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Abstract This paper presents a theoretical investigation
of squeeze film flow in systems employing microplates
parallel to a substrate and undergoing large amplitude
normal vibration. Most previous models of squeeze film
damping assume small oscillation amplitude with linear
system behavior, but it is often unclear how small the
vibrations must be to actually elicit this response. In
addition, fluid inertia effects are usually overlooked. This
study provides a compact nonlinear solution for the
incompressible hydrodynamic forces with specific terms
describing fluid inertia and viscous damping. Numerical
analysis (the explicit Runge-Kutta method) is applied to
solve the nonlinear governing equation. The effects of
frequency, oscillation amplitude, aspect ratio (of gap to
length), and Reynolds number on the dynamic response of
the system are investigated. The overall system response
depends strongly on the actuation frequency and system
properties. It is found that a simple criterion of validity for
the linear system assumption is not possible. Near reso-
nance, the vibration input amplitude (relative to the initial
gap) must be very small indeed for linearity (~0.001),
while in other cases the relative amplitude can be greater
than one.
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1 Introduction

Squeeze film damping is a common phenomenon which
occurs in many devices that involves a surface moving in a
normal direction in close proximity to another solid sur-
face. The relative motion alternately squeezes out and
draws in fluid between the two surfaces. This causes a
pressure field to arise within the fluid, which may affect the
movement of the surfaces. If the fluid film thickness is
small enough compared to the wall width, such a phe-
nomenon plays a significant role in energy loss and often
dominates the dynamic motion of the system (Williams
2005).

Derived from integrated circuit fabrication technology,
microelectromechanical systems (MEMS) have driven a
great amount of research and number of applications, due
to their potential of performing sensing and actuation at
unprecedented levels of miniaturization (Hsu 2008). The
study of a fluid film squeezed between two solid surfaces is
important in many MEMS applications that involve the
out-of-plane vibration of beams or plates in the proximity
of a surface, such as accelerometers (Houlihan and Kraft
2005), resonators (Zhang et al. 2004), optical switches
(Horsley et al. 2005), microtorsion mirrors (Pan et al.
1998), and others. As size shrinks, the volume forces such
as gravity become less important, while surface forces like
those due to hydrodynamics often comprise the largest
source of parasitic losses (Bao and Yang 2007).

Depending on the design criteria and operating condi-
tions, squeeze film damping influences the behavior of
MEMS in different ways. For instance, in a resonant sen-
sor, to achieve a high Q-factor, the damping should
be reduced as much as possible for the best resolution
(Homentcovschi and Miles 2010). On the other hand,
system damping may provide stability to certain devices
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with inherent tendencies to instability, such as microac-
celerometers (Houlihan and Kraft 2005). All these devices
are greatly affected by squeeze film forces on their reso-
nance frequency, Q-factor, velocity, and amplitude. Hence,
it is essential to understand the flow mechanisms and
evaluate fluid forces accurately to optimize the design of
microdevices.

The fluid force on a surface associated with squeeze film
flow can be interpreted as the sum of two forces: an inertia
force which is proportional to the acceleration of the con-
fining surface (the proportionality constant is called the
added mass coefficient) and likewise a corresponding vis-
cous force which is proportional to the velocity (the pro-
portionality constant being the viscous damping coefficient
(Huang et al. 2011)). In this paper, the terms damper or
damping are used to characterize these devices in general,
although by a stricter terminology, damping refers only to
energy dissipation due to viscosity.

Extensive efforts have been devoted to the developing of
mathematical models for squeeze film forces acting on
MEMS devices. The publications in this area are based
almost exclusively on the well-known Reynolds equation
and the behavior of linear systems (Zhang et al. 2004; Starr
1990; Veijola et al. 1995; Darling et al. 1998; Kwok et al.
2005; Pandey and Rudra 2007; Pandey and Pratap 2008).
The linearized models are applicable for only small
amplitude oscillation devices, and when convective inertia
effects are negligible. However, large amplitude oscilla-
tions are common in many microdevices such as the RF
switch, deformable mirrors, and pull-in pressure sensors
(Chigullapalli et al. 2012; Pandey and Pratap 2003). These
devices require a more sophisticated model that accounts
for the nonlinear behavior of the squeeze film forces.

