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Abstract Electrical charges originate at most solid sur-
faces in contact with aqueous electrolytes which result
in the formation of an electrical double layer. If an exter-
nal electric field is tangentially applied to the double layer,
an electroosmotic flow is induced which can be employed
for various applications such as microfluidic pumps. Here,
highly porous materials are especially suitable since they
generate significant flow rates along with high pump pres-
sures. The models which are currently used to describe the
electroosmotic flow through porous substrates are based
on the so-called parallel capillary flow model. In terms of
packed beds of granular materials, these models have the
disadvantages of oversimplifying the geometry to tortuous
capillaries while neglecting intra- and inter-pore connec-
tions, varying pore cross-sectional geometries as well as the
influence of the packed bed walls. In the current research,
we employ dimensional reasoning (Buckingham IT theorem)
to derive a phenomenological model which relates the elec-
troosmotic flow to the averaged parameters of the packed
bed as well as to the relevant physicochemical parameters.
A comprehensive set of experiments is carried out to infer a
semiempirical correlation which can be universally applied
to packed beds of arbitrary granular materials. Additionally,
we derive a dynamic model of the center-of-mass motion of
the fluidic parts of the experimental setup. The model allows
for an evaluation of the influence of Joule heating without
monitoring the temperature in the bed.
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1 Introduction

Electrokinetic phenomena arise from the interaction of an
external force with an electrical double layer (EDL), which
is formed when an electrically charged surface is in contact
with a liquid containing mobile charges such as ions. The
ions of opposite charge to that of the surface (counterions)
are attracted toward the surface, while ions of equal charge
(co-ions) are repelled. The EDL is defined as the domain in
which, due to the excess of counterions over co-ions, the
electrical neutrality of the liquid is violated. Different elec-
trokinetic phenomena can arise depending on the interac-
tion of the external force and the EDL. When we apply a
tangential electric field to the EDL, the counterions migrate
and drag the surrounding solvent molecules by viscous
interactions. This establishes a (bulk) flow which is termed
electroosmosis, electrokinetic flow or electroosmotic flow
(EOF). Comprehensive review on EDLs and various elec-
trokinetic phenomena is available in the literature as, e.g.,
in Refs. Delgado et al. (2007) and Hunter (1981).
Typically, electroosmotic (net) flow is only observed in
pores/channels with openings of less than around 1 mm
since the flow generating force occurs in the nano-scopic
EDL and the much larger volume of the bulk liquid is only
dragged. In other words, EOF is a microscale phenom-
enon and only observed when the surface-to-liquid volume
ratio is sufficiently large. Consequently, we can expect that
EOF is especially prominent if it takes place in porous sub-
strates. Indeed, electroosmosis was initially observed in
clay structures by Reuss (1809) more than 200 years ago.
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In the recent years, research on EOF has experienced
a renaissance since it can be employed in microfluidic
systems. Typical applications include the (single chan-
nel) transport of samples for analytical purposes (Barz
and Ehrhard 2005; Dong and Young-Ho 2007; Waters
et al. 1998), flow focussing (Jacobson and Ramsey 1997)
or to generate secondary flow patterns to improve mix-
ing (Barz et al. 2011; Bockelmann et al. 2012; Chang and
Yang 2007). Microfluidic pumps, which are based on EOF,
offer several advantages such as the absence of mechanical
parts, pulse-free flows and that the flow rate and direction
are conveniently controlled by the electrical field. Addition-
ally, these electroosmotic pumps (EOPs) can be fabricated
using standard microfabrication technologies, and thus,
they can be readily incorporated on microdevices. In this
regard, chip-integrated micropumps can simply consist
of single (Hu and Chao 2007) or arrays of open channels
(Glawdel et al. 2009; Lazar and Karger 2002; Pu and Liu
2004). Other electroosmotic pumps utilize bas-relief struc-
tures on the channel floors (Jahanshahi et al. 2012) or inte-
grate gas separators to remove electrolysis products (Heuck
and Staufer 2011). However, the more favorable design
incorporates porous structures with large surface-to-volume
ratios to generate high flow rates along with high pump
pressures. Such incorporated (on-chip) porous structures
usually comprise packed beds of micron-sized spherical
particles (Borowsky et al. 2008a, b). Review on EOPs for
microfluidic applications is available from Ref. Wang et al.
(2009).

The application of EOF is also beneficial for several
chromatography techniques where pressure losses in
the separation columns can be up to 600 bar, which has
demanding requirements for the design and the materials
of mechanical pumps. There are some fundamental differ-
ences where the EOF is produced though, depending on
the type of chromatography technique. Capillary electro-
chromatography, the EOP also acts as a separation column;
review on capillary electrochromatography is available in
Refs. Cikalo et al. (1998) and Simal-Gandara (2004). For
other methods, such as high-performance liquid chroma-
tography, the flow through the separation column is gen-
erated with an external EOP. Hence, a multitude of differ-
ent external EOP concepts can be found in the literature.
Generally, the active porous materials of external EOPs
can be classified into two different structures. On the one
hand, the EOP is designed as a (consolidated) packed bed
which has been realized using silica particles (Kang et al.
2007; Reichmuth et al. 2003; Shin et al. 2011; Zeng et al.
2001, 2002) or sintered borosilicate particles (Barz et al.
2009; Kim et al. 2008; Yao et al. 2003). Additionally, there
are further fabrication methods which produce packed bed-
like structures including monoliths made from silica (Wang
et al. 2006) or from monomers (Gu et al. 2012; Tripp et al.
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2004), as well as membranes from mixed cellulose ester
and nylon (Kwon et al. 2012). On the other hand, there are
pumping substrates which can be considered a large array
of more or less identical capillary pores. These structures
have been realized by membranes made from anodic alu-
minum oxide (Ai et al. 2010; Leese and Mattia 2014), glass
(Cao et al. 2012) and from (track-etch) polymeric materi-
als such as polycarbonate and polyethylene terephthalate
(Wang et al. 2012). Both kind of structures, the capillary-
and the packed bed-type, create large surface-to-volume
ratios. However, there are some fundamental differences.
According to Niven (2002), packed beds feature a much
more complex network of interconnected pore conduits,
consisting of both tetrahedral and octahedral pockets
between solid particles, joined by narrower pore necks. The
pore conduits themselves are of a complex cross-sectional
form, including three-pointed stars, four-pointed stars and a
variety of shapes in between (Niven 2002).

In order to describe the nature of flows through porous
structures, two main approaches are widely used. On the
one hand, it is possible to engage a deterministic approach
to model the flow on a microscopic level based on the gov-
erning equations of mass and momentum continuity. Deter-
ministic models give a detailed insight within the flow, but
their application still suffers from some considerable disad-
vantages. The detailed geometry of the porous substrate is
usually not known, and the costly numerical simulation is
limited to rather small domains. Hence, we do not consider
deterministic approaches in this work since they cannot
easily be used for engineering and design purposes.

