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FRP for homogeneous batch reactor. It was then validated 
through CFD simulation against published experimental 
data for FRP in coiled tube microreactor under steady-state 
flow condition. It has also been demonstrated that in CFD 
simulations of FRP in flow microreactors, significant error 
arises for the prediction of number-average chain length 
(and thus MWn, number-average molecular weight) from 
the use of chemical data in mass form instead of original 
molar form. This new transformation is thus found to be 
more suitable for CFD simulations in flow reactors com-
pared to previous Zhu’s transformation.

Keywords CFD · Free radical polymerization · 
Simulation · Transformation

List of symbols
A  Chain transfer agent concentration at any time t 

(mol/l)
AH  Area for heat transfer (m2)
CA  =Kfa

Kp
 (dimensionless)

Cb  Bulk monomer concentration (mol/l)
CM  =Kfm

Kp
 (dimensionless)

Cp  Specific heat capacity of mixture [cal/(g °C)]
CS  =Kfs

Kp
 (dimensionless)

CT  =Ktd
Ktc

 (dimensionless)
DPn  Number-average degree of polymerization
I  Initiator concentration (mol/l)
Kd  Dissociation rate coefficient (min−1)
Kfa  Transfer to CTA rate coefficient [l/(mol min)]
Kfm  Transfer to monomer rate coefficient [l/(mol min)]
Kfs  Transfer to solvent rate coefficient [l/(mol min)]
Ki  Kinetic rate constant for initiation (s−1)
Kp  Propagation rate coefficient [l/(mol min)]
Kpr  =Kp + Kfm = (1+ CM)Kp [l/(mol min)]
Kt  =Ktc + Ktd [l/(mol min)]

Abstract A new yet simple transformation is proposed to 
significantly improve the accuracy of computational fluid 
dynamics (CFD) modeling and simulations of free radi-
cal polymerization (FRP) reactions carried out especially 
in flow microreactors. The new transformation makes the 
kinetic rate coefficients dimensionless in terms of concen-
tration. To that extent, the chemical data (chemical species 
concentration and kinetic rate coefficients values) can be 
fed in original molar form instead of usual mass form to 
CFD software package while simulating chemical species 
as passive scalars. The normalization of various variables 
(passive scalars) helps in reducing the numerical stiffness 
as well as numerical errors during simulations. Another 
advantage of this new transformation is that the expression 
for transformed reaction rate equations remains unchanged 
thus enabling an easy coding and debugging process. The 
new transformation was first validated through numeri-
cal simulation against theoretical analytical solution of 
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Ktc  Termination by combination rate coefficient  
[l/(mol min)]

Ktd  Termination by disproportionation rate coefficient 
[l/(mol min)]

L  Kinetic chain length, =KprM�0

2fKdI

L̄  =L
(

1−RMM
1+RPL

)

= L
(

1−RM
1+RPL

)

M  Monomer concentration (mol/l)
MW  Molecular weight (g/mol)
MWn  Number-average chain length of polymer (g/mol)
MWw  Weight averaged chain length of polymer (g/mol)
PDI  Polydispersity index (dimensionless)
Pn  Dead polymer chain length of n no. of monomer units
R  Universal gas constant (1.986 cal/mol/K)
R0  Zero order radical obtained from initiator 

dissociation
RA  = CA

1+CM
= Kfa

Kpr

RAM  = CA
1+CM

A
M

≈ CA
1+CM

A0
M0

RM  = Kfm
Kp+Kfm

= Kfm
Kpr

= CM
1+CM

RMM  =RM

Rn  Live polymer chain length of n no. of monomer 
units

RP  =RMM + RSM + RAM = RMM + RSA

RS  = CS
1+CM

= Kfs
Kpr

RSA  =RSM + RAM

RSM  = CS
1+CM

S
M

≈ CS
1+CM

S0
M0

RT  = Ktc
Ktc+Ktd

= Ktc
Kt

= 1
1+CT

 (dimensionless)
S  Solvent concentration any time t (mol/l)
T   Temperature (K)
Tbath  Temperature of heat sink (K)
U  Overall heat transfer coefficient (W/m2/K)
VR  Volume of solution at any time t (l)
VR0

  Initial volume of solution at t0 (l)
f   Initiator efficiency (dimensionless)
fs  Solvent volume fraction (dimensionless)
t  Time (min)
u  Velocity (m/s)
xM  Monomer conversion (dimensionless)

y  =e
−Kd·t

2 , variable evaluated in the analytical 
solution

�HP  Heat of reaction (cal/mol)
β  Ratio of solvent volume to non-solvent volume 

(dimensionless)
ε  Volume contraction factor corrected for solvent 

volume fraction (dimensionless)
ε0  Volume contraction factor without solvent volume 

fraction (dimensionless)
�0  Zeroth order moment for live polymer chain  

concentration (mol/l)
�1  First order moment for live polymer chain  

concentration (mol/l)

