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1 Introduction

To interpret the data obtained in a dynamic laser light scat-
tering experiment, the Stokes–Einstein relation must be 
met, which requires correct use of the macroscopic viscos-
ity of liquid and of the relations of classical hydrodynam-
ics. One must define the exact lower limit on the particle 
size for which this relation is applicable (Li 2009; Tuteja 
et al. 2007; Ould-Kaddour and Levesque 2007; Schmidt 
and Skinner 2003).

Dynamic light scattering (DLS) is a powerful nonde-
structive method that is employed in physics, chemis-
try, biology, and nanotechnology to determine the size of 
objects suspended in a solvent. Although DLS is consid-
ered to be a technique developed for particle size measure-
ment, the immediate result from a DLS experiment is the 
autocorrelation function of the scattered light intensity. For 
a suspension that contains particles of various sizes, the 
autocorrelation function takes the following form (Johnson 
and Gabriel 1994; Pecora 2000):

where the intensity correlation decay rate Γi that corre-
sponds to the ith type of particles. Γi is expressed in terms 
of diffusion coefficient Di, wavelength � of the light under-
going scattering, solvent refraction coefficient n and scat-
tering angle θ as

Each parameter Ci is defined by the relation between the 
fractions of the particles of the corresponding size in the 
suspension and the intensities of the light scattered by 

(1)G(τ ) = C0 +
(

∑

Ci exp(−Γiτ)

)2
,

(2)Γi = Di

(

4πn

�
sin (θ/2)

)2

.

Abstract The determination of particle size by dynamic 
light scattering uses the Stokes–Einstein relation, which 
can break down for nanoscale objects. Here, we employ 
a molecular dynamics simulation of fully solvated 1–5 
nm carbon nanoparticles for the refinement of the experi-
mental data obtained for nanodiamonds in water by using 
dynamic light scattering. We performed molecular dynam-
ics simulations in differently sized boxes and calculated 
nanoparticles diffusion coefficients using the velocity 
autocorrelation function and mean-square displacement. 
We found that the predictions of the Stokes–Einstein rela-
tion are accurate for nanoparticles larger than 3 nm while 
for smaller nanoparticles the diffusion coefficient should 
be corrected and different boundary conditions should be 
taken into account.
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them. The diffusion coefficient D and the size are coupled 
through the Stokes–Einstein relation

where T  is the temperature of the system, η is the viscosity 
of the liquid, R is the particle radius, and kB is the Boltz-
mann constant. The viscosity of water at room temperature 
8.9× 10−4 Pa s was used in all calculations.

The type of hydrodynamic boundary conditions (stick 
or slip) on the surface of the particle affects the coefficient 
in the Stokes–Einstein relation. The most common form of 
the Stokes–Einstein relation (3) corresponds to the stick 
boundary conditions. It is considered to describe the case 
of macroscopic particles. For slip boundary conditions, one 
writes 4 instead of 6 in the denominator of relation (3). In 
ref. (Huang et al. 2008), the authors show that the simulated 
slippage length for water and various surfaces (including 
the diamond-like surfaces) can reach dozens of nanome-
ters, which exceeds the characteristic size of nanodiamonds 
and makes discussable the type of the actual hydrodynamic 
boundary conditions.

The efficacy of applying molecular dynamics to the deri-
vation of diffusion characteristics of particles in the solid 
ball model has been demonstrated previously (Ould-Kad-
dour and Levesque 2007; Rudyak et al. 2011). The appear-
ance of a solvate shell that coats the surface of a nanopar-
ticle may prove to have interesting side effects (Korobov 
et al. 2013). The application of simulations in the context 
of fully atomistic molecular dynamics would permit micro-
scopic features of the interaction between the medium and 
the particles to be taken into consideration.

This work accounts for the atomic structures of the parti-
cles and the solvent, which are aspects that should become 
essential for determination of particle sizes on the nanom-
eter scale. The aim of this study is to check applicability of 
molecular dynamics for estimation of the particles diffusion 
properties in the context of global problems of computa-
tional methods for estimation of thermodynamic quantities 
(Frenkel 2013). In particular, we apply molecular dynamics 
simulation to determine the type of hydrodynamic bound-
ary conditions for differently sized nanodiamonds.

2  Experiment

A particular feature of the structure of detonation nanodia-
monds is their characteristic monocrystallite size of 4 nm 
(Baidakova and Vul’ 2007), which is energetically favora-
ble under the conditions of the growth process. This value 
has been obtained using X-ray scattering and TEM data 
(Ozerin et al. 2008), processing of the Raman scattering 

(3)D =
kBT

6πηR
,

spectra in the phonon confinement model (Aleksenskii 
et al. 1997) and computer simulation (Raty and Galli 2003).