A few researchers have addressed squeeze film damping
of microdevices oscillating at large amplitude. Pandey and
Pratap (2003) studied the nonlinear effect of viscous,
unsteady, compressible, and laminar air flow between two
parallel plates with a narrow gap. The results showed that
nonlinear effects in the squeeze film model become sig-
nificant once the amplitude of vibration exceeds 10 % of
the initial gap. De and Aluru (2006) investigated the
complex nonlinear oscillations for an electrostatically
actuated microstructure. Moghimi Zand and Ahmadian
(2007) presented a model to analyze pull-in phenomenon
and nonlinear vibrational behavior and dynamics of multi-
layer microplates subjected to an electric field. In the above
works, finite element or finite difference methods were
applied to study nonlinear dynamic systems without the
prerequisite of small amplitude oscillation.

However, in all these studies, fluid inertia effects were
neglected. Nevertheless, inertia may become significant
when the velocity or oscillation frequency of the system is
high or when the system is operated in a dense (i.e., liquid)
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medium. For instance, from lubrication theory, the force
resisting the motion of a plate moving perpendicular to a
close parallel substrate is proportional to /2 /h*, where h is the
fluid film thickness, or the distance between the two surfaces
(Williams 2005). However, recent experimental data from
such systems of micrometer size operating in a liquid envi-
ronment seem to not exhibit this dependency (Naik et al.
2003; Harrison et al. 2007). Specifically, in Naik et al., the
viscous damping coefficient was found to be proportional to
the inverse of the fluid thickness to the first power (1/h), the
same as the inertia added mass coefficient. In Harrison et al.
where a similar problem was studied, powers of —1 and —1/2
were measured for viscous and added mass coefficients.
However, this study was later followed up by a report from
the same group, showing that the fluid force indeed scales as
1/h” even when the plate is far away from the wall, i.e., when
the thin film assumption is not applicable (Fornari et al.
2010). These authors expressed frustration due to “the lack
of a well-described theory” in the literature.

A complete solution for specified properties and kine-
matic conditions that considers the effects of viscosity and
inertia at large oscillation could be obtained by directly
solving the Navier-Stokes equations via commercial sim-
ulation software (Turowski et al. 1999; Pandey et al.
2007). Although commercial software for such computa-
tion fluid dynamics simulations is efficient and readily
available, the cost and effort of solving a complete fluid
model coupled to finite element structural elastic behavior
(fluid—structure interaction or FSI) is still substantial. The
objective of this study is to achieve the similar goal via a
fast, accurate, and low cost method. This paper presents an
investigation of both inertia and viscous fluid effects on the
dynamic response of a system employing a microplate
parallel to a substrate and undergoing large normal vibra-
tions. A compact expression for the incompressible
hydrodynamic forces with separate viscous and inertia
terms is developed. The dynamic response of the system is
solved numerically for realistic cases. In the Results and
Discussion section, parameters that have effects on the
behavior of the linear and nonlinear model are discussed in
detail. The critical oscillation amplitude (i.e., the largest
amplitudes at which linear model is applicable) is also
found for a wide range of actuation frequencies.

2 Analysis
2.1 Governing equations

The system of interest consists of a rigid, rectangular plate,
as shown in Fig. 1, whose dimensions are L and W along
the x- and z-directions in a laboratory reference system.
Under the plate lies an infinite substrate, and a thin film of
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Fig. 1 a Rigid rectangular plate supported elastically and vibrating in
the y-direction, normal to a parallel substrate. A viscous fluid is
confined between the plate and substrate, while normal sinusoidal
displacement is imposed on the latter. b Lumped element represen-
tation, assuming that the system has a single degree of freedom

fluid is confined in between. The positions of the plate and
the substrate are y, and y;, respectively. The plate has an
effective mass m and is connected to the substrate by an
elastic structure with effective spring constant k. The plate
has single degree of freedom in the y-direction of squeez-
ing. The flow between the plate and substrate can be ide-
alized strictly as two-dimensional when W >> L. According
to lubrication texts (e.g., Szeri 1998), in the cases where
W~ L, it is still an accepted approximation to regard the
flow as two-dimensional.

