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Abstract Recent studies of nanofluids have shown that

the nanoparticles when mixed in fluid medium such as

water and ethylene glycol enhance the thermal conductivity

of the colloids when compared to the fluid medium.

However, numerous experimental studies conducted on the

effective thermal conductivity of nanofluids, while using

initial particle distribution consisting of range of diameters,

have reported their results at volume-weighted average

diameters. Here, we use computer simulations to investi-

gate the effect of initial particle distribution or the effect of

polydispersivity on the effective thermal conductivity of

nanofluids. The study reveals that the simulations per-

formed with multi-sized nanoparticles predict the effective

thermal conductivity values of nanofluids closer to the

experimental values than the corresponding volume

weighted average diameters. Inhomogeneous coagulations

in the multi-sized nanofluids were found to be a major

factor for the deviation of effective thermal conductivity of

the nanofluids in single- and multi-sized nanofluids. Our

results suggest that initial distribution of particles has a

significant role in predicting the effective thermal con-

ductivity of nanofluids.

Keywords Nanofluids � Thermal conductivity �
Nanoparticle � Poly-dispersed particles

List of symbols

A Hamaker constant

Cc Cunningham correction factor

Cs Thermal slip coefficient

cp Specific heat of particle

dp Diameter of particle

FB Brownian force

FD Hydrodynamic drag force

Fp Force exerted by particles on fluid

FT Thermophoretic force

FV Van der Waals force

Gi Gaussian random distribution

h Distance between two particles

Kn Knudsen number

kB Boltzmann constant

kf Thermal conductivity of fluid

knf Effective thermal conductivity of nanofluid

kr Thermal conductivity ratio of particle to fluid

kT Turbulent thermal conductivity

mp Mass of particle

Nu Nusselt number

Np Number of particles

Pr Prandtl number

p Pressure of fluid

q2w Temperature coupling term

Re Reynolds number

Tf Temperature of fluid

Tp Temperature of particle

t Time

u Velocity of fluid

v Velocity of particle

x Position of particle
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Greek symbols

rT Mean temperature gradient

rt Timestep

qp Density of particle

qf Density of fluid

sT Thermal response time of particle

sp Particle aerodynamic response time

m Kinematic viscosity of fluid

l Dynamic viscosity of fluid

d London retardation wavelength

h Fluctuation of temperature of fluid

U Volume fraction of particles

d(x - xn) Dirac delta function

k Mean free path of the fluid molecule

Subscripts

i, j Tensor directions

,i Differentiation w.r.t xi

rms Root mean square

Superscripts

n nth particle

1 Introduction

Nanofluids are dilute liquid suspensions of nanoparticles

with at least one of their dimensions smaller than 100 nm

(Choi 1995). This new type of fluid received a lot of

attention over the past decade, due to the enhanced prop-

erties and behavior associated with heat transfer activity.

Researchers found an anomalous increase in the thermal

conductivity, i.e., they found the thermal conductivity of

nanofluids to be much larger than that predicted by clas-

sical models like Hamilton–Crosser (HC) model and

Maxwell model for suspended flows, even at low volume

concentrations (U \5%) of suspended nanoparticles

(Eastman et al. 1997; Wang et al. 1999; Choi et al. 2001;

Murshed et al. 2008a; Li and Peterson 2006; Zhu et al.

2006). These enhanced properties imply an enormous

potential of nanofluids in industrial sectors of electronics

and transportation devices.

Since thermal conductivity is most important parameter

responsible for enhanced heat transfer, many experimental

studies were reported on this aspect. The thermal conduc-

tivity of nanoparticles was found to vary with the size, shape

and material of nanoparticles. Choi et al. (2001) found that

the nanofluids with metallic nanoparticles have a higher

thermal conductivity than the nanofluids with non-metallic

nanoparticles. Xie et al. (2002) measured the thermal con-

ductivity of aqueous Al2O3 with varying particle sizes and

showed for the first time that the thermal conductivity of

nanofluids depends strongly on particle size. Based on the

experimental (Eastman et al. 1997; Wang et al. 1999; Choi

et al. 2001; Li and Peterson 2006; Xie et al. 2002) and the-

oretical studies (Wang et al. 1999; Eastman et al. 2004; Xuan

et al. 2003; Wen and Ding 2005; Ding and Wen 2005), to

explain the change in thermal conductivity of nanofluids,

three main possible mechanisms were suggested: dispersion

of nanoparticles, the nature of heat transport in nanoparti-

cles, and the effects of nanoparticle clustering.

It was widely thought that the dispersion of nanoparti-

cles alters the fluid composition and affects the energy

transport process in the nanofluids; thus influencing the

effective thermal conductivity of nanofluids (Wen and

Ding 2005; Ding and Wen 2005). However, Beck et al.

