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1  Introduction

When a large pressure gradient �p is applied to a con-
fined fluid to set it in flow, viscous dissipation may lead to 
an increase in the bulk temperature of the fluid. Such an 
increase in the temperature results from the conversion of 
mechanical energy into heat. We consider here a fluid with 
a negligible thermal coefficient of volume expansion, flow-
ing in a laminar regime through a straight channel, with 
a density ρ and a specific heat capacity at constant pres-
sure Cp. In perfect adiabatic surroundings laminar flow, 
the expected temperature rise along the duct �Tadia obeys 
the relationship �P = ρCp�Tadia (Kawashima and Asako 
2012). For a fixed pressure drop, the smaller is ρCp, the 
more noticeable is thermal rise, which does not depend on 
the hydraulic diameter Dh of the duct. That effect is usually 
ignored at macroscale because the turbulent regime is eas-
ily reached resulting in an additional axial dispersion that 
reduces longitudinal heating.

Viscous heating may be crucial for rheological meas-
urements in a narrow slit flow under very high shear rates, 
because non-isothermal conditions along the flow should 
affect the values of intrinsic parameters of the fluids such 
as viscosity. Before the emergence of microtechnologies 
and microfluidics, Ybarra and Eckert (1980) have per-
formed calculations devoted to determine the local varia-
tions of the temperature field in the area where the shear 
rate reaches a maximum intensity. They have estimated the 
overall average increase in the fluid’s temperature. Their 
conclusion was that in a parallel plate geometry maintain-
ing walls at a constant temperature, a micro slit rheom-
eter (low Dh ) exhibits a global heat exchange coefficient 
(hS) whose effects are predominant over any bulk effects; 
using a slit as thin as possible is the solution to minimize 
unwanted viscous heating.
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The effects of viscous dissipation in microtubes and 
microchannels have been scrutinized with a lot of attention 
in the 2000s, when the validity of the laws of hydrodynam-
ics for microchannels was still not clearly stated. In order to 
explain some unexpected results relative to the relationship 
between the pressure drop and the flow rate, some authors 
have considered the possible influence of the temperature 
on the Poiseuille number Po via the strong dependence of 
the viscosity μ with the temperature (Xu et al. 2003; Koo 
and Kleinstreuer 2004; Morini 2005; Celata et  al. 2006). 
It was claimed that because of high shear rates, thermal 
rises were likely to occur in microtubes. Such an assump-
tion is somewhat questionable because it does not take into 
account the increase in the global thermal exchange coef-
ficient between the fluid and the walls of the microchannel, 
when Dh is reduced.

So, a fundamental question is to know whether the adi-
abatic model is still valid to estimate longitudinal heating 
induced by viscous dissipation in microchannels under 
ambient conditions. How may the thermal losses be con-
sidered as negligible? It is obvious that real microflows will 
obey an intermediate behaviour between a perfect adiaba-
tic condition and a total heat loss. The heat may be trans-
ported in the liquid and/or transferred through the substrate 
along the axial dimension and perpendicular to the walls 
(Moharana et al. 2012).

Judy et  al. (2002) have reported a maximum rise of 
6.2  ◦C at Re = 300 for isopropanol flowing through a 
fused square microchannel of length L = 0.114  m at 
Dh = 74.1 μm. Viscosity based on inlet temperature leads 
then to an anomalous dependence of Po with Re, when vis-
cosity based on average temperature leads to the expected 
constant value Po. It should be noticed that the operating 
condition Re = 300 corresponds here to a very strong pres-
sure drop �P ≈ 145  bars and that the recorded tempera-
ture rise approaches the expected value given by the adi-
abatic model. As an example, with water as the working 
fluid flowing consecutively to a pressure drop of 5 bars, 
the expected �Tadia is only around 0.4  °C. Other experi-
mental results have been presented by Celata et al. (2006). 
The experiments were performed in a vacuum environment 
to prevent from natural convection at the outer diameter of 
the tubes. Most of the data display a linear evolution of the 
temperature rise along the channel with Re that is charac-
teristic of an adiabatic model, although some data at low Re 
and low Dh deviate from that model.

