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Abstract Microscale fluid-conveying pipes and function-
ally graded materials (FGMs) have many potential applica-
tions in engineering fields. In this paper, the free vibration
and stability of multi-span FGM micropipes conveying
fluid are investigated. The material properties of FGM
micropipes are assumed to change continuously through
thickness direction according to a power law. Based on
modified couple stress theory, the governing equation and
boundary conditions are derived by applying Hamilton’s
principle. Subsequently, a hybrid method which combines
reverberation-ray matrix method and wave propagation
method is developed to determine the natural frequencies,
and the results determined by present method are compared
with those in the existing literature. Then, the effects of
material length scale parameter, volume fraction exponent,
location and number of supports on dynamic characteris-
tics of multi-span FGM micropipes conveying fluid are dis-
cussed. The results show that the size effect is significant
when the diameter of micropipe is comparable to the length
scale parameter, and the natural frequencies determined by
modified couple stress theory are larger than those obtained
by classical beam theory. It is also found that natural fre-
quencies and critical velocities increase rapidly with the
increase of volume fraction exponent when it is less than
10, and the intermediate supports could improve the stabil-
ity of pipes conveying fluid significantly.
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1 Introduction

Functionally graded materials (FGMs) can be described as
inhomogeneous composites that have a smooth and con-
tinuous variation of material properties from one surface to
the other. Compared with traditional composite materials,
FGMs possess a number of advantages including enhanced
thermal resistance, improved residual stress distribution,
higher fracture toughness and inferior stress intensity fac-
tors (Birman and Byrd 2007). Another important feature of
FGMs is the designability. The gradual variation of mate-
rial properties can be tailored to suit special purposes in
engineering applications. It is not surprising that the FGMs
have received considerable attention in many engineering
fields, such as aerospace, electronics, biomedical implants
and nuclear plants (Jha et al. 2013; Wang and Zu 2017).
Being the simplest form of fluid—structure interac-
tion problem, the dynamics of pipes conveying fluid has
attracted enormous considerations from researchers due
to the interesting dynamic behavior and wide engineer-
ing applications (Wang et al. 2012). Numerous works have
been carried out on vibration and stability of pipes convey-
ing fluid (Ibrahim 2010, 2011; Li et al. 2015; Paidoussis
2014; Paidoussis and Li 1993). Although many aspects of
this problem have been investigated in past decades, most
of the papers are limited to the model of single-span pipes
conveying fluid. Arbitrary multi-span piping systems,
which are thought to match with realistic situation in engi-
neering applications that intermediate supports are more
frequently to be installed, have been paid less attention until
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now. The main reason is that the classical mode method is
easily applicable to the special cases where the functions
for the mode shapes are obtainable, such as single-span
or periodical multi-span pipes (Wu and Shih 2001). Wu
and Shih (2001) proposed a “numerical” mode method to
investigate the dynamic characteristics of a multi-span pipe
conveying fluid. However, this “numerical” mode method
applied mode shapes of pipe with stationary fluid to calcu-
late natural frequencies of pipes with flowing fluid. Deng
et al. (2016) applied the dynamic stiffness method (DSM)
to determine the frequency responses of a multi-span
pipe conveying fluid subjected to a transient load. Li et al.
(2012a) employed the reverberation matrix method and fast
Fourier transform to investigate the transient responses of a
multi-span pipe conveying fluid. They reported that a reli-
able and accurate method developed for dynamic analysis
of arbitrary multi-span pipes conveying fluid is important
in engineering fields.

On the other hand, due to the recent technological devel-
opments in science and materials, both FGMs and fluid-
conveying pipes have been made in micro- and nanoscales.
Micro- and nanoscaled FGMs are used in microelectrome-
chanical systems (MEMS) (Fu et al. 2004), nanoelectrome-
chanical systems (NEMS) (Lee et al. 2006), ultra-thin films
(Li et al. 2009), microsensors and microactuators (Sala-
mat-talab et al. 2012). And fluid-conveying micropipes
have wide applications in microfluidic devices (Amiri et al.
2016), fluid filtration devices (Wang et al. 2013) and target
drug delivery devices (Wu et al. 2011). The fluid-convey-
ing micropipes also have been utilized to measure the fluid
density, viscosity and chemical concentration (Enoksson
et al. 1997; Najmzadeh et al. 2007). Therefore, understand-
ing the vibrational characteristics of structures at micro-
and nanoscales is of practical importance in many present
and potential applications. However, it should be men-
tioned that the classical continuum theory is unable to pre-
dict the size-dependent behavior which has been observed
in experimental investigations (Fleck et al. 1994; Lam et al.
2003). To overcome this problem, several size-dependent
nonclassical continuum theories including couple stress
theory (Toupin 1962), strain gradient theory (Mindlin and
Eshel 1968), nonlocal elasticity theory (Eringen 1972), sur-
face elasticity theory (Gurtin and Murdoch 1975), modified
couple stress theory (Yang et al. 2002), modified strain gra-
dient theory (Lam et al. 2003) and nonlocal strain gradient
theory (Lim et al. 2015) have been proposed to capture the
size effect.

