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1 Introduction

Microfluidics has important applications in counting and 
sorting of biological cells (Rodriguez-Trujillo et al. 2007; 
Jung et al. 2015), microflow cytometry (Golden et al. 
2012), cell patterning (Takayama et al. 1999) and biosen-
sors (Justin et al. 2012), which require focusing and separa-
tion of objects in microchannels. In microfluidic systems, 
since the volume of analyte samples is of the order of few 
microliters, channels of smaller length scales are preferred. 
Also, investigations of individual biological objects inside 
microchannels require flow passages of comparable size. 
However, devices of such smaller channel size are difficult 
to operate due to clogging (Jung et al. 2015). Thus, most of 
the microfluidic devices use microchannels of larger than 
the object size and employ flow focusing for alignment and 
spacing control of objects before the sorting, analysis or 
detection modules (Sajeesh et al. 2015).

Dielectrophoresis (Holmes et al. 2006; Yan et al. 2014), 
acoustophoresis (Chen et al. 2014), magnetophoresis (Zeng 
et al. 2013) and optophoresis (Kim and Ligler 2010) are 
some of the active methods used for flow focusing in micro-
fluidics. The main advantage of these methods is that no 
sheath fluid is required to achieve the flow focusing (Kim 
and Ligler 2010). However, the use of external fields may 
affect the biological samples (Jung et al. 2015). Secondly, 
most of such active techniques provide two-dimensional 
(2D) focusing only. Additionally, the force applied due to 
the external field is proportional to particle size, and hence, 
focusing depends on the particle size (Kim and Ligler 
2010). Also, most of the available designs give only 2D 
focusing. On the other hand, the passive or hydrodynamic 
focusing techniques are simple and noninvasive techniques 
that are independent of particle size. Mixing of fluids in a 
microchannel is very slow (Stone et al. 2004), and thus, 
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two fluids flowing in laminar regime continue to flow side 
by side without getting mixed (Golden et al. 2012). This 
property has been extensively used in last two decades to 
focus or pinch objects present in a sample in a microchan-
nel (Jung et al. 2015). In hydrodynamic focusing, sample 
fluid is constrained in a channel using a sheath flow and 
the width of focused sample is generally controlled by the 
relative flow rates. Flow focusing can be of single phase or 
multiphase; however, the sample-to-sheath viscosity ratio λ 
should be limited to 12 % to prevent the Rayleigh–Plateau 
instability (Selvam et al. 2007).

In 2D hydrodynamic focusing in a typical rectangular 
microchannel, sample fluid is focused by sheath fluid only in 
one direction (from two sides out of four sides of the micro-
channel). 2D focusing is simple to achieve, but it does not 
focus the sample in the other direction and the sample is not 
completely isolated from the channel walls, which leads to 
measurement difficulties. In the case of protein samples, the 
proteins tend to stick to the wall (Sundararajan et al. 2004), 
which leads to error in measurement. Similarly, in flow 
cytometry, 2D focusing does not ensure single-file objects 
through the optical detection zone as multiple objects can 
cross the optical window at the same time. Three-dimen-
sional (3D) focusing is required to take care of such difficul-
ties. Conventionally, 3D focusing is achieved by focusing a 
sample flowing through a nozzle by a sheath fluid through a 
concentric outer cylindrical channel. Thus, sample is focused 
surrounded by a sheath from all directions. However, it is 
difficult to fabricate such a structure using planar fabrica-
tion techniques; thus, piecewise approximation of such tech-
niques should be used for 3D focusing (Sundararajan et al. 
2004).

The first theoretical model for 2D flow focusing (Stiles 
et al. 2005) considered an analogous resistance network 
of the channel to predict the width of the focused stream 
at various sheath-to-sample flow rate ratios. The model 
assumes the Hele-Shaw limit of a microchannel (i.e., very 
high aspect ratio or flow is infinite in the lateral direction). 
In practical applications, aspect ratio of microchannels may 
not be very high and the predictions using Hele-Shaw limit 
are inaccurate. Lee et al. (2006) reported theoretical mod-
els for symmetric and asymmetric 2D hydrodynamic flow 
focusing for any aspect ratio. However, the model assumed 
the viscosity of the sample and sheath fluid to be the same, 
which may not be the case in practical applications. A com-
prehensive analytical model and the validation of the model 
with experiments in two-dimensional flow focusing have 
been addressed in the literature (Tripathi et al. 2014). 3D 
flow focusing has been extensively studied using experi-
ments (Sundararajan et al. 2004; Daniele et al. 2014) and 
simulations (Chang et al. 2007). However, development of 
a theoretical model for predicting focused stream width in 
3D focusing has not received much attention.

In microfluidics, the two most common detection mecha-
nisms are: (a) electrical detection based on the change in 
impedance, when the objects pass through a pair of copla-
nar electrodes (Rodriguez-Trujillo et al. 2007), and (b) opti-
cal detection based on the scattering or fluorescence signals, 
when objects pass through a detection region (Frankowski 
et al. 2015). The axial interdistance between the objects in 
a focused sample stream is an important parameter, which 
could affect the measurements. In electrical or optical detec-
tion, if the interdistance between a pair of adjacent objects 
is smaller than the spacing between the electrodes or width 
of the optical window, it leads to measurement errors. Both 
electrical and optical detection techniques require finite 
response time to differentiate between the different objects 
that pass through detection region. The response time of the 
system puts a limit on the maximum flow rate, which can be 
used in the system. On the other hand, a smaller flow rate 
leads to a lower throughput of the system. At a fixed flow 
rate, use of a highly concentrated sample would increase the 
throughput, but the control of the interdistance between any 
pair of objects needs to be controlled such that the interdis-
tance is more than the size of the detection window.

