assumed as 0.716 in view
of its very weak dependence on A shown in Fig. 17b.

The minimum film thickness is bounded by the thickness
of the uniform film and hence will saturate at large capillary
numbers. Thus, for sufficiently large Ca values, the oscilla-
tions at the rear interface would disappear and H;, = H .
It is, therefore, natural to propose a rational function model
of H;, for a broader Ca-range as the one for H_:
H i _ p(ﬂ)l_:(3ca)2/3

R 1+P(MFG(A)(3Cay/3

(38)

The above minimum film thickness model (38) together with
the coefficient G is in good agreement with the results of the
numerical simulations (see Figs. 18 and 26).

The proposed fitting of the coefficient G as a function
of the viscosity ratio (see Fig. 19) is given in Appendix 5.

7 Front and rear total stress jumps
The dynamics of a translating bubble in a capillary tube

has been characterized since the seminal work of Bretherton
(1961) not only by the mean and minimum film thickness,

A=1

10° = ; ;
107! axisymmetric planar

Hmin

R
102 i
3L ) )
10
10 102 10°
Ca

Fig. 18 Minimum film thickness given by Eq. (38) (lines) and FEM-
ALE numerical results (symbols) as a function of the droplet capil-
lary number for A =1 and both axisymmetric (blue solid line, full
symbols) and planar (dashed red line, empty symbols) geometries.
(Color figure online)
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Fig. 19 Coefficient G obtained for the simulated viscosity ratios
(symbols) and proposed fitting law (71) (solid lines) as a function of
the viscosity ratio 4. (Color figure online)

the relative velocity compared to the mean velocity, but also
by the mean curvature of the front and rear static menisci.
In fact, for Ca — 0, the pressure drop across the interface
is directly related to the expression of its mean curvature
via the Laplace’s law. Having generalized the film thick-
ness and droplet velocity models for non-vanishing viscosity
ratios, we are hereby focusing on the evolution of the plane
curvature of the front and rear static caps versus the capil-
lary number and viscosity ratio. The mean curvature at the
droplet extremities is equivalent to the corresponding plane
curvature for the planar configuration or to its double for the
axisymmetric configuration: €, . = yk;,, with y = 2 (resp.
x = 1) for the axisymmetric (resp. planar) configuration (see
Sect. 2.2). As will be shown, given the rather broad range
of capillary numbers considered (approaching O(1)), it is
insufficient to consider the interface mean curvature alone to
provide an accurate prediction of the pressure drop, but the
jump in the normal viscous stress has to be accounted for.

For the incompressible Newtonian fluids considered, the
viscous stress tensoris 7 = u [(Vu) + (Vu)T], and hence the
z-direction normal total stress o, is given by

ou

Oy="P+t7, =P+ Q’Ma_z' (39
Applying the difference (between inner and outer phases)
operator A to Eq. (39) and based on the dynamic boundary
condition in the normal direction (4) at the droplet front and
rear extremities, we get

AO_ZZ,»',. = _Apf,r + ATZZM = _Y/YKf,r’ (40)

which indicates that the total stress jump at the front/rear
extremities scales with the local interface mean curvature
and is the sum of the pressure jump and the normal viscous

A=1
35F [ : R
3 [

250 axisymmetric
m“\ 2 I @ ]
<

1.5r 1

planar

Fig.20 Curvature k, of the front meniscus predicted by the model
Eq. (41) (lines) and FEM-ALE data (symbols) versus Ca for both
axisymmetric (blue line, full symbols) and planar (red dashed line,
empty symbols) geometries, where the viscosity ratio is A = 1. (Color
figure online)

stress jump. These quantities will be modeled separately in
the following sections.

7.1 Frontand rear plane curvatures

In the spirit of the empirical film thickness model, the plane
curvature Ky of the front meniscus and that of the rear, «,, are
approximated by the rational function model

1+ T, (H(3Ca)*/?
S T 7, (HBCa

(4D

where 7y, and Z; , as A-dependent constants are obtained by
fitting Eq. (41) to the FEM-ALE data (see Appendix 5). It
is worth noting that the asymptotic series of the proposed
expression,

ki, R ~ 1+ (T;, — Z;,)(3Ca)** + O(Ca*’), (42)

is in line with the law proposed by Bretherton (1961),
namely 1+ f;,(3Ca)** + O(Ca*/?). Thus, the empirical
model (41), which is in excellent agreement with the numer-
ical results (see Figs. 20 and 21 as well as Figs. 27 and 28),
can be regarded as an empirical extension of Bretherton’s
law to a broader capillary numbers range up to 1. The mean
curvature at the droplet extremities is given by €, . = yk;,.