(Beck et al. 2009) studied the effect of particle size on the

thermal conductivity on nanofluids for Al2O3/DIW mixture

and found that the thermal conductivity of Al2O3/DIW

mixture decreased with decreasing particle size. It should

be noted that these results are not in agreement with pre-

vious studies; and they also contradict with the effect of

Brownian motion. Mintsa et al. (2009) measured the ther-

mal conductivity of Al2O3/DIW nanofluids for two differ-

ently sized particles at different temperatures and found

that the enhancements in thermal conductivity for two

different sized particles were nearly same at smaller tem-

peratures. But at the higher temperatures, nanofluids with

smaller particles showed higher enhancement. This study

indicates the effect of Brownian motion on the thermal

conductivity enhancement of nanofluids. Increased tem-

peratures increase the random motion of liquid molecules,

thus causing greater dispersions in the smaller sized par-

ticles. Negligible difference in the thermal conductivities

of nanofluids for two differently sized particles at room

temperatures can be due to the small difference among the

particle sizes. Murshed et al. (2008a) and Eastman et al.

(2004) showed that the interfacial interactions among the

particles and liquid enhance energy transport inside the

liquid and also affects heat transport in nanoparticles.

Timofeeva et al. (2007), through theoretical analysis

showed that the effect of interfacial interactions between

particles and fluid is greater than the effect of Brownian

motion. It was, experimentally by Zhu et al. (2006) and

numerically by Xuan et al. (2003), shown that the clus-

tering of nanoparticles affects the effective thermal con-

ductivity of nanofluids negatively. Recently, researchers

have also concentrated effect of pH value of liquid on the

particle aggregations and the thermal conductivity

enhancement of nanofluids. Wang et al. (2009) showed that

the addition of dispersant to the Cu/DIW and Al2O3/DIW

nanofluids increased the thermal conductivity of nanofl-

uids. Authors related the observed phenomenon to the fact

that the optimum value of pH, which is obtained by adding

dispersants to nanofluids, increases the electrostatic repul-

sions between the particles, thus reducing the agglomera-

tion. Zhu et al. (2009) studied the dispersion behavior of

134 Microfluid Nanofluid (2011) 10:133–144

123



Al2O3/DIW nanofluids due to the addition of sodium

dodecylbenzenesulfonate (SDBS). They found that the

decrease in fraction of dispersant decreases the thermal

conductivity. They also found that the average particle

diameter of nanoparticles was over 10 times larger in the

absence of dispersant. The studies of pH value indicate that

the effect of electrostatic repulsion among particles is sig-

nificant with the addition of dispersant to the nanofluids. The

authors have recently, using their numerical model (Kon-

daraju et al. 2009), shown that all the three mechanisms

suggested above have a significant influence on the anom-

alous increase in the thermal conductivity of nanofluids.

Most of the existing experimental studies conducted on

the effective thermal conductivity of nanofluids were

reported for an initial single diameter (Murshed et al.

2008b). Fujimoto et al. (2001) indicated that the synthesis

of nanoparticles by sonochemical reductions produce wide

size distributions. Thus the authors believe that it is

impracticable to create nanoparticles of single initial

diameter and the thermal conductivity values reported by

the experimental studies were based on the volume-

weighted average diameter of the suspended particles.

However, no attempt was made to study the effects of

initial size distribution of particles on the final result. The

authors believe that the presence of multi-sized particles in

the fluid medium, due to the simultaneous influence of

particles of different characteristics, change the local flow

characteristics distinctly different from the single-sized

particles. Cardoso and Zarrebini (2001) performed

numerical simulations to study the sedimentation of poly-

dispersed and mono-dispersed micro-size particles in a

turbulent plume. They found that the experimental data

were closer to the data obtained from the simulations of

poly-dispersed particles. They suggested that the effect of

the poly-dispersivity of particles on the total deposition

pattern was significant, and it was over predicted by con-

sidering a root mean square particle diameter.

In this article, the authors examine the effects of the

initial distribution of particles on the thermal conductivity

on nanofluid. The objective of this article is to perform a

nanofluid simulation: (a) using 50 differently sized parti-

cles based on the initial distribution of particles provided

by Chon et al. (2005) and (b) using a volume weighted

average diameter of particles provided in this paper. The

authors compare the calculated effective thermal conduc-

tivity to the experimental data in Chon et al. (2005). Fur-

ther to understand the effect of this multi-sized particles in

nanofluids, the authors simulated nanofluids with multi-

sized particles using two differently sized nanoparticles

and the nanofluids using the corresponding single-sized

average diameter nanoparticles.