Nowadays, the controversy about possible deviations 
of hydrodynamics laws for microchannels is over (Judy 
et al. 2002; Baviere et al. 2005; Hetsroni et al. 2005). Some 
authors working with microchannels at Dh < 50 μm did not 
need to adjust the value of the viscosity of the fluid to ver-
ify the Poiseuille number. In most of the operating condi-
tions, viscous heating is of a minor importance on the value 

of the friction coefficient in microflows. But thermal effects 
remain of importance for channel capillary microviscom-
eters (Kang and Yang 2013; Morhell and Pastoriza 2013) 
and for microheat exchangers (Rogiers and Baelmans 
2010).

In that problem, fluid velocity and temperature fields 
cannot develop simultaneously. The hydrodynamical 
entrance length has to be compared to the thermal entrance 
length, along which the Nusselt number is not constant 
(Lee and Garimella 2006; Guidice et al. 2007). It may also 
be possible that the total length of the channel should be 
below the hydrodynamical and thermal lengths. The role of 
the thermal entrance length on the thermal profile and on 
the Nusselt number Nu should theoretically be considered 
(Moharana et  al. 2012). The role of a thermally develop-
ing length has been demonstrated numerically by Koo and 
Kleinstreuer (2004), who have simulated the evolution of 
the temperature inside one of the microflows characterized 
by Judy et al. (2002). Other numerical computations exhibit 
a quasi-exponential evolution of the temperature along the 
direction of the flow (Koo and Kleinstreuer 2004; Lelea 
and Cioabla 2011; Xu et  al. 2003). However, these com-
putations cannot offer a versatile equation, able to estimate 
the order of magnitude of the thermal rise expected from a 
fixed geometry and under fixed flow conditions.

The objective of the paper is to identify a model able 
to predict viscous heating in microchannels with non-adi-
abatic conditions. Experiments have been performed with 
microchannels for a large range of hydraulic diameter 
(73 ≤ Dh ≤ 353 μm) and aspect ratio (0.05   ≤ χ ≤ 0.5). 
For this purpose, measurements of pressure drop are first 
taken to confirm a good control of hydrodynamic condi-
tions. Then, accurate measurements of temperature rise 
along the channels have been taken for isopropanol and 
ethanol from laminar flow regime up to the turbulent 
flow regime. The paper is organized as follows. Section 2 
describes the experimental set-up. Section 3.1 shows exper-
imental friction factors variations. Section 3.2 presents and 
discusses the results concerning viscous heating. Section 4 
summarizes the main conclusions.

2 � Experimental set‑up and measurements 
techniques

Experimental set-up is schematized in Fig.  1a. It is com-
posed of a tank under pressure [1] that contains a mem-
brane filled with liquid. The membrane is pressurized with 
gaseous nitrogen regulated from a high-pressure bottle [2]. 
The use of a membrane avoids any gas dissolution into the 
liquid during the pressurization. A filter [3] is placed after 
the tank to stop particles larger than 1 μm. The liquid com-
ing from the pressurized tank pass through capillary tubes 
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of 2 mm in inner diameter up to the channel that is fixed on 
4-mm-thick PVC plate thanks to a stainless steel assembly 
[4]. The use of a PVC plate under the channel is necessary 
to insulate the channel bottom from the steel assembly and 
to ensure that channel walls temperature is mainly con-
trolled by the liquid temperature impacting directly the sili-
con plate at the inlet. Sealing between the channel and cap-
illary tips is ensured using Viton o-rings that are the only 
parts in contact with the channel top. The channel sides 
are only in contact with the air. Thanks to a precision bal-
ance [5] (Kern GS410-3), the mass flow rate is deduced by 
measuring the amount of liquid flowed through the channel 
for a given duration. The uncertainty on the measurement 
of the amount of liquid is set to correspond to one drop 
of liquid ±50  mg. The uncertainty on the time of meas-
urement is estimated to be around ±0.5  s. A photograph 
of one of the channels under investigation is displayed in 
Fig. 1b. The channels are first etched in a silicon wafer of 
thickness e = 320 μm (8 mm × 5 cm) in a chemical KOH 
solution providing smooth walls. A Pyrex plate of thick-
ness e = 300 μm pierced at its extremities is then anodi-
cally bonded onto the silicon channel. Channels studied in 
this work are characterized by a trapezoidal cross section 
with a geometric apex angle around ψ = 54.7°. Channel’s 
height H, top Wt and bottom Wb widths are given in Table 1 
with hydraulic diameter Dh and aspect ratio defined as 