7.2 Front and rear pressure jumps: classical model

Following the literature (Bretherton 1961; Cherukumudi
et al. 2015), the dimensionless pressure jump
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Fig.21 The rear counterpart k, of Fig. 20. (Color figure online)

Apg,R/y = (pji L= p}’ R /y at the front and rear of the drop-
let is described by the empirical model

Ap; R

= y[1+S,(HBCa)*?], (43)

where y =2 (resp. y = 1) for the axisymmetric (resp. pla-
nar), and S, is a A-dependent coefficient. Equation (43) is
in fact inspired by the curvature model proposed by Brether-
ton (1961) exploiting the Laplace’s law (Cherukumudi et al.

A=0

ET T

axisymmetric

[ e

~

ApsR/vy
(98]

102 10
Ca

107

Fig.22 Front pressure jump Ap, given by Eq. (43) (solid lines) and
front normal viscous stress jump A'[zz, by Eq. (44) (inset, solid lines)
and FEM-ALE data (symbols) versus Ca for both axisymmetric (blue
line, full symbols) and planar (red line, empty symbols) geometries,
where the viscosity ratio is A = 0. The dashed lines correspond to the
improved pressure jump model Eq. (46). Note the different scale in
the insets. (Color figure online)
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2015), reason why we call it classical model. The coefficient
Sy, could be derived from the integration of the lubrication
equation (23) or (24), which is valid in the low-Ca limit
when the viscous stresses and their jumps are negligible. To
broaden the Ca range of the model, we obtain Sy, through
fitting to the FEM-ALE data. Nevertheless, as visible in
Figs. 22 and 23, the model fails to precisely describe the
numerical data, particularly for the rear pressure jump at
high Ca values (see Fig. 23).

After explaining our model for the normal viscous stress
jump in Sect. 7.3, we will show in Sect. 7.4 that the pressure
jump can be better approximated by summing up the two
contributions from the interface mean curvature and the nor-
mal viscous stress jump, which are modeled separately. The
importance of the normal viscous stress jump for the pres-
sure jump is already noticeable when comparing the evolu-
tions of the plane curvature ;. and the ones of the pressure
jump Ap; . /y in Figs. 20 and 22 or in Figs. 21 and 23.

7.3 Front and rear normal viscous stress jumps

The dimensionless normal viscous stress jump
At R/y = (Tzizf -7 )R/ at the front and at the rear of the

droplet is approximated by the following model:

At R My, (D(BCa) + Ny (DBCa)*?
y 1+0,M3Ca)

(44)

where M ,, N, , and Oy, are viscosity-ratio-dependent coef-
ficients found by fitting Eq. (44) to the FEM-ALE data.
The normal viscous stress jumps indeed scale with Ca for

axisymmetric
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Qg & planar
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[N
<
05r I
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_1 '5 1 1
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Fig.23 The rear counterpart, pressure jump Ap, and normal viscous
stress jump Az, , of Fig. 22. (Color figure online)
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small capillary numbers, as found by Bretherton (1961). The
comparison between the model and the numerical results is
shown in the insets of Figs. 22 and 23, where the results for
A = 0 are shown. The results for A = 1 and 100 can be found
in Figs. 29 and 30. The stress jump Az, is found to be small
in the case of A = 1and it varies with Ca non-monotonically
for the other viscosity ratios.

7.4 Front and rear pressure jumps: improved model

Using the dynamic boundary condition in the normal direc-
tion evaluated at the front and rear caps of the droplet,
Eq. (40), the pressure jump at the front and rear caps can
also be computed as
ADpr = VXK, + ATy 45)
Thus, with the proposed models (41) and (44) for the inter-
face curvatures and normal viscous stress jumps at hand, the
pressure jump model reads
Apgs,R M, (A)(3Ca) + Nf’r(/l)(SCa)“/ 3
r 1+ 0;,()(3Ca)
1+ T} (ABCa)*/?
+y : ,
1+ 27 (H(3Ca)*3

(46)

which agrees with the FEM-ALE data better than Eq. (43)
does (see dashed lines on Figs. 22 and 23 or Figs. 29 and
30). Therefore, the jump in normal viscous stresses has to
be taken into account for Ca > 1073,