�2  Second order moment for live polymer chain  
concentration (mol/l)

µ0  Zeroth order moment for dead polymer chain 
concentration (mol/l)

µ1  First order moment for dead polymer chain  
concentration (mol/l)

µ2  Second order moment for dead polymer chain 
concentration (mol/l)

ρ  Mixture density (g/cm3)
Φ  Volume fraction (dimensionless)
η  Dynamic viscosity (cP)
[η]  Intrinsic viscosity of the polymer (dl/g)

Subscripts
M  Monomer
P  Polymer
S  Solvent
I  Initiator
0  At time t = 0

1 Introduction

In today’s time, as the resources are becoming scarce, 
chemical industry needs to optimize its manufacturing 
processes, reactor design, operating conditions etc. This 
usually requires a lot of experiments and thorough analy-
sis. This may consume a lot of physical resources and may 
be highly time consuming and costly especially for new 
emerging techniques. Even for well-established technolo-
gies, this may not be economical as not all desired condi-
tions could be performed in limited time and budget.

This problem could partly be overcome by modeling the 
process mathematically and then simulating it with dedi-
cated software. The increase in computational power with 
simultaneous decrease in its cost, along with past intensive 
research aimed at developing efficient and rapid numeri-
cal methods and algorithms, have increased the inter-
est of industry toward modeling and simulation. Doing 
computer-based simulations instead of actual experiments 
offers several advantages as it is much cheaper, faster and 
flexible compared to physical experiments. However, com-
puter simulations have their own limitations. They must be 
validated against physical experimental data under similar 
conditions. This is necessary to gain enough confidence 
before using the model to predict results for unknown 
conditions. To make the simulation match with the physi-
cal reality, a good mathematical model of the process is 
required. Many times, the complexity of the problem is 
lowered by applying several practical assumptions/trans-
formations to make it solvable under the available compu-
tational power.
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One of the most common areas for modeling is flow. 
Computational fluid dynamics (CFD) deals with it. The 
mathematical model for flow is based on three conservation 
laws, namely laws of conservation of mass, momentum and 
energy, in short Navier–Stokes equations. Various mathe-
matical tools and software have been developed to success-
fully simulate flow under various conditions like in heat 
exchangers, mixers etc. Chemical reactions are also being 
modeled and simulated extensively in CFD to evaluate and 
optimize reactors. Various commercial CFD software offer 
special chemistry package to incorporate chemical reac-
tions with flow, heat and mass transfer phenomena. Mod-
eling chemical reactions in flow along with heat and mass 
transfer can offer formidable problems during simulation as 
these phenomena can be coupled to each other. Polymeriza-
tion is one such area of chemical reactions.

For the current work, free radical polymerization (FRP) 
is considered, and various elementary steps considered in 
this work are shown in Scheme 1. It has been modeled and 
simulated extensively for the study and optimization of dif-
ferent types of reactors under various conditions. Several 
researchers have modeled FRP for monomers such as for 
Methyl Methacrylate (MMA) under well mixed, isothermal 
batch reactor homopolymerization condition (Baillagou 
and Soong 1985a; Achilias and Kiparissides 1992a), copo-
lymerization condition (Keramopoulos and Kiparissides 
2002), flow reactor homopolymerization condition (Bail-
lagou and Soong 1985b) or Styrene under well mixed, iso-
thermal batch reactor copolymerization condition (Keramo-
poulos and Kiparissides 2002) and flow reactor condition 
(Cabral et al. 2003; Chen 1994, 2000; Costa et al. 2003).

The mathematical model for FRP consisting in ordinary 
differential equations (ODE) based on the moment method 
is given in Appendix-A of ESM and has been successfully 
used by several researchers (Baillagou and Soong 1985a; 
Achilias and Kiparissides 1992a; Keramopoulos and Kip-
arissides 2002). �0, �1 and �2 are zeroth, first and second 

order moment of live polymer chain length distribution, 
whereas µ0, µ1 and µ2 are zeroth, first and second order of 
moment of dead polymer chain length distribution. As can 
be seen in the mathematical model for FRP in Appendix-A 
of ESM, the form of equations does not give simple rela-
tionships between various chemical species and reaction 
rates. The various chemical species concentrations appear-
ing in this model vary from each other by several orders of 
magnitude. This introduces a strong stiffness in the set of 
ODE during the gel effect and non-isothermal conditions 
thus making it difficult to solve. This also leads to numeri-
cal errors during solving such quantities, and much math-
ematical manipulations are required to keep the numerical 
errors low enough to let the simulations converge. So, it 
would be a good strategy to normalize all these variables so 
that they come to the same order. It is easier to normalize 
various chemical species like initiator, monomer, solvent 
and chain transfer agent (CTA) by dividing their concentra-
tion with their respective initial concentrations, i.e.,