Based on these nonclassical continuum theories,
numerous models have been developed to study the
size-dependent dynamic behaviors of FGM structures
(Aghazadeh et al. 2014; Ke et al. 2012; Komijani et al.
2014; Li and Hu 2017a, b; Li et al. 2016a; Nateghi and
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Salamat-talab 2013; Reddy 2011; Simsek and Reddy
2013) and fluid-conveying pipes (Li and Hu 2016a;
Rinaldi et al. 2010; Wang 2010; Yang et al. 2014; Zhang
et al. 2013, 2015) at micro- or nanoscales. However, the
studies concerned with FGM pipes conveying fluid are
limited (Chen and Su 2017; Deng et al. 2016; Sheng and
Wang 2008, 2010; Wang and Liu 2016). And the litera-
ture related to size-dependent dynamics of FGM pipes
conveying fluid at micro- or nanoscales is fewer. Setoo-
deh and Afrahim (2014) studied the free vibration of a
simply supported FGM micropipe conveying fluid by
strain gradient theory. Ansari et al. (2015, 2016a) studied
the size-dependent free vibration of fluid-conveying FGM
shells through strain gradient theory. Filiz and Aydogdu
(2015) analyzed the wave propagation in a coupled FGM
nanotube conveying fluid by nonlocal elasticity theory. It
could be expected that the size-dependent dynamics of
FGM pipes conveying fluid will attract more interest in
future.

As mentioned earlier, a reliable and accurate method
developed for dynamics of arbitrary multi-span pipes
conveying fluid is significant in engineering applications.
Recently, Pao et al. (1999) and Howard and Pao (1998)
proposed a method of reverberation-ray matrix (MRRM),
which is used to investigate the elastic wave transmis-
sion in planar trusses. Subsequently, Pao and Chen
(2009) extended this method to space frames. Tian and
Xie (2009) developed this method to investigate the wave
propagation in multilayered solids. Miao et al. (2013)
employed this method to predict the transient responses
of laminated composite beams. Ma et al. (2016) adopted
this method to analyze the dispersion of Lamb waves in
composite laminates. As reported by Pao et al. (1999),
the MRRM is particularly suitable for multi-branched
structures. On the other hand, the wave propagation
method has been used to study the dynamics of single-
span pipes conveying fluid (Li et al. 2012b; Zhang 2002;
Zhang et al. 2014).

In this paper, the size-dependent free vibration and
stability of multi-span FGM micropipes conveying fluid
are investigated. The governing equation and boundary
conditions are derived by modified couple stress theory
and Hamilton’s principle. A hybrid method which com-
bines the MRRM and the wave propagation method is
developed to determine the natural frequencies of multi-
span pipes conveying fluid. The results calculated by the
hybrid method are compared with those in the existing
literature to verify the present method, and then, the
effects of material length scale parameter, volume frac-
tion exponent, location and number of supports on free
vibration and stability of FGM micropipes conveying
fluid are discussed in detail.
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2 Material properties of the FGM micropipes

A FGM micropipe conveying fluid with length L, constant
fluid velocity U and mean radius R is shown in Fig. 1. R,
and R, represent the inner and outer radii, respectively. Dis-
placement components in x, y and z directions are u, v and
w, respectively. It is assumed that the micropipe is slender,
and the fluid is incompressible, inviscid and irrotational.
To model the internal flow, a continuum-based plug flow
is adopted in which the fluid is considered as an infinitely
flexible rodlike structure flowing through the micropipe
(Ansari et al. 2016b; Li et al. 2016b). It is worth noting that
the fluid velocity profile in cross section may be nonuni-
form due to the microscale. However, based on the investi-
gation of Guo et al. (2010), the plug flow is an acceptable
model for the internal fluid in the micropipe.

The material properties of the pipe are considered to
vary continuously along the thickness direction according
to a power law, and effective material properties can be
written as

E=VE +V,E, 1)
u=Vip + Vou, 2)
P =Vipi +Vop, (3)

where E, u and p are Young’s modulus, shear modulus
and density of the FGM micropipe, respectively. The Pois-
son’s ratio v is assumed to be a constant (Reddy 2011).
Subscripts i and o represent the inner and outer surfaces,
respectively. The volume fractions of materials can be
given as (Setoodeh and Afrahim 2014; Shen et al. 2016)

R,—r\"
Vislg—g ) Ve=1-V “

where r is the radius of a reference point and superscript
n is the volume fraction exponent which characterizes the
volume fraction profile of the constituent materials.

The variation of volume fraction V, with thickness direc-
tion for various values of volume fraction exponents n is
depicted in Fig. 2. It can be seen from Fig. 2 that when

Fig. 1 A schematic model of a
FGM micropipe conveying fluid
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Fig. 2 Variation of volume fraction V; with thickness direction

the exponent n is assumed to be zero, the FGM micropipe
reduces to homogeneous micropipe.

3 Mathematical formulations
3.1 Modified couple stress theory

The modified couple stress theory presented by Yang
et al. (2002) results from the classical couple stress theory
(Toupin 1962). Two advantages of modified couple stress
theory over classical couple stress theory are the inclusion
of asymmetric couple stress tensor and the introduction of
only one length scale parameter (Reddy 2011). For more
details on this theory, the interested reader can refer to
Yang et al. (2002) and Reddy (2011).