On the other hand, phenomenological models based on
averaged (macroscopic) parameters are a useful semiem-
pirical approach to obtain design guidelines for techni-
cal systems. This approach does not intend to resolve the
flow field in detail but to correlate macroscopic parameters
such as flow rate and pressure drop to the properties of
the porous substrate. Some experiments are required, but
the resulting correlations are usually simple mathemati-
cal expressions; well known examples are Darcy’s Law,
(Carman) Blake-Kozeny and the Ergun equation (see any
text, e.g., Bird et al. 2007). The phenomenological models
for EOF in porous materials that can be found in the lit-
erature assume capillary-type structures. Mazur and Over-
beek (1951) modeled a porous diaphragm as an idealized
arrangement of a large number of parallel and identical
capillary pores. The same idealization has been adapted by
Vallano and Remco (2000) to packed beds of macro-porous
particles and by Yao and Santiago (2003) to porous glass
frits. A generalized volume-averaged model for pressure-
driven and electroosmotic flows based on the assumption
of an array of tortuous capillaries was proposed by Scales
and Tait (2006). The model is based upon a scaling of
the Navier—Stokes equations extended by Coulomb and
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Forchheimer forces. Analytical solutions which are derived
for several (simple) cases result in extensive expressions.
While such capillary-type models may be appropriate for
cellular materials, such as consolidated foams and mem-
branes, they have limited relevance for packed beds of
granular materials. That is, the models do not capture the
inter-pore connectivity and geometrical characteristics such
as strongly varying cross sections with concave rather than
convex boundaries.

Consequently, the motivation for this work is the lack of
a simple but sufficiently accurate model for EOF in packed
beds of granular materials. Hence, we continue this article
with a theory section where we examine the underlying
physics based on dimensional reasoning. Then, the experi-
mental methodology and materials used for this work are
discussed. Subsequently, we proceed with the presentation
of the results of defined experiments which are employed
to derive a phenomenological correlation of comparable
simplicity to Blake—Kozeny law. Finally, the article is sum-
marized with some concluding remarks.

2 Theory

In this section, EOF through packed beds of granular mate-
rial is analyzed based on dimensional reasoning. Addition-
ally, we derive a dynamic model for the center-of-mass
motion of the fluidic parts of the experimental setup. This
model is used to reveal the influence of different phenom-
ena such as Joule heating in our experiment.

2.1 Dimensional analysis of electroosmotic flow
through packed beds

In our previous work (Barz and Steen 2013), we developed
a model for the EOF in a porous frit based on dimensional
reasoning. Here we use in principle the same methodol-
ogy, but deviate in some important aspects which results in
an improved averaging of the microscale to obtain a more
accurate macroscale behavior.

Generally, Smoluchowski observed that the electroos-
motic velocity veor through a single pore scales linearly
with the electric field E which exerts a Coulomb force in
the EDL, the zeta potential ¢ of the substrate in contact with
the liquid, and the liquid’s dynamic viscosity u and permit-
tivity ¢ (Smoluchowski 1903); it is

—&¢ |
Veof X —E.
eo (1)

It can be assumed that the superficial EO velocity Veof
through a packed bed scales similarly and can be correlated
with the relevant independent quantities: zeta potential of
the bed particles, permittivity and viscosity of the liquid,

Debye length, electric field, effective hydraulic diameter
and the wetted surface area (per bed length) according to

Veot =f (5, €, 1, Ip, E, dn, SL), )

where f is a functional relationship to be derived by the
rules of dimensional analysis. The physicochemical lig-
uid parameters of viscosity and permittivity along with the
electric field do not require any further explanation. Other
relevant quantities can have multiple definitions, and we
discuss our assumptions in the following:

The zeta potential ¢ is an indirect measure of the electri-
cal charge of a surface in contact with a liquid. It is defined
as the electrical potential at the shear plane, which is a sub-
layer of the EDL. The zeta potential depends on various
factors such as the kind of substrate, the ion species and
concentration as well as the pH value of the liquid (Kirby
and Hasselbrink 2004). Usually, the magnitude of the zeta
potential is high for low ion content in the liquid, but there
is no general theory which allows for its prediction. Never-
theless, since the zeta potential is an important parameter
for many disciplines, various empirical correlations for dif-
ferent substrates can be found in the literature as, e.g., in
Refs. Barz et al. (2009), Falahati et al. (2014) and Kirby
and Hasselbrink (2004). In this work, we perform stream-
ing current experiments to obtain an empirical correlation
for the zeta potential of borosilicate as a function of the pH
value and the ionic strength of an aqueous NaCl electrolyte.
The ionic strength I captures the influence of the overall
ion content. It can be calculated from / = % > 72 ci where
z; and ¢; are the valency and the concentration of the ion
species i, respectively.

The Debye length Ip is the physicochemical property
which approximately describes the thickness of the EDL.
That is, it gives an estimation of how far the electrostatic
effect of the surface charges ranges into the liquid. Interest-
ingly, the Debye length depends only on the liquid param-
eters and is independent of the surface properties; it is

eR, Ty
Ip =4/ —=-, 3
D IR (3)

where Ry is the universal gas constant, g is the absolute
temperature and F is the Faraday constant. In terms of elec-
troosmosis, the Debye length indicates the thickness of the
volume where the Coulomb force induces electroosmosis.
Additionally, for cases where the Debye length is on the
same order as the pore diameter, the pore-scale electroos-
motic velocity (cf. Eq. 1) is a complex function of the ratio
of Debye length to pore diameter.

The effective hydraulic diameter dn can be interpreted
in terms of EOF as a measure for the liquid volume which
is pumped due to the EDL flow; further discussion is made
in conjunction with the specific surface area of the packed
bed below. In terms of pressure-driven flows, an ensemble
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of various non-circular pores can be replaced by an array
of uniform circular pores, with a certain effective hydraulic
diameter, which features the same pressure loss for a given
flow rate. The use of the hydraulic diameter concept for lam-
inar flows can introduce significant errors since the concept
stems from turbulent flows, where the pressure loss depends
primarily on the shear in the (wall) boundary layer and thus
scales with the wall surface area. For laminar flows, friction
also occurs within the bulk fluid and the concept of hydraulic
diameter is not recommended (Bird et al. 2007; Niven 2002).
However, since the EOF is generated in a wall boundary
layer as well, i.e., the EDL, the concept of hydraulic diam-
eter appears adequate for our purposes. The hydraulic diam-
eter is defined for straight pores as four times the ratio of the
cross-sectional area to the wetted perimeter dy, = 4A./P.
(see any text, e.g., Bird et al. 2007). In terms of packed beds
of granular materials, there is another problem related to this
definition since the varying cross sections result in a variable
hydraulic diameter along the flow direction. A more appro-
priate hydraulic diameter, or characteristic dimension of the
porous medium, is the ratio of four times the volume of voids
to their surface area (Bird et al. 2007). We choose the modi-
fied definition of Mehta and Hawley (1969) which accounts
for the influence of the (outer) packed bed wall on the flow
by introducing an additional M factor. This approach appears
suitable in our work since the packed bed wall can contrib-
ute to electroosmosis as well, and the M factor allows for an
assessment of the influence. Hence, the hydraulic diameter in
the current work is given as