But in this mathematical model, as mentioned above, 
there are some other mathematical variables (�0, �1, �2,
µ0,µ1 andµ2) also which individually do not repre-
sent any chemical species physically but still needed to 
be solved using ODE [Eqs. (A6) to (A11), respectively]. 
Thus, the question arises that the initial concentration of 

(1)For initiator, I ′ =
I

I0

(2)Formonomer, M ′ =
M

M0

(3)For solvent, S′ =
S

S0

(4)For CTA, A′ =
A

A0

Scheme 1  Kinetic scheme for 
free radical polymerization used 
in this work (Garg et al. 2014a, 
b, c)
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which chemical species should be used to normalize them? 
Should that be same for all or different for each of them? 
So offering any such normalization for them is not straight-
forward. Some of the trouble can be avoided by using a 
simple quasi-steady-state assumption (QSSA) for vari-
ables representing free radicals (�0, �1 and �2) as used by 
several researchers (Hui and Hamielec 1972; Chen 1994; 
Serra et al. 2005a, b 2007; Mandal et al. 2011). In our 
previous work (Garg et al. 2014b, c), we have shown that 
QSSA for �0, �1 and �2 is a good assumption even during 
gel effect and can give same results (compared to the one 
that is obtained without using QSSA) using proper algo-
rithm. µ0,µ1 andµ2 (variables representing dead polymer 
chains) are the three most important variables in this model 
as they are used to evaluate quite important properties of 
polymers given by Eqs. (A13) to (A16). Besides this, they 
are several orders apart from each other. Zhu (1999) have 
proposed a transformation to tackle these issues for homo-
geneous batch reactor:

In CFD software packages, chemical species are usu-
ally modeled as passive scalar, i.e., they do not affect the 
flow condition with their movement. One of the problems 
in modeling chemical reactions with flow is that chemi-
cal reaction rates (generation terms) and chemical data for 
chemical species are presented in terms of moles which 
is not a conserved quantity during reaction. Following the 
law of conservation of mass, all the computations in CFD 
code are performed in terms of mass. Hence, all quantities 
including passive scalars should be presented in terms of 
mass so that conservation of mass can be applied to such 
species. This requires all the chemical data to be converted 
from molar form to mass form before being fed in the CFD 
software. Chen (1994) has even reported the kinetic rate 
coefficients values, as used in simulations, in mass form. 
Several researchers (Baillagou and Soong 1985b; Cabral 
et al. 2003; Chen 1994, 2000; Costa et al. 2003) have mod-
eled and simulated polymerization reaction in similar way 
but without mentioning anything about normalization.

But this strategy has some problems. First, all the 
chemical species are not normalized. So, good amount of 
computational power is required to handle the stiffness 
of the problem and numerical errors arising out of differ-
ences in the order of their values. Second is the problem 
of converting the values of various kinetic rate coefficients 

(5)µ′
0 =

µ0

I0

(6)µ′
1 =

µ1

M0

(7)µ′
2 =

µ2
(

M2
0/I0

)

of different elementary reaction steps to be modeled, from 
molar form to mass form. For simple elementary reaction 
step where only one chemical species is present, the molec-
ular weight of that chemical species can be used to convert 
the value of kinetic rate coefficient from molar to mass 
form [like in Eq. (A1)]. But if the reaction rate expression 
involves more than one chemical species, then it is diffi-
cult to choose any one chemical species or their combina-
tion for converting the kinetic rate coefficient data from 
molar to mass form [e.g., Eq. (A2)]. The third problem is 
slightly different as it is not that significant in the type of 
simulations already discussed. The flow reactors used are 
generally of macroreactor type i.e., large radial size (impor-
tant for industrial scale). In such conditions, the effect of 
diffusion is quite negligible. Baillagou and Soong (1985b) 
have shown in their work that the results were unaffected 
despite varying the diffusion coefficient by two orders. 
They explained that this was because radial Peclet number 
was way higher than one hence, and the use of exact value 
of diffusion coefficient was not important.

But same is not true for microreactors where radial 
Peclet number can be near one (Serra et al. 2005b, 2007). 
As the polymerization reaction proceeds, the solution vis-
cosity increases almost exponentially which lowers the 
value of diffusion coefficient of various chemical species 
in the solution. Different values of diffusion coefficient or 
continuous variation of diffusion coefficient can affect the 
simulation convergence and stability tremendously. So, 
the value of diffusion coefficient and its variation play an 
important role and offer a formidable task in case of simu-
lation of FRP in microreactors unlike in macroreactors. 
Serra et al. (2005b, 2007) and Mandal et al. (2011) have 
simulated several geometries of flow microreactors for FRP 
but with constant fluid thermo-physical properties like den-
sity and viscosity to keep the problem manageable. Instead 
of continuously varying the diffusion coefficient during 
the simulations, they have conducted several simulations 
with discrete variation of diffusion coefficient to observe 
its effect on reaction as well as, to some extent, to mimic 
the effect of viscosity variation due to increase in mono-
mer conversion. They have also used the transformation 
[Eqs. (1), (2), (5)–(7)] to model the respective variables as 
normalized and dimensionless passive scalars in CFD.