According to the modified couple stress theory, the total
strain energy of structures is a function of both strain tensor
(conjugated with stress tensor) and curvature tensor (conju-
gated with couple stress tensor). And the strain energy U,
can be written as (Reddy 2011; Yang et al. 2002)

U, = 1 / (o:2 +m:y)dV 3)
2Ja

where U, is the strain energy, £ is the volume, ¢ is the
stress tensor, € is the strain tensor, m is deviatoric part of
the symmetric couple stress tensor and ) is symmetric cur-
vature tensor. And these tensors can be written as
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6 = Ar(e)l + 2ue ©)
e = % [Vu+ (Vu)'] )
m = 2Py 8)
= %[ve + (V)] ©)

where u is the displacement vector, 0 is the rotation vector, /
is material length scale parameter and 4 and y are the Lame’s
constants. To simplify the analysis, the material length scale
parameter [ is assumed to be a constant in this paper (Ansari
et al. 2015; Ke et al. 2012; Salamat-talab et al. 2012; Simsek
and Reddy 2013). And the rotation vector 0 can be written as

1
0 = —curl
2cur u (10)

According to the Euler-Bernoulli beam theory, the dis-
placement field of an arbitrary point along the x-, y- and
z-axes (shown in Fig. 1) can be expressed as

u=uy—zyx, 1), v=0, w=w(, 1) (11)
where y(x, 1) is the rotation of pipe cross section. u, and w
are the axial and transverse displacements on the mid-axis,
respectively. In view of the small deformations assumption,
the longitudinal displacement may be expressed as fol-
lowing form by neglecting the axial deformation (Li et al.

2016b)

u=-zyx, 1 (12)
and the rotation can be written as

w(x) = wx) 13)
where the primes represent differentiation with respect to x.
Substituting Egs. (11), (12) and (13) into Eq. (7), the only one
nonzero strain component can be obtained (Yang et al. 2014)

Epe = —W' (14)
Substituting Eqgs. (11), (12) and (13) into Eq. (10) yields

0, =—w,

s 0,=0.=0 (15)

Substituting Eq. (15) into Eq. (9), following equations can
be obtained

X = )(yy =Xz = Iyz =Xx = 0 (16)

3.2 Governing equation and boundary conditions
of FGM micropipes conveying fluid

In this section, the equations of motion for the size-dependent

FGM micropipes conveying fluid will be built by modified
couple stress theory and Hamilton’s principle. In general, the
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main assumptions and simplifications for the equations of
FGM micropipes conveying fluid are outlined as follows:

1. The material properties of FGM micropipes are
assumed to change continuously through thickness
direction according to a power law;

2. The Euler-Bernoulli beam theory is adopted to model
the pipe, and the deformations are assumed to be small;

3. The strain energy of the FGM micropipe obeys the
modified couple stress theory;

4. The material length scale parameter / in FGM micro-
pipes is assumed to be a constant;

5. The internal flow in the micropipe is assumed to be a
steady plug flow.

Substituting Eq. (14) to (6) and neglecting the Poisson’s
effect, the components of stress of the FGM micropipe can
be obtained (Asghari et al. 2010; Nateghi and Salamat-
talab 2013)

_ " _ _ _ _ —
O = —Ezw ’ O-yy =0, =0y = Gyz =0, = 0 (17)

where E is Young’s modulus of the FGM micropipe, which
is the function of position.
Substitution of Eq. (16) into (8) gives

_ 2.1 _ _ _ — —
mxy - _/’d wo, My = myy =mg, = myz =my = 0 (18)

The strain energy of the FGM micropipe can be written
as

U, = 1 // (EZ> + pl*)w'"*dAdx (19)
2 /L Ja
and Eq. (19) can be rewritten as (Asghari et al. 2010)
U, = % / [(EDY* + (uA)* P]w"dx (20)
L
where

2z R,
(ED* = / EZ2dA = / / E(r)r* sin® Ordrdo 201
A o Jr

and

2n R,
(HA)" = / udA = / / u(ryrdrdé (22)
A o Jr

The kinetic energy of the pipe can be expressed as
| T
Tp = Emp /LW dx (23)
where the over-dot represents differentiation with respect to

time ¢ and the equivalent mass m; of per unit length of the
FGM pipe can be defined as (Asghari et al. 2010)
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2n R,
m'= / pdA = / / p(r)rdrd@ (24)
P Ja 0o Jr

The kinetic energy of the internal flow can be written as
(Paidoussis 2014)
T; = %Mf/[(w+Uw’)2+U2]dx (25)
L
where M, is the mass of fluid per unit length. According to
Paidoussis (2014), the statement of Hamilton’s principle for
fully supported pipes conveying fluid can be written as

5}
5 / 1dt=0 (26)
gt

where [, = T, + T; — U, is the Lagrangian of the system.
Substituting Egs. (20), (23) and (25) into Eq. (26) and
applying the variational techniques to Eq. (26), the govern-
ing equation of the FGM micropipe conveying fluid can be
obtained.

[CED* + ey Plw"" + MU + 2M 0% + (M -+ m? )i = 0

27

It should be noted that gravity, damping, externally

imposed tension and pressurization effects are neglected

in above equation. And the boundary conditions for

a micropipe with both ends simply supported can be
expressed as

w0, n=w"0, =0, wlL, H=w"(L, )=0 (28)

Compared with governing equation of homogeneous
micropipes conveying fluid based on the modified couple
stress theory (Wang 2010), the flexural rigidity and the
mass of the pipe are replaced by equivalent flexural rigid-
ity [(ED)" + (4A)"?] and the equivalent mass m; of per unit
length of the FGM micropipe.