2 Y dp

= - —  where M =
3A—-y)M

Ly
31— ) @

dn

Here,  is the porosity of the packed bed, d,, is the effec-
tive particle diameter, and dp, denotes the diameter of the
packed bed. If there is no influence of the packed bed wall,
the M factor goes toward one and the hydraulic diam-
eter is computed in the standard way. The M factor con-
tains the ratio dp/dpp which is also an important criterion
for the packing structure. A homogeneous packing struc-
ture is only achieved for dp/dy, < 0.1 (Dias et al. 2004);
i.e., the M factor has to be smaller than M g 1.1. Note
that the effective particle diameter is a function of particle
size and its distribution. We use binary mixtures of boro-
silicate microspheres to prepare packed beds of different
porosities. The effective particle diameter of a mixture of
particles, with a number fraction x; and mean diameter d;
for the particle species i, can be calculated according to

dy = /> xid?> where;x; = 1.
The wetted surface area Sy, is another important packed
bed parameter since it determines (along with Ip) the vol-

ume where the EOF is induced. Here, several considera-
tions from the knowledge of EOF in a single pore should
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be considered. For increasing size of channel cross sec-
tions, the surface-to-volume ratio decreases and all bound-
ary effects become less important. That is, the EOF in the
tiny EDL is not sufficient to drag the liquid bulk by viscous
forces if the hydraulic diameter of the pore is too large.
Typically, EOF is only observed in pores with diameters of
less than several hundred micrometers. Consequently, the
EOF only scales with the pore cross-sectional area up to
a certain degree. To increase the electroosmotic flow rate
effectively, rather more pores than larger pores are needed.
Additionally, the length of a (homogenous) pore does not
contribute to the flow rate but rather to the pressure which
can be generated. Hence, to account for the active area
where electroosmosis is generated, we consider the wetted
surface area of the packed bed normalized with bed length
as the relevant quantity. We use the specific surface area
Sy per unit volume of a packed bed, made from a spherical
particle mixture and according to the coordination number
theory (cf. Ouchiyama and Tanaka 1981), to arrive at

2 n 2
S — ndpr ) 62[:1xidi
L= — V—]Trpbin 3 -
Zi:lxidi

4

We proceed with our dimensional analysis by applying the
Buckingham IT theorem (cf. Buckingham 1914). The num-
ber of relevant physical quantities in Eq. (2) corresponds to
n =7, while the physical dimensions—mass, time, length
and charge—correspond to m = 4. The Buckingham TIT the-
orem gives k = (n+ 1) —m =4 preliminary dimension-
less groups I to develop a functional correlation between
the physical quantities. We rearrange the preliminary
dimensionless groups and choose

&)

Veof I3 Ip I, S
Sm=1IIl = , RW=—=—, PB=—F—=—
%E [y dp [y dy

(6)

to obtain three dimensionless groups which comprise the
physicochemical characteristics of the liquid as well as
microscopic and macroscopic packed bed parameters. In
detail, the first dimensionless group is the ratio of superfi-
cial packed bed to pore-scale electroosmotic velocity. This
group incorporates the physicochemical characteristics of
liquid and substrate and follows the general Smoluchowski
observation Eq. (1). Hence, we dedicate this dimensionless
group to Marian von Smoluchowski and name it the elec-
troosmotic Smoluchowski number Sm. The second group
reflects the microscopic structure by the ratio of Debye
length to the hydraulic diameter. It allows for two kinds of
interpretations, a viscous and an electrical one. On the one
hand, it indicates the ratio of the length scales of the lig-
uid domains which are “active” and “passive.” That is, the
EDL where electroosmosis is induced and the liquid bulk
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which is dragged by viscous interactions. For small ratios,
a plug flow profile can be assumed in the pore. However,
if the ratio is too small, the EDL flow is not sufficient to
drag the bulk liquid. On the other hand, there is an elec-
trical interpretation. For Ip/dy = 0.1, the overlap of the
EDL results in a diminished electroosmotic pore-scale
flow. The first paper on this effect in cylindrical capillar-
ies was published by Rice and Whitehead (1965). Thus, we
name this dimensionless group the Rice—Whitehead num-
ber RW. Finally, the third number correlates macroscopic
and microscopic packed bed parameters and can be best
explained by a simple example considering a capillary-type
structure. For a constant specific wetted surface area, the
electroosmotic flow increases with a decreasing hydraulic
diameter since this corresponds to a larger number of pores.
We name this dimensionless group the packed bed num-
ber PB from now on. Finally, the functional relationship
[Ty = ¢ (I1,, I3, I14) can be rewritten as

Sm = ®(RW, PB), (7

where the form of the function ® has to be determined by a
series of experiments.

2.2 Center-of-mass model of the fluidic experimental
setup

We utilize a capillary interface tracking method to measure
the EOF rate in the packed bed. To do so, a capillary tube
with a known diameter is connected to the packed bed and
the electroosmotic flow moves the air/liquid interface in the
capillary. This method was utilized by several researchers
including Refs. Kang et al. (2007) and Zeng et al. (2001)
who assumed that the capillary flow rate is equal to the
EOF rate. However, this approach neglects the fact that the
capillary flow can impact the EOF. Therefore, we develop a
center-of-mass model of the fluidic parts of the experimen-
tal setup to study its dynamic behavior. Another motivation
comes from Joule heating; a term which describes the heat
production related to the electrical current in the liquid.
Research on this effect has been generally performed for
single microchannels/capillaries. Here, axial and lateral
temperature profiles have been simulated which can have
a profound influence on most liquid properties such as den-
sity and viscosity (Tang et al. 2004; Xuan 2008). We real-
ize a considerable influence of Joule heating in some of our
experiments. In detail, we observe constant capillary flow
rates, even for longer times, instead of a decrease which is
expected due to the increasing counter-pressure induced by
the rising liquid column in the capillary. Since the measure-
ment of the temperature in our setup is difficult, we utilize
our model to extract important information on the influence
of Joule heating from the experimentally observed flow
rates.

Figure la illustrates the fluidic experimental setup which
is used to measure the EOF through the packed bed. The
setup consists of a liquid reservoir, packed bed, T-connec-
tion and an elbow connection which contains the capillary.
The electric field, induced by electrodes in the reservoir and
the T-junction, pumps the liquid from the reservoir into the
capillary. Figure 1b shows a corresponding principle sketch
where we simplify the setup to be one-dimensional in order
to track the translational center of mass of the liquid. That
is, we divide the setup into the single compartments: liquid
reservoir (rv), reservoir connection (rc), packed bed (pb),
T-connection (tc), elbow connection (ec) and capillary (cp),
each with certain height /; and volume Vj; the respective
index for j is given in the brackets. The 1D z-coordinate
system with the origin at the bottom of the reservoir is used
to track the positions of the segments’ center of mass which
are indicated by solid circles. Additionally, we introduce
another zjf-coordinate system for the position of the capil-
lary interface since this is the quantity which is measured
in the experiments. Both coordinate systems are coupled to
each other.