To the authors’ knowledge, a multi-sized nanofluids

simulation using the Navier–Stokes method has not been

carried previously. The study of the thermal conductivity of

nanofluids with the suspension of multi-sized nanoparticles

can give a clear understanding to the effect of initial dis-

tribution of nanoparticles. To perform above simulations,

the authors used the multi-phase Navier–Stokes equations,

where fluid phase was solved using the Eulerian frame and

particle phase was solved using the Lagrangian frame of

reference. Three possible mechanisms, dispersion of

nanoparticles, the nature of heat transport in nanoparticles,

and the effects of nanoparticle clustering, responsible for

the anomalous increase in the thermal conductivity of

nanofluids, were modeled as different terms in the nano-

particle momentum and temperature equations. Dispersion

of nanoparticles was included by applying forces such as

the Brownian force, thermophoresis force and van der

Waals force in the nanoparticle momentum equation. The

coagulation of nanoparticles was also controlled by the van

der Waals force acting on the adjacent nanoparticles.

Interfacial interaction between the particles and liquid was

modeled by an addition of a temperature source term to the

fluid temperature equation. The model was validated

against the experimental values of Cu(100 nm)/DIW and

Al2O3(80 nm)/DIW nanofluids and was observed to predict

the effective thermal conductivity accurately.

The authors have previously used this model to study the

thermal conductivity of nanofluids and the turbulent char-

acteristics of nanofluids (Kondaraju et al. 2009). In this

study, the authors extended the model to take into account

for the suspension of multi-sized particles in the fluid

medium. Details of mathematical and numerical models

are provided in the next section followed by the discussion

of the present results.

2 Mathematical model

In the Lagrangian frame of reference, the equation of

motion of nanoparticle and time-dependent particle tem-

perature equation are given by,

ðdxn
i Þ=dt � vn

i ð1Þ
dvi

dt
¼ FDi þ FBi þ FTi þ FVi ð2Þ

dTp

dt
¼ Nu

sT

Tf � Tp

� �

2
ð3Þ

where xi
n and vi

n are the instantaneous particle position and

velocity of the nth particle, respectively. Subscript i rep-

resents the tensor notation. sT is thermal response time of

the particle and given as sT ¼
qpcpd2

p

12kf
: kf, dp, cp, and qp are

the nanoparticle thermal conductivity of the base fluid,

diameter, specific heat, and density of the particle,

respectively. Nu is the Nusselt number. Tf is the fluid
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temperature in the neighborhood particle and Tp is the

temperature of the particle.

FDi is the hydrodynamic drag force from the fluid, which

is calculated by applying the Stokes law (Maxey and Riley

1983)

FDi ¼
1

sp

u
i

xn
i

� �
� vn

i

� �
ð4Þ

sp ¼
qpd2

p

18mqf

ð5Þ

sp is the particle aerodynamic response time. u is the fluid

velocity in the neighborhood of the particle, qf is the fluid

density, and v is the kinematic viscosity of fluid. The

Brownian force FBi (Li and Ahmadi 1992) is given as in

Eq. 6.

FBi ¼ Gi
216

p
mkBT

qfd
5
p

qp

qf

� �2

CcDt

0

B@

1

CA

1=2

ð6Þ

Gi is the Gaussian random number with zero mean and unit

variance. Cc is known as the Cunningham correction factor.

kB is the Boltzmann constant and T is the initial fluid

temperature. kBT is known as the thermal energy at room

temperature (=0.4 9 10-20 J).

The contribution of thermophoretic effect (Talbot et al.

1980) FTi in Eq. 7 can be given by

FT ¼ �
6pdpm2Cs kr þ 2:18Knð Þ

q 1þ 3� 1:14krð Þ 1þ 2kr þ 4:36Knð Þ
1

mpT

oTf

oxi

ð7Þ

Here kr is the thermal conductivity ratio of nanoparticle to

base fluid. Kn is the Knudsen number defined as Kn ¼ 2k
dp

where k is the mean free path of the fluid molecule. Cs

(=1.147) is the thermal slip coefficient and oTf

oxi
is the tem-

perature gradient of fluid in the xi direction. mp is the mass

of the nanoparticle.

The van der Waals force, Fvi is approximated as Casimir

effect (Apostulou and Hrymak 2008) and is given as

Fvi ¼
Adp1dp2

12 dp1 þ dp2

� �
h2

i

d ð8Þ

where dp1 and dp2 are diameters of two individual nano-

particles with a distance h between them. A is called as

Hamaker constant and is of order of 10-19 J (Apostulou and

Hrymak 2008). d is called the London retardation wave-

length and is set to 100 nm. As particles come in contact,

Eq. 8 predicts that the colloidal force is infinite because

h reduces to zero. In order to prevent singularity as h reduces

to zero in the solution, a cut-off distance of 0.2 nm was

implemented in the calculations based on the relative

magnitudes of all the forces acting on the particles. When

particles are closer than this cut-off distance, particles are

allowed to coagulate and a new diameter is calculated based

on the sum of two coagulated particle diameters.