4 Hybrid method for multi-span pipes conveying
fluid

In this section, the MRRM combined with the wave propaga-
tion method is developed to build the characteristic equation
of arbitrary multi-span FGM micropipes conveying fluid.

The general solution for Eq. (27) can be expressed as (Li
and Hu 2016b)

wix, 1) = W(x, w)e'™ (29)

where o is the circular frequency andi = y/—1.
Substituting Eq. (29) into (27) yields

[((ED* + (APl + MUV + i20M U
—a)2<Mf+m;>W=0 (30)

The displacement in frequency domain can be set as

A

W= ce™ (31
where ¢ is a constant. Substituting Eq. (31) into Eq. (30)
yields

[(ED* + (uA) |k = MUK = 20M;Uk — o (Mf + m;) -0
(32)
It should be mentioned that the wavenumber k in
Eq. (32) has four roots k,, k,, k3 and k, which correspond
to four wave modes. According to MRRM, the wave
modes can be divided into arriving and departing waves
(Pao et al. 1999). And in wave propagation method, the
waves can be divided into positive- and negative-trave-
ling waves (Lee et al. 2007; Zhang et al. 2014). Then,
the transverse displacement in frequency domain can be
rewritten as

4
W= we 33)
j=1

Accordingly, the rotation é, bending moment M and
shear force Q in frequency domain can be written as

4
6 = z ikjwjeikfx (34)
J=1
4
M= Y [(ED" + (uAY Pliwe™s* (35)
J=1
4
Q=) [ED" + (uA)P ik w;e™” (36)
j=1

4.1 Application of MRRM

Based on MRRM, continuity conditions of displacements and
equilibrium conditions of forces at each node of the multi-
span micropipe are used to build the scattering matrix. Dual
superscripts wj]K (=1, 2,3, 4) are introduced to describe the
arriving and departing waves (Miao et al. 2013; Pao et al.
1999). Superscripts J and K indicate adjacent nodes. It should
be mentioned that in arriving waves, w]J K represents the arriv-
ing wave from node K to node J, while in departing waves,
Wj’K denotes the departing wave from node J to node K.

@ Springer
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The wave motions in a typical multi-span FGM micropipe
conveying fluid are shown in Fig. 3. Based on MRRM, the
arriving and departing waves at each node can be listed as

1 12 12\ 2 21 21 23 . 23\T
a =(w1 ,w2) ,a =(w3 SWy WY ,wz)

T
a = (ng—l), wz(”‘”) (37)

1 12 12\ 32 21 21 23 23\T
d =(w3 ,w4) ,d =(w1 SW5 W ,w4) s

4 = <erl(n—1>’wg<n—1)>T (38)
in which a and d are the arriving and departing waves,
respectively. It should be noted that superscripts 1, 2,..., n
represent the node numbers, while subscripts 1, 2, 3, 4 cor-
respond to &, k,, k5 and k.

According to Pao et al. (1999), the global scattering rela-
tion can be written in following form

d=Sa+s 39)
in which S is the global scattering matrix and s is the
global source vector. If there is no external force applied
at the piping system, the global source vector s = 0. The
global scattering matrix S can be built by assembling the
local scattering matrix at each node, and the local scat-
tering matrix can be obtained by continuity conditions of
displacements and equilibrium conditions of forces at each
node. For instance, boundary conditions at node 1 can be
written as

wh=0, M'=0 (40)
Substituting Eqgs. (33) and (35) into Eq. (40) gives

w2+ wy +wi +w,? =0 41

ﬁlwiz + ﬂzWéZ + ﬁ3w;2 + ﬂ4Wi2 =0 (42)

where §; = [(ED)" + (uA)"I’]k;. Recalling that the arriving

and departing waves at node 1 are

al = (w}z,wéz)T, d! = (wéz,wf)T (43)

Then, Egs. (41) and (42) can be rewritten in matrix form

The local scattering relation at node 1 can be written as
(Pao et al. 1999)

d'=S'a' (45)
in which S!is local scattering matrix of node 1. Combin-
ing Egs. (44) and (45), the local scattering matrix can be
expressed as

-1
[t [
5= [ﬂ3 ﬂ4] [ﬁ1 /32] @0

The local scattering matrix of node 2 can be established
by the continuity and equilibrium conditions, which can be
written as (Harland et al. 2001; Lee et al. 2007; Tan and
Kang 1998)

W =0, #2=0, ¢=¢>, M -K>=0 47

where subscripts “—, +” represent the left and right sides
of a node, respectively. And recalling that the arriving and
departing waves at node 2 are

2 21 21 23 23\T 2 21 21 23 . 23\T
a =(w3 SWy WY ,w23) , d =(w1 ,wz,w33,w4)
(43)

After some manipulations, the local scattering matrix of
node 2 can be built

1

11 0 07 11 0 O
00 1 1 00 1 1

2

S A Ay —Ay —y Ay Ay =4y Ay “49)
Py By —Bs =P, By By =P =B,

where 4; = ik;. Similarly, the local scattering matrices of
other intermediate supports can be obtained by the same
way.