But the problem regarding the conversion of values of 
kinetic rate coefficients from molar to mass form remained. 
This conversion has not been clearly and logically defined 
and explained anywhere. We simply cannot feed the data 
in mass form in a kinetic rate expression which is obtained 
for molar form. For simpler expressions [Eq. (A1)], it might 
be fine, but for more complex expressions [e.g., Eq. (A2)], 
it is not straightforward. It may require several appropriate 
conversion factors to match the rate data in mass form with 
molar form. So, besides increasing its complexity, in absence 
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of any such clear and logical method to convert the kinetic 
rate coefficient data from molar to mass form, simulation 
results using such values and expressions will always be seen 
with suspicion. Another problem is related to µ0,µ1 andµ2. 
Since they are not physical quantities, so after the transfor-
mation, their range of variation is not limited to 0–1 as for 
the case of physical chemical species. They all are zero in 
the beginning, but with reaction they can increase beyond 1, 
especially µ2. µ0 andµ1 can remain within 0-1 provided that 
transfer steps are limited to transfer to monomer only and do 
not include transfer to solvent and CTA (Scheme 1). Hence, 
it is very difficult to ascertain whether these quantities are 
actually conserved or not during CFD simulation.

In order to avoid all these problems and to bring more 
clarity and simplification in calculations, a new simple 
transformation for FRP is proposed in this work. Instead of 
applying the transformation to µ0,µ1 andµ2, it is applied 
to kinetic rate coefficients, making them dimensionless in 
terms of concentration. It still retains all the desired pur-
poses and properties of earlier Zhu’s transformation but it 
is more suitable for CFD. The new transformation is vali-
dated through numerical solution against analytical solu-
tion of FRP for homogeneous batch reactor. The use of this 
new transformation in CFD simulation of FRP is also vali-
dated against the experimental data under similar condi-
tions. The CFD simulation results for FRP in microreactors 
are obtained using this new transformation and compared 
to published results and improvements are shown.

2  Mathematical model for flow

CFD-ACE+, a proven and commercial CFD software, was 
used for steady-state CFD modeling and simulation. The 
fluid was considered to be incompressible with constant 
density [Eq. (A31)] and constant viscosity. The flow was 
considered like a Newtonian laminar flow. Since the flow 
in the coiled tube reactor (CTR) was 3D, as used in valida-
tion, a compact form of equations was considered for CFD 
modeling and is presented below. The transient part van-
ishes for steady-state simulations.

1. The conservation of mass (incompressible fluid)

2. The conservation of momentum—Navier–Stokes equa-
tion was used

3. The conservation of energy with heat generation Q

(8)∇ · u = 0

(9)ρ
∂u

∂t
+ ρ(u · ∇)u = −∇p+∇ ·

(

η

[

∇u+ (∇u)T
])

(10)ρCp
∂T

∂t
+∇(−K∇T) = Q− ρCpu · ∇T

where

4. The conservation of chemical species

As already mentioned, various chemical species were 
modeled as passive scalars. So, the generation term Ri 
(Eq. (12)) for each passive scalar is same as their respec-
tive reaction rate term, which is presented in detailed math-
ematical model for FRP, given in Appendix-A of ESM. It 
is this equation by which polymerization reaction is inte-
grated to CFD modeling.

3  New transformation

Two simple and well-proven assumptions are required 
before applying the new transformation to the mathemati-
cal model for FRP (Appendix-A of ESM) to be used in 
CFD modeling. These are as follows:

1. QSSA for live polymer radical chain length distribu-
tion, i.e., �0, �1, and �2.

This assumption is fully valid before the gel effect sets 
in. However, as already mentioned, our previous work 
(Garg et al. 2014a, b, c) have also shown that the models 
with or without using QSSA gave similar results when 
set properly. So, this assumption decreases modeling 
complexity without reducing its quality. This helps in 
reducing computational power required for simulation 
by reducing the number of variables by three which are 
supposed to be evaluated numerically by solving ODE. 
Other researchers (Serra et al. 2005b, 2007; Mandal 
et al. 2011) have also used this assumption in their work. 
Thus, application of QSSA leads to Eqs. (B7)–(B9) for 
�0, �1 and �2, respectively, as given in Appendix-B of 
ESM.

