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Abstract This work describes the methodology devel-

oped to optimize the design of the combustion chamber,

the thrust generating nozzle and the cooling system of a

micro-rocket using numerical simulations. The coupling

between combustion, subsonic/sonic/supersonic flow tran-

sition and heat transfer inside the micro-rocket is analysed

using a problem decomposition strategy and state-of-

the-art numerical techniques. First, the design of the

thrust-generating nozzle is optimized; then, the mixing

performances and the combustion efficiency are evaluated;

finally, the design of the cooling system is verified calcu-

lating the heat transfer from the hot gases to the solid shell

and to the cooling fluid. Results show that sub-optimal

micro-rocket design alternatives can be easily identified

through self-validated numerical analyses. In this way, the

number of time consuming and costly experiments required

for prototypes qualification in the lab can be reduced,

focusing the tests on the limited set of sub-optimal alter-

natives identified by numerical simulations, thus speeding

up the development of new devices.

1 Introduction

Micro-rocket arrays are increasingly used in aerospace

applications as micro-thrusters for the point positioning of

small satellites. The main advantage they offer is that the

chemical energy stored on-board as fuel can be converted

efficiently (and when required) into momentum and thrust

of exhaust gases expanding into a properly shaped nozzle.

Developing efficient and safe on-board chemical pro-

pulsion technologies and maximizing thrust production

through optimal design of rocket components are becoming

crucial objectives for aerospace applications, as witnessed

by the number of papers in the field (see Hussaini and

Korte 1996; Schley et al. 1997; Choudhuri et al. 2000;

London et al. 2001; Reed 2004, among others). At present,

no simple solution is available for design optimization:

micro-rockets are complex systems, made of many simpler

modules assembled together and interacting to produce the

final performance (Rouse 2003). The main modules of a

micro-rocket include storage systems for fuel and oxidizer,

injection systems, combustion chamber, thrust generating

nozzle, cooling system and micro-turbines. These different

modules are interconnected by the mass and energy fluxes

associated with the fluid moving inside the micro-rocket:

once feeded into the combustion chamber, fuel and oxi-

dizer react and heat up the mixture of exhaust gases which

moves along the nozzle transferring heat to the walls,

expanding and generating thrust.

Even though the configuration of micro-rockets is sim-

ilar to that of large scale rockets, the smaller size makes

their effective design more complex (Choudhuri et al.

2000; Rossi et al. 2002). Traditional design criteria, which

were adequate for the large scale rockets must be revisited

to fulfill the more stringent requirements associated with

size reduction (Bayt and Breuer 2001). A typical effect of
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miniaturization is the reduced residence time in the com-

bustion chamber, which is usually counterbalanced by the

use of higher energy-density fuels, characterized by a more

explosive behavior and a larger heat release (Reed 2004).

This implies (1) the use of high efficiency injection sys-

tems, able to obtain effective mixing in very small time, (2)

the use of materials characterized by high mechanical and

thermal resistance, and (3) the design of small scale cool-

ing systems able to remove efficiently the heat produced by

combustion. Furthermore, intensive use of energy and

energy savings must be considered to improve micro-

rocket performances over service life time.

State-of-the-art micro-rocket design solutions include

the use of swirl injection systems to feed the combustion

chamber, and regenerative heat exchange between com-

bustion chamber and cooling system to recover energy

from hot flue gases. The complex geometries of these

micro-rocket components and the high degree of coupling

between streams augment the number of possible alterna-

tive design configurations, increasing in parallel the risk of

failure when developing innovative solutions. While on the

one hand there are no general criteria to identify a priori the

best performing design solutions, on the other hand the

experimental testing of all trial configurations for micro-

rocket components would require very long times and high

prototyping costs. Therefore, objective approaches able to

focus the experimental analysis on a reduced set of con-

figurations are mandatory.