Time-dependent, three-dimensional Navier–Stokes

equations are solved in a cubical domain with the periodic

boundary condition. The non-dimensional equations for

fluid can be expressed as

oui

ot
þ ujui:j ¼ �p;i þ

1

Re
ui;jj � Fpi ð9Þ

ui;i ¼ 0 ð10Þ

oTf

ot
þ uj

oTf

oxi
¼ � 1

Re Pr

o2Tf

ox2
j

þ u2
�rT þ q2w ð11Þ

where u is the fluid velocity, p is pressure field, Tf is the fluid

temperature, Re is the Reynolds number, and Pr is the

Prandtl number. �rT denotes the mean temperature gradient

in the x2 direction, which effectively acts as a source term for

the fluid temperature field. The non-dimensional value of
�rT is taken as 1.0 in the present simulations. Subscripts i

and j represent tensor notations; and subscripts ‘,i’ and ‘,j’

represent differentiation with respect to xi and xj,

respectively. Fpi is the net force exerted by the particles

on fluid and is shown in Eq. 12 (Sundaram and Collins

1999). Np is the total number of particles in the

computational domain. d(x - xn) is the Dirac delta

function. vn is the velocity of nth particle and u(xn) is the

velocity of fluid at the position of the nth particle.

Fpi ¼
1

qf

XNp

n¼1

mp u xnð Þ � vnð Þ
sp

d x� xnð Þ ð12Þ

As indicated in the introduction, the authors use a

temperature coupling term, q2w, to couple particle

temperature source to the fluid temperature equation. This

term, similar to momentum coupling term, is introduced into

the model as a point source. The source term q2w arises

because of the convective heat transfer to and from the

particle. The coupling term is calculated by applying the

action-reaction principle to a generic volume of fluid (here

considered as grid cell) containing a particle. q2w is given by

Eq. 13. Tp
n is the temperature of nth particle and Tf(x

n) is the

fluid temperature at the position of nth particle. Values of

u(xn)and Tf(x
n) at the position of nth particle are obtained by

interpolation.

q2w ¼
XNp

n¼1

Nu Tf xnð Þ � Tn
p

� �
d x� xnð Þ ð13Þ

To implement the multi-sized particle suspensions, the

authors considered a discrete distribution of particle sizes,

with a particle volume fraction of /vk with particle

aerodynamic response time spk for k = 1, …, n. Here n is

the total number of clouds with particles of one size being
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represented as one cloud. The number of particles of cloud k

in the suspension was determined by Npk ¼ /vk
tf

tpk
, where tf

is the volume of fluid and tpk is the volume of an individual

particle of cloud k. The position of all Np particles was

determined using the Gaussian random distribution.

Particles of cloud k were then assigned a velocity (v),

temperature (Tp), particle aerodynamic response time (spk)

and particle temperature response time (sTk). The initial

temperature of particle in this simulation, irrespective of the

cloud, was taken as a constant and the velocity of particles,

irrespective of cloud, was initially set to zero. Initial

distribution of particles for a 50 cloud nanofluid

simulation is shown in Fig. 1. Differently sized particles

are represented by different shades of grayscale with light

shade representing the smallest particle size and dark shade

representing the largest particle size.

Isotropic domain with periodic boundary conditions was

used for the simulations. Fluid was initially considered to

be still with particles homogeneously suspended in the

domain. A 1283 grid size was used and the governing

partial differential equations were approximated with a

semi-discrete Fourier-–Galerkin spectral method, employ-

ing exact dealiasing via the 3/2 rule (Canuto et al. 1987).

The resulting partial differential equations were advanced

in time using the low-storage, third-order Runge–Kutta

scheme described by Spalart et al. (1991). The method

advanced linear terms implicitly and nonlinear and inho-

mogeneous terms explicitly.

To study the effects of multi-sized particles, two different

sections of simulations were carried out and both sections

with detailed conditions were tabulated in their respective

results sections. In Sect. 3.2 of results, a multi-sized particle

and a single-sized particle were simulated for Al2O3/DIW

nanofluids and compared with the experimental data. In

order to simulate the multi-sized nanofluids case, 50 different

sized particles ranging from 100–300 nm were considered.

For the single-sized nanofluid case, particles with initial

diameters of 182.4 nm were considered.