Newton’s law states that the momentum change of the
system’s center-of-mass equals the sum of the forces which
act on it. We introduce the position of the system’s center
of mass z.=1/Vr(zvViv + zecVie + Zpbw Vb + 2te Vie+
Zec Vec + Zchcp), where V7 = Vi + Vie + I/fvpb + Ve
+Vec + Vep is the total liquid volume of all compartments,
to obtain

d dz.
o (pVTdt) = Xj:Fj- ®)

Here, ¢ is the time, p is the liquid density, and F; denotes the
forces to be defined. In order to formulate Newton’s Law

(a) (b) 9D(
ch Zip
z,= 0
L. Ve
Reservoir 1, V.,
connection
]ph Vnh
Liquid T—connectionElb
Reservoir Packed Bed ow . V.l

connection " p L..TL T L

L, \P
Zz=0

Fig. 1 a Experimental setup for capillary interface tracking to meas-
ure the EOF velocity; b Schematic of the fluidic experimental setup
used for the translational center-of-mass model
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in terms of zjr, we consider that the volumes of all com-
partments but the capillary are constant. This assumption
even holds for the reservoir since its volume is large and
the EOF is rather small. Also, the positions of the center
of mass of all single compartments, but the capillary, are
constant. The capillary volume can be expressed using its
cross section (radius) according to Vep = Acpzif = ﬂrngif.
The center-of-mass position of the capillary can be
written in terms of the capillary interface position as
Zep = by + be + b + lic + lec + & = Iy + 4. Finally, if
we further consider that é;p = dj;f, we can rewrite New-
ton’s Law (8) according to

d dz, dzy 2 3 d?zi
S pvre A 2 I+ 2 ) S0
dt(p Tdt) p°P< (dz) T RE ) e
- F )
j

For a further treatment, we identify the following forces F;
which act on the system’s center-of-mass:

The electroosmotic force FgoF is induced when an elec-
tric field is applied to the packed bed. The resulting EOF
causes only minor viscous losses to good approximation
and the packed bed can be rather considered as a pump.
Hence, the product of EOF and an appropriate viscous
resistance R, of the packed bed can be interpreted as an
electroosmotic pressure rise as defined by Apeor = Ry, Veof;
just opposite to the pressure drop that would be observed
if a viscous flow of the same flow rate as the EOF passed
through the bed. We use the Blake—Kozeny equation for the
modeling of R;, and arrive in

%

2
Feot = ApbApeof = Apb K IZZLZM (llﬂiy)\_’eoﬂ (10)
P
The proportionality constant Kj depends on the packed
bed structure; a range of 72 to 150 for consolidated porous
media is given in the literature (Bird et al. 2007). How-
ever, the determination of K values was generally done for
packed beds of homogenous spheres of sizes on the order
of 1 mm to 1 cm as well as for pressure-driven flows. In
contrast, particles as small as 6 pum are used in the current
work resulting in much larger surface-to-volume ratios.
Additionally, the pore-scale plug-like velocity profile of
the EOF is considerably different to the parabolic profile
of a pressure-driven flow. Hence, we consider K as a fit-
ting parameter which is determined from the instantane-
ous EOF that we measure as described below. We find the
proportionality constant to be K; = 3.66 = 1.03 for all
packed beds and experimental conditions used in this work,
which confirms the assumed significant differences to the
pressure-driven flow. The variation of the electroosmotic
proportionality constant is with roughly £30% rather small
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compared to the range of constants which is reported in
the literature for pressure-driven packed bed flows as men-
tioned above.

The viscous force F\js is related to the pressure drop that
arises from the viscous losses of the liquid flow through the
capillary. We use a Hagen—Poiseuille approach which is a
good approximation for laminar flows. We relate the flow
rate to the motion of the capillary interface and obtain

81 dzie
Fyis = _AcpApcp = _Acprzzif<d;>- (11)
cp

The hydrostatic force Fy arises due to the hydrostatic pres-
sure which is induced by the rise of the liquid column in
the capillary. The resulting force can be written as

Fy = —Acppgzit, (12)

where g is the gravitational constant. Note that there is
an equilibrium height of the capillary interface zjf(f = 0)
before the EOF is induced. We cancel the gravitational
force related to the initial height by the static part of the
capillary force as described below.

The capillary force Fcp reflects the influence of capil-
larity, which is twofold in our system. On the one hand,
the surface tension between liquid and air along with the
adhesive force between liquid and capillary results in capil-
lary action. That is, the liquid moves in the capillary (inde-
pendent of electroosmosis) until an equilibrium state with
the gravitational force is achieved. On the other hand, the
contact angle of a dynamic interface also depends on the
interface velocity and therefore deviates from its equilib-
rium value. For the current work, we adopt a model based
on the molecular kinetic theory as proposed by Blake and
Haynes (1969) which give the dynamic contact angle 0p as

o /v
cos (fp) = cos (B,) — — sinh (—/), (13)
0o v
where o, = 0.072 N/m is the surface tension of water
and air, v = dgzjr/dr is the velocity of the interface and 6.
is the (static) equilibrium contact angle. We measure the
equilibrium height in the capillary before each experiment
to be zjf(f =0) = 11.7 £ 0.2 mm which corresponds to
f. = 62 % 1°. This is in very good agreement to the value
of 61.9 £ 1.3° that we infer from direct measurements of
the contact angle using a high resolution camera.

The parameter o’ is proportional to the thermal energy
and has units of surface tension, while the parameter v’ is a
velocity which is determined by molecular quantities. We
use 0’ =0.0172 N/m, v/ =5-1073 m/s as proposed by
Popescu et al. (2008) for smooth glass capillaries, air and
aqueous electrolytes. Furthermore, we linearize the inverse
hyperbolic sine according to sinh™!(%) ~ v/v' which is
a valid approximation for low interface velocities. Finally,
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the capillary force is formulated the standard way, however,
with the assumptions made above to be

A 20 9 o’ dZif
Fep = cpGC<COS e_O'gv/dl‘>. (14)
Finally, there is recent research by Das et al. (2014) who
found that capillary filling is subjected to so-called electro-
viscous effects. That is, the observed flow rates are lower
than the predicted ones due to the generation of a stream-
ing potential, which triggers electroosmosis in opposite
direction to the main flow. However, the magnitude of the
streaming potential in a conduit scales with the recipro-
cal square of the hydraulic diameter (cf., e.g., Saini et al.
2014). Since the capillary diameter in our setup is 1.2 mm,
all electroviscous effects can be neglected. We now insert
the forces into Eq. (9) and pass to a non-dimensionalized
system for the sake of convenience. The length coordi-
nate is scaled with the radius of the packed bed to obtain
the dimensionless coordinate Zif = zif/rpp. The velocity
is scaled with a characteristic electroosmotic pore-scale
velocity vy = %Eo to obtain the dimensionless velocity
Veof = Veof/Vo- The time is scaled with a characteristic con-
vective scale to obtain the dimensionless time T' = tvy/rpp.
We use the non-dimensional variables just as defined and
also normalize all terms with a hydrostatic pressure to
obtain after some rearrangements

dz; dZi\ 2
Zis + (220 + 891Zif)dfTlf + 292( lf>

dr s
Ir 3 dzzif (13
+ Q| — + =Zi¢ - = 3.66Q23 + 2924.
fpb 2 dT
Here, the non-dimensional groups
o’'vo Vo v2
Qo = — Q= — 2= 70,
8PTcplpbV 8PTep 87pb
vo(1 — )2 Toblob o, Ccos 0
=" ;p D Veot: Qu=—"——" (16)
pgw dprcp gpGCrpb

arise from the non-dimensionalization and allow for an
evaluation of the significance of the different terms. The
dimensionless groups €2p and €24 indicate the ratio of the
dynamic and the static capillary force to the hydrostatic
force, respectively. Both groups can be interpreted as
inverted Bond numbers. The dimensionless group €21 is the
ratio of viscous to hydrostatic force and is comparable to an
inverted Archimedes number. The dimensionless group €2,
is the ratio of inertial to hydrostatic force, which is equiva-
lent to an inverted Richardson number. Finally, 23 indicates
the significance of the electroosmotic force relative to the
hydrostatic force. Note that, unlike the other dimensionless
groups, we have to extract 23 from the experimental obser-
vation of the capillary interface position Zis(T') over time to

infer the superficial electroosmotic velocity in the packed
bed. Unfortunately, there is no analytical solution of this
second-order nonlinear ODE readily available. A magni-
tude of order analysis reveals that the influence of inertia is
rather negligible so that we can assume 2, ~ 0. However,
the analytical solution of this simplified version of Eq. (15)
involves the complex Lambert-W function which cannot
be expressed in terms of elementary functions. Finally, we
choose a feasible solution which comprises of the regres-
sion of a third-order polynomial to the measured Zi(T)
data. The polynomial, its first- and second-order deriva-
tives, and the dimensionless groups ¢, €21, 2,24 are
inserted in Eq. (15) to determine €23 and thus VgoF over the
measurement time.