Assuming that under an external sinusoidal excitation
this system undergoes arbitrary vertical (normal) vibra-
tions, the position of the substrate y, can be expressed as:

ys = Y50 + 0H, sin(wt), = 2xf, (1)

where Yo is the initial position of the substrate, J is a
dimensionless parameter representing the dimensionless
oscillation amplitude (6 > 0), H,, is the nominal gap (the
gap in the absence of both the driving force and the plate
effective mass), ¢ is time, w is the angular frequency and
fis the excitation frequency in Hz.

In the analysis, the displacement of the plate y,(?) is
sought. However, in the case of finite or large oscillation,
one cannot assume a sinusoidal motion of the plate. From
Newton’s second law, the equation describing the motion
of the plate is

dzyp

d2
where F is the gravity force which is equal to —mg with g
as the gravitational constant, F; is the elastic force of the
beams, and Fjp is the hydrodynamic force acting upon the
plate by the fluid.

The dynamic gap (or the thickness of the fluid film)
between the plate and substrate is

h=y, — s (3)

An expression for the
straightforward

:Fg+Fel+Fﬂa (2)

dynamic elastic force is

2.2 Derivation of hydrodynamic forces

The squeeze film fluid force Fjy can be considered as the
sum of a viscous force F, and an inertia force F;. Deter-
mination of these quantities for incompressible fluids fol-
lows the methodology of Tichy and Modest (1978) and
Tichy and Winer (1977). In the more general (nonlinear)
case, we write:

Fﬂ:Fv+Fi7
L’w d dy
Fv:_— Cy ﬁ_l )
h3 dr dr
and
Fi = Fic + Fiu
L3W dy, dy,\> L’W d?y,  d’y,
=———pcc|=———F| ———pcuv| =5 — ;
w2 P\ T ar h Y\az a2

(5)

where 1 is fluid viscosity and p is the density. The inertia
force includes both convective F;c and unsteady F;y terms.
The symbols ¢y, ¢jc, and c¢;y denote dimensionless viscous,
convective inertia, and unsteady inertia coefficients. The
incompressible condition (liquids or gasses undergoing
small pressure excursions relative to atmospheric) elimi-
nates the so-called fluid spring force. In the case of parallel
rectangular plates, the numerical values are ¢, =1,
cic = 17/70, and c;y = 1/10, respectively. The method of
analysis is to express the inertia terms of the Navier-Stokes
equations (left-hand-side) as a first-order correction to the
viscous Stokes flow solution. The linear Stokes flow
equations (the right-hand-side of the Navier-Stokes equa-
tions), when integrated across the film, give rise to Rey-
nolds equation. The convective term of Eq. (5) is generated
by the nonlinear convective terms of the Navier-Stokes
equations such as vdv/dx, while the unsteady term of
Eq. (5) is generated by the local unsteady term such as
dv/dt. The analytical method, known to be highly accurate
to modified Reynolds number about 10, is described in
detail in Szeri’s text (1998). The numerical values of the
coefficients are also reported by Szeri.

For other plate geometries, e.g., a circular disk, the
coefficients c,, c;c, and c;y would have different numerical
values but the structure of the equations is the same
(Hamrock 1994).

2.3 Numerical solution for the dynamic system

To solve the Eqs. (2)—(5) for plate displacement yp, a set of
state equations is attributed to the system:
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Yo = Vpy Vp = ! '(—k(yp —ys — Ho) + Far),
m—+ m;
Lw
mi = == peiu, Vs = ¥, = 0H,m cos(wt),
L3
vy = —0H,w*sin(wt), Fyr = —?ncv(vp —v)
LW 2 LW
— 7 peic(vp = ) == pes, (6)

where the dot superscript means d/dt, v, is the velocity of
the plate, v, is the velocity of the substrate, m; is the added
mass associated with unsteady inertia force, and Fyr is a
term of the inertia fluid force. Nonlinearities in the plate
response y, arise due to the convective velocity squared
terms (~ (y, — ¥,)%), and the reciprocal of the film thick-
ness term (~ 1/(y, — y,)) raised to powers one, two, and
three. Although the viscous and unsteady terms of the
Navier-Stokes equations are linear in the fluid mechanical
sense, they cause nonlinear forces on the oscillating plate.