The technique employed for the preparation of this sam-
ple has been described previously (Aleksenskii et al. 2012; 
Aleksenskiy et al. 2011). All suspensions of detonation 
nanodiamonds contain both single crystallites and their 
aggregates of size up to 100 nm. Light scattering inten-
sity of a single particle or aggregate is proportional to the 
square of its volume. It is the reason why the optical sig-
nal from single particles is always much more weak than 
the signal from aggregates. The bimodal model assuming 
that suspension contains particles of two characteristic 
sizes (i = 1, 2) allows to extrude a small contribution to 
its optical properties from single 4-nm nanoparticles only. 
For instance, it has been found to be appropriate for the 
description of the optical density of such suspensions (Kon-
yakhin et al. 2013).

Figure 1 displays the correlation function obtained with 
the Malvern Zetasizer instrument (θ = 173◦, � = 633 nm) 
for suspension of disaggregated nanodiamonds. The corre-
lation function was approximated manually using relation 
(1), where i = 1, 2. The data corresponding to long times 
were first used to determine parameter C0 ≈ 0.047 and 
parameters C2 ≈ 0.86 and Γ2 ≈ (152µs)−1 for large parti-
cles, after which the difference between the experimental 
data and the contribution from large particles in the region 
corresponding to short times was attributed to the contri-
bution from small particles and used to approximate the 
remaining parameters: C1 ≈ 0.07 and Γ1 ≈ (10.3µs)−1. It 
can be seen that cross-term 2C1C2 exp (−(Γ1 + Γ2)τ ) is 
dominant for short times because C1 ≪ C2.
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Fig. 1  Autocorrelation function of the scattering intensity for sus-
pension of disaggregated nanodiamonds (squares) measured by 
dynamic light scattering and the result of its approximation with rela-
tion (1) (gray line). The solid black curve represents the contribution 
from large particles only, and the dashed black curve represents the 
contribution of the cross-term
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The diffusion coefficient of single particles calculated 
with relation (2) is D1 = 1.1× 10−6 cm2 s−1. If one knows 
independently the estimate of the nanoparticles size (4 nm 
for detonation nanodiamonds), the DLS method of meas-
uring their diffusion coefficient becomes an experimental 
way to verify the Stokes–Einstein relation.

3  Simulation details

For comparison with analytical expression (3) and the DLS 
data, the diffusion coefficients of nanoparticles were calcu-
lated using molecular dynamics (MD) in an explicit solvent 
in the Gromacs 4.5.4 package (Hess et al. 2008). The nano-
particles were modeled as carbon nanocrystals with a dia-
mond-type lattice (sp3 hybridization) of an approximately 
spherical shape with diameters of 1, 1.5, 2, 3, 4, and 5 nm. 
The surface atoms of nanoparticle lacking some neighbors 
were considered as bonded with the implicit hydrogens. 
This model describes idealized hydrophobic objects that 
nonetheless have an atomic structure.

The carbon–carbon van der Waals interactions were 
computed using Lennard–Jones potential with the param-
eters proposed in DREIDING forcefield (Mayo et al. 
1990). This forcefield also includes the parameters for the 
hydrated carbon atoms (see table VII from Mayo et al. 
1990).

The solvent was modeled using TIP4P/2005 water 
model (Abascal and Vega 2005), which provides accu-
rate estimates of water viscosity compared to other popu-
lar water models (SPC/E, TIP4P and TIP4P/Ew). The 
latter was shown using the molecular dynamics simula-
tions of self-diffusion coefficient and stress tensor in bulk 
water (Tazi et al. 2012) and water flow between two sur-
faces (Markesteijn et al. 2012). The water–carbon inter-
actions were calculated using common mixing rules 
εij =

√
εiiεjj, σij =

√
σiiσjj.

For each size of the nanoparticle, 5 systems with differ-
ent cubic box size ranging from 3 to 16 nm were prepared. 
Two MD trajectories of 10 and 50 ns lengths with 2-fs time 
step were calculated for each system. The shorter trajecto-
ries with 0.05 ps velocity sampling interval was used for 
the velocity autocorrelation function (VAF) analysis, while 
the longer trajectory sampled every 1 ps was used for the 
mean-square displacement (MSD) calculation. Periodic 
boundary conditions were used in all simulations. The sol-
vent molecules were maintained at 298 K by the Berendsen 
thermostat.

The results of the simulations were used to calculate 
the diffusion coefficient in two ways. The first method 
involved the application of the Kubo relation (1957) cou-
pling the diffusion coefficient to the VAF of particles 
Cv(τ ) = �v(t)v(t + τ)�t:

The second method treats the determination of the diffu-
sion coefficient in terms of the MSD of a random-walking 
object from its initial position:

The angle brackets here represent an ensemble average that 
is computed over trajectories calculated using the molecu-
lar dynamics method.