For node n, the boundary conditions can be listed as

W=0, M"=0 (50)

and the arriving and departing waves at node n are

a" = (Wn(n—l)’ Wn(n_1)>T’ a" = (Wn(n—l),

T
0w g ) s

1 11, 11|,
a + d =0 (44) After some manipulations, scattering matrix of node »n can
b b B3 By :
be obtained
Fig. 3 W: ti f 12 2 23 32 (n=1)n n(n-1)
mli-span FGM micropipe " Wy vl X Wl W]
.P . PP — —_— — —_— — —
conveying fluid ——
A 1 A 2 A3 A n—1 A n
21 23 32 n-1)n n(n—
W1122 M2 W2 W2 W](,2 ) wl(2 2
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-1
N P B
§'= [m ﬂz] [ﬂ3 m] ©2)

By assembling local scattering matrices, the global scat-
tering matrix S of the multi-span micropipe can be obtained

S = diag[S',S%, ..., 8] (53)

In above discussions, the multi-span pipeline is assumed to
be simply supported. It should be mentioned that this method
also can be used to solve the pipe with other support condi-
tions by changing the continuity and equilibrium conditions
or the boundary conditions.

4.2 Application of wave propagation method

Based on wave propagation method, the wave propagation
relations in sub-span element are established in this section.

The wave propagations in mth span element are shown
in Fig. 4. As mentioned in the foregoing, the waves can be
divided into positive- and negative-traveling waves in wave
propagation method. Without loss of generality, subscripts 1,
2 in Wj’K(/' =1, 2, 3, 4) denote the negative-traveling waves,
while subscripts 3, 4 the positive-traveling waves in this
paper. The relationship between negative-traveling waves in
mth span element can be written as (Lee et al. 2007; Zhang
etal. 2014)

m(m+1) __ (m+1)m
Wi =TuW,, (54)

in which T,; is the left propagation matrix of mth span ele-
ment and

1 i
Wm(m+1) _ ern(m+ ) T = e~y 0
12 - Wg1(m+1) > mL™— 0 e_ikZIm ’
oo _ [ (55)
12 - (m+1)m
> w
2

Similarly, the relationship between positive-traveling
waves can be expressed as

Fig. 4 Wave propagations of the mth span element

(m+1)m _ m(m+1)
Wis 7 = TeWs, (56)

in which T, is the right propagation matrix of mth span
element and

+1 ;
W(m+1)m _ ng m T — elk3lm 0
3.4 - ng+1)m > mR— 0 etkaln |
Wm(m+1) B { Wg"(m+l) }

34 - m(m+1)

, W)

Analogously, the local propagation matrices of other
elements can be obtained by the same way.

(57)

4.3 Application of the hybrid method

In what follows, the MRRM integrating the wave propaga-
tion method is developed to build the characteristic equa-
tion. The arriving and departing waves are introduced to
wave propagation matrix, and combining Eqs. (54) and
(56), following matrix form can be obtained

a” | T, 0 0 I, d”
{am+1 } - [ 0 TmR] [I2x2 0 dm+l (58)

where arriving and departing waves at nodes m and m + 1
are given by

a" = <Wr1n(m+1)’wgz(m+])>T’ am+1 _ <W;m+1)m’wim+l)m>T
(59

" = (W;n(m+l)’wgn(m+1)>T’ dmtl = (W(1m+1)m’w(2m+1)m>’r
(60)

Assembling the local propagation matrices, the second
relationship between the arriving and departing waves can
be expressed as

a=PUd 61)
where

P =diag|T,,T,,....T,,], T,= [TqL 0 ]

0 Ty (62)
g=12,...,n-1)
: 02><2 I2><2
U = diag[u, u,..., u], u= (63)
Ly, 0y,

Combining Eqgs. (39) and (61) yields

I-Rd=s (64)
where, R = SPU is the reverberation-ray matrix of struc-
tures (Pao et al. 1999). Natural frequencies of the multi-
span FGM micropipe conveying fluid can be computed
numerically by setting the determinant of coefficient matrix
to zero

@ Springer
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8m 2m

A N2 ?3

Fig. S A two-span FGM pipe conveying fluid

Table 1 Material properties of constituents of the FGM pipe (Deng
et al. 2016)

Materials pp(kg/m3) E (GPa) U
(GPa)
SiC 3210 440 188
Ti-6Al-4 V 4515 115 44.57
det[I-R]=0 (65)

To compute the roots of Eq. (65), one may plot the deter-
minant with respect to frequency w, and the detailed proce-
dures of determining the natural frequency can be found in
Deng et al. (2017a). It is worth mentioning that as pointed
out by Guo and Chen (2007), the MRRM shows high accu-
racy, lower computational cost and uniformity of formula-
tion in dynamic analysis of multi-branched structures. On
the other hand, the wave propagation method is convenient
for dynamics of pipes conveying fluid (Zhang et al. 2014),
and the formulation can be formed with only one element
for each sub-span. The present hybrid method inherits the
advantages of both methods, and it is particularly suitable
for dynamic analysis of multi-span pipes conveying fluid by
using only a small number of elements.

5 Results and discussions

5.1 Verification of present analysis

To verify the present hybrid method for dynamic analysis of
multi-span FGM pipes conveying fluid, natural frequencies

of a two-span macroscopic FGM pipe conveying fluid are
calculated and compared with those obtained by DSM
(Deng et al. 2016). The model is shown in Fig. 5, and the
whole pipe is simply supported by three hinged joints. The
corresponding mechanical properties of the FGM pipe are
listed in Table 1.