2. The above assumption leads to another simple and 
practical assumption i.e., L̄ ≫ 1.

This assumption has been used by other researchers also 
(Konstadinidis et al. 1992; Achilias and Kiparissides 
1992b; Serra et al. 2005b, 2007; Mandal et al. 2011). This 
assumption is quite reasonable as the value of L̄ is quite 
large and thus, it does not introduce significant error in the 
model and its outcome. It further simplifies the relation-
ships among �0, �1, and �2, which are as follows:

(11)Q = −�HpKp�0M

(12)
∂Ci

∂t
+∇ · (−Di∇Ci + Ciu) = Ri

(13)�1 = �0L̄
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Now, the new transformation for kinetic rate coefficients 
is as follows:

So, Eqs. (15)–(17) constitutes the new transformations 
where all terms marked with (′) are dimensionless in terms 
of concentration. Kd does not require any transformation as 
it is already dimensionless in terms of concentration. All 
the transfer rate coefficients like transfer to monomer Kfm,  
transfer to solvent Kfs and transfer to CTA Kfa are con-
nected to Kp through Eqs. (A18) to (A21) and (A24) to 
(A28). Similarly, Kt is connected to Ktc andKtd through 
Eqs. (A17), (A22) and (A23).

Applying this transformation results into the following 
relationships between their dimensionless and dimensional 
forms:

As such, we have no theoretical basis to derive this new 
transformation for kinetic rate coefficients as suggested 
above. So, proving the correctness of new transformation in 
the absence of theoretical basis for its derivation is difficult. 
But we have used other means to prove its correctness. By 
applying this new transformation in the mathematical model 
of FRP (Appendix-A of ESM) along with the aforemen-
tioned assumptions, few things can easily be observed. First 
observation is that by applying the proposed transformation 
on the right hand side of the Eqs. (13) to (15) for the dead 
polymer chain length distribution and then taking out the 
common factor in each equation, we will obtain the same 
form of the transformation (Eqs. (5)–(7)) as proposed by 
Zhu (1999). The only difference is that the latter transfor-
mation was applied to the whole equation directly, whereas 
we have got that form indirectly by applying transformation 

(14)�2 = 2L̄�1 = 2L̄2�0

(15)for dissociation: K ′
d = Kd

(16)for propagation: K ′
p = Kp

√

I0 ·M0

(17)for termination: K ′
t = KtM0

(18)�
′
0 =

√

2fK ′
dI

′

K ′
t

=

√

2fKdI

Kt

×
1

√
I0M0

=
�0√
I0M0

(19)L′ =
K ′
p�

′
0M

′

2fK ′
dI

′ =
Kp�0M

2fKdI
×

(

I0

M0

)

= L

(

I0

M0

)

(20)DPn =
µ1

µ0

=
µ′
1

µ′
0

(

M0

I0

)

(21)PDI =
µ0µ2

µ2
1

=
µ′
0µ

′
2

µ′2
1

to concentration terms [Eqs. (1)–(4)] and kinetic rate coef-
ficients. This proves the correctness of our proposed new 
transformation with respect to the old one. This also proves 
the claim of our new transformation about bringing the vari-
ous variables (µ0,µ1&µ2) values at the same order and thus 
helping in reducing stiffness and numerical error. Second, 
the form of all the equations (Eqs. (A1)–(A5) and (A9)–
(A11)) before and after applying the transformation remains 
the same except for the fact that now the transformed terms 
are dimensionless in terms of concentration. This is a very 
significant advantage as this transformation does not intro-
duce any new factor in any equation of the model to account 
for the transformation as is the case with Zhu’s transforma-
tion. This helps in coding and debugging the equations as 
the same form of equation is retained.

So, in a way, one can say that this proposed new trans-
formation is a new way of achieving Zhu’s transformation 
but with an additional advantage of having kinetic rate 
coefficients dimensionless in terms of concentration and 
thus moles. Thus, this new transformation is more suitable 
for CFD modeling and simulation for FRP.

4  Validation

After applying QSSA to Eqs. (A6)–(A8), we obtained 
another mathematical model called as FRP_QSSA intro-
duced firstly in our previous work (Garg et al. 2014a). 
An analytical solution (AS) was thus developed against 
FRP_QSSA for the MMA homogeneous isothermal batch 
reactor. The new transformation was first validated against 
this analytical solution (AS). For this, the new transforma-
tion was applied to both AS and FRP_QSSA and both were 
solved against time in Matlab R2008a. For FRP_QSSA, 
ODE solver ode15s was used. For MMA data used in this 
validation, please refer to Garg et al. (2014a). The results 
are presented later.

In the absence of validation against physical experimen-
tal data, the accuracy of simulation results cannot be ascer-
tained. So, in this work, CFD simulation was performed 
using the new transformation and compared with experi-
mental data (Serra et al. 2005a) obtained for the benzoyl 
peroxide (BPO) initiated polymerization of styrene with 
30 % dilution in a coiled tube reactor (CTR). The details 
of the operating conditions and reactor are given in Table 1.

5  Meshing and boundary conditions

To observe any improvement using the new transformation 
in CFD simulation, it was applied to the numerical simula-
tion of FRP of styrene in straight tube reactor (STR) with 
unmixed feed condition. This was done to compare the 



1293Microfluid Nanofluid (2015) 18:1287–1297 

1 3

results using new transformation with published results 
(Serra et al. 2007) under similar conditions except for the 
fact that in the reference work, the chemical data were fed 
to simulations in mass form. The details of the operating 
conditions, physical and kinetic data can be found in Man-
dal et al. (2011).