4  Results and discussions

For determining the nanoparticles, diffusion coefficient 
using the VAF approach the whole 10 ns trajectory was 
considered as 100 independent trajectories of 100 ps, 
which allowed to calculate the mean diffusion coefficient 
and its standard deviation. Figure 2 shows time dependen-
cies of the normalized to unity VAFs for particles of vari-
ous sizes for the largest of simulated boxes. One sees that 
for the solute size of about 3 nm the VAF resembling a 
damped oscillating motion transforms to a strictly decaying 
function. Integral (4) is taken numerically in the range from 
0 to 25 ps.

The trajectory length related to the MSD approach 
was t = 50 ns. The whole simulated trajectory was con-
sidered as t/tR trajectories of successively decreasing 
lengths: t, t − tR etc. The averaging of the MSD was 
provided over 100 trajectories. Restart time tR was cho-
sen to be 500 ps, however the obtained results exhibited 
weak dependencies of diffusion coefficients on fitting 
range and tR. The dependence of the MSD on time is 

(4)D =
1

3

∫ ∞

0

�v(t)v(t + τ)�tdτ .

(5)�r2� = 6Dt.
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Fig. 2  The averaged over 100 trajectories normalized VAFs for parti-
cles of different sizes for largest simulation boxes (12–16 nm)
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shown in Fig. 3 for particles of all sizes. The error of dif-
fusion coefficient was estimated as a standard deviation 
of mean values of the MSD calculated for 10 groups of 
10 trajectories.

Previously, it was shown (Dunweg and Kremer 1993; 
Yeh and Hummer 2004) that the diffusion coefficient 
DPBC(L) of nanoparticle calculated using periodic bound-
ary conditions depends on the size of simulation box L and 
tends to limit value of diffusion coefficient D0 for infinite 
simulation box as

(6)DPBC(L) = D0 −
A

L
.

To take this aspect into account for calculating the diffusion 
coefficient using both the VAF and MSD approaches, we 
provided simulations for each nanoparticle size in boxes of 
various sizes L ranging from 3 to 16 nm. To derive diffu-
sion coefficient D0, we fitted the obtained dependencies of 
the diffusion coefficient on the simulation box size on the 
basis of Eq. (6) varying D0 and A as parameters.

Figure 4 shows dependence of simulated diffusion coef-
ficient for 4 nm particle on the box size for the VAF and 
MSD approaches. The fit on the basis of Eq. (6) yields 
D0 = 1.30× 10−6 cm2 s−1 for the VAF approach and 
D0 = 1.12× 10−6 cm2 s−1 for the MSD approach.

With decreasing the size of the solute, the definition of 
the radius figuring in the Stokes–Einstein relation becomes 
ambiguous (Schmidt and Skinner 2003). The radius can 
be interpreted as a bare radius of nanoparticle RB match-
ing with the radius of crystallite or as hydrodynamic radius 
RH = RB + σ, where σ ≈ 0.145 nm estimates the radius of 
the water molecule.

The dependencies of the diffusion coefficient on the 
particle size are shown in Fig. 5 for different methods 
employed for their estimation. Table 1 lists corresponding 
numerical values of diffusion coefficients.

5  Conclusion

We have considered three theoretical methods of nanopar-
ticles diffusion coefficient estimation: the Stokes–Einstein 
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relation with different type of hydrodynamic boundary 
conditions, the analysis of the molecular dynamics simu-
lations employing the MSD approach, and the analysis of 
the molecular dynamics simulations employing the Kubo–
Green relation.

To calculate the diffusion coefficient via MD, it is 
strictly necessary to perform the series of simulations using 
the boxes of various sizes and taking the limit of an infinite 
box using formula (6). The obtained effects of the finite 
box size are in agreement with predictions in (Dunweg and 
Kremer 1993; Yeh and Hummer 2004). It is noticeable that 
discrepancies between values calculated using VAF and 
MSD approaches are very small for all sizes of nanopar-
ticles and boxes simulated, and one can not prefer one of 
these methods in this case.

The analysis of the diffusion coefficient allows to con-
clude that for particles larger than 3 nm the Stokes–Ein-
stein relation with stick boundary conditions describes 
the diffusion coefficient with high accuracy. For 2 nm and 
smaller nanoparticles, the Stokes–Einstein relation with 
stick boundary conditions shows the tendency to underesti-
mate the diffusion coefficient obtained in simulations. This 
is probably due to the transition of stick boundary condi-
tions to slip boundary conditions with the decreasing parti-
cle size. The effect of hydrodynamic radius on the diffusion 
coefficients also becomes significant when the radius of the 
particle is smaller than 3 nm.

The principal result of the study is that the accuracy of 
the Stokes–Einstein relation is acceptable for the accurate 
measurements of hydrophobic nanoparticles size by DLS. 
However, the molecular dynamics simulation may be used 
for the refinement of the DLS data in the small particles.

Contemporary facilities of the MD simulations allow 
varying the structure and the molecular, atomic, and ionic 
compound of the studied solute particles and the solvent. 
The proposed computational methods open a wide range 
of possibilities for investigating the diffusion parameters of 
nanoparticles in various types of solvents.
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