The geometrical parameters of the pipe are R, = 50 mm,
R; =48 mm and L = 10 m. The density of fluid is 1000 kg/
m?. To make the results directly comparable, dimensionless
fluid velocity and natural frequency defined in Deng et al.
(2016) are used

M\ ? M, +m\"?
u= (=) v, w=[(— *w (66)
EI EI

in which u is dimensionless fluid velocity and @ is dimen-
sionless natural frequency. Comparisons of natural frequen-
cies determined by present method and those calculated by
DSM and FEM (Deng et al. 2016) are listed in Table 2.

Comparisons of present natural frequencies and those
in Deng et al. (2016) are listed in Table 2. As expected, a
good agreement is given in Table 2. The maximum relative
error between present results and those obtained by DSM
is 0.03%, and the maximum relative error between present
results and those determined by FEM is 0.94%. This indi-
cates that the present hybrid method is accurate for predict-
ing the natural frequencies of multi-span FGM pipes con-
veying fluid.

To verify the present method for dynamic analysis of
micropipes conveying fluid, fundamental natural frequen-
cies of a pinned—pinned homogeneous micropipe conveying
fluid are calculated and compared with the results obtained
by differential quadrature method (DQM) (Wang 2010).
The material properties of the micropipe are E = 1.44 GPa,
v =038,/ =17.6 pm and p, = p; = 1000 kg/m>. And the
geometrical parameters of the pipe are D/D, = 0.8 and
L/D, = 20. The parameters D; and D, represent the inner
and outer diameters of the micropipe, respectively.

Table 2 Compa'risons of U Results Exponentn =0 Exponentn =1
natural frequencies of the two-
span FGM pipe conveying fluid w, w, w5 W, w, w5
u=0 Present 21.33 70.41 147.91 34.03 112.33 235.93
DSM 21.33 70.42 147.90 34.03 112.32 235.94
Error (%) 0.00 0.01 0.01 0.00 0.01 0.00
FEM 21.33 70.42 14791 34.02 112.33 235.94
Error (%) 0.00 0.01 0.00 0.03 0.00 0.00
u=15 Present 20.24 69.52 147.04 33.32 111.74 235.36
DSM 20.24 69.52 147.03 33.31 111.75 235.37
Error (%) 0.00 0.00 0.01 0.03 0.01 0.00
FEM 2043 69.39 146.82 33.45 111.66 235.23
Error (%) 0.94 0.19 0.15 0.39 0.07 0.06
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Fig. 6 Comparisons of fundamental natural frequencies of a simply
supported micropipe conveying fluid

Figure 6 shows the comparisons of fundamental natu-
ral frequencies of a simply supported micropipe convey-
ing fluid with different diameters of the micropipe. It
should be noted that the natural frequencies are dimen-
sional in the existing literature (Wang 2010). Therefore,
the current study also adopts the dimensional results.
The present natural frequencies are compared with the
results obtained by DQM (Wang 2010). A very close
agreement can be observed between the two results, for
both the cases of D, = 20 pm and D, = 50 pm. Those
results demonstrate that the present hybrid method is
accurate for determining the natural frequency of micro-
pipes conveying fluid. In addition, since the lower com-
putational cost of present method has been illustrated
detailedly in previous papers (Deng et al. 2017a, b;
Guo and Chen 2007), it will not be discussed here for
conciseness.

5.2 Free vibration and stability of a multi-span FGM
micropipe conveying fluid

In what follows, the investigation is carried out to study the
effects of length scale parameter, volume fraction exponent,
location and number of supports on the free vibration and
stability of the FGM micropipe conveying fluid. In this
paper, the outer surface of the FGM pipe is pure alumina,
while the inner surface is pure aluminum. And the mechan-
ical properties of constituent materials are expressed in
Table 3. The density of the fluid is 1000 kg/m>. To investi-
gate the size effect, the length scale parameter / of the FGM
micropipe is assumed to be 15 pm in the following exam-
ples (Ansari et al. 2015; Ke et al. 2012; Salamat-talab et al.
2012; Simsek and Reddy 2013). The current paper will not
focus on how to obtain the value of length scale parameter
[, and the interested reader can refer to Lam et al. (2003)
and Nikolov et al. (2007).

Table 3 Material properties of the FGM micropipe (Salamat-talab
etal. 2012)

Materials E (GPa) Pp (kg/m3) v L (um)
Aluminum 70 2700 0.23 15
Alumina 380 3800 0.23 15

Fig. 7 A three-span FGM micropipe conveying fluid

A representative three-span FGM micropipe conveying
fluid is shown in Fig. 7, and the whole pipe is simply sup-
ported by four hinged joints. The geometrical parameters of
the FGM micropipe are given as Dy/D, =09, L, =L, =L/3
and L/D, = 20. To investigate the effect of length scale
parameter on free vibration and stability of micropipe con-
veying fluid, the diameter of the micropipe is taken as vari-
able for various values of the ratio of diameter to material
length scale parameter D./I (dimensionless length scale
parameter). It should be mentioned that since the FGM
micropipe is homogeneous in axial direction, each span is
only need one element in calculation.

For the sake of generality and simplicity, several nondi-
mensional quantities are introduced (Paidoussis 2014)

, u=|— LU, w= wL
EI EI
(67)

where £ is the dimensionless length, u the dimensionless
fluid velocity and w the dimensionless natural frequency.
In order to make the comparison, parameters EI and m in
above equation denote flexural rigidity and mass of per unit
length of the FGM pipe for exponent n = 0.