In flow cytometry, objects that pass through an optical 
detection window need to be focused single file and suf-
ficiently spaced out to ensure measurement accuracy. 
Here, both the focused sample width and the interdistance 
between the objects in a focused sample stream in 2D and 
3D flow focusing are studied theoretically, numerically 
and further validated with experiments. First, we present 
theoretical models for 2D and 3D hydrodynamic focusing 
of sample, which predicts the width of a focused sample 
stream in a rectangular channel of different aspect ratios 
α, sheath-to-sample flow rate ratio f and viscosity ratios 
λ. Next, we report another model for the prediction of the 
spacing between a pair of adjacent objects in 2D and 3D 
focusing at an optical window. In addition, the VOF model 
in FLUENT was employed to study the focused sample 
width in both 2D and 3D flow focusing devices at differ-
ent operating conditions. We have performed experiments 
and validated the model in terms of the width of the sam-
ple stream in 2D and 3D flow focusing and spacing control 
between the objects in the focused sample stream. Results 
of the experiments, analytical model and simulations are 
compared and discussed.

2  Analytical model

2.1  2D hydrodynamic focusing

In this section, we derive an analytical model to predict the 
non-dimensional width of the focused sample stream b as 
a function of sheath-to-sample flow rate ratio f, viscosity 
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ratio λ and the channel aspect ratio α for a 2D hydrody-
namic focusing device. Consider that sample and sheath 
fluids are infused at flow rates q and Q, respectively, into a 
straight microchannel of width w and height h (aspect ratio 
α = w/h) and length L. Due to the surrounding sheath fluid, 
the central sample stream is focused to a narrow stream of 
width a, which remains constant downstream, as depicted 
in Fig. 1a.

We consider uniform, steady, isothermal and incom-
pressible flow of Newtonian fluids (i.e., sample and sheath 
fluids) and assume the pressure gradient along y and z 
directions to be zero and the body force is negligible. Also, 
it is assumed that the interface between the sample and 
sheath fluids is flat at y = a

2
, so that the Young–Laplace 

pressure drop at the interface vanishes. Under such assump-
tions, the Navier–Stokes equation which describes the flow 
of the sample and sheath fluids is reduced to a form given 
as follows:

where u is velocity of fluid, and μ is dynamic viscos-
ity of the fluid. By using the following dimensionless 
parameters û = u/u0, x̂ = x/L, ŷ = y/w, and ẑ = z/h, and 
P = h2

u0µL
∂p
∂ x̂

 , Eq. 1 can be written in non-dimensional form 
as follows:

where α is the channel aspect ratio. Let μ be the viscos-
ity of sample fluid and that η be the viscosity of the sheath 
fluid. Thus, the Navier–Stokes equations for the sample 
(region I in Fig. 1a) and sheath fluids (region II in Fig. 1a) 
can be expressed as follows:

(1)µ

(

∂2u

∂y2
+

∂2u

∂z2

)

=
∂p

∂x

(2)α2 ∂
2û

∂ ŷ2
+

∂2û

∂ ẑ2
=

h2

u0µL

∂p

∂ x̂

where û1 and û2 are the flow velocities in the regions I and 
II, respectively, and λ = η/μ is the sheath-to-sample vis-
cosity ratio. Equation 3 can be solved to obtain the non-
dimensional velocity profile in the sample (region I) as

Similarly, Eq. 4 can be solved to obtain the non-dimen-
sional velocity profile in the sheath (region II) as

The constants A, B, C and D in Eqs. 5 and 6 can be 
obtained by using the following boundary conditions: (a) 
no-slip boundary condition at the wall and the interface, 
(b) velocity profile is symmetric, and thus, gradient is zero, 

i.e., ∂ û1
∂ ŷ

= 0 at the center of the channel, i.e., at ŷ = 0, (c) 

shear stress is continuous, i.e., µ∂ û1
∂ ŷ

= η ∂ û2
∂ ŷ

, and velocity 

is continuous, i.e., û1
(

b
2
, z
)

= û2

(

b
2
, z
)

 at the flat inter-

face between the two fluids, i.e., at ŷ = b
2
, where b is the 
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Fig. 1  Schematic diagram of a 2D flow focusing device, b 3D flow focusing device
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non-dimensional width of the focused sample stream (i.e., 
a non-dimensionalized with width of the channel w), and 
(d) velocity of fluid is zero, i.e., û2(y = 1/2, z) = 0 at wall 
fluid interface, i.e., at ŷ = 1/2. Use of these boundary con-
ditions in Eqs. 5 and 6 provides following Eqs. 7–10, which 
are solved to obtain the unknowns A, B, C and D.

and

Now, the sample and sheath flow rates can be determined 
by integrating the velocity profile across the flow cross sec-
tions in the respective regions as Q =

�
u(y, z)dydz. Upon 

integration, the flow rates of the sample (in region I) and 
sheath (in region II) are expressed as

where

Finally, sheath-to-sample flow rate ratio f can be 
expressed as f = Q/q. As observed, sheath-to sample flow 
rate ratio f is a function of aspect ratio α, focused sample 
width b and viscosity ratio λ. For a fixed flow rate ratio f, 
aspect ratio α and viscosity ratio λ, Eqs. 11–14 are solved 
using MATLAB to evaluate the non-dimensional width b of 
the focused sample stream or vice versa.