Finally, we would like to point out that another interest-
ing capillary flow model was developed by Waghmare and
Mitra (2010). The authors applied an integral momentum
balance to model the penetration length of the liquid/gas
interface driven by a combined electroosmotic and pres-
sure-driven flow through a horizontal capillary of rectan-
gular cross section. It is worth noting that the condensed
dimensionless correlation that they derived has essentially
the same mathematical form as Eq. (15). However, there
are considerable differences to the current work, such as a
the presence of a pressure-driven flow, a scaling with capil-
lary forces, an EOF which is generated within the capillary
and its consideration as an integral Coulomb force. Hence,
the pre-factors in their model consist of very complex
time-dependent correlations of constants along with Bond,
Ohnesorge and an electroosmotic number.

3 Experimental methodology

Here, we give the details of the experimental setups, meth-
ods and materials that we employ for the measurement of
the EOF in the packed bed as well as for the streaming cur-
rent that is used to infer the zeta potential of the particulate
material.

3.1 Streaming current

We employ the streaming current method to infer an empir-
ical correlation for the zeta potential of borosilicate in
contact with an aqueous NaCl electrolyte of defined ionic
strength and pH value. The streaming current—another
electrokinetic phenomenon—is a convective charge trans-
port which is induced if a pressure gradient generates a
flow in the EDL. More comprehensive information is avail-
able, e.g., in Delgado et al. (2007). The streaming current
measurements are usually conducted in very defined geom-
etries. We use a microchannel formed by two parallel flat
borosilicate wafers. The measured streaming current /. can
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then be related to the zeta potential according to the Helm-
holtz—Smoluchowski formula
_ Ll

eA:. Ap’

¢ (17
where A is the area of the microchannel’s cross section, L
its length and Ap is the pressure difference which is applied
between the channel’s inlet and outlet. In practice, stream-
ing currents are measured for various pressure differences
and the respective slope dIsc/dAp is used in Eq. (17).

3.1.1 Experimental setup

Figure 2a shows a schematic sketch of the experimental
setup that is used for the streaming current experiments.
The setup consists of the measurement (electrokinetic) cell
and further fluidic and electrical components. Within the
cell, there is a shallow microchannel where the wetted sur-
face is made from borosilicate glass. The cell is connected
to a polyethylene vessel containing the aqueous electro-
lyte. This vessel can be charged with a controlled pressure
by a nitrogen gas cylinder (Ultra High Purity 99.999 %,
MEGS, Canada) to pump the aqueous solution through
the cell. The pressure drop across the cell is indicated by
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Fig. 2 a Sketch of the streaming current setup; b design of the
streaming current measurement cell
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two incorporated pressure gauges. The cell also contains
two Ag/AgCl electrodes which are connected to a precise
potentiostat (PGSTAT302N, Metrohm Autolab B.V., the
Netherlands) which measures various electrical signals.
Figure 2b gives a detailed insight into the cell design. The
cell is made from two Teflon® (PTFE) blocks and allows
for the incorporation of two test wafers of dimensions
70 mm x 30 mm x 1.5 mm to form the microchan-
nel. Any material can be tested as long as it features the
specified wafer dimensions. We use borosilicate wafers of
similar chemical composition as the granular material of
the packed bed for the sake of comparability. The blocks
are assembled with two gasket in between. The inner rigid
(spacer) gasket is made of PTFE and maintains a 175-pm
gap between the wafers to adjust the height of the micro-
channel. The outer soft gasket is made of latex rubber and
is required for sealing purposes.

3.1.2 Experimental protocol

The streaming current measurements are taken according
to the following procedure: First, borosilicate wafers are
cleaned using a cleaning protocol as described in Barz et al.
(2009). Wafers and gaskets are assembled in the cell which
is then installed in the setup. We prepare the same aque-
ous electrolyte solutions as it is done for the EOF measure-
ments described below. The vessel is filled with electrolyte
solution which is then pressurized with nitrogen gas. The
electrolyte solution is pumped through the cell for around
30 min at Ap = 25 kPa. Then, the actual experiment is
undertaken by adjusting to 5 pressure differences in the
range of 10 to 75 kPa. The respective streaming current is
measured for 60 s at a constant pressure, and we use the
corresponding time-averaged value for data evaluation.
A total of 60 experiments are performed to obtain a wide
applicability and high accuracy of the empirical correlation
for the zeta potential of borosilicate.

3.2 Electroosmosis
3.2.1 Experimental setup

The experimental setup for the EOF measurements con-
sists of several fluidic components, electrical instruments
as well as electronic equipment for data processing as
sketched in Fig. 3. In detail, the setup consists of an elec-
trolyte beaker which is connected to a glass tube which
contains the packed bed. From the other end, a capillary
made from borosilicate glass (rcp = 0.6 mm, 7 = 1.5 mm,
lep = 30.48 cm, McMaster-Carr, Aurora, OH, USA) is
connected via a T-connection (1 =4.15 mm, Cole-
Parmer, Montreal, QC, Canada) and an elbow connec-
tion (rec = 4 mm, glass, custom made) to the glass tube.
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Fig. 3 Schematic of the experimental setup utilized for the electroos-
motic flow experiments

Platinum wire electrodes (LabSmith Inc., CA, USA) are
inserted into the beaker and the T-connection and elec-
trically connected to a high-voltage power supply (Ber-
tan Model 105-03R, Equiptek Labs Inc., CA, USA). The
motion of the capillary interface is tracked by using a
CMOS camera (DFK 23UMO021, The Imaging Source,
NC, USA). These data are analyzed by using the LabView
Vision Builder software (National Instruments, Austin, TX,
USA). To obtain insight into the influence of Joule heat-
ing, two PFA insulated thermocouples (5TC-TT-K-20-36,
Omega Engineering, QC, Canada) are attached to the ends
of the packed bed. Note that these temperature sensors con-
tact the glass outside of the packed bed since it is not pos-
sible to immerse electrically based temperature sensors into
the liquid due to the large electric fields. Hence, we receive
a rather vague insight into the temperature distribution in
the packed bed.