The governing equations can be nondimensionalized

using:
yp:_p7 = 30 ) Wy = ) " = wot,
H, nL’W m

y; = 0sin(0'f"), k" =y; — ],
to obtain:
Vv, = vV —m—/— | — _ _

P P 1+ CiUNVNReo/h* Yo7 fT )

i Vv, = Vs (V; — \/:)2 v
Fyr = —cuNy R ¢icNyNpeo T =+ ¢iuNvNgeo R

(7)

The following governing dimensionless parameters of
the problem emerge:

@ Ays Hy
= H,’ L
LW w H?
Nv: ;732—1737 NRe:pw 07
mwoHy — mmpA n
HZ
and NReO :w, (8)
n

where y is the vacuum resonance frequency of the system
in radians per second, " is frequency ratio, Ay, is the
oscillation amplitude of the substrate and A is an aspect
ratio of the gap size. The parameter N, is a dimensionless
“viscous number” which represents the ratio of viscous
fluid force to the inertia force of the structure (as opposed
to inertia force of the fluid). The symbol N, is the usual
unsteady Reynolds number, which is the ratio of inertia
force of the fluid to the viscous force, and Ng. is the
Reynolds number at resonant frequency.
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When the state variables of the system undergo large
vibrations, the nonlinear Eq. (6) can be integrated numeri-
cally, using, for example, an ode command in MATLAB
(Senturia 2001). A series of solvers provided by MATLAB
can be used to solve initial value problems for ordinary dif-
ferential equations (ODE). Selection of the particular solver
depends on the characteristics of the ODE (e.g., the matrix
stiffness), the requirements of accuracy, and cost. Solver
ode45 (explicit Runge-Kutta 4th and 5th order formulation)
is chosen in this study. On the other hand, when the system
undergoes small displacement around its balance position
(0 < 1), the hydrodynamic force can then be linearized and
solved analytically in a closed form (Huang et al. 2011):

Fap=F,+F;

LW d d
Fv: ﬂcv(ﬁ—i),

E e dt
and
LW d’y, d%
Fi=Fy=——pcu|l—>——> |, 9
o=-5 ch(dtz dtz) )

where Hy is the mean gap value (i.e., the gap between the
plate and the substrate including the static effect of gravity
and elastic force), which can be expressed as:

H(,:Hn—%. (10)

3 Results and discussion

To thoroughly examine all aspects of the behavior of the
system, two output dimensionless parameters F~ and y;
would need to be shown as functions of input parameters
A, o, w*, Ny, and Ng,o. Such a detailed investigation would
not be appropriate to the goals of this study and have
diminishing returns. Instead, to understand under which
circumstances the small amplitude oscillation assumption
can be applied, a case study is presented herein. In the
system under consideration, to demonstrate the applica-
bility of the method, the starting point is a base case typical
of many microsystem applications: the plate length and
width are taken as 500 pm (see Fig. 1). The length and
width of the suspension beams are 2 mm and 100 pm,
respectively. Using the physical parameters of the most
common material in microfabrication (silicon), the effec-
tive elastic constant k is calculated as 810 N/m for these
dimensions. Unless specified otherwise, the confined fluid
is taken as water (p = 1000kg/m? 5 = 0.001Pa -s), the
nominal gap H, is set to 50 um, and the natural frequency
of the plate in vacuum is chosen as 3,000 Hz, the same
range as used by Naik et al. (2003) and Harrison et al.
(2007) by taking the effective mass m as 2.28 mg.
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Fig. 2 Steady periodic displacement and fluid forces. Comparison between the linear and nonlinear solution for dynamic motion of substrate at
half the resonant frequency w =05, aspect ratio A = 0.1 (with N, = 0.01, Ng.o = 47.07). Foraand b 6 = 0.1; For c and d 6 = 1.0. In legend,

“film” denotes the thickness of fluid film 4, Eq. (3)

3.1 Effect of frequency ratio and oscillation amplitude
on displacement and force

First, the comparison between the full and linear solution
predictions is carried out for a system oscillating well
below its resonant frequency (" = 0.5). Two cases are
investigated, namely when the oscillation amplitude of the
substrate is small 6 = 0.1 and large 6 = 1.0. The figures
on the left-hand side, Fig. 2a, c, show the film thickness
and displacement of the substrate and plate as a function of
time. The figures on the right-hand side, Fig. 2b, d present
the inertia and viscous forces for the same time interval and
the same conditions.