χ = H/[(Wb +Wt)/2]. The channel dimensions have been 
accurately measured using a stylus profiler (Veeco dek-
tak 6M). The uncertainty on measurements of Wb and Wt 
is estimated to be ±1 μm. The corresponding uncertainty 
associated with the hydraulic diameter Dh is estimated to 
be around ±3 μm. The channel length is fixed to L = 4 cm 
for all experiments. The channel width is around 770 μm, 
and the channel height varies between 39 and 285 μm so 
that the hydraulic diameter lies between 73 and 353 μm. 
The relative pressure is measured after the filter [3], just 
before the channel inlet using a highly precise pressure 
transmitter (Keller, PR33X) that ensures an uncertainty of 
±2000 Pa. The friction factor corresponding to regular (or 
linear) pressure drop is measured from Darcy equation

where �p is the pressure difference between channel inlet 
and outlet and Dh = 4 A/P is the hydraulic diameter based 
on channel trapezoidal cross section A and perimeter P. 
U = Qv/A = Qm/(ρA) is the surface average velocity. Two 
thermo-resistive microprobes (A Class PT100) of 0.5 mm 
in diameter are installed at the inlet and outlet of the chan-
nel thanks to T connexions. To measure accurately the plat-
inum resistance variation, the temperature measurement is 
taken with a 4-wire connection. The probes are calibrated 

(1)f =
Dh

L

�p

(1/2)ρU2

[2]

[1]

[3]
[4]

[5]

P

T1 T2

(a)

H

Wt

Wb

(b)

Fig. 1   a Experimental set-up and b silicon–Pyrex microchannel
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to ensure an uncertainty of ±0.025 K. During the experi-
ments, a monitoring of temperature measurement shows 
that a steady-state viscous heating is reached for a duration 
varying between 3 min for high flow rates until to 20 min 
for low flow rates. Density ρ, dynamic viscosity  μ, ther-
mal conductivity λ and heat capacity Cp are estimated 
using literature correlations. Since measured longitudi-
nal temperature increases are lower than ΔT = 1 °C, fluid 
properties are considered to be constant and are calculated 
using the average temperature of the fluid in the channel 
(T = [T1 + T2]/2). Table  2 presents fluid properties for 
T =  20  °C. The uncertainties associated with density and 
viscosity are, respectively, estimated as ±10  kg  m−3 and 
±0.0002 Pas. The corresponding uncertainty on Reynolds 
number is about ±10 % for high Re and ±20 % for low Re.

3 � Results and discussion

In the first section, experimental results on pressure drops 
in microchannels are presented in terms of friction factor 
and compared to correlations available in the literature for 
the case of a rectangular channel. In the second section, 
experimental results on viscous heating along the channel 
are presented and compared to a theoretical one in non-adi-
abatic conditions. In Fig. 2, error bars indicate the uncer-
tainty related to channel size, to liquid density, and to the 
measurements of pressure drop and mass flow rate. In this 
figure, only error bars larger than symbols are displayed. 
In Figs.  3 and 4, only experimental results with meas-
ured viscous heating larger than 0.09  °C are considered 
and error bars indicate uncertainty related to temperature 
measurements.

Fig. 2   Friction factor f (Eq. 1) 
versus modified Reynolds 
number Re′ for experiments 
with isopropanol; Exp. data: 
symbols; line indicates theory 
for laminar flow flam; dotted 
line indicate theory for turbulent 
flow fturb
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Table 1   Trapezoidal microchannels dimensions and dimensionless numbers for isopropanol experiments