A well-established and proven commercial CFD soft-
ware package based on the finite volume method, CFD-
ACE+ (Liu et al. 2002; Senn and Poulikakos 2004; Stutz 
and Poulikakos 2005; Dreher et al. 2010), was used for this 
purpose. CFD-GEOM was utilized to generate the geom-
etry grid, while CFD-ACE and CFD-VIEW were used to 
process the problem and for the post-processing of the sim-
ulation results, respectively. CFD-ACE+ can accommodate 
structured and unstructured grid as well as simulate steady 
state as well as transient simulations.

The CFD geometry grid for STR was same as used by 
Mandal et al. (2011), so no additional separate mesh inde-
pendency analysis was performed in this case. An unstruc-
tured grid was used for straight tube as shown in Fig. 1a, b. 
The geometry of CTR (required for validation with experi-
mental work) was generated using CFD-GEOM with a 
structured square grid. A mesh independency analysis for 

fully mixed feed condition with constant density and vis-
cosity was done for similar geometry and dimensions but 
with higher curvature and same chemical kinetic model. It 
was done at two levels—radial and axial. We took several 
radial meshing densities varying from very coarse mesh-
ing of 20 × 20 to very fine meshing of 100 × 100 for dif-
ferent values of axial meshing points. For all the different 
axial mesh densities investigated, we found that the results 
were independent of the radial mesh density. This was 
understandable as radial concentration gradients would be 
expected quite less under above stated conditions. So, we 
have chosen a 20 × 20 radial mesh for further studies. We 
also observed that the results were more dependent on axial 
(flow) direction mesh density. This was understandable due 
to inherent curvature of the geometry. For the given dimen-
sions of the CTR investigated, the lesser curvature led to a 
limitation on the minimum number of points in each coil 
turn to maintain its circular geometry otherwise a polygon-
like geometry is obtained. So, we worked with some higher 
numbers of mesh point per turn of coil with radial mesh 
density of 20 × 20 whose results are presented in Table 2. 
As no significant changes in the monomer conversion (XM),  
number-average molecular weight (DPn) and polydisper-
sity index (PDI) were observed when the axial mesh point 
per coil turn was increased from 150 to 200, we selected 
for further studies 150 axial mesh point per coil turn. The 
final mesh of the CTR inlet (20 × 20) and volume grid are 
shown in Fig. 1c, d.

The flow, heat and scalar modules of CFD-ACE were 
used to model, respectively, the flow, heat effects due to 
chemical reaction and heat transfer through the fluid 
as well as across the reactor wall and the modeling of 
all the various chemical species as passive scalars with 
their respective reaction rates as generation terms. There 
were five passive scalars used for simulation: initiator, 
monomer, µ0,µ1 andµ2. To reduce the numerical diffu-
sion, a third order space discretization scheme was used 
for all variables like velocity, enthalpy and passive sca-
lars. SIMPLEC was used for pressure–velocity coupling. 

Table 1  Experimental data for solution polymerization of styrene in 
CTR (Serra et al. 2005a)

Type of reactor geometry CTR

Length (m) 2.356

No. of turns 15

Pitch (m) 0.0016

Diameter (m) 0.0009

Diameter of coil (m) 0.05

Residence time (s) 9,000

Initiator, concentration (mol/l) BPO, 0.00937

Monomer, concentration (mol/l) Styrene, 6.3

Temperature (K) 378.15

Diffusivity coefficient (m2/s) 1 × 10−10

Fig. 1  a Unstructured mesh for STR (Mandal et al. 2011) inlet, b volume grid of STR, c CTR inlet structured mesh, d structured volume grid of 
CTR
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Conjugated gradient squared (CGS)+ preconditioning 
solver was used for the velocity, enthalpy and all passive 
scalars. Algebraic multigrid (AMG) solver was used for 
pressure. All CFD simulations were taken to be steady 
state. Various relaxation parameters related to velocity, 
pressure and all passive scalars were adjusted in order to 
have simulations converge faster. All post-processing was 
done using CFD-VIEW.

The no-slip boundary conditions for the velocities, i.e., 
ui = 0, and the zero first derivative conditions for the pas-
sive scalars concentration were imposed on the solid wall 
implying zero diffusion flux of passive scalars through 
the wall. Flat concentration and velocity profiles were 
imposed at rector inlet. The value of average velocity at 
inlet was chosen to have a residence time of 12 h in STR 
and 2.5 h in CTR. The fluids considered in the study were 
assumed to be completely miscible in each other and to 
have similar and constant thermo-physical and chemi-
cal properties as given in Table 1 for CTR. The flow was 

modeled as Newtonian in nature. The wall of the pipe was 
maintained at a constant temperature of 70 °C (isothermal 
condition). The numerical computation was found to be 
converged when the error residual added over all the com-
putational nodes is ≤10−6 for pressure p, velocity ui and 
all passive scalars.