To investigate the effect of length scale parameter on
free vibration and stability of micropipe conveying fluid,
the dimensionless fundamental natural frequencies versus
dimensionless fluid velocity u with different dimension-
less length scale parameters D /[ are plotted in Fig. 8, and
the dimensionless critical velocities for different D /I are
listed in Table 4. It should be mentioned that the real com-
ponent of natural frequency, Re(w), is the oscillation fre-
quency, while the imaginary component, Im(w), is related
to exponential growth or decay. It has been demonstrated
that the real components decrease with the increase in fluid
velocity u and the imaginary components keep zero in sta-
ble region. When the fluid velocity exceeds a certain value,
the real part of natural frequency of first mode becomes

5:

X
L

@ Springer



133 Page 10 of 15

Microfluid Nanofluid (2017) 21:133

Fig. 8 Fundamental natural 200
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Table 4 Dimensionless critical velocities for different D /I (n = 0)

Critical velocity DJ/l=1 DJ/l=2 DJ/l=5 D/l=10 Classical

Uy 20.20 12.99 10.08 9.59 9.43

zero and the imaginary part is negative. This indicates that
the pipe loses its stability due to divergence and the cor-
responding velocity is the critical velocity uy. It is observed
from Fig. 8 and Table 4 that the natural frequencies and
critical velocities obtained from the modified couple stress
theory are generally higher than those predicted by clas-
sical theory. It is also found that the differences between
the results calculated by modified couple stress theory and
those obtained by classical theory decrease as the increase
in dimensionless length scale parameter D /I. For example,
the critical velocity predicted by modified couple stress
theory is about 2.14 times greater than that obtained by the
classical beam theory when the dimensionless length scale
parameter D/l = 1. And when the dimensionless param-
eter D /I = 10, the ratio of critical velocity determined by
modified couple stress theory to classical result reduces to
1.02. It can be concluded that the effect of material length
scale parameter on free vibration and stability of micropipe
conveying fluid is significant, and it makes the micropipe
conveying fluid more stable, especially when the diameter
of the micropipe is comparable to the material length scale
parameter. This is because that the length scale param-
eter has the effect of increasing the equivalent bending
stiffness [(ED)* + (uA)"I?]. However, for higher values of
D /U(D,/l > 10), the natural frequencies and critical veloci-
ties obtained by the modified couple stress theory converge
to the classical results.

To study the effect of volume fraction exponent n on
free vibration and stability of FGM micropipes convey-
ing fluid, the first three dimensionless natural frequencies

@ Springer
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of the FGM (n = 0, 1, 10) micropipe (D./! = 10) as func-
tions of dimensionless fluid velocity « are shown in Fig. 9.
It can be seen from Fig. 9a that the FGM micropipe dis-
plays some more complex and interesting dynamic behav-
iors when the exponent n = 0. Specifically, the divergence
of first mode occurs at u = 9.59, the divergence of the sec-
ond mode occurs at u = 11.78, and the divergence occurs
in third mode at # = 15.69. Subsequently, it is of interest to
note that as the fluid velocity increases to 17.60, the combi-
nation of second and third modes occurs, the real parts are
positive, and the imaginary components are negative. This
implies the multi-span micropipe loses its stability by cou-
pled-mode flutter, and the corresponding velocity is flutter
velocity u;. It should be stressed that the coupled-mode flut-
ter in single-span pipe conveying fluid is composed by first
and second modes firstly. In this study, the coupled-mode
flutter occurs in second and third modes directly, which is
different from the single-span pipe conveying fluid. It is
also found that the real components and the critical veloci-
ties increase with the increase in volume fraction exponent
n. When the exponent n = 1, the divergence of the first
mode occurs at u = 17.50. And when the exponent n = 10,
the divergence does not occur in the range of fluid velocity
u < 18. Therefore, it can be concluded that the stability of
the FGM micropipe increases with the increase in volume
fraction exponent n. This is due to the fact that the con-
tent of alumina in FGM pipe increases, while the content
of aluminum decreases with increasing exponent n, and the
Young’s modulus of the alumina is much larger than that
of aluminum. More interestingly, it is found that distribu-
tions of natural frequencies of the FGM micropipe can be
adjusted easily by designing the exponent n. For instance,
when the fluid velocity u = 0, the first-order natural fre-
quency for exponent n = 10 is about 2.11 times greater
than that of exponent n = 0. Therefore, if the dominant
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Fig. 9 First three natural
frequencies of FGM micropipe
conveying fluid against fluid
velocity u (D,/l = 10): a expo-
nentn =0, b exponentn =1, ¢
exponent n = 10
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frequency contents of external loads are known, a proper
design for FGM micropipe to avoid the resonance to reduce
the vibration is possible.