No. H (μm) Wb (μm) Wt (μm) Dh (μm) χ (%) β (%) Re Gz Nu(χ) L/L∗ Nu(χ ,Gz) L/L∗

1 39 696 760 73 5.4 5.6 5–42 2.5–3.5 6.28 7.1–9.9 – –

2 49 678 755 92 6.8 7.2 – – – – – –

3 60 678 767 108 8.3 8.8 90–185 12–21 5.80 1.0–1.9 – –

4 83 641 762 145 11.8 12.9 81–456 18–70 5.26 0.3–1.12 6.5–8.0 0.5–1.4

5 99 639 779 169 14.0 15.5 143–783 25–134 4.97 0.15–0.78 6.5–9.1 0.27–1.02

6 112 598 760 186 16.5 18.7 103–772 50–164 4.66 0.11–0.36 7.0–9.4 0.22–0.55

7 121 589 763 198 17.9 20.5 385–1169 78–232 4.49 0.07–0.23 7.5–10.4 0.17–0.38

8 157 543 772 243 23.9 28.9 405–1767 107–452 3.89 0.03–0.15 7.7–12.6 0.11–0.28

9 219 450 763 304 36.2 48.7 640–2657 280–841 3.10 0.01–0.04 9.9–16.2 0.07–0.14

10 240 439 777 324 39.5 54.7 926–2773 316–937 2.97 0.01–0.03 10.2–15.7 0.07–0.13

11 285 367 772 353 50.0 77.7 1050–3294 405–1218 2.68 0.01–0.03 11.0–16.9 0.06–0.10
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3.1 � Friction factor

First, it has been checked that the length required to reach 
a fully developed velocity profile LH is much smaller than 
the channel length L for all experiments presented in this 
work (LH/L < 10%). The variation of the friction factor 
(Eq. 1) is presented in Fig. 2 versus the modified Reynolds 
number Re′ = Re/k1 introduced by Jones (1976) where 
Re = ρUDh/µ and k1 is calculated here using the relation 
proposed by Guyer (1989)

The introduction of the Reynolds number Re′ enables here 
to take into account the effect of the aspect ratio varia-
tion χ on the friction factor f. As expected, in laminar flow 
region, the friction factor decreases with Reynolds number 

(2)
k1 = 1− 1.3553χ + 1.9467χ2 − 1.7012χ3 + 0.9564χ4 − 0.2537χ5

up to the transition regime to turbulent flow. As reported in 
Fig. 2, experimental measurements are found to be in good 
agreement with the theory for laminar flow flam = 96/Re′ 
and for turbulent flow fturb = 0.3164/(Re′/1.5)1/4 in rec-
tangular cross-sectional channel (see Jones (1976) and 
Idel’cik (1986)). Note that Poiseuille number in laminar 
flow is as expected Po = fRe′/4 = 24. For laminar flow 
experiments, average relative difference between measure-
ments and theory is only of 7  %. Note that this result is 
consistent with several previous works (Judy et  al. 2002; 
Baviere et al. 2005; Hetsroni et al. 2005) that have shown 
that regular pressure drop correlations conventionally used 
for macrosize channels are still valid for microchannels. 
The very good matching between friction factor predictions 
and measurements indicates therefore that experiments 
are performed in validated hydrodynamic conditions with 
a fully developed velocity profile. As expected, the end of 

Fig. 3   (Colour online) Viscous 
heating versus Reynolds num-
ber Re with isopropanol; Exp. 
data: symbols; line indicates 
theory with heat loss at channel 
wall (Eq. 5) where Nusselt is 
estimated from Eq. 6 valid for 
fully developed temperature 
profile; dotted line indicates 
theory with heat loss (Eq. 5) 
where Nusselt is estimated 
from Eq. 8 valid for developing 
temperature profile
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Fig. 4   (Colour online) Viscous 
heating versus Reynolds 
number Re with ethanol; Exp. 
data: symbols; theory with heat 
loss (Eq. 5) where Nusselt is 
estimated from Eq. 6
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laminar regime and the beginning of turbulent regime are 
found to correspond roughly to Re ≈ 1000− 2000 and 
Re′ ≈ 1300.