In this context, numerical analysis is becoming an

emerging tool for the ‘‘virtual’’ testing of components

before prototyping. A large number of design solutions can

be evaluated in a short time and with reduced extra costs

using self-validated numerical tools. Incorporating the

relevant physics in the numerical model and setting up the

model following the best practice guidelines suggested in

the open literature ensure that the behavior of the system

can be correctly simulated, at least qualitatively, and per-

formances of design alternatives can be ranked objectively

to identify the best promising. The experimental tests can

then be focused on the verification of a subset only of

‘‘near-optimum’’ solutions. Then, the experimental data

available at this stage can be used for the fine tuning of the

virtual model, fitting calculated values with measured data.

In the numerical testing of micro-rocket components,

combustion of non-conventional fuels, heat transfer in

micro-channels and subsonic to supersonic flow transition

are some of the complex phenomena which should be

simulated properly for predictive testing. Additional mod-

eling problems may arise due to micro-scale issues, since

state-of-the-art numerical methodologies rely on the con-

tinuum assumption which may be not always satisfied in

micro-devices. Furthermore, to replicate the real system

complexity and the degree of interconnection of fluid

streams, coupling among combustion modeling, heat

transfer and flow transition should be considered. This can

lead to very complex and time consuming numerical sim-

ulations. In order to speed up the numerical analysis and to

take a real advantage from numerical experiments over

laboratory experiments, it is necessary to identify a proper

decomposition strategy for the original problem (i.e.

numerical qualification of micro-rocket performances and

design optimization) such that (1) sub-tasks can be solved

sequentially at a lower cost and (2) information obtained at

each stage of the analysis can be gradually improved to

obtain reliable information on the real system behavior.

The problem decomposition stage is the core of the strat-

egy: once all the relevant physical phenomena have been

listed, the coupling between these mechanisms should be

evaluated and hierarchically ranked to identify those sub-

problems in which one physical mechanism may be con-

sidered prevailing, de-coupling that sub-problem from the

others. This is the necessary condition for the problem

decomposition approach to be effective for the analysis of

complex systems.

In this paper, we describe the strategy adopted to aid the

design of a micro-propulsion system which will be used for

attitude control in micro-satellites of the Proba family

(ESA) (Miotti et al. 2004). This included two steps: (1)

decomposition of the problem and numerical analysis of

sub-tasks, including tuning and self-validation of compu-

tational methodologies to fit each modeling challenge

(combustion, subsonic/supersonic flow transition and heat

transfer across solid boundaries) and ‘‘step by step’’

numerical testing of performances; and (2) evaluation of

performances of the sub-optimal system as a whole and

comparison with available experimental data. This

approach has been successfully used for other applications

(see for instance Cuda et al. 1999) and is expected to

produce a benefit also in this context.

2 Configuration under study

A schematic of the thrust-generating part of the micro-

rocket under study is provided in Fig. 1a. Figure 1b shows

a three-dimensional view of the system and dimensions are

summarized in Table 1.

The core of the micro-rocket is made of the combustion

chamber, the nozzle and the cooling system. A central duct

and a coaxial annular screw inject the fuel (ethanol) and the

oxidizer (a mixture of oxygen and water vapor) in the

combustion chamber. The swirling motion of the oxidizer

is used to promote mixing with the inner stream of fuel.

Mixing controls the chemical reaction process, determining

composition, temperature and pressure of hot gases which

are accelerated through the convergent–divergent part of
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the nozzle to produce thrust. Heat is transferred from the

hot gases to the walls of the combustion chamber and

nozzle. Here, heat should be efficiently removed to avoid

excessive over heating and local temperature increase of

the solid material, which can downgrade its mechanical

resistance. In the configuration shown in Fig. 1, heat

released by combustion is used to pre heat the oxidizer

which moves inside the cooling system countercurrently to

the exhaust gases expanding in the nozzle.

As shown in Table 1, the dimension of the micro-rocket

range from few millimeters (cooling vane thickness,

injection system diameter) to tens of millimeters (length of

nozzle, dimension of combustion chamber). The spatial

length scale is sufficiently large (1.5 mm at the throat) to

simulate the flow as a continuum (Choudhuri et al. 2000).