3.2.2 Experimental procedure

First, we prepare packed beds using consolidated binary
particle mixtures in order to obtain a wide range of porosi-
ties, wetted surface areas and effective hydraulic diameters.
In detail, we utilize borosilicate microspheres with mean
diameters of 6 and 18 pum (Microspheres-Nanospheres, NY,
USA) and of 50, 140, 230 and 1000 pm (Mo-Sci Specialty
Products, L.L.C, MO, USA). All packed beds are prepared
in borosilicate glass tubes (Pegasus-Glass, ON, Canada)
with an inner radius of rpp, = 4.75 mm, and the thickness of
the glass wall is 1 mm. Different techniques are described
in the literature for the consolidation of granular materials.
We adopt the method used by van den Bosch et al. (1996),
where particles are sintered in a way that creates two

permeable retention frits at each end of the packed bed. This
method appears especially suitable since the retention frits
are made from the same material as the packed bed. First,
a small part of the glass tube is filled with the designated
particle mixture. These particles are consolidated, immersed
in an aqueous solution of sodium silicate and then sintered
using a butane torch. The concentration of sodium silicate
in solution, sintering time and temperature are optimized so
that the frits maintain a porosity similar to the rest of the
packed bed. Thereafter, the glass tube is filled with the parti-
cle mixture until the desired packed bed length is achieved.
The particle bed is compacted using a Teflon rod, and its top
is sintered in the same way as the lower retention frit. After
the fabrication, the packed beds are chemically treated to
remove any contamination using a procedure as described
in Barz et al. (2009). The porosity is measured by weighing
the bed in a dry and a water-saturated state with a precise
scale (AZ3102, Sartorius AG, Germany).

Before each EOF experiment, the packed beds are equil-
ibrated in an electrolyte solution with defined pH value
for at least 48 hours. The aqueous electrolyte solutions of
desired ionic strength are prepared using sodium chloride
(NaCl, >99.0 %, ACS reagent, Sigma-Aldrich, CA) dis-
solved in a DI water matrix (¢ < 1 wS/cm). The pH value
of the aqueous electrolyte is adjusted with the addition of
either sodium hydroxide (NaOH, >97 %, ACS reagent,
Sigma-Aldrich, CA) or hydrochloric acid (HCI, 32 % in
water, ACS reagent, Fisher Scientific, CA). Conductivity
and pH testings are performed before and after an elec-
troosmosis experiment using a modular pH and conductiv-
ity meter (Mettler-Toledo, SevenMulti, Switzerland). We
observe that the change in pH and conductivity is always
less than 1 %.

To perform an EOF experiment, the packed beds are
assembled in the experimental setup as shown in Fig. 2. The
aqueous electrolyte is filled in the reservoir along with the
other compartments. To remove any gas bubbles inside the
setup, the electrolyte solution is pumped through the flu-
idic parts and the packed bed by utilizing a syringe pump.
The experiment is initialized by applying a voltage between
the electrodes. This moves the electrolyte solution from the
reservoir through the packed bed, the T- and elbow connec-
tion and into the capillary. Finally, a comprehensive set of
experiments based on a full factorial design is performed to
obtain the correlation ® among the dimensionless groups as
given in Eq. (7). The range of the experimental parameters
is listed in Table 1 in the Appendix.

4 Results and discussion

In this section, we first give the results of the streaming
current experiment. Then, we present the characterization
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of the packed beds to show the relationships between dif-
ferent packed bed parameters. Finally, selected results of
the electroosmosis experiments are shown and the correla-
tion ® between the dimensional groups is derived.

4.1 Streaming current

Figure 4 gives the zeta potentials of a borosilicate surface
that are inferred from streaming current measurements for
various ionic strengths and pH values of the aqueous elec-
trolyte. We choose a presentation of the results where we
normalize the zeta potentials with the respective negative
logarithm of the ionic strength and plot them versus the pH
value of the aqueous electrolyte. This often leads to a col-
lapse of various data points onto a single curve as shown in
many works as reviewed in Kirby and Hasselbrink (2004).
The symbols indicate the average normalized values com-
piled from various ionic strength measurements at a con-
stant pH value. The resulting small standard deviations (for
an electrokinetic experiment) underline the high validity of
the normalization approach. In detail, there is a rather lin-
ear decrease in the normalized zeta potential between the
pH values of 3—7. For larger pH values, the slope decreases
and the normalized zeta potential approaches a limit-
ing value (plateau). This behavior is in good agreement
with the work of Scales et al. who investigated potassium
chloride electrolytes in contact with fused-silica surfaces
(Scales et al. 1992). The authors claim that the plateau at
pH value of around 8 can be related to the full deprotona-
tion of the silanol surface sites so that a maximum of nega-
tively charged sites is obtained. We perform a second-order
regression of the collapsed data which results in

{(pH)

= (0.532 pH? — 10.80 pH + 18.04 )mV,
—log(I) ( P P+ )m (18)

-C/log(l) / mV

-30 3
]
-40; \t\_‘-I

0 2 4 6 8 10 12
pH/-

Fig. 4 Zeta potential normalized with the negative logarithm of the
ionic strength as a function of the pH
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which can be used with good accuracy for the phenomeno-
logical model that we propose. The regression has a coeffi-
cient of determination value of 0.965 and is given in Fig. 4
as a solid line.

4.2 Packed bed parameters

The properties of the packed beds made from binary par-
ticle mixtures depend on several factors such as the mix-
ture composition, the size ratio of the spheres as well as the
mixing procedure. Different models have been developed
to predict the porosity of heterogenous particle beds. In
terms of regular packing structures, a practicability of the
models is not given when dealing with microparticles. Fur-
thermore, the random packing of binary particle mixtures
results in highly unpredictable packing densities (Dias et al.
2004). Hence, we discuss the resulting packed bed param-
eters in this work solely on the definitions given in Sect. 2.1
along with the measured porosities.

Figure 5 shows the relationship between the effective
particle diameter and the measured porosities for the differ-
ent beds that we prepare in this work. Recall that for a ran-
domly packed bed of homogenous spherical particles, with
a small ratio of particle to packed bed diameter, the porosity
hardly depends on the particle diameter. Typical literature
values for dense random packing vary between ¥ = 0.36
to 0.38 (de Klerk 2003). In contrast, we find three different
intervals I, I, III for our binary mixtures where, evidently,
different packing mechanisms/structures prevail. Note that
the following interpretation is a pure qualitative approach
and there are rather smooth transitions between the inter-
vals than stringent boarders. In interval I, we observe that
the porosity decreases with an increasing effective particle
diameter. The situation changes completely for the interval
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Fig. 5 Porosity of the packed bed versus the effective particle diam-
eter of the particle mixtures
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II, and we observe an increase in the porosity as the effec-
tive particle diameter increases. Subsequently, the trend
changes again in interval III where the porosity decreases
as the effective particle diameter increases further. The cat-
egorization into intervals also allows for a better interpreta-
tion of the underlying mechanisms. To do so, we assign the
particle mixtures of an interval to a corresponding group
as given in Table 2 in the Appendix and characterize them
by the ratio of small to large particle diameter § = % along
with the volume fraction v; of the small particles. We real-
ize that the packed beds in group 1 are prepared using par-
ticle mixtures with a significant difference in particle size
(6 ~ 0.1) along with a low volume fraction of small parti-
cles (v4 ~ 0.1). Hence, we assume that these mixtures pro-
mote the formation of a “skeleton” in the packed bed. The
term skeleton is used to indicate the presence of a overarch-
ing structure which consists solely of large particles. The
skeleton’s void volume provides a space where small parti-
cles can accumulate (Dias et al. 2004). Indeed, we find that
the group 1 mixtures with higher volume ratios of small
particles feature lower porosities.