Further study on the effect of multi-sized particles was

carried out by using Cu/DIW nanofluids with differently

sized particles. Details are tabulated in Sect. 3.3 of results.

Multi-sized nanofluids were simulated by mixing two dif-

ferently sized nanoparticles each with 0.5% of volume

fraction. The corresponding single-sized nanofluids were

simulated by using an average diameter of the multi-sized

nanofluids case with 1% volume fraction.

Simulations were performed using dual core AMD

workstations (3 GHz CPU, 2 GB RAM processor chip)

located at the Wayne State University Multi-scale Fluid

Dynamics Laboratory. The simulations were terminated

after 300 time steps. Non-dimensional time step of 9 9 10-4

was used for the time integration. All cases were run until the

urms
2 values of the fluid reached the stabilized state. Figure 2

shows the plot of urms
2 along the y-axis and time along the

x-axis. As indicated in the plot, data were collected at

t = 0.2416.

3 Results

3.1 Validation

To validate the model, the authors performed the simula-

tions using the Cu(100 nm)/DIW and Al2O3(80 nm)/DIW

Fig. 1 Initial particle distribution of a simulation of nanofluid with

50 multi-sized particles is shown
Fig. 2 RMS square velocity values were plotted against time. All

data were collected when u2
rmswere observed to be stabilized
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nanofluids. The cases used for the validation are shown in

Table 1. The turbulent thermal conductivity (kT) was

determined by the equation (Elperin et al. 1996)

u xð Þh xð Þh i ¼ �kT
�rT , where h is the fluctuations of tem-

perature. The effective thermal conductivity of nanofluid

was calculated as knf/kf = (kT ? kf)/kf, where kf is the

thermal conductivity of the fluid. As expected, the effective

thermal conductivity of nanofluids increases with the

increase of volume fraction (Fig. 3). The numerical data of

present simulations were compared with the experimental

data obtained by Xuan and Li (2000) and Murshed et al.

(2006). The calculated effective thermal conductivity val-

ues are observed to be in good agreement with the exper-

imental data as shown in Fig. 3. The simulations under-

predicted the effective thermal conductivity at 2% volume

fraction for Cu(100 nm)/DIW nanofluid. A possible reason

for this under-prediction can be the discrepancy in pre-

diction of the coagulation of particles in the present sim-

ulations, compared to the experiments. The values of

effective thermal conductivity for the 3 and 5% volume

fraction cases in the present simulations were closer to the

experimental values. Details about the coagulation effects

will be discussed later in this article. The values of

Hamilton–Crosser model are also included in Fig. 3. The

values of the effective thermal conductivity of nanofluids

predicted by the Hamilton–Crosser model were much lower

than that of the present simulations and the experimental

values. This is because the model does not include the effects

of particle size and various forces predominantly acting on

nanoparticles (Brownian force, thermophoresis force, van

der Waals force) which are considered as important mech-

anisms for enhancing the thermal conductivity of nanofluids

(Keblinski et al. 2002).

3.2 Comparison of a multi-sized case

with experimental data

The authors have been circumspective of the use of single-

sized nanoparticles in the numerical models as it is

impracticable for the experimentalists to create single-sized

particles for their studies. Thus the authors, in order to

achieve a case in close match to a realistic case, simulated

nanofluid with multi-sized particles and compared it with

the experimental data of Chon et al. (Chon et al. 2005). The

authors simulated an initial particle distribution profile as

was used by Chon et al. (2005) in their experiments. To

obtain an accurate profile, the authors used 50 differently

sized particles with the volume percent of each individual

particle as indicated in Chon et al. (2005). The range of

particle sizes considered in the simulations was from 100 to

300 nm. The details of simulations performed in this

section were shown in Table 2.

The initial distribution of particles in experiments and

current simulations are shown in Fig. 4. The figure indi-

cates a close match of the profiles shown in the experiment

and the current simulations. The simulations were run until

the fluid was stabilized and the effective thermal conduc-

tivity value for the multi-sized mixture case was calculated.

The authors also simulated a single-sized nanofluid case for

the similar conditions with a particle diameter of 182.4 nm.

The diameter for the single-sized case used in the simula-

tion was the volume weighted average diameter obtained

by Chon et al. (2005), from transmission electron micros-

copy (TEM) images.

The effective thermal conductivity values for the multi-

sized and single-sized cases are shown in Table 3. The

percentage difference between the simulated value and the

Table 1 The simulated cases, used for the validation of numerical

model, differ on the basis of the type of nanofluid and particle sizes

Nanofluids Particle size (nm) Volume fraction (%)

Cu/DIW 100 2, 3, 5

Al2O3/DIW 80 0.5, 1, 2

Fig. 3 The effective thermal conductivity values were plotted at

different volume fractions for the present DNS, the experimental data

and the Hamilton–Crosser model. The effective thermal conductivity

values were observed to increase with the increase in volume fraction.