3.2 � Viscous heating along the channel

Considering a steady-state fully developed flow, viscous 
heating along the channel can be described solving energy 
conservation equation in one dimension as follows

The A term stands for the axial convection transport of 
energy. B is the sum of the laminar (λ) and turbulent (λT) 
axial energy transport by diffusion. λT corresponds here 
to turbulent conductivity induced by turbulent axial flux. 
C is the source term induced by viscous heating, and D is 
the sink term due to heat losses through channel walls. φ 
is heat flux per surface unit due to heat losses at channel 
wall. S = Slat/Vliq = 4/Dh is the heat exchange surface 
per liquid volume unit corresponding to lateral channel 
walls. In Eq.  3, each variable is surface averaged on the 
channel cross section and the x-axis is the channel axis. 
For laminar flow, which is usually found in microfluid-
ics, the turbulent transport does not occur and λT =  0. In 
addition, using dimensional analysis, one can easily show 
that axial transport of heat by diffusion (B term with λ) 
can be neglected compared to other terms for large axial 
Peclet number PeL = UL/α ≫ 100 where α = �/(ρCp) 
is the thermal diffusivity. Peclet number based on channel 
length compared characteristic time of heat transport by 
diffusion (L2/α) to characteristic time of heat transport by 
convection (L/U) along the channel. In the present experi-
ments with isopropanol, the Prandtl number stays around 
Pr = µ/(ρα) ≈ 45 and thermal Peclet number variation 
range is 8× 105 < PeL < 157× 105 so that term B (axial 
heat diffusion) in Eq. 3 can be neglected. For experiments 
with ethanol, term B can also be neglected in Eq. 3 since 
we have Pr ≈ 15 and 2× 105 < PeL < 120× 105.

For the case of adiabatic walls, only terms A and 
C are predominant and the solution of Eq.  3 is simply 
�Tadia = �P/(ρCp) (Morini 2005; Kawashima and Asako 
2012). This model is found to be in good agreement with 

(3)

ρCpU
∂T

∂x
︸ ︷︷ ︸

A−axial-convection

= (�+ �
T )

∂2T

∂x2
︸ ︷︷ ︸

B−axial diffusion

C−viscous heating
︷ ︸︸ ︷

−U
∂P

∂x
−Sφ
︸︷︷︸

D−heat losses

,

experiments of Celata et  al. (2006) where microchannels 
are placed in a chamber under vacuum. In the absence 
of heat flux at channel walls, the evolution of f with Re 
(Fig. 2) implies that viscous heating should be proportional 
to �T ∝ Re for laminar flow and to �T ∝ Re7/4 for turbu-
lent flow, for a given liquid and channel geometry. How-
ever, �T = �Tadia is only valid for channels with adi-
abatic walls, and we are aiming in this work to take into 
account heat losses through channel walls. We assume 
here that heat loss flux can be described by heat transfer 
with imposed temperature Tw at the channel walls so that 
φ = h(T − Tw) where h = Nu �/Dh is heat transfer coeffi-
cient based on Nusselt number Nu. In addition, because of 
the presence of a PVC-insulated plate under each channel, 
we assume that channel wall temperature is imposed by liq-
uid inlet temperature so that the conduction in Pyrex and 
silicon set the channel walls temperature to Tw = T1. As a 
result, Eq. 3 with B=0 can be written as follows

with ∂P/∂x = −�TadiaρCp/L < 0 the pressure gradient 
that is constant along the channels. Eq. 4 traduces the bal-
ance between the viscous heating in the liquid bulk, which 
does not depend on T, and the heat losses through the walls, 
which depends on T(x). The solution of this first-order dif-
ferential equation is then with �T(x) = T(x)− T1

where L∗ is a characteristic length related to the develop-
ment of heat transfer at walls along the channel. Equation 5 
exhibits the difference between the thermally fully devel-
oped flow and the thermally developing flow. The thermally 
developed flow condition L ≫ L∗ is usually satisfied for 
smallest Re values and/or for smallest hydraulic diameters 
Dh. With such a condition, the longitudinal thermal rise 
is �TL = �T(x = L) = �TadiaL∗/L ≪ �Tadia. This is 
because surface effects are predominant over bulk effects in 
microfluidics; the smaller the Dh is, the higher the surface 
exchange coefficient h× S is. That is consistent with the 
theoretical average temperature variations reported by Yba-
rra and Eckert (1980) for longitudinal viscous heating with 
a constant wall temperature. Considering the evolution of 
�Tadia and L/L∗ with Re, an evolution of �TL proportional 
to Re2 and Re11/4 is then expected for, respectively, laminar 
and turbulent flow when L ≫ L∗. Since the average Nusselt 

(4)ρCpU
∂T(x)