8 Stress distribution and total pressure drop
8.1 Stress distribution along the channel centerline

The flow field can be classified into parallel and non-parallel
regions (see Fig. 8). The parallel regions are composed of
the region sufficiently far away from the droplet and that
encompassing the uniform lubrication film of constant thick-
ness, where the flow is streamwise invariant. The profile
of the streamwise velocity u(r) is parabolic and the radial
velocity v & 0. On the contrary, the flow is not parallel near
the droplet extremities (see Fig. 8) where the flow stagnates.
Therefore, the nearby streamwise velocity vary significantly,
leading to a non-zero radial velocity v owing to the diver-
gence-free condition.

We show in Fig. 24 the distribution of the total stress
component 6, = —p + 7, of the pressure p and of the vis-
cous stress component 7,, = 2u0u/dz along the centerline
of the channel. 7,, vanishes where the flow is approximately
parallel. As seen in Sect. 7.3, ,, is negligible at small Ca,
typically below 1073,

3000 T
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2000 - 1
1500 - J
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500 - 1

—0zz P DPlinear
R

-500
-5

400

350 -

300 -

250
e 29K,
200 P Plinear !

150

100 F / ]

z/R

(b)

Fig. 24 Spatial evolution of the pressure p (red solid line), nor-

mal viscous stresses —7_, (green dotted line) and total stresses —o,

(blue dashed line) along the centerline for Ca = 8.2 - 107* (a) and
Ca=88-107 (b), A=1 and an axisymmetric configuration,
obtained from the FEM-ALE numerical simulations. The linear pres-
sure evolution without considering non-parallel flow effects is shown
by the thin black lines. The total stresses jumps induced by the mean
curvature at the interfaces are indicated by arrows. The droplet shape
is indicated in blue. The pressure at the channel wall is indicated by
the grey line. (Color figure online)

Furthermore, for a larger but still moderate Ca number,
it is observed in Fig. 24b that the pressure (red line) devi-
ates from the linearly varying pressure, pj;.... (black line),
of the unperturbed flow (without droplet) featured with a
constant pressure gradient. The deviation is attributed to the
non-parallel flow structure near the front and rear caps of
the droplet (see Fig. 8), hence the pressure based on pyc.
needs to be corrected by ApNY = p — py...... Typical values
for the pressure corrections can be found in the Appendix
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7. These corrections are particularly large at large viscosity
ratios for the region inside of the droplet. We did not succeed
in providing a model to quantify this pressure correction.

Finally, in agreement with the results of Sect. 7, the jump
in total stress or pressure at the rear of the droplet is smaller
than the one at the front.

8.2 Pressure distribution along the channel wall

The pressure distribution on the channel wall is presented in
Fig. 24 as well (continuous grey line). The influence of the
interface mean curvature is clearly visible. The non-mono-
tonic pressure at the wall close the droplet rear results from
the variation of the plane curvature in the dynamic meniscus
region, where the interface oscillates (see also Fig. 11).

8.3 Droplet-induced total pressure drop
along a channel

The prediction of the total pressure drop along a channel
induced by the presence of a droplet flowing with a veloc-
ity U, is of paramount importance for the design of two-
phase flow pipe networks (Baroud et al. 2010; Ladosz et al.
2016). This allows for a coarse-grained quantification of the
complicated local effects induced by the droplet. Droplets
can thus be seen as punctual perturbations in the otherwise
linear pressure evolution. In this section, we will show that
it is possible to predict the total pressure drop induced by a
droplet with the models proposed so far.

The total pressure drop can be defined as the difference
between the pressure in the outer phase ahead and behind
the droplet, namely Ap,,, = p — p (Kreutzer et al. 2005). It

is given by

Api = AP + Ap, — ALY

dp; NP
+ d_ZLd + Api,f -

47
Apy = ApyY,

where Ap; , are given by the model for the pressure jumps at
interfaces, Eq. (46). The pressure gradient dp;/dz in the par-
allel region inside the droplet is given by Eqs. (31) and (67)
for the axisymmetric and planar geometries, respectively.
Assuming the droplet of volume/area 2 (axisymmetric/pla-
nar geometry) as a composition of two hemispherical caps
of radius R — H_, with H_ given by Eq. (30), connected by
a cylinder of the same radius, the droplet length L, can be
approximated at first order for low Ca, i.e. for H, /R < 1, as

R+2H
. _(R+2H) 0

2
— e S(R-H
=+ SR H) (48)

for the axisymmetric case and
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_R+H,)Q
a 2 R

L + 4;”(R—Hm) (49)
for the planar case.