(7)B = 0,

(8)

βA× sinh
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(2n− 1)πb

2α

)

= C × sinh

(
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2α

)
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α
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sinh
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2.2  3D hydrodynamic focusing

Here, we derive an analytical model to predict the non-
dimensional width of the focused sample stream b as a 
function of sheath-to-sample flow rate ratio f, viscosity 
ratio λ and the channel aspect ratio α in a 3D hydrody-
namic focusing device. A schematic of the 3D flow focus-
ing arrangement is shown in Fig. 1b. The sheath fluids 
are infused into the channel in both horizontal and verti-
cal directions for focusing of the sample stream. Let the 
sample and sheath fluids are infused at a flow rate of q 
and Q, respectively, into the microchannel device. Vari-
ous works (Kim et al. 2009; Sen and Bhardwaj 2012; 
Nawaz et al. 2014; Testa et al. 2015; and Zhuang et al. 
2008) based on different focusing principles reported 
that, when a sample is focused using 3D hydrodynamic 
focusing, the cross section of the focused sample stream 
at steady-state condition is nearly elliptical or circu-
lar depending on the aspect ratio of the channel and the 
sheath-to-sample flow rate ratio. At an aspect ratio of 1 
(α = w

h
), and flow rate ratio of f = 1, the cross section of 

the focused sample stream was found to be circular. It is 
observed from our 3D numerical simulations reported in 
the manuscript at Sect. 5.2 that the cross section of the 
focussed stream is nearly circular in shape. However, as 
the aspect ratio of the channel increases or the flow rate 
ratio increases, the cross section of the focused stream is 
less circular and more elliptical in shape, similar to that 
reported in the literature (Kim et al. 2009). The analyti-
cal model for 3D hydrodynamic focusing was derived by 
considering the focused sample stream to be cylindrical in 
shape. Development of a model by considering a focused 
stream as elliptical in cross section inside a rectangu-
lar channel is extremely challenging, and a closed form 
expression could not be reached. So we proceeded with 
cylindrical coordinates system. Let a be the hydraulic 
radius of focused stream, while Rh be the hydraulic radius 
of the microchannel. Assuming the fluid to be Newtonian, 
uniform, steady, isothermal and incompressible and con-
sidering the pressure gradient along θ and z directions to 
be zero and negligible body force, the velocity profile in 
cylindrical coordinates is expressed as follows:

The above equation is written for the sample (region I) 
and sheath (region II) as

(15)U = −
�p

µL

r2

4
+ c1 ln(r)+ c2

(16)U1 = −
�p

µL

r2

4
+ c1 ln(r)+ c2

(17)U2 = −
�p

ηL

r2

4
+ c3 ln(r)+ c4
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where μ and η are the viscosities of the sample (region 
I) and sheath (region II) fluids, respectively, where r is 
the distance from the center of channel and c1, c2, c3 and 
c4 are constants, which are determined using the follow-
ing boundary conditions: (a) no-slip boundary condition 
at the wall and the interface (b) velocity is symmetric, 
and thus, gradient is zero, i.e., ∂u1

∂r
= 0, at the center of the 

channel, i.e., at r = 0, (c) shear stress is continuous, i.e., 
µ∂u1

∂r
= η ∂u2

∂r
, and velocity is continuous, i.e., u1(a) = u2(a) 

at interface between the two fluids, i.e., at r = a, (d) veloc-
ity of fluid is zero, i.e., u2(Rh) = 0 at wall fluid interface, 
i.e., at r = Rh. Using these boundary conditions in Eqs. 16 
and 17, the velocity profiles are obtained as follows:

Now, the sample and sheath flow rates are determined 
by integrating the velocity profile across the flow cross sec-
tions in the respective regions as Q =

�
u(r)rdrdθ. Upon 

integration, the flow rates of the sample (in region I) and 
sheath (in region II) are expressed as

Finally, the sheath-to-sample flow rate ratio f can be 
expressed as f = Q

q
, if we substitute for Q and q from 

Eqs. 20 and 21, respectively, and rearranging the terms, we 
get

where λ is the viscosity ratio of the sheath-to-sample fluid, 
b is the normalized width of the focused sample stream, 
i.e., the ratio of hydraulic radius of the focused stream a 
to the hydraulic radius of the channel Rh. As observed, the 
sheath-to sample flow rate ratio f is a function of aspect 
ratio α, non-dimensional focused sample width b and vis-
cosity ratio λ. For a fixed flow rate ratio f, aspect ratio α 
and viscosity ratio λ, Eq. 22 is solved to evaluate the non-
dimensional width of focused stream b.