∂x
= −U

∂P

∂x
− Sh(T(x)− T1)

(5)�T(x) = �T
adia

L
∗

L

[

1− exp

(

−x

L∗

)]

with L
∗ =

RePrDh

4Nu

Table 2   Fluid properties for 
T = 20

◦
C from Yaws (1999) 

and aBrown and Ziegler (1979)

ρ (kg m−3) μ  (×10−3 Pa s) Cp (J kg−1 K−1) λ (W m−1 K−1) Pr

Isopropanol 787.5 2.288 2511a 0.14 47.0

Ethanol 791.9 1.162 2319 0.17 15.7
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number Nu for imposed wall temperature depends closely 
on channel aspect ratio and shape, the relation proposed 
by Renksizbulut and Niazmand (2006) for fully developed 
heat transfer in trapezoidal channels can be applied, for 
0.1 ≤ Re ≤ 1000

with the apex angle ψ = 54.7 in degree and the aspect ratio 
based on the bottom width β = H/Wb. The correction fac-
tor k2 takes into account axial conduction effects on heat 
transfer for the case PeL ≪ 1. For present experiments 
where β < 1 and Re > 10, we have k2  =  1 and Nusselt 
number depends only on channel geometry (ψ and β). This 
relation predicts a Nusselt number a little lower than the 
one corresponding to a rectangular cross-sectional chan-
nel of same aspect ratio χ. For example, for isopropanol, 
with channel N◦1(N◦11) Nusselt number with Eq. 6 is 4 % 
(20 %) lower than the one given for a rectangular channel 
(Shah and London 1971). For a fully developed tempera-
ture field, it is possible, from Eq.  6, to calculate Nusselt 
number and thus L/L∗ for laminar microflows and wall-
imposed temperature (see Table  1). The determination of 
the heat transfer coefficient h is performed from the Nusselt 
number. The corresponding values confirm that the choice 
of an imposed temperature as wall boundary condition is 
relevant since corresponding Biot number for the silicon 
substrate Bi = h(Vsilicon/Slat-silicon)/�silicon ≈ 0.02− 0.3 is 
very low so that strong temperature gradients inside it are 
unlikely. In addition, Biot number of the Pyrex cover plate 
is Bi = h(Vpyrex/Slat-pyrex)/�pyrex ≈ 40− 50 so that tem-
perature gradient inside it stays moderate.

The condition L ≪ L∗, corresponding to a thermally 
developing flow, is likely to occur for large values of the 
product RePrDh. A second-order Taylor series expansion of 
Eq. 5 for L/L∗ → 0 gives

with the Graetz number defined as 
Gz = RePr/(L/Dh) = 4NuL∗/L. Thermally developed 
flows correspond to small Gz numbers. For thermally 
developing flows (large Gz), Nusselt number varies along 
the channel and its mean value increases with Gz (Brown 
1960; Wibulswas 1966). In the literature, to our knowledge, 
no relation has been identified to predict entrance effect 
on Nusselt number for trapezoidal cross-sectional micro-
channels with a constant wall temperature. However, direct 
numerical simulations of wall-imposed temperature heat 
transfer in rectangular cross-sectional microchannel have 
been performed by Lee and Garimella (2006). Authors 
found that average Nusselt number for entrance region 

(6)

Nu(χ) =

[

2.87

(

90

ψ

)−0.26

+ 4.8 exp

(

−3.9β

(

90

ψ

)0.21
)]

k2

with k2 = 1+ 0.075(1+ β) exp(−0.45Re)

(7)�TL(L ≪ L∗) ≈ �Tadia(1− 2Nu/Gz)

(Eq. 13 in the paper) is well described using the following 
correlations for 0.1 ≤ χ ≤ 1 and Gz > 55

According to this relation, in agreement with previous 
works, Nu(χ ,Gz) approaches Nu(χ) for moderate Gz. For 
large Graetz number, Eq. 8 tends to a maximal finite value 
of Nu(χ ,Gz → ∞) = Nu(χ)+ k−1

4 ≈ 70. As shown by 
Eq.  7, large Gz numbers demonstrate that quasi-adiabatic 
conditions reign as long as the thermal field and thus heat 
transfer are not fully developed. Therefore, for low values 
of L/L∗ or low ratio Nu/Gz , similarly to adiabatic condi-
tions, an evolution of �TL proportional to Re (laminar flow) 
or Re7/4 (turbulent flow) is then expected.