Group 2 consists of particle mixtures with either a very
low particle size ratio (6§ >~ 0.05) along with a high volume
fraction of small particles (v; ~ 0.4-0.5) or with a medium
particle size ratio (6 ~ 0.13-0.36) and a low volume frac-
tion of small particles ( vg = 0.02-0.1). The first combina-
tion should promote skeleton formation, and we assume
that the high volume fraction of small particles consider-
ably fills the void volume of the skeleton. The other combi-
nation may promote a skeleton formation in the packed bed
as well. However, the very low volume fraction of small
size particles occupies only a small part of the void volume.
The increase and decrease in porosity that we observe for
this group cannot be easily explained, and we assume that
these mixtures create complex packed bed structures. The
mixtures which are categorized in group 3 have the high-
est size ratio of the particles ( § ~ 0.2-0.5 ) along with the
highest fractions of small particles ( vg =~ 0.2-0.5). We
assume that no significant skeletal formation takes place
due to comparable particle sizes and concentrations of
small and large particles. This assumption is supported by
the relatively high porosity values which are close to those
of (dense) randomly packed beds of homogenous particles.
Note that the M factors of our packed beds are between
1 and 1.1 so that we can assume a homogenous packing
structure and exclude a significant influence of the packed
bed wall on electroosmosis.

Figure 6 illustrates the relation between the (calculated)
wetted specific surface area and the effective particle diam-
eter. If we used homogenous particles, the specific surface
area would decrease as the particle diameter increases. It
is obvious that the usage of binary particle mixtures leads
to more complex dependencies. As expected, we find the

highest specific surface areas for small effective particle
diameters. Then, the specific surface area considerably
decreases until the effective particle diameter approaches a
value of around 40 pm. That is, the group 1 and some of the
group 2 mixtures, where we assume skeleton formation and/
or we have a large volume fraction of small particles, behave
like a packed bed of homogenous particle. For larger effec-
tive particle diameters than around 40 pm, the specific sur-
face area remains more or less constant. Here, we assume
that the influence of effective particle diameter is compen-
sated by the simultaneous increase in porosity (cf. Fig. 5).
This happens for mixtures with either no skeleton formation
or for those with a low volume fraction of small particles.
Figure 7 shows the correlation between (calculated)
hydraulic diameter and the effective particle diameter. For
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a randomly packed bed of homogeneous particles, with a
more or less constant porosity, there should be an increase
in the hydraulic diameter as the particle diameter increases
(cf. Eq. 4). In terms of our binary mixtures, we see that the
hydraulic diameter remains more or less constant until the
effective particle diameter approaches a size of roughly 40
pm, i.e., for group 1 mixtures with skeleton formation and
group 2 mixtures with a high fraction of small particles.
We assume that the simultaneous decrease in porosity (cf.
Fig. 5) compensates the influence of the effective particle
diameter. For group 2 mixtures with low volume fraction of
small particles and effective particle diameters larger than
around 40 wm and group 3 mixtures without skeleton for-
mation, the hydraulic diameter increases with increasing
particle diameter.

4.3 Electroosmosis

Figure 8 shows the results of two exemplarily EOF meas-
urements, incorporating a packed bed with a porosity of
¥ = 0.241, an electrolyte of ionic strength / = 0.01 mM
and pH = 6 and for two electric fields of strength 2 and
20 kV/m. The dimensionless superficial electroosmotic
velocities are inferred using two different evaluation meth-
ods. For the first method, we assume that the EOF is not
influenced by the presence of the capillary. That is, we use
the capillary flow rate, computed from the measured track
of the capillary interface over time and apply a continu-
ity assumption, i.e., Veor = (dZ/dt)Acp/App. The second
method involves the center-of-mass model as described in
Sect. 2.2 and accounts for the influence of the rising col-
umn, the moving contact line, as well as inertial and vis-
cous effects. Recall that we fitted the proportionality con-
stant K1 such that we achieve identical initial values of Vgu¢
for both evaluation methods. However, this fitting does not
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Fig. 8 Typical outcome of an EOF experiment for two different elec-
tric field strengths. The dimensionless superficial EO velocities are
inferred based on a continuity approach with the capillary flow (CF)
as well as based on center-of-mass model of the fluidic setup (ODE)

@ Springer

influence the trend over time which can be, as we discuss
below, very different for both methods. In terms of the low
electric field strengths, we find that the capillary flow-based
method (dotted line) results in a rather constant superfi-
cial velocity over time. The comparison with the ODE-
based superficial velocity reveals a slight increase over
the observation time. For such low electric field strengths,
the observed difference is mainly related to the correc-
tion for the hydrostatic force and the moving contact line.
The situation changes considerably if an electric field of
high strength is applied at the packed bed. Here, we find
that the capillary flow-based Veor (dashed line) slightly
increases over time. However, the value of the ODE-based
Veot (dashed-dotted line) considerably increases over time
and we find almost the triple of the initial value at the end
of the time interval. A more detailed inspection reveals
that the influence of the forces which are induced by the
capillary flow is here more significant than for the case of
the low electric field strength. That is, the real flow rate in
the packed bed would be considerably higher if it were not
slowed down by the phenomena related to the presence of
the capillary, i.e., mainly the rising hydrostatic pressure
and the moving contact line. However, the observed mas-
sive increase in Veof can only be explained by Joule heating
which induces a considerable temperature gradient along
the packed bed. The temperature gradient, in turn, induces
a density gradient which triggers a flow additionally to the
EOF. Indeed, we measure a rise in temperature at the out-
side wall of the packed bed in case of high voltages (>2
kV) and high electrolyte conductivities (ionic strength >10
mM) about 5 s after the voltage has been applied. For lower
ionic strengths, the times before a temperature gradient
is observed are considerably longer. Again, the wall tem-
perature measurements give only a rough insight into the
time-dependent temperature distribution in the liquid due to
the heat capacity of the packed bed tube and the convec-
tive and conductive heat transfer in the system. Neverthe-
less, the utilization of the center-of-mass model clarifies
the influence of Joule heating, if present, with the correct
time scale. Hence, we use the insight that we gain from the
center-of-mass model to evaluate the experimental data in
a range which excludes Joule heating effects. That is, for
relatively low electric field strength, we use a superficial
velocity which is averaged over the evaluation interval. For
high electric field strengths, the initial value is used for fur-
ther processing.