As seen from these figures, for relative amplitude
0 = 0.1, the linear and nonlinear solutions of plate dis-
placement and fluid forces are imperceptibly different
(Fig. 2a, b). However, surprisingly, when oscillation
amplitude becomes much larger (6 = 1.0), the linear and
nonlinear solutions of plate displacement are still nearly
identical (Fig. 2c) although the forces differ drastically. It
is worth noticing that at this condition, the substrate and
plate go through large oscillations (amplitudes of 50 and
70 pum, respectively), but the film oscillations are relatively
small (20 pm). In addition, due to high Reynolds number,
inertia force dominates over viscous force. Conditions of
high Reynolds number often appear to be the norm rather
than the exception in squeeze film microsystems

applications. A phase shift between the inertia and viscous
force can be observed since the former is proportional to
the acceleration and the latter is proportional to the velocity
of the system. As expected, the magnitudes of both forces
increase with increasing oscillation amplitude.

Next, the same exercise is performed at resonant fre-
quency (" = 1.0). Figure 3 shows a similar comparison
between the linear and nonlinear models. In contrast to
findings for the previous case discussed above, this time
the linear and nonlinear model predictions coincide only
for ultra-small 6 = 0.001, Fig. 3a, b. At relative ampli-
tude 6 = 0.1, where the linear and nonlinear solutions
nearly coincide when the system oscillates below reso-
nance in Fig. 2a, b, the linear solution here shows that
the plate penetrates the substrate (i.e., in effect, a nega-
tive film), which is obviously physically incorrect
(Fig. 3c). This result is also in disagreement with non-
linear result in Fig. 3c. The forces now differ widely
between linear and nonlinear, and at larger o, they are no
longer sinusoidal (Fig. 3d). The solution of the nonlinear
model is a complicated sum of nonlinear terms, such as
h/h3,h*/h? and h/h, so a wide range of nonsinusoidal
behavior is not surprising. Note that in the linear case,
Eq. (9), the denominators of these terms are the constant
Hy. Also, comparing to the circumstances portrayed at
o = 0.5, the amplitude of current forces is some 20
times larger.
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Fig. 3 Steady periodic displacement and fluid forces. Comparison between linear and nonlinear solution for dynamic motion of substrate at the
resonant frequency o =10, aspect ratio A = 0.1 (with N, = 0.01, Ng,o = 47.07). For a and b 6 = 0.001; for c and d 6 = 0.1
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Fig. 4 Steady periodic displacement and fluid forces. Comparison between linear and nonlinear solution for dynamic motion of substrate at
small aspect ratio A = 0.02 (@ =1.0,0=0.1, N, = 7.29, Ng,o = 47.07)

3.2 Effect of aspect ratio on displacement and force

In addition to frequency ratio and oscillation amplitude, the
aspect ratio between the gap thickness and plate length
significantly impacts the dynamic response of the system.
To illustrate this, the system under consideration is excited
at a similar situation as in Fig. 3c, d (a)* =1.0,6=0.1)
but a smaller aspect ratio A = 0.02 versus A = 0.1. It is
shown that linear and nonlinear solutions for the plate
motions and fluid forces are exceedingly close when aspect
ratio is smaller (Fig. 4a, b), and the difference increases as
aspect ratio increases (Fig. 3c, d). The fluid film thickness
becomes negative for linear solution when aspect ratio
increases to 0.1 (Fig. 3c). The result once again shows that
when the system is excited at resonance frequency and
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aspect ratio is large, for the linearized model to be hold, the
relative amplitude 6 has to be extremely small.

3.3 Effect of Reynolds number on displacement
and force

Reynolds number is another factor that may influence the
dynamic response of the squeeze film system. To investigate,
the properties of 50 cSt silicone oil are applied (p =
960 kg/m?,n = 0.048 Pa - s) instead of water. Silicone oils
are widely used and commercially available liquids. The
system is excited again at the natural frequency (" = 1.0)
and amplitude J equals 0.1. Reynolds number Ng,, now
drops to 0.93 compared to 47.1 with water. The dynamic
performance of the system is shown in Fig. 5. Compared to
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Fig. 5 Steady periodic displacement and fluid forces. Comparison between linear and nonlinear solution for dynamic motion of substrate when
Reynolds number Ngoo = 0.93 (0" = 1.0, = 0.1, A = 0.1, N, = 0.56)