In Table  1 are summarized the dimensionless numbers 
Re,Nu, L/L∗ and Gz, calculated with isopropanol as the 
working fluid under test. The ratio L/L∗ has been first cal-
culated by using Eq. 6. The dependance of Nu with Gz has 
then been taken into account for the channels exhibiting a 
ratio L/L∗ < 1.

The experimental data are reported in Fig.  3, where 
�TL/L is plotted as a function of Re. The data are com-
pared to the predicted temperature rises provided by 
Eq. 5 with Nu = Nu(χ) (solid lines) and Nu = Nu(χ ,Gz) 
(dashed lines), where �Tadia is estimated from the theoret-
ical pressure loss ( flam, fturb). The results recorded with H 
= 39 and 60 μm demonstrate for both channels that �TL 
increases as Re2. Such an evolution agrees with Eq. 5. The 
fact that �TL remains below �Tadia confirms that a ther-
mally developed flow is reached and that viscous heating is 
minimized by the enhancement of heat losses. The results 
recorded with the three channels obeying H ≥   219 μm 
demonstrate that �TL increases as Re7/4. That agrees with 
the extrapolation provided by Eq. 7 corresponding to tur-
bulent regime and poorly developed temperature profile 
(L/L∗ ≪ 1). Other experimental data corresponding to 
100 < Re < 1000 are also consistent with Eq. 5. In addi-
tion, taking into account the effect of Gz on Nusselt num-
ber improves predicted thermal rises for channels with 
heights 60 μm ≤ H ≤ 219 μm. For larger Dh correspond-
ing to low L/L∗, the dependence of Nu to Gz becomes 
negligible since when increasing Gz Nusselt number vari-
ations are minimized (Eq.  7). This behaviour is also due 
to the increase in Dh that induces a strong decrease in heat 
transfer coefficient hS = 4Nu �/D2

h ∝ D−2
h  so that in Eq. 3 

term D due to heat losses becomes negligible compared to 
term A and C (B =  0). As a consequence, since Nusselt 

(8)

Nu(χ ,Gz) = Nu(χ)+ (k3Gz
−0.64 + k4)

−1

with k3 = −2.757× 10
−3χ−3 + 3.274× 10

−2χ−2

− 7.464× 10
−5χ−1 + 4.476

k4 = 1.604× 10
−4χ−2 − 2.622× 10

−3χ−1

+ 2.568× 10
−2
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variation induced by Graetz number increase has a mar-
ginal effect, at first order, it can be concluded that the main 
parameters to estimate the viscous heating are the theoreti-
cal temperature rise in adiabatic conditions �Tadia and the 
length ratio L/L∗ = 4Nu/Gz.

To confirm the validity of this model, experiments with 
ethanol have been also conducted for 92 ≤ Dh ≤ 304 μm 
and 136 ≤ Re ≤ 5960. As for isopropanol (Fig.  2), it is 
found that friction factor obtained with ethanol obeys 
the theory. Thermal rises obtained with ethanol are com-
pared to Eq. 5 with Nu(χ) in Fig. 4. As shown in this fig-
ure, the same scale laws are found and the agreement with 
experiments is good. In addition, for practical applica-
tions, it is interesting to note that for channels with small 
height (Nu = 7.54, f = 96/Re) verifying L/L∗ > 4 (i.e. 
Nu/Gz > 1) under laminar flow, viscous heating should 
be simply �T = 1.6PrU2/Cp. The validity of that last 
expression may be checked with the experimental data: a 
temperature rise of ΔT =  0.1  °C for isopropanol flowing 
through the channel N°1(H =  39 μm) should correspond 
to Re ≈ 40, and for ethanol flowing through the channel 
N°2(H = 49 μm), it should correspond to Re ≈ 190. Those 
values are globally in agreement with experimental obser-
vations. Remaining discrepancies between measured vis-
cous heating and Eq 5 may be due to a coupling between 
viscous heating in the fluid and heat transfer by conduction 
inside the silicon–Pyrex blocks (Tw �= T1, Qu and Mudawar 
2002; Kosar 2010). Nevertheless, the model presented here 
explains the discrepancy with adiabatic theory and is able 
to give the order of magnitude of viscous heating with heat 
losses.