2.3  Interdistance of focused objects

Next, we present a theoretical model to predict the spacing 
between the objects in a sample fluid before the flow focus-
ing region (i.e., region 1) and in the flow focusing region 

(18)U1 =
�p

4L

(

a2 − r2

µ
+

R2
h − a2

η

)

(19)U2 =
�p

4ηL

(

R2
h − r2

)

(20)q =
π�p

4L

(

a4

2µ
+

a2
(

R2
h − a2

)

η

)

(21)Q =
π�p

8ηL

(

R4
− a2

(

2R2
h − a2

))

(22)b4(f × �− 2f − 1)+ 2b2(f + 1)− 1 = 0

prior to the optical window (i.e., region 2). A schematic 
of the relative position of two objects in regions 1 and 2 is 
depicted in Fig. 2. The interdistance g1 between a pair of 
adjacent objects in the region 1 depends on the sample con-
centration C. The width of the optical window lopt depends 
on the size of the focused beam crossing the microchan-
nel in flow cytometry. In case of samples containing objects 
at high concentrations (e.g., blood sample or concentrated 
cell sample), the interdistance between a pair of adjacent 
objects passing through the optical window g2 should be 
greater than the width of the optical window lopt to ena-
ble detection of individual objects and avoid error due to 
multiple objects crossing the optical window simultane-
ously. Here, we present a theoretical model which predicts 
the interdistance between a pair of adjacent objects in the 
focused region, for a sample of a given concentration and 
flow rate ratio. Recently, we reported a theoretical model 
(Sajeesh et al. 2015), which can be used for the prediction 
of interdistance between a pair objects present in a sample 
focused using a secondary fluid as:

where φ is the mobility of object, which is defined as the 
ratio of velocity of object to the superficial velocity of 
fluid inside the microchannel. The subscripts f and b refer 
to the front and back object in a pair of adjacent objects, 
and similarly, subscripts 1 and 2 refer to the regions 1 and 
2, respectively. In our earlier work (Sajeesh et al. 2015), 
it was assumed that the size of the objects is comparable 
to that of the channel size so the mobility of the objects 
in region 1 was found to be a function of object size only. 
However, in practical flow cytometry applications, the 
size of the objects is much smaller than the channel size 
to avoid clogging. Thus, the mobility of the objects con-
sidered here is a function of the object size as well as its 
position with respect to the channel centerline d*. The vari-
ation of the mobility of objects with its position from the 
channel centerline d (non-dimensionalized with respect to 

(23)
g2

g1
= 1+

φf 2

φb1
(1+ f )−

φf 1

φb1

q

Q

Q

d
w

g1 g2

φf1

φb1
φf2φb2

lopt

Fig. 2  Schematic of the separation distance between a pair of objects 
in the unfocused region g1 and focused region g2 of a 2D or 3D 
hydrodynamic focusing device; optical window is indicated using 
dotted lines
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channel width w) is discussed in Sect. 5.3. The variation 
of the interdistance between a pair of adjacent objects in 
region 1, i.e., g1 with the concentration of the objects C in 
a sample, is discussed in Sect. 5.3. In the limiting case, the 
interdistance between the objects in the focused region g2 
must be equal to length of optical window lopt; thus, the 
minimum flow rate ratio fmin at which device is to be oper-
ated is obtained as:

Thus, for a given sample concentration C or g1 and 
mobilities, the minimum flow rate ratio fmin required to 
avoid passing of multiple objects through the optical win-
dow simultaneously can be calculated. As concentra-
tion C increases, the throughput of the system increases, 
but g1 decreases, and thus, g2 decreases, which may lead 
to measurement errors if g2 < lopt. Similarly, if flow rate 
ratio f increases, separation distance between the objects 
g2 increases, but since superficial velocity of fluid also 
increases, the residence time of object in the optical win-
dow decreases. If the residence time of the object in the 
optical window is less than time constant of the optical 
system, it leads to measurement error. Thus, depending on 
the sample concentration C, the flow rate ratio f should be 
selected to provide simultaneous focusing and separation 
control to achieve high throughput and accurate measure-
ments. The above model can be used to predict the spac-
ing between the objects both in 2D and 3D hydrodynamic 
focusing of samples in a microchannel.

3  Numerical model

Numerical simulations are carried out using ANSYS Fluent 
Volume of Fluid (VOF) model to predict the width of the 
focused sample stream b in case of both 2D and 3D hydro-
dynamic focusing. The symmetric and axisymmetric nature 
of the model geometry, respectively, in case of 2D and 3D 
is used to reduce the computational efforts. The velocity 
boundary conditions are used at the inlets, and atmospheric 
pressure boundary condition is applied at the outlet. Grid 
independence studies are performed, and the required mini-
mum number of grids in 2D hydrodynamic simulations in a 
channel of aspect ratio α = 1 was found to be 6,78,542 and 
for the 3D hydrodynamic simulations in a channel of aspect 
ratio α = 1 was found to be 8,70,673. The pressure and 
momentum discretization scheme, pressure velocity cou-
pling and interface reconstruction scheme used in the simu-
lations are detailed elsewhere (Sajeesh et al. 2014). A fixed 
surface tension of 0.035 mN/m was taken into account 
between the sample and sheath. Numerical simulations are 

(24)fmin =

(

lopt

g1
+

φf 1

φb1
− 1

)

φb1

φf 2
− 1

obtained at various flow rate ratios f (1.0–6.0), aspect ratios 
α (0.4–1.4) and viscosity ratios λ (1.55–41.68) in both 2D 
and 3D flow focusing.