The values calculated in current model were close to the measured

experimental data. Reproduced with permission from Int J Heat Mass

Trans 53 (2010). Copyright 2009 Elsevier Ltd

Table 2 The simulated cases, used for the comparison of multi-sized

and single-sized cases with the experimental data, differ on the basis

of the type of nanofluid and particle sizes

Nanofluids Particle size (nm) Volume

fraction (%)

Al2O3/DIW (50 discrete clouds 100–300 1

Al2O3/DIW (Single cloud) 182.4 1
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experimental value was calculated for each case and also

shown in Table 3. It is evident that the multi-sized particle

case showed better prediction to the experimental value as

compared to the single-sized case. The difference between

the experimental case and the multi-sized case was as low

as 8.25 9 10-2%. The study reveals that the experimental

values of the effective thermal conductivity are affected by

the presence of multi-sized particles and thus it is necessary

to consider the range of initial size distribution of nano-

particles in the numerical models, when being compared

with the experimental studies.

3.3 Effect of multi-sized particles

As discussed in Sect. 1, both two-way temperature coupling

and forces acting on the particles are responsible for

increasing the thermal conductivity of nanofluids, which are

in turn directly dependent on the size of nanoparticle. The

authors illustrate this effect in Fig. 5, where the fluid tem-

perature field was correlated with the particle velocities and

the particle temperature response time at the end of the

simulation for Cu(75 nm)/DIW nanofluids. Particle posi-

tions were extracted from the slice corresponding to the fluid

temperature. Figure 5a illustrates the velocities of the indi-

vidual particles, with circular region representing corre-

sponding to larger velocity and square block corresponding

to the smaller velocity. It is evident that the region consisting

of particles predominantly with larger velocities induces

higher heat transfer in the fluid, thus decreasing the fluid

temperatures. A simple explanation for this high heat

transfer in the region of larger particle velocities is that the

large particle velocities intensify the perturbations in the

fluid medium, thus enhancing the swirling and fluctuations

of fluid. The increased fluctuations in the fluid medium cause

higher heat transfer rates in fluid.

From Eq. 13, it is clear that the magnitude of q2w is

larger for smaller values of particle temperature response

time (sT). Increasing in the value of q2w, which acts as

dissipative term in the fluid temperature equation, decrea-

ses the temperature of fluid. Thus, it can be deduced that

the smaller values of sT are responsible for higher heat

Fig. 4 Initial particle distribution profile (a) used by (Chon et al.

2005) and b the profile used by the authors for the current simulations

Table 3 The effective thermal conductivity and the percentage dif-

ference from the experimental value for multi-cloud and single cloud

case

Nanofluid Effective

thermal

conductivity

(knf/kf)

Percentage

difference

from exp. value

((knf - kexp)/

kexp) 9 100

Al2O3/DIW (50 discrete

clouds [100–300 nm])

1.10117 8.25 9 10-2

Al2O3/DIW (single cloud

182.4 nm)

1.00560 6.814 9 10-1

Fig. 5 Fluid temperature in correlation with the particle velocities and particle temperature response time
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transfer rates in fluid. A similar inference can be made

from left side image of Fig. 5b, which illustrates the sT of

the individual particles. Circular marked region, in the left

side image of Fig. 5b, corresponds to largest sT and square

region represents the smallest sT. The region consisting of

particles predominantly with smaller sT values show

smaller fluid temperatures and the region consisting of

particles predominantly with larger sT values show larger

fluid temperatures. Figure 5 thus illustrates that both dis-

persion of particles and heat transport in nanoparticles have

contributions in enhancing the effective thermal conduc-

tivity of nanofluids.

As explained, it is clear that the effective thermal con-

ductivity of nanofluids is affected by the presence of dif-

ferently sized particles in the fluid. To study the effect of

multi-sized nanoparticles on the heat transfer in nanofluids,

the authors simulated multi-sized cases and the corre-

sponding average single-sized cases as shown in Table 4.

Two distinctly sized particles were used to simulate the

nanofluids with multi-sized nanoparticles suspended inside.

Volume-fraction percent of each size was 0.5. The nano-

fluids with single-sized nanoparticles suspended inside

were simulated by considering volume weighted average

sized particles.