6  Results

First of all, the result is presented for theoretical validation 
of the new transformation. As shown in Fig. 2, the plots are 
obtained for all five passive scalars which are transformed 
variables as well. Since the new transformation is applied 
to both FRP_QSSA and AS, so both the results should 
match if it is correct. Furthermore, since the reactor stud-
ied is a batch reactor and so working in transient regime, 
results were plotted against time. As can be seen in Fig. 2, 
results of AS matched exactly with that of FRP_QSSA, 
hence, only one color is prominently visible in the graphs 
for all the variables shown for isothermal homogeneous 
batch reactor. Another thing that can be observed is that 
all the variables (passive scalars) are of the same order as 
desired and expected except for �0 which is not modeled as 
passive scalar. This validates that the new transformation is 

Table 2  Mesh independency results for CTR

Axial mesh point per coil turn XM DPn PDI

150 0.57 385 1.76

200 0.57 385 1.76

Fig. 2  Comparison between the analytical solution and FRP_QSSA numerical solution using new transformation
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theoretically correct and also works for the AS under batch 
reactor condition (dynamic condition).

It is now extended to flow reactor steady-state condi-
tions. For this, CFD simulation of FRP of styrene under 
flow in STR microreactor is modeled with new transfor-
mation. The results are compared with published results 
(Serra et al. 2007) under similar conditions in Figs. 3, 4 
and 5 on semi-log plots with diffusion coefficient on x-axis 
(log-scale). This enables to view the effect of variation of 
diffusion coefficient on various polymer properties in STR 
microreactor.

As can be seen, Fig. 3 shows slight differences for XM 
and Fig. 4 shows a very good match for PDI. But the most 
significant differences between the results of two works 
can be observed for DPn in Fig. 5. This large difference in 
DPn values requires some theoretical explanation as well as 
validation against experimental data. This is necessary so 
as to prove that these new results using the new transfor-
mation are indeed correct, and significant deviations from 
the earlier published results are not due to either numerical 
or modeling error. Detailed explanation of all these results 
under flow condition in STR is presented in discussion 
section.

For this, FRP with mixed feed condition in CTR micro-
reactor is modeled using new transformation and simu-
lated using CFD. Its results are compared with experi-
mental data (Serra et al. 2005a) under similar conditions. 
The Table 3 shows the results for both the CFD simula-
tion and the experimental data. As can be seen, the simu-
lation results matches satisfactorily with the experimen-
tal data under the simplified assumptions using the new 
transformation. It also shows that the new transformation 
improves the DPn prediction as the value predicted for DPn 
using CFD is quite near to experimental value. So, we can 
easily conclude that the higher values shown in Fig. 5 for 
DPn are actually an improvement in modeling of FRP due 
to the new transformation and not a numerical or modeling 
error.

7  Discussion

In this work, a new transformation is proposed which is 
applied to various kinetic rate coefficients of FRP, making 
them dimensionless in terms of concentration. This indi-
rectly helps in making three non-physical mathematical 
variables µ0,µ1 andµ2 dimensionless in terms of concen-
tration besides normalizing them with the form similar to 
the one given by Zhu (1999) [Eqs. (5)–(7)]. So, it partly 
proves the correctness of this new transformation. The 
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claim of normalization of µ0,µ1 andµ2 is clearly validated 
by the results shown in Fig. 2 where the order of the mag-
nitude of their values is same. Only molar form of data is 
used for the results shown in Fig. 2 where AS is compared 
with FRP_QSSA after applying the new transformation for 
both. Another interesting thing that can be noticed in the 
plot of µ1 andµ2 in Fig. 2 is that their values go beyond 
1 after certain time as predicted in introduction earlier. As 
mentioned, µ0 andµ1 values can be limited within 0–1 
for the case of transfer steps limited to transfer to mono-
mer only. This can be checked from Eqs. (B10) and (B11) 
(Appendix-B of ESM) where µ0 andµ1 can be found to 
be function of I andM, respectively, under this condi-
tion, which is same as Zhu’s transformation. This not only 
shows the importance of the new transformation in CFD 
but also validates the results using this transformation. This 
can be claimed because AS results, against which valida-
tion is made, are without any numerical error and absolute 
in value.

As we can see from Eqs. (18) to (21), various terms like 
�
′
0, L

′
 and DPn are not completely independent of initial val-

ues of initiator, I0 and monomer, M0 except for PDI. Since 
the final form of transformation for µ0,µ1 andµ2 is same 
in both Zhu (1999) and new transformation, PDI and DPn 
will have same expression using µ0,µ1 andµ2. So, one can 
wonder as to what is the importance of the initial concen-
tration values on the final values of conversion, PDI and 
DPn as visible in the Figs. 3, 4 and 5.