To further examine the effects of volume fraction expo-
nent n and dimensionless length scale parameter D/l on
stability of the FGM micropipe conveying fluid, critical
velocities versus exponent n with different dimensionless
length scale parameters (D /[ = 1, 2, 5, 10) are shown in
Fig. 10a, and the results determined by the classical FGM

beam model (I = 0) are also given in Fig. 10a. Critical
velocities against dimensionless length scale parameter
D /I with different exponents n (n = 0, 1, 10) are shown in
Fig. 10b. It is clear from Fig. 10a that the critical veloci-
ties predicted by the modified couple stress theory are
larger than those obtained by classical beam theory. This
is because that the size effect increases the stiffness of
the micropipe. With the increase in D/l from 1 to 10, the
critical velocities decrease significantly, and the difference
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Fig. 10 Effects of exponent n and parameter D/ on critical velocity:
a Critical velocity uy against D/l with different exponents n; b criti-
cal velocity u, against exponent n with different D /!

between the critical velocities of modified couple stress
theory and classical ones diminishes gradually. It can be
seen from Fig. 10b that the critical velocities decrease with
the increase in dimensionless length scale parameter D /I,
and when the parameter D/l > 10, the critical velocities
gradually approach to constants. The reason is that the
introduction of couple stress stiffens the micropipe and the
size effect is significantly only when the diameter of micro-
pipe is comparable to the length scale parameter. For higher
values of DI (D./l > 10), the results predicted by modi-
fied couple stress theory converge to the classical ones.
On the other hand, it can be found from Fig. 10a that the
critical velocities increase with the increase in exponent 7;
especially, the critical velocities increase rapidly when the
exponent 7 is less than 10. As the exponent n increases fur-
ther, the effect on the critical velocities becomes less pro-
nounced. And when the exponent n > 50, the critical veloc-
ities gradually approach to constants. This is reasonable
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Fig. 11 Ciritical velocity u,4 against dimensionless length of L,/L with
different exponents n (D /l = 100)

because a little change of exponent n could increase the
volume fraction of alumina markedly when the exponent
n < 10, and the Young’s modulus of the alumina is much
larger than that of aluminum. When the exponent n > 10,
the variation of volume fraction in FGM pipe for different
exponents becomes slow. When the exponent n > 50, FGM
micropipe has approached to the alumina micropipe. Those
results provide useful information for designers to choose
reasonable values of dimensionless length scale parameter
and volume fraction exponent to improve the stability of
FGM micropipe conveying fluid.

In practical engineering applications, the location of
intermediate supports is always constrained by surround-
ing situations, and the intermediate supports cannot be
evenly distributed in piping systems. Therefore, it is nec-
essary to investigate the effect of location of supports
on stability of multi-span micropipe conveying fluid. In
this case, the supports 2 and 3 in Fig. 7 simultaneously
move from left and right sides to middle point, respec-
tively (0 < L, = L, < L/2). The critical velocities versus
dimensionless length of L;/L with different exponents n
(n =0, 1, 10) are plotted in Fig. 11. It can be seen from
Fig. 11 that when the dimensionless length of L,/L = 0
and parameter D /I = 100, the critical velocity for expo-
nent n = 0 is 3.142 = & (x is the exact critical velocity for
a pinned—pinned pipe conveying fluid). Actually, when the
length of L, = L, = 0 and exponent n = 0, the three-span
FGM micropipe degenerates to a single-span homogeneous
micropipe, and the parameter D /[ = 100 implies that the
critical velocity predicted by modified couple stress theory
has converged to the classical result. Therefore, the criti-
cal velocity 3.142 obtained by present method shows good
agreement with the exact solution (Paidoussis 2014). As
is observed in Fig. 11, when the dimensionless length of
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L,/L is about 0.33, there are maximum critical velocities.
This is reasonable because the three-span pipe has maxi-
mum stiffness when the supports are evenly distributed in
piping system. It also can be seen that the critical velocities
have sharp increases when the dimensionless length L,/L
changes from O to a small value. This implies that the stiff-
ness has a sharp increase when the intermediate supports
are mounted in the single-span pipe.

To investigate the number of support on stability of
multi-span FGM micropipes conveying fluid, the criti-
cal velocities against numbers of support are plotted in
Fig. 12. In this case, the supports are evenly distributed in
the piping system. Generally, with the increase in number
of supports, the critical velocities increase linearly when
the number is less than 10. It is also interesting to note
that the critical velocities have sharp increases when the
single-span micropipe changes to the two-span micropipe
conveying fluid, and the increments of critical velocity are
not obvious when the piping system changes from two-span
micropipe to three-span micropipe. In general, the interme-
diate supports can significantly increase the stiffness and
expand the stability region of micropipe conveying fluid.
These results may provide a reference to application and
design of multi-span pipe conveying fluid.

6 Conclusions

In this paper, the size-dependent free vibration and stability
of multi-span FGM micropipes conveying fluid are investi-
gated. Equations of motion are established by applying the
modified couple stress theory and the Hamilton’s principle.
Then, a hybrid method which combines the MRRM and

the wave propagation method is developed to determine the
natural frequencies. Some main conclusions obtained from
the results are presented as follows:

1. The results demonstrate that present hybrid method is
especially suitable for dynamic analysis of multi-pipes
conveying fluid with high accuracy by using only a
small number of elements.

2. The size effect is significant when the diameter of the
micropipe is comparable to the length scale parameter
and it makes the micropipe conveying fluid more sta-
ble.

3. Natural frequencies and critical velocities increase rap-
idly with the increase in exponent n when it is less than
10. And the distributions of natural frequencies also
can be adjusted easily by designing the exponent 7.

4. The intermediate supports could improve the stabil-
ity of pipe conveying fluid considerably, and it also
enriches the dynamic behavior of pipe conveying fluid,
specifically by revealing that the coupled-mode flutter
occurs in second and third modes directly, which has
not been observed in single-span pipe conveying fluid.
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