Yet, the values of the Knudsen number, i.e. the ratio

between the molecular free path length and the represen-

tative physical length scale (the throat diameter), calculated

a posteriori are in the range 0.01 \ Kn \ 0.1. Since the

flow is in the slip regime (Gad-el-Hak 1999), slip condi-

tions have been implemented in the code to correctly

simulate the behavior of micro-rocket modules (injection

system, combustion chamber, nozzle and cooling duct).

Fig. 1 a Sketch of the nozzle,

indicating relevant dimensions

and streams entering and

leaving the apparatus. b 3-D

model of the whole

computational domain:

combustion chamber and nozzle

(inner region, in light gray),

solid material (dark gray), and

cooling fluid (outer region, light
gray); c 3-D Mesh used to solve

for the flow in the combustion

chamber and nozzle

Table 1 Dimensions of micro-rocket

Overall length L (mm) 30.3

Length of combustion chamber Lcc (mm) 13.2

Length of convergent Lconv (mm) 8.6

Length of divergent Ldiv (mm) 8.5

Pitch of injection screw p (mm) 2

Thickness of screw tooth th (mm) 0.2

Diameter of injection duct /E (mm) 0.2

Diameter of combustion chamber /cc (mm) 15

Diameter of nozzle at throat /th (mm) 1.5

Diameter of nozzle at exit /o (mm) 7.5

Curvature radius at throat R (mm) 1.5

Divergence angle w (–) 20�
Wall thickness d (mm) 0.7

Cooling vane thickness h (mm) 0.5
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3 Problem decomposition

Optimization of micro-rocket design implies that the

assembly of injection system, combustion chamber,

expansion nozzle and cooling system should guarantee that

(1) fuel and oxidizer mix and burn completely; (2) most of

the pressure energy contained in the exhaust gases is

recovered along the nozzle to be converted in momentum;

(3) the heat produced by the chemical reaction and con-

vected by the expanding gases is efficiently removed by the

cooling system preventing mechanical damages due to

materials over-heating.

Mixing of reactants, chemical reaction, expansion in the

nozzle and heat exchange across the solid shells are cou-

pled to control micro-rocket performances. Yet, a problem

decomposition can be identified to simplify the analysis.

The sub-tasks identified for the micro-rocket design anal-

ysis are the following: (1) optimization of the nozzle shape,

(2) analysis of mixing efficiency and chemical reaction in

the combustion chamber, (3) heat production and heat

transfer across the solid shells. The problem of shape

optimization can be partially decoupled from the precise

analysis of combustion, heat production and heat transfer.

In fact, nozzle performances depend on nozzle shape and

thermodynamical properties (pressure and temperature) of

expanding gases, whichever the system used to produce the

gases. Therefore, provided that the thermodynamical

properties of the gases are properly estimated, nozzle shape

optimization can be reduced to a 2-D, axis-symmetric

problem in which the thrust generated by alternative geo-

metrical configurations of the nozzle is evaluated, with

significant savings in time and computational resources.