Equivalently, the total pressure drop can also be calcu-
lated using the models for the normal viscous stress jump,
Eq. (44), and the front and rear plane curvatures, Eq. (41),
yielding

Apior = Apgf: + A7, + yrk, — Ap?frp
NP (50)

dp;
+ —Z'Ld + Apffp - Arzzf - XYKp— Apof,

d

where y = 2 for the axisymmetric configuration and y = 1
for the planar one.

If we neglect the non-parallel flows effects on the pres-
sure, ApNP, the total pressure drop would then be

Apy = Ap, + (Z_le‘d - Apf. (5D
Neglecting the effects of the non-parallel flows would induce
an error on the pressure drop, increasing with Ca. For a sin-
gle droplet of volume Q = 12.9, the error of Eq. (51) com-
pared to the numerical results is less than 3% for A = 0, but
reaches 15% for A = 1 and even 48% for 4 = 100. It is thus
important to include the corrections accounting for the non-
parallel flow effects to predict the pressure drop accurately,
especially when the viscosity ratio 4 Z 1. Numerical simula-
tions are, therefore, crucial to achieve so.

9 Conclusions

This paper generalizes the theory of a confined bubble flow-
ing in an axisymmetric or planar channel to droplets of non-
vanishing viscosity ratios. Empirical models for the relevant
quantities such as the uniform and minimal film thicknesses
separating the wall and the droplet, the front and rear droplet
plane curvatures, the total pressure drop in the channel and
the droplet velocity are derived for the range of capillary
numbers from 107 to 1, and viscosity ratios ranging from
the value A = 0 for bubbles to highly viscous droplets. Fol-
lowing the work of Schwartz et al. (1986), we extend the
low-capillary-number predictions obtained by the lubrica-
tion approach of Bretherton (1961) for bubbles to viscous
droplets. Extensive finite-element simulations based on a
moving-mesh arbitrary Lagrangian—Eulerian method (ALE)
are performed for the viscosity-ratio range A € [0 — 100] to
build a numerical database, based on which we propose
empirical models for the relevant quantities. The models
are inspired by the low-Ca theoretical asymptotes, but their
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validity range reaches large capillary numbers (Ca > 1073),
where the lubrication approach no longer holds.

We have found that the uniform film thickness for
Ca < 1073 does not differ significantly with that of a bubble
as long as A < 1. For larger viscosity ratios, instead, the film
thickness increases monotonically and saturates to a value
22/3 times the Bretherton’s scaling for bubbles when 4 > 10°.
The film thickness can be modeled by a rational function
similar to that proposed by Aussillous and Quéré (2000)
for bubbles, where the fitting coefficient Q depends on the
viscosity ratio. Furthermore, the uniform film thickness satu-
rates at large capillary numbers to a value depending on Q.
The minimum film thickness can be predicted analogously.
The velocity of a droplet can be unambiguously derived once
the uniform film thickness is known. We have shown that
considering the full expression of the droplet velocity is cru-
cial as the asymptotic series for low Ca has a very restricted
range of validity for non-vanishing viscosity ratios.

Furthermore, we have found that the evolution of the front
and rear cap curvatures as a function of the capillary number
differs from the one of the pressure jumps at the front and
rear droplet interfaces. This is due to the normal viscous
stress jumps. The contribution of the jumps has been over-
looked in the literature, though it has to be considered for
Ca > 1073, With all these models at hand, the pressure drop
across a droplet can be computed, which will be valuable for
engineering practices.

We have also shown that the flow patterns inside and out-
side of the droplet strongly depend on the capillary num-
ber and viscosity ratio. In particular, for A < 1/2 (4 < 2/3)
for the axisymmetric (planar) configuration, when the film
thickness is larger than a critical value HY /R, recirculat-
ing regions at the front and rear of the droplet disappear.
Furthermore, the recirculation region in the outer phase
detaches from the droplet’s rear interface for large film thick-
ness yet smaller than H /R, implying the disappearance of
the inner recirculating region at the rear.