a 20m
0 iy
Z ol
=] 2000
L 4000
@D
2
o 0y —+—F, (nonlinear)
8000 F Fn wfo convective B
inertia (nonlinear)
10000 Lt I T T . L
327 328 329 33 331 332 33
time { (ms)
Fig. 6 Importance of convective inertia force (o = 1.0, 6 = 0.1, A

the results shown in Fig. 3c, the linear and nonlinear solu-
tions for plate motions are close to each other when Reynolds
number is small (Fig. 5a). While dominant inertia force
brings nonlinearity into the picture (Fig. 3d), low Reynolds
number or stronger viscous force has the opposite tendency,
causing linearity of the system (Fig. 5b).

It is worth pointing out that as shown in Eq. (5), the total
fluid force is the sum of the viscous force, convective
inertia force, and unsteady inertia force. Convective inertia
force is often neglected when Reynolds equation applies
(Bao and Yang 2007; Marrero et al. 2010). The dimen-
sionless numbers discussed above, i.e., @+, J, A, and Ng,o
determine the relative importance of convective inertia
force. When excitation frequency is close to the natural
frequency, oscillation amplitude and aspect ratio are large,
or Reynolds number is high, convective force will be
important and must be taken into account. Figure 6 gives
an example showing the comparison of the complete fluid
force and the one neglecting convective inertia for two
different cases. The system is excited at the same condi-
tions as in Figs. 3d and 5b respectively. As can be seen in
Fig. 6a, when Reynolds number is high, the fluid force
including convective inertia is ~ 25 % greater than the one
omitting it. Moreover, due to the term y'g, the behavior of
the complete force solution is more irregular than the one
only considering viscous and unsteady force. On the other
hand, these results indicate that convective force can be
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= 0.1). For a N, = 0.01, Ng.,o = 47.07; For b N, = 0.56, Ng.o = 0.93

neglected if Reynolds number is small or the viscous effect
dominates (Fig. 6b).

3.4 Selecting the range for ‘small’ amplitude
oscillation

As discussed above, the linear solution is valid only when
oscillation amplitude is sufficiently small, and otherwise,
the nonlinear model is required. However, the boundary
between “small” and “large” amplitude oscillation is
vague. Normally, 6 ~ 0.1 is considered to be small
vibration (Pandey and Pratap 2003; Huang et al. 2011).
Nevertheless, as shown above, for low Reynolds number,
low aspect ratio or for actuation frequency away the res-
onant frequency, the linear solution can be very close to the
nonlinear solution even when the relative amplitude ¢ is
large (order one). On the other hand, in some situations,
especially when the system is actuated very near to reso-
nant frequency, 6 ~ 0.1 is not small enough, as illustrated
in previous sections.

Therefore, the criterion for “small oscillation” is not the
same for different situations, and instead, it depends on the
system properties and actuation frequency. The maximum
0 which is valid for a linear approximation is desirable for
specific condition in design and experiment. Hence, an
approximate method for seeking the maximum ¢ for line-
arity is proposed here. A critical value d can be associated
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Fig. 7 Critical amplitude 0, which indicates the limit of the linear model as function of excitation frequency (f, = 3000 Hz,

H, = 50 pm, m = 2.28 mg). For a Ng.o = 47.07; For b Ng.o = 0.93

with the case when the linear solution shows the plate starts
to penetrate the substrate. This condition of a negative film
h < 0 is an unambiguous indicator that the linear analysis
is no longer valid, although significant errors may occur
sooner.