Once a satisfactory configuration is found for the shape of

the nozzle, the attention can be focused on the combustion

chamber where the chemical reaction is supposed to gen-

erate the mixture of gases expanding in the nozzle. At this

stage, the analysis should account for (1) the turbulent

mixing of fuel and oxidizer generated by the injection

system, (2) the combustion process and the heat produced

thereof, and (3) the feedback effect that the shape of the

flow-through combustion chamber (exhausting gases

through the nozzle) may have on the internal flow, on

mixing of species and on combustion. Physical arguments

suggest that, since the flow becomes sonic at the throat, the

analysis can be focused on the combustion chamber and the

convergent part of the nozzle only. At this stage, if we are

not concerned with the detailed chemistry of the process,

the main effect of heat produced by the chemical reaction

is the variation of density and velocity of gases moving in

the combustion chamber. Therefore, heat transfer to the

solid boundary can be neglected, being included only when

the focus will be to evaluate the cooling system perfor-

mances. Once a satisfactory configuration is found for the

combustion chamber, alternative configurations of the

cooling system can be evaluated, eventually neglecting

combustion dynamics and flow transition on the exhaust

gas side, provided that the heat flux from the combustion

chamber and along the nozzle wall can be properly esti-

mated. The implementation of this problem decomposition

strategy is discussed in the following: state-of-the-art

numerical techniques and guidelines for model develop-

ment are discussed first; results obtained from the analysis

are then presented and compared with experimental data

whenever available.

4 Numerical methods

The numerical simulations of nozzle, combustion chamber

and cooling duct are performed using a commercial solver

of the Navier–Stokes equations (StarCD�) based on a finite

volume formulation. The code solves for the conservation

equations of mass, momentum and enthalpy, calculating

the flow, pressure, temperature fields and mass concentra-

tion of species (see the Appendix for details). Figure 1c

shows a portion of the computational domain, divided into

small computational volumes. Computational volumes are

smaller near the walls and in the regions where large

variations for the variables are expected, to allow the

precise calculation of field gradients.

Figure 2 shows the links among conservation equations

and the road map for their solution for a problem involving

fluid flow, chemical reaction and heat transfer. Equations

are written in discretized form for each finite volume of the

computational domain. Cartesian velocities, pressure,

temperature and concentration of species are evaluated at

cell centers, and contravariant volume fluxes are evaluated

(solve for coupling among variables)
update temperature distribution

mixture fraction
physical properties

(solve for steady state)

Inner sweeps

Outer sweeps

Combustion model (PPDF)

(rate of reaction, heat release)

Update condition

Heat transport

(temperature field)

Scalar transport of species

(mass fraction field)

Continuity & Momentum

Turbulence modelling

(flow field and pressure)

Initial conditions

Fig. 2 Road map for the solution of linked conservation equations
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at cell faces. Flux discretization is obtained by a third order

(QUICK) scheme. As shown in Figure 2, coupling among

mass, momentum and energy equations is considered by

inner sweeps in the solution process and convergence

toward a steady state is obtained through outer sweeps.

Conservation of mass and momentum (Eqs. 6 and 7 in the

Appendix) are solved using the SIMPLE algorithm (Pat-

ankar and Spalding 1972) which is based on operator

splitting and predictor/corrector stages. Equations for each

dependent variable are decoupled and linearized, and then

solved using the conjugate gradient (CG) method. The

pressure correction equation (Poisson equation) is solved

using a multigrid algorithm.

According to the steps indicated in Fig. 2, the 3-D flow

field is solved first and used to calculate (1) the transport/

dispersion and reaction of chemical species (Eq. 13 in the

Appendix) and (2) the heat released by the progress of the

chemical reaction (see Issa et al. 1991 for details). The

heat flux from chemical reaction is used to solve the

chemico-thermal enthalpy balance (Eq. 18 in the Appen-

dix) and to obtain the temperature field in the fluids (flue

gases and cooling flow) and across the solid (Eq. 19 in the

Appendix). At each inner iteration, updated values of

temperature and mass fraction of species are used to

modify fluid properties (ideal mixture of gases) and to

iterate again on velocity and pressure. This procedure is

repeated until stable values are found for all the variables.

Then, an outer iteration starts toward the calculation of

steady state conditions.

In this work, specific modeling issues originate from (1)

the strong swirling motion generated by the injection sys-

tem, (2) the chemical reactions and heat production, and (3)

the subsonic to supersonic flow transition in the nozzle.

These are described briefly in the following.

4.1 Turbulent swirling flow

The screw injection system is a crucial portion of the

micro-rocket under study and accurate modeling of the

turbulence generated by the swirling flow is necessary (1)

to simulate mixing between fuel and oxidizer, (2) to

evaluate the progress and efficiency of the combustion

process, and (3) to calculate thermodynamical properties

(pressure and temperature) of exhaust gases before

expansion.