4  Experiments

4.1  Device fabrication

The microchannel devices used for the 2D and 3D flow 
focusing were fabricated using standard photolithography 
followed by soft lithography process. Photolithography was 
used to prepare a silicon master with a patterned layer of 
photoresist SU8 2075 (MicroChem Corp, Newton, USA). 
Then, soft lithography was used to mold the 2D and 3D 
flow focusing devices using polydimethylsiloxane (PDMS) 
as the substrate material. A detailed description of the pho-
tolithography and soft lithography procedure is provided 
elsewhere (Sajeesh et al. 2014). Schematic of the 2D and 
3D flow focusing devices is depicted in Fig. 3a, b, respec-
tively. The 2D flow focusing device comprises two layers: 
a PDMS layer that contains channels for the horizontal 
focusing, which is bonded with a glass layer as shown in 
Fig. 3c. The 3D flow focusing device comprises two PDMS 
layers: a top layer that contains a channel for horizontal 
focusing of the sample and an inlet hole for infusing the 
sheath fluid to vertically focus the sample from the top. The 
bottom layer contains one inlet for the sheath fluid to fur-
ther focus the sample from the bottom so that sample will 
be focused from all the four directions. 

4.2  Materials and methods

4.2.1  DI water and aqueous glycerol

DI water mixed with dye was taken as the sample fluid, and 
aqueous glycerol (Sigma-Aldrich, Bangalore, India) solu-
tion with 20, 40, 60 and 80 % wt/wt was used as the sheath 
fluid. The corresponding viscosity ratio (of the sheath to 
sample) is 1.55, 3.21, 8.52 and 41.68, respectively. Both the 
sample and sheath solutions were filtered using nylon 0.2-
µm filters (Axiva Sichem Biotech, Chennai, India) to avoid 
channel clogging. The properties of the sample and sheath 
fluids used in our experiments are reported in our earlier 
work (Sajeesh et al. 2014).

4.2.2  Microbeads

Polystyrene beads (Sigma-Aldrich, Bangalore, India) of 
10 μm diameter were suspended in aqueous glycerol of 
22 % wt/wt to avoid sedimentation. 0.5 % wt/wt of sur-
factant Tween 80 (Sigma-Aldrich, Bangalore, India) was 
added to the solution to prevent the aggregation of the 
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beads present in the solution. The number of beads Np in 
1.0 µL of original bead sample (from vendor) was calcu-
lated as follows:

where Wv % is latex concentration in original bead sample, 
ρp is the density of polystyrene, and D is the diameter of 
the beads. Using the available data, the number of beads 
Np was calculated to be 90,510 beads/µL. The original bead 
solution was diluted with the aqueous solution so that the 
concentrations C of beads in the sample fluid were 0.4739, 
0.9478, 2.3695, 3.7912 and 4.739 µL/mL.

4.3  Experimental setup

Syringe pumps were used for infusing the sample and 
sheath fluids into the microchannel. An inverted microscope 
(Axiovert A1, Carl Ziess GmbH, Germany) coupled with 
high-speed camera (SA3, Photron, USA) and florescent 
attachment (HBO illuminator, Carl Ziess GmbH, Germany) 
was used. The high-speed camera interfaced with the com-
puter through a software (Photron Fastcam Viewer, Pho-
tron, USA) was used to observe and capture the hydrody-
namic focusing. In 3D flow focusing, an additional syringe 
pump with a T-connector was used to infuse the sheath 
fluid for focusing in the vertical direction. The focused 
sample width b was captured using high-speed camera 
(1000 fps) at a fixed resolution (1024 × 1024 pixels) and 

(25)Np =
6× 1010(Wv %)

πρpD3

magnification (×10). The captured images of the focused 
sample stream were analyzed using Image J software (Ras-
band, W. S., ImageJ, USA). First of all, grayscale profiles 
of the images were created along a straight line across the 
channel, and the interface location was precisely identified 
by setting a threshold intensity value which is average of 
the maximum (sheath) and minimum intensities (sample). 
Further, the focused sample width b was measured using 
the options provided in the software by scaling the non-
dimensional widths of the sample stream and channel with 
that of the actual dimension of the channel. In our experi-
ments with beads, images were captured at 4000 fps in 
order to track the beads accurately.

5  Results and discussion

5.1  2D flow focusing

Volume fraction contours of the sample in 2D flow focus-
ing obtained from the numerical simulations are depicted 
in Fig. 4. The simulation and experimental images of 2D 
flow focusing for various flow rate ratios f are also depicted 
in Fig. 4. We have measured the width of the focused sam-
ple stream at least 10 times at each experimental condition, 
and the standard deviation of the data is reported as the 
error bar. The width of the sample stream a in numerical 
simulations is measured by considering the volume fraction 
ψ = 0.5 at the sample sheath interface. Non-dimensional 
focused stream width obtained from model and numerical 