The considered problem in a planar configuration
could be relevant for the study of a front propagation in a
Hele—Shaw cell (Park and Homsy 1984; Reinelt and Saffman
1985), where the second-phase viscosity is non-vanishing.
For instance, one could compute the amount of fluid left on
the walls when a finger of immiscible fluid penetrates (Saft-
man and Taylor 1958). Furthermore, the problem in the pla-
nar configuration can be seen as a first step towards under-
standing the dynamics of pancake droplets in a Hele—Shaw
cell (Huerre et al. 2015; Zhu and Gallaire 2016). Another
possible outlook is the extension of the present theory to
capillaries with polygonal cross sections, where the film
between the droplet and the walls is not axisymmetric, but
thick films known as gutters develop in the capillary corners.
Three-dimensional numerical simulations are then necessary

to resolve this asymmetry. A force balance will determine
the droplet velocity and an equivalent pressure drop model
could be proposed for these geometries.

Despite the fact that this work was motivated by the vast
number of droplet-based microfluidic applications, the ana-
lytically derived Eq. (24) serves as a generalization of the
well-known Landau—Levich—-Derjaguin—Bretherton equa-
tion (Landau and Levich 1942; Derjaguin 1943; Bretherton
1961) when the second fluid has a non-negligible viscosity.
This equation could, therefore, be adapted to predict the film
thickness in coating problems with two immiscible liquids.

Acknowledgements This work was funded by ERC Grant no. ‘SIM-
COMICS 280117°. L.Z. gratefully acknowledges the VR International
Postdoc Grant from Swedish Research Council 2015-06334" for
financial support. The authors would like to acknowledge the valuable
comments from the anonymous referees that helped to improve the
manuscript.

Appendix 1: Derivation of the flow profiles
in the thin-film region for the planar
configuration

Consider an axial location in the thin-film region. The veloc-
ity profiles inside, u;, and outside, u,, of the droplet can be
described by:

u()——%r2+Ar+B, (52)
1 2 le 1 1

d
u,(r) = 21!,, Cf;r2+A0r+B,,, (53)

where p; and p, are the inner, respectively outer, pressures,
and A;, B;, A, and B, are real constants to be determined.
Given the symmetry at » = 0 of the inner velocity, A; = 0.
The other constants are found by imposing the no-slip
boundary condition at the channel walls u(R) = —U, in the
droplet reference frame, the continuity of velocities at the
interface located atr = R — H, u;(R — H) = u,(R — H), and
the continuity of tangential stresses at the interface

dy; _du, 4
Hi dz |r=p-n —He dz |,—p-n >4
Eventually one obtains:

1 dpz dpo >
A, =——- R —H),
dp.

B = |-k - 1Py,

2u;m, dz

(56)
wi(2m® _g%e %\, | —u
dz dz dz )™ @
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dp, _dp, dp, dp,

B = A |( Lo _2PLiVg2 _opr( Lo L) _y,.
2u, |\ dz dz dz dz

(57)

Appendix 2: Derivation of the interface
profile equation for the planar configuration

The flow rates at any axial location where the external film
thickness is H are:

R-H
q; = 2/ u;(r)dr
0

d dp.\ _dp,
= Ll _w-m3u(H( DL 2% 42 PLiR)
3u;u, dz dz dz

dp; 2
+ 2d—(R—H) U, —-2U, R - H),
Z

(58)

(39

2 dp.  d dp.
- H_[H<3ﬁ—2 p") —3%13] —2U,H.
Z

In the droplet reference frame, the flow rate of the inner
phase has to vanish, ¢; = 0. Furthermore, in the region
where the film is uniform (see Fig. 11), H = H_, the inner
and outer pressure gradients have to be equal. Using these
two conditions, one can solve for the pressure gradient in the
uniform film region

6u;U,

dp
dz 2R —(4—6)H R+ (2 - 3)H2,

dz

(60)

r=R—H_

and for the outer flow rate, where the limit H_/R < 11is
considered:

2R — (4= 3VHLR+20 - D2 |
o = | 3R (4= 6 H R+ Q@ —3AHZ | ¢ o

N 2R — (4 —30)H,
T °°[R—(2—3/1)Hoo] d

The pressure gradients in the dynamic meniscus regions are
no longer equal and their difference is proportional to the
deformation of the interface r = R — H. Under the assump-
tion of a quasi-parallel flow, and neglecting the viscous con-
tribution in view of the lubrication assumption, the Laplace’s
law imposes:
dpi dpo

&*H
v dz3

dz dz (62)