Coaxial swirling flows are increasingly used in many

industrial configurations (i.e. cooling systems, fluid mixers,

industrial burners and propulsion apparatuses) and usually

consists of a main central jet and a coaxial swirling stream.

The fluid dynamics of swirling flows has been extensively

investigated for both non-reacting and reacting flows.

Experiments performed on cold, coaxial, swirling jets

(Huang and Tsai 2001) show that in these configurations

the entrainment of fluid by the central jet is dramatically

modified by the interaction with the coaxial swirling flow.

Specifically, a strong increase in the jet spreading angle is

produced by the formation of a central stagnant zone and

a recirculation bubble of fluid. Following Al-Abdeli

and Masri (2003), the main parameters controlling the

dynamics of these large scale structures are the swirl

number, i.e. the ratio of the axial flux of the angular

momentum to the axial flux of the axial momentum, and

the streamwise velocity (see Park et al. 1998 among oth-

ers). These structures are often exploited to enhance the

mixing of species, with significant benefit for applications

involving combustion processes.

One of the main difficulties associated with the

numerical simulation of swirling flows is turbulence

modeling. Many numerical simulations (see for instance

Battaglia et al. 2000, Jakirlic et al. 2004 and Snegirev et al.

2004) have shown that simple turbulence models (as eddy

viscosity, k-e models) fail to capture the anisotropy typical

of strain and Reynolds stresses produced in the flow by the

action of centrifugal forces. In these cases, modified first-

order or second-order closure relations are required to

reproduce the effect of flow curvature on turbulence

(Sankaran and Menon 2002). Previous works on the sim-

ulation of swirling flames (Snegirev et al. 2004; Eiamsa-

ard et Promvonge 2007) have shown that good results can

be obtained using Algebraic Stress Models and Reynolds

Stress Models. Other works on swirling flows have shown

that good results can be obtained using simpler, modified

versions of the k-e model. In this work, we chose to use a

RNG k-e model (Yakhot and Orszag 1986) which repre-

sents a satisfactory and reasonable choice by which a

precise balance between accuracy and time/costs of the

simulation can be achieved: the effect of mean flow dis-

tortion on turbulence is incorporated by considering an

additional term in the dissipation equation (Eq. 10 in the

Appendix); compressibility and buoyancy effects can be

considered as in the standard k-e model (see the Appendix

for details).

4.2 Combustion model

The second critical point for the analysis of the micro-

rocket is the simulation of the reacting flow. Reaction rates

depend on two main mechanisms: (1) the transport of

species, determining the local concentration of reactants

and (2) the chemical kinetics. Transport and mixing of

species is controlled by the flow dynamics, with the large

scale structures contributing to bulk transport and the small

scale structures contributing to micro-mixing; therefore,

both scales must be considered to get a realistic picture of

the reacting environment. Chemical kinetics are inherently

complex, with most of the chemical reaction schemes
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involving hundreds of intermediate reacting species (Hsu

and Mahalingam 2003; Bohn and Lepers 2001). A

dimensionless parameter useful to quantify the relative

importance of transport of reactants and chemical kinetics

is the Damkohler number, Da, which represents the ratio

between the characteristic time for the transport of species

and the characteristic time for chemical reactions. A large

Damkohler number, Da � 1 corresponds to a chemical

reaction which is fast in comparison to all other processes.

In this case, the rate controlling step is the turbulent mix-

ing. A small Damkohler number, Da� 1 corresponds to a

chemical reaction which is slow in comparison to all other

processes. In this case, the rate controlling step is the

chemical reaction. For unpremixed (or diffusion) turbulent

reactions, as the one considered here, Da is � 1, i.e. the

chemical reaction is controlled by the turbulent mixing.