As an example, again the nominal gap H, is set to
50 pm, the natural frequency is 3,000 Hz, and the effective
mass is 2.28 mg. Figure 7 shows the critical oscillation
amplitude dy at a wide range of actuation frequencies. Step
intervals of frequency f and dimensionless amplitude ¢ are
chosen to be 250 Hz and 0.02, respectively. Water and
silicone oil 50 cSt are taken as fluid media in Fig. 7a, b,
respectively, and Reynolds numbers Ng,, are 47.07 and
0.93 accordingly. For comparison, three lines associated
with viscous numbers at different orders of magnitude are
presented. It can be seen in the figure that, for all the Ng.q
and N,, the critical J, can be one or higher when frequency
is sufficiently low: less than 2,000 Hz in the current case.
As frequency increases, the critical 0y decreases and has its
smallest value near the resonant frequency. Further
increasing frequency, the critical amplitude rises again as
the frequency is farther away from the resonance point.
However, the critical value never reaches as high as when
the frequency is less than resonance. In addition, as N,
increases, the critical d, increases as well. It is worth
noticing that when both Ng.o and N, are large (Fig. 7a,
N, = 0.11), the frequency at which J has the lowest value
shifts to the left instead being at resonant frequency in
other cases.

4 Conclusions

SFD effects on MEMS systems have long been investi-
gated, almost exclusively based on a linearized equation of
the dynamic mechanical system, using Reynolds equation
to account for the fluid film forces. Both of these equations
neglect fluid inertia effects, while the former also assumes

@ Springer

small oscillation amplitude. However, fluid inertia can be
important, or can even dominate the system, at the large
vibrations common in many microdevices. Neglecting
these effects may lead to errors in interpreting experimental
measurements and to inadequate design of microsystems.
In this paper, a nonlinear solution has been presented for
the single degree of freedom dynamic system consisting of
a plate supported elastically above a substrate, confining a
viscous fluid, and undergoing large normal oscillations.
The nonlinear viscous and inertia forces have been char-
acterized separately in a simple and compact manner. Due
to the large number of dimensionless parameters which
define the design space of this problem, a case study
approach is taken and the behavior is examined in selected
regions of interest in microsystems applications.
Comparisons between the linear and nonlinear solution
of the dynamic system are given in different situations (i.e.,
varying the excitation frequency, aspect ratio, and Rey-
nolds number). The results show that when the system is
excited at sufficiently small amplitude, the linear and
nonlinear solutions are almost identical. The difference
between the two solutions increases as the amplitude of
excitation increases, and at some point, the linear model is
clearly no longer valid, and a nonlinear model is essential.
The criterion used as the limit of linear model is when it
predicts a negative film thickness, i.e., the surfaces pene-
trate one another. The maximum critical amplitude for a
small vibration assumption is not fixed but depends on the
system geometry and kinematics. For example, the linear
solution can still be valid when the excitation amplitude is
“large” (6 = 1) if the system is actuated at a frequency
considerably less than resonance. By contrast, the linear
solution may not be valid when the excitation amplitude is

“small” (6 = 0.1) if the system excitation is near
resonance.
Acknowledgments This work was supported by the US National

Science Foundation under award CMMI 0824788.



Microfluid Nanofluid (2014) 16:1155-1163

1163

References

Bao M, Yang H (2007) Squeeze film air damping in MEMS. Sens
Actuators A Phys 136(1):3-27

Chigullapalli S, Weaver A, Alexeenko A (2012) Nonlinear effects in
squeeze-film gas damping on microbeams. J Micromech Micro-
eng 22(6):065010

Darling RB, Hivick C, Xu J (1998) Compact analytical modeling of
squeeze film damping with arbitrary venting conditions using a
Green’s function approach. Sens Actuators A Phys 70(1-2):
32-41

De SK, Aluru NR (2006) Complex nonlinear oscillations in electro-
statically actuated microstructures. J Microelectromech Syst
15(2):355-369

Fornari A, Hsu K, Marty F, Mercier B, Sullivan M, Chen H, Harrison
C (2010) Experimental observation of inertia-dominated squeeze
film damping in liquid. J Fluids Eng 132(12):121201-121210

Hamrock B (1994) Fundamentals of fluid film lubrication. McGraw
Hill, New York, NY

Harrison C, Tavernier E, Vancauwenberghe O, Donzier E, Hsu K,
Goodwin ARH, Marty F, Mercier B (2007) On the response of a
resonating plate in a liquid near a solid wall. Sens Actuators A
Phys 134(2):414-426

Homentcovschi D, Miles RN (2010) Viscous damping and spring
force in periodic perforated planar microstructures when the
Reynolds’ equation cannot be applied. J Acoust Soc Am
127(3):1288-1299