Relation 5 is now compared to the numerical simu-
lations performed by Koo and Kleinstreuer (2004) (see 
Fig. 3 in ref.). We consider a Dh = 74.1 μm square channel 
(Nu = 3) where L/D = 1543, with Re = 300. These condi-
tions correspond to �Tadia = 0.6, 6 and 1 °C for water, iso-
propanol and methanol as the working fluids respectively. 
For the same fluids, the thermal entrance length ratio are, 
respectively, L∗ = 11, 69 and 19 mm. The analytical results 
from Eq. 5 are, respectively, �TL = 0.6, 4.8 and 1 °C. The 
evolution �T(x) and the longitudinal temperature rise �TL 
are found to be in a good agreement with their computa-
tional curves and with longitudinal viscous heating meas-
ured by Judy et al. (2002) for isopropanol (ΔTL = 6.2 °C). 
The numerical calculations, based on the whole terms of 
the energy conservation (Eq. 3), are the only way to reach 
the exact thermal profile of the flow. However, our simple 
model, which enhances the physical role of the thermal 
entrance length, gives a comprehensive determination of 
the possible temperature rises of the microflow.

A final question of interest is the effect of turbulence 
on viscous heating. The presence of turbulence may first 

increase axial mixing resulting in lower inlet/outlet tem-
perature rise (�T �= 0 in Eq.  3). Secondly, the develop-
ment of mean temperature profile and heat flux at chan-
nel walls should also be modified by local turbulent 
transport so that Nusselt number may also be enhanced 
at the entrance region (Al-Arabi 1982; Narcy et  al. 
2014). For L/L∗ < 0.20, it is found that measured tem-
perature rises seem to reach a plateau corresponding to 
�TL/�Tadia ≈ 0.7− 0.8 for Re > 3000. Such a behaviour 
may be the result of the enhancement of heat axial trans-
port induced by the turbulence. In the present work, for 
thermally developing flows (low L/L∗), a reasonably good 
estimation of viscous heating is still given by Eq. 5 up to a 
Reynolds number of 5960.

4 � Conclusion

Viscous heating in straight microchannels at ambient tem-
perature has been investigated for the case of non-adiaba-
tic walls in well-controlled hydrodynamic conditions. The 
proposed model shows that the thermal length L∗ related 
to temperature profile development with heat losses along 
the channel appears to be very important for the predic-
tion of viscous heating in microchannels. In addition, for 
present experiments, this parameter is found to be pre-
ponderant compared to average Nusselt number increase 
due to heat transfer development along the channel. In 
the limit of L/L∗ = 4Nu/Gz → 0, the decrease in heat 
losses compared to viscous heating makes the model to 
tend to a temperature rise approaching the one expected 
in adiabatic conditions so that �TL ≈ �Tadia. For such 
length ratio, scale laws expected are �TL ∝ Re for lami-
nar flow and �TL ∝ Re7/4 for turbulent flow . In the limit 
of Nu/Gz > 1, the present model shows that viscous heat-
ing results from an equilibrium between heat produc-
tion in liquid bulk and heat losses through channel walls 
and tends to �TL ≈ �TadiaGz/(4Nu) < �Tadia. For 
such ratio, the increase in temperature along the chan-
nel is expected to be proportional to �TL ∝ Re2 for lami-
nar flow and �TL ∝ Re11/4 for turbulent flow. The scale 
laws of �TL(Nu/Gz > 1) ∝ Re2 in laminar regime and 
�TL(Nu/Gz → 0) ∝ Re7/4 in turbulent regime seem to be 
confirmed by present experimental results with isopropanol 
and ethanol. For intermediate value of Nu/Gz, the complete 
model has to be considered (Eq. 5). This model still gives a 
realistic approximation of viscous heating in microchannels 
for Reynolds number up to Re = 6000 and thermally devel-
oping flows. Further investigations are needed to identify 
the effect of turbulence on viscous heating in microchannels 
for large Reynolds number and thermally fully developed 
flows.
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