@ Springer

Knowing ¢; and ¢,, Eqs. (58), (59) can be solved for the
unknown pressure gradients dp;/dz, dp,/dz as a function
of H:

dp, 3A{2H[|H,(3A—2)+R| —3H[H, (34 —4)+2R]|}u,U,

dz H(R— H)[H(3A—4) +4R][H,(34-2) +R]
(63)

dp, o RH—Hy) [3AH + Hy) — 2(H + 2H,)]
dz H3[H(3A - 4) +4R|[Hy,(34 - 2) + R

HH_[H(2 = 34)* + Hy(3(5 — 3A)A — 4)] + 2R*(H — H_) }
+ :u()Ud

H3[H(3A—4) +4R][H, (34— 2) + R]
(64)

and substituted into Eq. (62). Following Bretherton (1961),
the resulting equation can be put in an universal form by
the substitutions H = H_n and z = H_(3Ca)~'/3¢. In the
limit of H_, /R — 0, the governing equation for the interface
profile reads:

d*n =124 3m(1 +n+3mn)

A8~ T | A+ 3m)@E +3my) | (65)
where

_ 66
m=i— (66)

is the rescaled viscosity ratio.

Appendix 3: Derivation of the droplet
velocity model for the planar configuration

The velocity profiles in the uniform film region have been
derived in “Appendix 1”. In particular, the inner and outer
volumetric fluxes are given by Eqgs. (58) and (59), respec-
tively. At the location where H = H  the interface is flat and
the pressure gradients are equal, dp;/dz = dp,/dz = dp/dz.
Furthermore, mass conservation imposes that
q, =2R(U,, — U,) and since we are in the reference frame
of the droplet, g; = 0. The system of two equations can be
solved for the pressure gradient

dp —3RU  u;

4z |,ep.  (R—H ) + H (3R —3H_R+H2)s ©7

and the droplet velocity

R[2(R - H_)* +3H_(2R — H_)A]

Ud = UOO'
2R—H) +2H_(3R2 — 3H_R + H2)1

(68)

The relative velocity of the planar droplet reads
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H, H,, H,,
U-v. Lfo-efasale-n-31]} )
Uq 2+<2—H7°°)”7°°(3/1—2)

Appendix 4: Derivation of the critical
uniform film thickness for the appearance
of the recirculation regions

The velocity profile in the channel away from the droplet is
given by Eq. (11) for the axisymmetric configuration and by

2
uw(y)=%Um[1—(1%> ] ~u, (70)
for the planar one. The droplet velocity for the former case
is given by Eq. (32), whereas for the latter it is given by
Eq. (68). With the use of Egs. (32) and (68), the velocity
u,, can be expressed as a function of H_/R. The critical
uniform film thickness for the appearance of recirculation

Table 1 Coefficients of the fitting law for the axisymmetric configu-
ration

) a; a as
0 2.21 111.25 33.84 1.37
G 130.37 186.67 —4.82% 1.30
T, 3262.57 1573.07 7222.70 9.90
T, —12031.57 —21476.98 2820.73 77.21
Z 3392.32 - 1773.73 2984.79 39.56
Z, —1842.14 —14129.53 26169.48 160.45
M, —4850.40 5797.90 —507.02 1.22
M, - 6.38 18.59 -10.85 -0.82
N, —5293.51 14808.02 —9344.15 - 126.15
N, -2.93 —-17.28 18.94 1.08
0, 0.01 -0.02 0.08 -0.11
0, 32.38 —429.86 638.07 —-5.84
by b, b,
0 0.89 44.86 54.50
G 58.41 154.37 10.56
T, 1197.26 2006.27 2855.96
T, 25461.62 11675.00 16374.62
Z 5249.41 12649.53 32757.19
Z, 19514.41 14458.49 33771.45
M, 2412.12 2134.95 — 22242
M, —2.68 497 2.93
Ny —3171.89 —3079.05 8185.38
N, 1.68 10.76 5.71
o 0.06 —0.06 - 0.64
0 11.85 —155.00 338.88

regions, HY, is obtained by solving u(0) = 0, resulting in
Egs. (12) and (13) for the axisymmetric and planar configu-
rations, respectively.

Appendix 5: Fitting laws for the model
coefficients

The model coefficients Q in Eq. (30), G in Eq. (38), 7}, and
Z;,inEq. (41) and M ,, N;, and Oy, in Eq. (44) can be well
approximated by the rational function

a3 A3+ ay At +a A+ a,
B +byA2+bA+b,

(71)

where the constants a; withi =0, ..,3 and bj with j =0,..,2
are given in Tables 1 and 2 for the axisymmetric and planar
geometries, respectively.