Horsley DA, Davis WO, Hogan KJ, Hart MR, Ying EC, Chaparala M,
Behrang B, Daneman MJ, Kiang M-H (2005) Optical and
mechanical performance of a novel magnetically actuated
MEMS-based optical switch. J Microelectromech Syst 14(2):
274-284

Houlihan R, Kraft M (2005) Modelling squeeze film effects in a
MEMS accelerometer with a levitated proof mass. J] Micromech
Microeng 15(5):893

Hsu T-R (2008) MEMS And Microsystems: Design, Manufacture,
And Nanoscale Engineering. Wiley, Hoboken, NJ

Huang S, Borca-Tasciuc DA, Tichy JA (2011) A simple expression
for fluid inertia force acting on micro-plates undergoing squeeze
film damping. Proc Roy Soc A 467:522-536

Kwok PY, Weinberg MS, Breuer KS (2005) Fluid effects in vibrating
micromachined structures. J Microelectromech Syst 14(4):
770-781

Marrero V, Borca-Tasciuc DA, Tichy J (2010) On squeeze film
damping in microsystems. J Tribol 132(3):031701-031706

Moghimi Zand M, Ahmadian MT (2007) Characterization of
coupled-domain multi-layer microplates in pull-in phenomenon,
vibrations and dynamics. Int J Mech Sci 49(11):1226-1237

Naik T, Longmire EK, Mantell SC (2003) Dynamic response of a
cantilever in liquid near a solid wall. Sens Actuators A Phys
102(3):240-254

Pan F, Kubby J, Peeters E, Tran AT, Mukherjee S(1998) Squeeze film
damping effect on the dynamic response of a MEMS torsion
mirror. J Micromech Microeng 8(3):200

Pandey AK, Pratap R (2008) A comparative study of analytical
squeeze film damping models in rigid rectangular perforated
MEMS structures with experimental results. Microfluid Nano-
fluid 4(3):205-218

Pandey AK, Pratap R (2003) Studies in nonlinear effects of squeeze
film damping in MEMS structures. Int J Comput Eng Sci
4(03):477-480

Pandey AK, Pratap R (2007) Effect of flexural modes on squeeze film
damping in MEMS cantilever resonators. J] Micromech Microeng
17(12):2475

Pandey AK, Pratap R, Chau FS (2007) Influence of boundary
conditions on the dynamic characteristics of squeeze films in
MEMS devices. J Microelectromech Syst 16(4):893-903

Starr JB (1990) Squeeze-film damping in solid-state accelerometers.
Tech Dig 4th IEEE Solid-State Sens Actuator Workshop, pp 44—47

Senturia SD (2001) Microsystem design, chapter 7. Kluwer Aca-
demic, Boston, MA

Szeri AZ (1998) Fluid film lubrication. Cambridge Press, Cambridge

Turowski M, Chen Z, Przekwas A (1999) High-fidelity and behav-
ioral simulation of air damping in MEMS. Technical proceed-
ings of the 1999 international conference on modeling and
simulation of microsystems. Puerto Rico, USA, pp 241-244

Tichy JA, Modest MF (1978) Squeeze film flow between arbitrary
two-dimensional surfaces subject to normal oscillations. J Lubric
Tech T ASME 100(3):316-322

Tichy JA, Winer WO (1977) Inertial considerations in parallel
circular squeeze film bearings. J Lubric Tech T ASME 92(4):
588-592

Veijola T, Kuisma H, Lahdenpera J, Ryhanen T (1995) Equivalent-
circuit model of the squeezed gas film in a silicon accelerometer.
Sens Actuators A Phys 48(3):239-248

Williams JA (2005) Engineering tribology. Cambridge University
Press, New York

Zhang C, Xu G, Jiang Q (2004) Characterization of the squeeze film
damping effect on the quality factor of a microbeam resonator.
J Micromech Microeng 14(10):1302

@ Springer



	Limits of linearity in squeeze film behavior of a single degree of freedom microsystem
	Abstract
	Introduction
	Analysis
	Governing equations
	Derivation of hydrodynamic forces
	Numerical solution for the dynamic system

	Results and discussion
	Effect of frequency ratio and oscillation amplitude on displacement and force
	Effect of aspect ratio on displacement and force
	Effect of Reynolds number on displacement and force
	Selecting the range for ‘small’ amplitude oscillation

	Conclusions
	Acknowledgments
	References