The values of the effective thermal conductivity were

plotted for all cases (Fig. 6). The simulated results revealed

an increase in the effective thermal conductivity for the

nanofluids with multi-sized nanoparticles when compared to

that of the nanofluids with the corresponding single-sized

nanoparticles. It can also be observed that the between the

effective thermal conductivity of multi-sized case to the

corresponding single-sized case was larger when the size

difference in the initially distributed particles was larger

(Cu(50 ? 100 nm)/DIW and Cu(75 nm)/DIW show larger

difference in the effective thermal conductivity values when

compared to other cases). This observation suggests a

greater deviation of the effective thermal conductivity of

mixture case from the single-sized case when the size dif-

ference in the initially distributed particles is larger.

Figure 6 also reveals that the Cu(50 ? 75 nm)/DIW and

Cu(63.5 nm)/DIW show greater deviation in the effective

thermal conductivity values when compared to that of

Cu(75 ? 100 nm)/DIW and Cu(87.5 nm)/DIW, despite the

size difference between the particles (50 ? 75 nm = 25

and 75 ? 100 nm = 25) in both the multi-sized cases being

same. The percentage difference in the effective thermal

conductivities of mixture and the corresponding single-sized

cases are shown in Table 5. The percentage difference

between Cu(50 ? 75 nm)/DIW and Cu(63.5 nm)/DIW is

1.5168%, which is greater than the percentage difference

of 8.9873 9 10-1% between Cu(75 ? 100 nm)/DIW and

Cu(87.5 nm)/DIW. It suggests a possible increase in the

deviation of the effective thermal conductivity between

the multi-sized and the corresponding single-sized cases as

the size of the particles decreases.

To understand the effect of multi-sized particles, aver-

age velocity of particles and the average q2w are plotted in

Figs. 7 and 8, respectively. Both Figs. 7 and 8 show larger

magnitudes for the multi-sized cases when compared to

that of the corresponding single-sized cases. Further, it can

also be observed that the deviation in the magnitudes of the

Table 4 The simulated cases, used to study the effect of multi-sized

and single-sized on the effective thermal conductivity of nanofluids,

differ on the basis of the type of nanofluid and particle sizes

Nanofluids Particle size (nm) Volume fraction (%)

Cu/DIW 63.5 1

Cu/DIW 50 ? 75 0.5 ? 0.5

Cu/DIW 75 1

Cu/DIW 50 ? 100 0.5 ? 0.5

Cu/DIW 87.5 1

Cu/DIW 75 ? 100 0.5 ? 0.5

Fig. 6 The effective thermal conductivity of multi-sized and the

corresponding single-sized nanofluids. The plot shows larger effective

thermal conductivities of mixture cases

Table 5 The effective thermal conductivity and the percentage dif-

ference between the multi-sized and corresponding single-sized case

Nanofluid Effective thermal

conductivity (knf/kf)

Percentage

difference

Cu(50 ? 75 nm)/DIW 1.096615 1.5168

Cu(63.5 nm)/DIW 1.08023

Cu(50 ? 100 nm)/DIW 1.07219 2.6600

Cu(75 nm)/DIW 1.051186

Cu(75 ? 100 nm)/DIW 1.0205 8.9873 9 10-1

Cu(87.5 nm)/DIW 1.01143
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average particle velocity and average q2w of multi-sized

cases from the corresponding single-sized case is larger for

Cu(50 ? 100 nm)/DIW nanofluids. The authors already

showed in Fig. 3 that the heat transfer in fluid strongly

depends on the velocity of the particles and the value ofsT.

Thus, Figs. 7 and 8 indicate that both dispersion of parti-

cles and heat transport in nanoparticles contribute to the

effect of multi-sized particles.

As shown above, it is clear that a greater enhancement

of the energy transport inside the nanofluid was obtained

when multi-sized particles were used. Both the average

velocity of particles and average q2w, which are critical for

the enhancement of energy transport in nanofluids were

observed to have greater magnitudes in the mixture cases.