Finally, the superficial EO velocity is used along
with the physicochemical and the geometrical param-
eters to calculate the dimensionless groups as defined
in Eq. (6). The results are given in form of mean values
and their standard deviations based on six replicates.
Figure 9 shows results of the EOF experiments plotted
as a functional relationship between the magnitude of
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Fig. 9 Electroosmotic Smoluchowski No. versus the Packed Bed No.
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the Smoluchowski number Sm and the Packed Bed num-
ber PB for constant values of the Rice—~-Whitehead num-
ber RW. The connections between the data points are
for the sake of a better illustration, and we realize that
the track of the curves appears similar. Note that, due to
the nature of our experiments, it is difficult to keep RW
strictly constant while varying the other groups. Hence,
we group the RW data such that the average values still
span over several magnitudes while maintaining a rela-
tively narrow range of variation. We find that for all given
RW, Sm decreases as PB increases. The correlations,
despite being plotted on a logarithm scale, do not appear
linear. We rather find different intervals with different
behaviors. For PB ~ 10°-10°, the correlation between
the logarithmic values appears rather linear. Then, Sm
remains more or less constant with increasing PB before
it decreases again at the upper limit that we investigate.
Additionally, all curves show a regular behavior in terms
of the RW groups, i.e., the lower RW and the higher Sm
for a given PB. In terms of interpretation of the correla-
tions, the observed behavior appears intuitive if we inter-
pret PB in terms of the porosity and for a bed of homoge-
nous particles. Then, PB is proportional to the reciprocal
porosity and we can assume that the higher the porosity
(the lower PB), the higher the EOF. In terms of the dif-
ferent scaling behavior that we observe, we should recall
that Sm is the ratio of superficial to pore-scale electroos-
motic velocity and the scaling of the groups is not neces-
sarily the same as the scaling of the single phenomena.
That is, if we increase the pore-scale velocity in a packed
bed, we cannot expect that the superficial velocity scales
in the same fashion due to the complex flow and electric
field path.

Figure 10 illustrates the correlation between Sm and RW
for different values of PB. The connections between the
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Fig. 11 Electroosmotic Smoluchowski No. versus the product of the
Rice—Whitehead and the Packed Bed No

data points are for the sake of a better illustration. Gener-
ally, we observe that Sm decreases if RW increases. The
correlation between the logarithmic values appears linear,
to good approximation. We also find a regular behavior of
the curves with different values of PB; the lower PB, the
higher the Sm values which are observed for a given RW.
It is interesting that we find a decrease in Sm—i.e., the
EOF—with increasing RW even though the Debye length is
only on the order of ~1 % of the hydraulic diameter. How-
ever, we should emphasize once more that a packed bed
of spherical particles features pore conduits of a complex
cross-sectional form which size also varies in flow direc-
tion. In other words, we can assume that there is always a
fraction of the complex pore network where an EDL over-
lap occurs even though the (averaged) hydraulic diameter
does not indicate this. Hence, when we increase the EDL
thickness or lower the hydraulic diameter, this fraction
increases.
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Finally, we try different combinations of the dimension-
less groups to derive a correlation which gives a quantita-
tive expression that involves all investigated physicochemi-
cal phenomena. It turns out that, if we plot the magnitude
of Sm against the product of RW and PB on a logarithmic
scale, all data points collapse to good approximation on a
single curve as given in Fig. 11. A linear regression results
in

Sm ~ —3.10(PB - RW)™%/3, (19)

with a good value of 0.94 for the coefficient of determina-
tion. Alternatively, we insert the definitions of the dimen-
sionless groups to obtain an expression in terms of the
measurable porosity and (known) particle size and compo-
sition according to

o1y
et T\ =

which is only valid for a M factor similar to one and iso-
thermal conditions.

4 2
3 n 2\ 3
n 2 > Z‘:l xid; ce
Zi:l xid; ) (lDrpb Zi, x[ﬂ,i;) —E,
i

i=1 M
(20

5 Concluding remarks

In the current research, we derive a phenomenological cor-
relation for the electroosmotic flow through packed beds of
granular material based on dimensional reasoning, in the
spirit of the Blake—Kozeny correlation for pressure-driven
flows. At first, we identify the relevant quantities which can
be used for the qualitative description of the related phe-
nomena. Then, we apply Buckingham [T theorem to estab-
lish a functional relationship between three relevant dimen-
sionless group.

Numerous experiments are performed to infer the cor-
relation between the dimensionless groups. In details, we
use streaming current measurements to obtain an empirical
expression for the zeta potential of borosilicate in contact
with an aqueous electrolyte of defined ionic strength and
pH value. A variety of packed beds are made from binary
mixtures of borosilicate microspheres. The ratio of the
particle diameter to the packed bed diameter is kept suffi-
ciently low so that the influence of the packed bed wall on
the electroosmotic flow can be neglected. The packed bed
characterization reveals that the binary particle mixtures
feature a different behavior than packed beds which are
made from homogenous particles. We utilize the motion of
a capillary interface to measure the electroosmotic superfi-
cial velocity in the packed beds. Here, we derive a dynamic
model based on Newton’s law for the translational center-
of-mass motion of the fluidic system. The model allows
for the interpretation of the experimental results in terms

@ Springer

of an influence of Joule heating which cannot easily be
achieved in terms of temperature measurements. Hence,
we consider only results which are not or hardly influenced
by Joule heating. Finally, a phenomenological correlation
between the dimensionless groups is derived which has suf-
ficient accuracy for many engineering applications such as
the design of electroosmotic pumps for chromatography or
microfluidic applications. It should be noted that the cor-
relation that we propose is not dependent on the substrate.
The packed bed can be made of any granular matter which
has a more or less spherical shape, though some of the
packed bed parameters have to be known or experimentally
derived. Also, the material’s zeta potential in contact with
the liquid has to be experimentally determined if this infor-
mation is not available in the literature. The main limita-
tions of our correlation are that it does not account for Joule
heating and the influence of the packed bed wall. Neverthe-
less, electroosmotic pumps can be designed such that these
factors have no major relevance. This should be even easier
for microchannels where there is increased heat dissipa-
tion due to enhanced heat transfer over the channel walls
which is another scaling effect of the high surface-to-vol-
ume ratio. Here, the problem of a high particle to channel
diameter (wall influence) could be mitigated by consider-
ing nano-size granular materials. In future works, the cor-
relation could be expanded so that it accounts for the non-
isothermal conditions arising from Joule heating as well as
the influence of the packed bed wall on the electroosmotic
flow, though the incorporation of these parameters would
increase the number of required experiments tremendously.
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Appendix

Table 1 lists the conditions used to perform the experiments
in this work. In detail, we used 9 packed beds, 3 pH values,

Table 1 Experimental parameter range of the electroosmosis experi-
ments

Parameter Range
Electric field E (kV/m) 1.21-71.6
Ionic strength / (mM) 0.01-50

pH value (-) 4-9

Debye length /p (nm) 1.36-96.32
Zeta potential —¢ (mV) 33-138
Porosity ¥ (-) 0.146-0.320
Specific surface area S,z (m) 3.51-14.74
Effective hydraulic diameter d}, (j.m) 2.57-19.70




Microfluid Nanofluid (2015) 19:693-708

707

Table 2 Particle size ratios and weight fractions for different packed

beds

Group no. d (um) D (um) § = % va (5

1 18 230 0.08 0.1
18 230 0.08 0.2

6 50 0.12 0.1

2 50 1000 0.05 0.4
50 1000 0.05 0.5
18 140 0.13 0.02
18 100 0.18 0.04
18 50 0.36 0.1

3 50 230 0.22 0.25
50 140 0.36 0.2
18 50 0.36 0.5
50 100 0.50 0.25

5 electric field strengths, and up to 4 ionic strengths. All in
all, we perform 342 measurements to cover the widest pos-
sible range of the dimensionless groups given in Eq. (6).

Table 2 lists the groups of particle mixtures used for the
interpretation of the packed bed parameters where § = % is
the ratio of small to large particle diameter and v, is the
volume fraction of the small particles.
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