Fig. 3  a Schematic of the 2D 
flow focusing device. b Sche-
matic of the 3D flow focusing 
device. c Image of a 2D flow 
focusing device. d Image of the 
3D flow focusing device
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simulations is compared with that obtained from experi-
ments, as shown in Fig. 5a. The non-dimensional focused 
width can be controlled by varying flow rate ratio f; how-
ever, flow rate ratio f can be varied between a maximum 
and minimum value to avoid cutoff of sample and sheath 
fluids, respectively (Knight et al. 1998). The theoretical and 
numerical values are found to be in good agreement with 
experimental data with maximum error of 12 %, as shown 
in Fig. 5a. The flow rate ratio f was varied from 1.0 to 6.0, 
and as a result, the corresponding non-dimensional stream 
width b was found to vary from 0.3636 to 0.1012, respec-
tively. The Reynolds number for the flow varied between 
2.48 and 8.93, respectively. In our experiments, the sample 
flow rate was kept constant, while the sheath flow rate was 
varied to obtain the various flow rate ratios f. The effect of 
total flow rate (i.e., sheath + sample flow rates) entering 
the microfluidic chip on width of focused flow was stud-
ied, as shown in Fig. 5b. From Fig. 5a, b, it is observed that 
focused width b reduces as the flow rate ratio f increases, 
but this change is significant at lower values of f. The rate 
of change of b decreases at higher values of f, and hence, 
the width of the focused stream b does not change much at 
higher values of f. This is also evident from Fig. 5b, where 

(a)

(b) (c) (d)

Sheath

Sample

Fig. 4  Simulation and experimental results for 2D flow focusing a 
f = 1.0, b f = 2.0, c f = 3.0 and d f = 4.0, DI water as sample fluid 
and 20 % glycerol as sheath fluid in a microchannel of aspect ratio 
α = 1

Fig. 5  a 2D flow focusing: 
variation of non-dimensional 
focused stream width b with 
flow rate ratio f: comparison of 
model, simulations and experi-
ments at aspect ratio α = 1 
and viscosity ratio λ = 3.21. b 
Variation of b with the total flow 
rate q + Q and various flow rate 
ratios f, at an aspect ratio α = 1 
and viscosity ratio λ = 3.21: 
comparison of model (solid 
lines) and experiments (symbols 
with error bars). c Variation of 
b with aspect ratio α at a flow 
rate ratio f = 1 and viscosity 
ratio λ = 3.21. d Variation of b 
with viscosity ratios at a flow 
rate ratio f = 1 and aspect ratio 
α = 1: comparison of model 
(solid lines) and numerical 
simulations (symbols)
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focused width b changes significantly at lower flow rate 
ratios f.

Numerical simulations are performed to study the effect 
of the aspect ratio α of the microchannel at a fixed flow 
rate ratio f = 1. Non-dimensional focused stream width b 
obtained from the numerical simulations at different channel 
aspect ratios α is compared with that obtained using analyti-
cal model in Fig. 5c. It is observed that width of the focused 
sample is independent of the aspect ratio α of the microchan-
nel in 2D flow focusing. The theoretical values are found to 
be in good agreement with the numerical data within 15 %. 
Further, numerical simulations are performed to study the 
effect of sheath-to-sample viscosity ratio on the focused 
stream width at f = 1 in a microchannel of aspect ratio 
α = 1. From Fig. 5d, it is observed that width of the sample 
stream is independent of the sheath-to-sample viscosity ratio.

5.2  3D flow focusing

Numerical simulations were performed to demonstrate 3D 
flow focusing. The isometric view of the volume fraction 
contours obtained from the numerical simulations is pre-
sented in Fig. 6a. As observed, the interface between the 
sample and sheath is smooth and does not have sharp corners 
to avoid infinite shear stress. From Fig. 6a, b, it is observed 
that at an aspect ratio α = 1,  for a flow rate ratio of f = 1, 
the cross section of core sample is nearly circular in shape. 
The flow rate ratio f can be adjusted to achieve the required 
sample stream width b. Sample stream width obtained from 
the numerical simulations and the experiments at different 
flow rate ratios is shown in Fig. 6b–d. With DI water as the 
sample fluid and 40 % glycerol as the sheath fluid, the lateral 

size of the focused sample stream predicted using the model 
presented in Sect. 2.2 and obtained from the numerical 
simulations is compared with the experimental data for 3D 
flow focusing, as shown in Fig. 7a. The results of the ana-
lytical model derived assuming cylindrical sample core are 
also compared with the experimental results. It is observed 
that, at a low flow rate ratio f = 1, in a rectangular channel 
of aspect ratio α = 1, width of the sample stream b obtained 
from theoretical model and experimental results matches 
within an error of <1 %. So the assumption of focused cylin-
drical sample core inside the rectangular channel, used in the 
3D flow focusing derivation, is valid. For aspect ratio α = 1, 
as the flow rate ratio increases to f = 3, error between the 
model and experimental result increases to 10 %. However, 
as the flow rate ratio increases further above f = 4, error 
progresses to 25 %. This error is attributed to the assump-
tion of focused cylindrical core sample used in the analyti-
cal model. Further, numerical simulations are performed to 
study the effect of viscosity ratio λ and aspect ratio α on the 
non-dimensional focused sample width b, and the results are 
compared with that obtained using the analytical model. It 
is observed that aspect ratio α of the channel has negligi-
ble effect on the focused sample width as shown in Fig. 9b. 
From Fig. 9c, it can be seen that non-dimensional width b 
reduces with the increase in sheath-to-sample viscosity ratio 
λ, and this change is significant at lower values of viscosity 
ratios λ. For instance, at a flow rate ratio f = 1, non-dimen-
sional focused width b reduces from 0.55 to 0.45 when vis-
cosity ratio λ increases from 1.54 to 8.52, but it reduces from 
0.45 to 0.34 as λ increases from 8.52 to 41.68. The numeri-
cal solution matches with theoretical solution with maximum 
error of 8 %.