In order to understand the mechanism of particle velocity

enhancement in mixture cases, the authors plotted the

velocity of each individual particle in Fig. 9. The x-axis in

the figure represents the particle number and the y-axis

represents the velocity of each particles. Top graph of

Fig. 9 shows the particle velocity for Cu(50 ? 100 nm)/

DIW and Cu(75 nm)/DIW nanofluids. To acquire a clear

understanding of the plot, only a part of the data are shown

in the figure. It is evident that the values of particle velocity

in Cu(50 ? 100 nm)/DIW nanofluid show greater fluctua-

tions than the values in Cu(75 nm)/DIW nanofluids. The

presence of multi-sized particles causes an inhomogeneous

coagulations in the nanofluids, thus providing different

ranges of velocity values in Cu(50 ? 100 nm)/DIW

nanofluid. But Cu(75 nm)/DIW nanofluid has smaller

fluctuation magnitude in its profile. Since, the velocity of

particles is strongly dependent on the diameter of the

particles (shown in the Eqs. 6 and 8), the authors conclude

that the coagulations of nanoparticles in Cu(75 nm)/DIW

nanofluid are relatively more homogeneous than the

Cu(50 ? 100 nm)/DIW multi-sized nanofluids. A similar

observation can be made from lower graph of Fig. 9 where

the particle velocities for Cu(75 ? 100 nm)/DIW and

Cu(87.5 nm)/DIW nanofluids are plotted. However, the

fluctuations in the particle velocities in Cu(75 ? 100 nm)/DIW

nanofluid are not as dominant as in the Cu(50 ?

100 nm)/DIW nanofluid. It can be concluded from the plot

that the multi-sized nanofluids with larger initial particle

size difference between them produce more inhomoge-

neous coagulations. These inhomogeneous coagulations

lead to the distribution of wide range of particle sizes in

multi-sized nanofluids. From Eq. 6, we can observe that the

Brownian force FBi /
ffiffiffiffiffiffiffiffiffiffi
1=d5

p

q
. Thus smaller particles

present in the multi-sized nanofluids have more dispersion

which increases the average velocity of particles in com-

parison to single-sized nanofluids as found in Fig. 7. Fig-

ure 10, where q2w is plotted for different particles, reveals a

similar consistent study. The fluctuations in q2w values for

Cu(50 ? 100 nm)/DIW nanofluid are larger than in the

corresponding single-sized Cu(75 nm)/DIW nanofluid,

indicating inhomogeneous coagulation of particles in

multi-sized cases.

To measure the fluctuations, the standard deviations

were calculated for both velocity of particles and q2w. The

values of average standard deviations are tabulated in

Table 6. The comparison of multi-sized case with the

corresponding single-sized case revealed greater average

standard deviations for the multi-sized cases, thus indi-

cating larger fluctuations in the velocity of particles and

q2w for multi-sized cases. The average standard deviation

values were found to be larger for the Cu(50 ? 100 nm)/

DIW nanofluid. It indicates that the inhomogenity in the

coagulations increases with an increase in the size differ-

ence of initially distributed particles. In summary, in can be

Fig. 8 The average temperature two-way coupling values for the

multi-sized and corresponding single-sized nanofluids
Fig. 7 The average velocity of particles for the multi-sized and

corresponding single-sized nanofluids
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Fig. 10 Temperature source

term is plotted for individual

particles numbered from 3400–

450. Comparison for

Cu(50 ? 100 nm)/DIW and

Cu(75 nm)/DIW nanofluids and

Cu(75 ? 100 nm)/DIW and

Cu987.5)/DIW nanofluids is

provided

Fig. 9 Velocity of the particles

is plotted for individual particles

numbered from 3400–3450.

Comparison for

Cu(50 ? 100 nm)/DIW and

Cu(75 nm)/DIW nanofluids and

Cu(75 ? 100 nm)/DIW and

Cu987.5)/DIW nanofluids is

provided
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said that the multi-sized particle distribution has a con-

siderable effect on the effective thermal conductivity of

nanofluids and thus all the numerical models when com-

paring with the experimental values should use an initial

distribution similar to that of the experiments.

4 Conclusion

The effective thermal conductivity of nanofluids was found

to alter significantly with the presence of multi-sized distri-

bution of nanoparticles in fluid. The multi-sized nanofluid

simulation predicted the effective thermal conductivity of

nanofluid closer to the experimental value when compared to

the volume weight averaged single-sized nanofluid.

The effect of multi-sized nanoparticle distribution on the

heat transfer in nanofluids was studied by simulating nano-

fluids with multi-sized particles and corresponding single-

sized particles. The study revealed that the dispersion of

particles and the heat transport in nanoparticles were

affected by the presence of multi-sized nanoparticles. Thus,

both these mechanism had significant contributions in

affecting the effective thermal conductivity of nanofluids.

Deviation in the effective thermal conductivity values

was found to increase with the increase in the size difference

in the initial distribution. It was also found that this deviation

was more predominant when the particle sizes were smaller.

The authors concluded that the inhomogeneous coagulations

observed in the multi-sized particles can be responsible for

the deviation of the effective thermal conductivity of multi-

sized nanofluids from the single-sized nanofluids.

The authors, from this study conclude that initial dis-

tribution of particles has a significant role in predicting the

effective thermal conductivity of nanofluids. The experi-

mental data so far have been mostly reported using the

volume averaged particle sizes. However, the authors

suggest that the initial distribution of particles should be

provided, while reporting the experimental results.
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