It can be seen that AS (Garg et al. 2014a) for initiator 
concentration, i.e.,

is of first order with respect to I, initiator concentration and 
only one concentration term is present. So, applying the 
transformation of Eq. (1), I will become dimensionless in 
terms of concentration and units (mass or molar), and value 
of concentration term will have no effect on the solution 
of this I ′ (passive scalar1). Final value of I can simply be 
obtained by multiplying it by I0.

But this is not the case for M, monomer concentration. 
AS (Garg et al. 2014a) for monomer concentration is

(B1)I = I0e
−Kd·t

Eq. (B3) is first order in M but of complex order in I.  
So, after applying Zhu’s transformation (Zhu 1999) for 
monomer concentration (Eq. 2), the dimensionless mono-
mer concentration is injected into Eq. (B3). It can be seen 
that the result is still dependent on I0. So, the value of I0, 
depending on the units chosen (mass or molar), will have 
impact on evaluation of M ′ and ultimately on M. So, this 
could be the possible reason for the discrepancy observed 
between monomer conversions as shown in Fig. 3.

In case of PDI, as can be seen in Eq. (21), it is totally 
independent of initial values of initiator and monomer con-
centrations. So, whatever may be the individual values of 
µ0,µ1 andµ2, their ratio as given in Eq. (21) will still give 
the same result for diffusive flow in the absence of any con-
vective mixing in straight tube microreactor. In our case, the 
main source of radial mixing is due to diffusion which is not 
affected by transformation. This is clearly visible in Fig. 4.

As for DPn, as can be seen in Eq. (20), it is strongly 
dependent on the ratio of initial concentration values of 
both initiator and monomer. Besides this, the value of µ1 
is dependent on the calculation of M also. So, the choice 
of units (mass or molar) and thus the values will definitely 
affect the final value of DPn. This is the most probable the-
oretical reason for the large discrepancy observed in Fig. 5 
and this requires further validation especially with physical 
experimental data. Now, the CFD simulation results using 
the new transformation match quite well with the experi-
mental data as shown in Table 3 and this validates our rea-
soning. It is noteworthy that DPn simulated values are quite 
near to the experimental one (Serra et al. 2005a). So, there 
should not be any doubt about the validity of the new trans-
formation proposed in this work.

In our opinion, the discrepancy between our current 
results and Serra et al. (2007) is not because of any modeling 
error or numerical error in simulation. The discrepancy prob-
ably arises because compared to us, they have used differ-
ent transformation in modeling which requires the data to be 
fed in mass form. Their modeling is affected by the units as 
well as by the numerical value of the initial concentrations of 
initiator and monomer and this has affected their subsequent 
results. The new results, thus, should be seen as the outcome 
of improvement in the modeling by use of the new transfor-
mation rather than due to incorrect data or as error.

8  Conclusion

A new transformation is proposed in this work for the math-
ematical model of FRP with two simple and reasonable 

(B3)M = M0 exp



−

�

8fK2
prI0

KdKt

·
�

1− e
−Kd·t

2

�





Table 3  Comparison of experimental (Serra et al. 2005a) and simu-
lation results for BPO-initiated polymerization of styrene in a CTR

Experimental CTR  
(Serra et al. 2005a)

Simulation CTR

T(◦C) 105 105

Time(s) 9,000 9,000

XM 0.53 0.57

DPn 335 385

PDI 1.52 1.76
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assumptions. The new transformation makes the kinetic rate 
coefficients dimensionless in terms of concentration. This 
has three distinct benefits. First, kinetic rate coefficient data 
can now be fed in molar form in CFD simulations instead of 
mass form. Second, µ0,µ1 andµ2 are indirectly normalized, 
without introducing any new normalizing factor, in the same 
way, it was first proposed by Zhu (1999) to reduce stiff-
ness and numerical error. And lastly, the form of equations 
of all the variables, that need to be transformed, remains 
unchanged hence enable easy coding and debugging. This 
new transformation is basically a different way of imple-
menting Zhu’s transformation but in a more suitable and 
adoptable way with added advantages for CFD modeling and 
simulation of FRP. This is important especially in microre-
actors where diffusion is important and can have significant 
impact on simulation convergence and stability. Validation 
of this new transformation was necessary so it was first vali-
dated against the AS (Garg et al. 2014a) for homogeneous 
batch reactor. Then, the CFD results were compared for FRP 
in STR with published results (Serra et al. 2007). Slight dif-
ference in XM, no difference for PDI and most significant dif-
ferences for DPn values were observed. Results for XM could 
easily be explained through AS for initiator and monomer, 
whereas results for PDI andDPn could easily be explained 
from their transformed expressions. To check the correctness 
of predictions for DPn values using the new transformation, 
it was validated against the physical experimental data for 
FRP in CTR microreactor (Serra et al. 2005a). The results 
were in good agreement. The main contribution of this new 
transformation is the improved CFD simulation prediction of 
DPn in microreactors compared to the use of Zhu’s transfor-
mation. Hence, the new transformation can be accepted as an 
improvement in the modeling of FRP in CFD problems.
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