Table 2 Coefficients of the fitting law for the planar configuration

) a; a as
0 98.76 146.42 70.42 1.45
G 168.27 348.60 26.76 1.48
T, 0.35 1.17 541 2.43
T, —130.18 —298.84 —55.49 —0.66
Z 1096.45 191.51 395.61 —0.08
Z, —0.62 —0.66 0.08 -0.21
M, —6.41 17.26 —11.54 0.80
M, 4.10 —3.52 0.17 0.04
N, —6.12 17.95 —11.90 0.19
N, —50.40 61.95 - 14.79 0.51
O, 4.52 —2.80 -1.73 0.89
0, 2.10 —-6.97 2.79 —0.01
by b, b,
(0] 45.04 89.61 77.03
G 88.60 264.97 34.41
T, 0.16 0.57 3.02
T, 256.91 292.80 83.68
Z 2690.72 6726.39 2249.29
Z, 5.80 —-0.74 3.08
M; 7.40 —2.88 - 12.76
M, 4.55 7.67 —-5.25
N, —9.06 —6.06 30.83
N, 84.57 41.55 —-24.20
O, 27.19 —57.38 21.87
0, 1.14 —1.38 —1.96
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Appendix 6: Additional results

For the sake of clarity, the results for A =0 and 100 are
shown in the appendix rather than in the main text, except
for the normal viscous stresses jump, whose results for A = 0
are presented in the main text as for A = 1the normal viscous
stress jumps are small (Figs. 25, 26, 27, 28, 29, 30).
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Fig. 25 Uniform film thickness given by Eq. (30) (lines) and FEM-
ALE numerical results (symbols) as a function of the droplet capil-
lary number for A = 0 (a) and 100 (b) and both axisymmetric (blue
solid line, full symbols) and planar (dashed red line, empty symbols)
geometries. (Color figure online)
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Fig.26 Minimum film thickness given by Eq. (38) (lines) and FEM-
ALE numerical results (symbols) as a function of the droplet capil-
lary number for A = 0 (a) and 100 (b) and both axisymmetric (blue
solid line, full symbols) and planar (dashed red line, empty symbols)
geometries. (Color figure online)

Appendix 7: Pressure corrections due
to non-parallel flow

Some typical total stresses corrections at the outer and inner
sides of the droplet interface as a function of Ca and for
different viscosity ratios A are shown in Figs. 31 and 32,
respectively.
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Fig. 27 Curvature k; of the front meniscus predicted by the model
Eq. (41) (lines) and FEM-ALE data (symbols) versus Ca for both
axisymmetric (blue line, full symbols) and planar (red dashed line,
empty symbols) geometries, where the viscosity ratio is A = 0 (a) and
100 (b). (Color figure online)
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Fig. 28 The rear counterpart k, of Fig. 27. (Color figure online)
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Fig.29 Front pressure jump Ap; given by Eq. (43) (solid lines) and Fig.30 The rear counterpart, pressure jump Ap, and normal viscous
front normal viscous stress jump ATZZr by Eq. (44) (inset, solid lines) stress jump Az, of Fig. 29. &Color figure onliner)

and FEM-ALE data (symbols) versus Ca for both axisymmetric (blue @’

line, full symbols) and planar (red line, empty symbols) geometries,

where the viscosity ratio is A = 1 (a) and 100 (b). The dashed lines

correspond to the improved pressure jump model Eq. (46). Note the

different scale in the insets. (Color figure online)
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Fig.31 Pressure correction due to non-parallel flow effects at the
rear (a) and front (b) outer sides of the interface for A = 0.04 (blue
squares), 0.12 (red crosses), 1 (yellow circles), 15 (purple stars) and
50 (green diamonds) for the axisymmetric configuration. The results
are obtained from FEM-ALE numerical simulations. (Color figure
online)
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Fig.32 Pressure correction due to non-parallel flow effects at the
rear (a) and front (b) inner sides of the interface for A = 0.04 (blue
squares), 0.12 (red crosses), 1 (yellow circles), 15 (purple stars) and
50 (green diamonds) for the axisymmetric configuration. The results
are obtained from FEM-ALE numerical simulations. (Color figure
online)
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