(a)

(c)

(d)

Top view View at the 
outlet

(b)

Isometric view

Fig. 6  a Isometric view of phase fraction contour of a 3D flow 
focusing device obtained from numerical simulations, b comparison 
of focused stream width obtained from numerical simulations and 

experiments at flow rate ratios f = 1.0, c f = 2.0, d f = 3.0 in a micro-
channel of aspect ratio α = 1 and viscosity ratio λ = 3.21
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5.3  Characterization of separation distance

The separation distance of objects in the focused region g2 
is a function of separation distance in unfocused region g1, 
mobility of beads in unfocused and focused regions and 
flow rate ratio f. Mobility ϕ and normalized distance from 
the wall d∗ = d

w
 of a large number of beads were measured 

experimentally in unfocused and focused regions for dif-
ferent flow rate ratios f at a constant sample flow rate q. 
For large number of microbeads, mobility in unfocused 
region φ was plotted against normalized distance from the 
wall d*. Mobility of beads φ in the unfocused region can be 
correlated with the normalized distance from the wall d*as 
follows:

where the values of A, B and C were found to be 1.68, 0.22, 
and −1.95, respectively. The correlation was found by 
curve fitting of a large set of experimental data in MAT-
LAB with R2 value of 0.93 and 95 % confidence bound. 
From Fig. 8, it can be observed that the mobility profile is 
parabolic along the width of the channel, as expected. Sim-
ilarly, the mobility of large number of beads was also meas-
ured in the focused region. Since the beads are focused at 
the center of the channel, the mobility does not vary much 
and was found to be almost constant. The mobility in 
focused region is calculated to be 1.2 with standard devia-
tion of 0.082.

The probable distance between the objects g1 before 
reaching the focusing region for different concentrations 
of particle-laden flow C is studied experimentally. Differ-
ent concentrations of polystyrene beads C were prepared 
as explained in the experimental section. At each concen-
tration C, large number of beads in unfocused region was 
considered and the distance between the beads just before 

(26)ϕ = A+ Bd∗ + Cd∗2

entering the focused region was measured. The data for 
each concentration were fitted to a Gaussian curve with the 
R2 value of from 0.71 to 0.96, as shown in Fig. 8b. For each 
concentration C, the mean value from the Gaussian fit was 
considered to calculate the initial separation distance g1. 
Finally, in Fig. 8c, various values of separation distance g1 
are plotted against sample concentration C, as follows:

where the values of go, A and t were found to be 15.45, 
52.71 and 1.41, respectively. This correlation was found by 
curve fitting of a large set of experimental data in MAT-
LAB with R2 value of 0.99 and 95 % confidence bound. 
Figure 8b shows that the separation distance g1 decreases 
with the increase in the sample concentration C. Using 
Eq. 27 along with Eq. 23, separation distance between the 
beads in the focused region can be theoretically predicted 
for any given sample concentration C, which is plotted in 
Fig. 8d. Since the theoretical model for the spacing of the 
objects includes flow rate ratio of the sheath to sample f, 
mobility of the object φ in the unfocused and focused 
sample regions, this model can be used for both 2D and 
3D hydrodynamic focusing. The comparison between 
the model predictions and experimental data shows good 
match within 15 % as shown in Fig. 8d. For the same flow 
rate ratio f and uniform size of the particles in the sample, 
mobility of the objects remains fixed at different concentra-
tions, and thus, g2 is directly correlated with g1. However, 
the separation distance in unfocused region g1 depends 
on the concentration C of the sample. At low concentra-
tion range, as the concentration C increases, the separation 
distance between the particles g1 in the unfocused region 
decreases significantly. But at higher concentrations above 
4 μL/mL (concentration of solid particles in sample), 

(27)g1 = go + A exp
(

−C
/

t

)
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Fig. 7  a 3D flow focusing device: variation of non-dimensional 
focused width b with flow rate ratio f: comparison of model, simu-
lations and experiments at aspect ratio α = 1 and viscosity ratio 
λ = 3.21. b Variation of b with aspect ratio α at a flow rate ratio f = 1 

and viscosity ratio λ = 3.21: comparison of model and simulations. 
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the variation in spacing between the objects in the unfo-
cused region is negligible, as shown in Fig. 8c. This could 
be because of the shear-induced diffusion forces which 

prevent particles from getting closer any further at higher 
concentrations. Similar observations can be found in the lit-
erature (Torquato 1995).
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5.4  Mobility of objects in 2D and 3D flow focusing

Experiments were performed with fluorescence microbe-
ads to focus them at the center of the channel, as shown 
in Fig. 9. In 2D flow focusing, since the sample stream is 
not focused in the vertical directions, beads in the focused 
stream can move at different positions across the channel 
height. So the mobility (Sajeesh et al. 2014) of the beads 
which are moving closer to the center of the channel are 
higher as compared to that are moving closer to the wall. 
Thus, depending on the position of the beads across the 
channel height, their mobility will be different as observed 
from the different streak lengths (94 ± 33 μm) in Fig. 9b, 
c. The varying mobility of beads and multiple beads pass-
ing through a detection region would introduce measure-
ment error in flow cytometry as explained in Sect. 2.3 of 
the paper. Thus, 3D flow focusing is necessary to avoid 
such measurement error. In 3D flow focusing, the samples 
are focused from all the directions and beads in the sam-
ples will be focused close to the centerline of the channel. 
So mobility of the beads passing though the focused stream 
will be fixed which is observed from the equal streak length 
(107 ± 9 μm) of fluorescence beads in a 3D flow focused 
device as shown in Fig. 9d, e.

The fluorescence microbeads (of size 15 µm) were 
passed and efficiently focused at the center of the channel. 
Using a large set of experimental data, the mobility of beads 
is plotted against its normalized number of counts γ in case 
of both 2D and 3D flow focusing devices, as presented in 
Fig. 9f. In 2D focusing, particles are focused single file 
only in the horizontal (width) direction, but in the verti-
cal (height) direction, the particles are still unfocused. The 
unfocused particles in 2D focusing also get influenced by 
the inertial lift forces and tend to align some distance away 
from the centerline (typically 0.6–0.8 times channel dimen-
sion), which is indicated by mobility ~1.1 (note—mobility 
is maximum ~1.3 at the center). So the frequency–mobil-
ity curve need not be symmetric (as the particle focusing 
is not exactly half-way between the center and the top/bot-
tom walls). However, in 3D focusing, since the particles 
are focused both horizontally and vertically, these focused 
particles have only chance to get distributed over the lateral 
dimension (width) of the focused stream due to which the 
frequency–mobility curve is symmetric, as shown in Fig. 9f. 
The data are fitted to a Gaussian function to evaluate the 
variation of mobility across channel height. The R2 value 
for 2D Gaussian fit was 0.76, while for 3D Gaussian fit, it 
was 0.99. The width of the Gaussian curve was found to be 
0.23 and 0.049 for 2D and 3D flow focusing, respectively.

Since the Re of the flow in the focused stream is >1, 
there are two inertial lift forces viz. wall-induced lift force 
Fw (objects tend to migrate from wall toward the center) 

and shear-induced lift force Fs (objects tend to migrate from 
the center toward the channel wall) that act on the objects 
(Amini et al. 2014). The objects attain an equilibrium posi-
tion across the section of the channel depending upon the 
balance between the lift forces, and the net lift force FL act-
ing on an object is given as FL = CLG

2ρk4, where CL is the 
non-dimensional lift coefficient, G is the shear rate, ρ is the 
density of the sample, and k is the radius of the objects in 
the sample. The cross-stream migration distance Lm of the 
object due to the inertial flow focusing is given as (Zhou 
and Papautsky 2013),

where L is the length of the channel, u1 is the velocity of 
the sample, and Dh is the hydraulic diameter of the channel. 
For our channel dimensions and fluid properties, objects 
could only migrate 4 μm from the centerline of the channel 
even at the maximum flow rate Re ~ 9. However, the length 
of the channel required for achieving the equilibrium posi-
tion is estimated to be >5 cm (Di Carlo 2009; Amini et al. 
2014), which is much longer than the length of the chan-
nel used in the present device (i.e., 2 cm). So in the present 
scenario, the inertial migration has small effect on the lat-
eral migration of the objects, which will be mostly focused 
within the sample stream.

6  Conclusion

In this work, we reported analytical models for predict-
ing the non-dimensional width of sample stream b in 
both 2D and 3D flow focusing in terms of flow rate ratio 
f, aspect ratio α and viscosity ratio λ. In both 2D and 3D 
flow focusing, the width of the sample stream is found to 
decrease with the increase in the flow rate ratio. The width 
of the sample stream is independent of the aspect ratio of 
the channel and sheath-to-sample viscosity ratio at a fixed 
flow rate ratio. In 2D flow focusing, the focused stream 
width predicted using the analytical model and obtained 
from simulations was compared with that obtained from 
experiments, which showed good match within 12 %. The 
focused stream width was found to be independent of the 
individual flow rates of the sample or sheath stream and is 
solely a function of the flow rate ratio. 3D flow focusing 
was demonstrated using model, simulations and experi-
ments. In 3D flow focusing, width of the sample stream 
b obtained from theoretical model and experimental 
results matches within an error of <1 %. As the flow rate 
ratio increases further above f = 4, error in the focused 
stream width predicted from model and the experiments 

(28)Lm =
2ρLu1CLk

3

3πµD2
h
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progresses to 25 % which is attributed to the assumption 
of focused cylindrical core sample used in the analytical 
model. Further another theoretical model was derived to 
predict the interdistance between the particles in a sam-
ple in the unfocused region as a function of concentra-
tion and the distance between them in the focused sample 
at different flow rate ratios in 2D and 3D flow focusing. 
The interdistance in the focused region with sample con-
centration predicted using the model was compared with 
that obtained from experiments, and the match was found 
to be within 15 %. The comparison between these model 
predictions and experimental data shows good match 
within 15 %. In 2D flow focusing, since the sample stream 
is not focused in the vertical direction, the mobility of the 
focused beads was found to vary depending on their posi-
tion across the channel height, which clearly indicated the 
need for 3D focusing. The variation of the mobilities of 
beads across the channel height was evaluated by plot-
ting the frequency of occurrence with bead mobility. It 
was found that the spread of the bead mobility is signifi-
cantly smaller in 3D focusing, indicating that the beads 
are focused close to the channel centerline. The proposed 
method along with a dedicated confocal microscopy setup 
could give a complete picture of 3D hydrodynamic focus-
ing of objects at an optical window.
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