In this work, the chemical reaction occurring in the

combustion chamber is ethanol oxidation at high temper-

ature, given by:

C2H5OHþ 3O2 ! 2CO2 þ 3H2O: ð1Þ

Oxygen is obtained from peroxide decomposition, and the

reaction occurs in excess water vapor. A complex reaction

scheme for ethanol combustion involving more than 56

species and 351 chemical reactions has been developed by

Marinov (1999). Including such a detailed description of

the ethanol oxidation in a three-dimensional numerical

simulation would be extremely expensive, since the mass

balance of 56 chemical species should be considered for

each computational volume in the domain. Furthermore,

such a detailed description is not required if we are not

interested in simulating the formation of specific products

generated by the chemical reaction. Our focus in this work

is to simulate precisely the thermal field produced by eth-

anol combustion to account for variations in gas pressure,

density and velocity which control the motion of gases

toward the nozzle. Therefore, to contain the costs of the

CFD simulation, we schematize the combustion process

using a single step reaction mechanism. Since this sim-

plified description gives an approximate picture of the real

thermal balance, we use the tunable parameters of the

combustion model to fit the main thermal characteristics of

the oxidation process with available experimental data.

In mixing controlled reactions, turbulent transport

modeling must be considered for realistic simulations. In

this work, effects of turbulent mixing are accounted for

using a presumed probability density function (PPDF)

model which is particularly suited for fast reacting, un-

premixed systems in which the time for convection and

diffusion of reactants is much larger than the time for

reaction, and the reaction process is controlled by turbulent

mixing (Zhou et al. 1999). In PPDF models, a conserved

scalar f, called the mixture fraction and defined as:

f ¼ mf

mf þ mo

ð2Þ

where, mf is the mass of fuel and mo is the mass of oxidizer,

is used to describe the progress of the turbulent mixing

process. The transport equations for the mixture fraction

and its variance (Eqs. 14 and 15 in the Appendix) are used

to determine the values of the local mass fractions of

chemical species. The instantaneous mass fraction of fuel,

oxidizer and products is calculated from (1) the mean local

value of f, solved for by the transport equation, (2) the local

value of the variance of f, which accounts for fluctuation

produced by turbulence, and (3) from the ‘‘presumed’’

probability density function (Eq. 16 in the Appendix) for f

(see Richardson et al. 1953, for details). The heat released

by the progress of the chemical reaction is then calculated

from the enthalpy balance.

4.3 Transitional flow

The numerical simulation of flow in the nozzle is complex

because the flow is transitional, i.e. subsonic in the con-

vergent, sonic at the throat and supersonic in the divergent,

where shock waves produce discontinuities in the field

variables. Therefore, the first issue was to identify and

validate a suitable numerical methodology to simulate

transitional flows.

Transitional flows are usually described using 1-D the-

ory based on momentum and enthalpy conservation

equations, neglecting the viscous forces acting at walls. We

performed preliminary numerical simulations (1) to identify

the most appropriate boundary conditions to be used for the

simulation and (2) to compare Navier–Stokes calculations

with the reference solution available from 1-D design the-

ory. To set up the numerical simulation, we considered a

standard design nozzle, characterized by convergent angle

wconv = 22.5�, divergent angle wdiv = 4�, throat diameter

/th = 30 mm, delivering a critical flow rate of air

(T = 1,500 K in the throat). The specific mass flux deliv-

ered by this nozzle is the same expected for the micro-

rocket. Yet, nozzle dimensions are 20 times larger than the

nozzle of the micro-rocket under study, and no slip condi-

tions can be used at nozzle wall for these numerical tests.

We performed axis-symmetric simulations for a slice of

the nozzle (1/36), assuming conservation of stagnation

enthalpy through the nozzle and imposing stagnation

pressure and temperature at inlet (pcc = 742.5 kPa,

Tcc = 1,800 K) and a value of pressure at outlet

(po B 105 Pa) as boundary conditions. We solved for the

flow under different flow regimes (sub-sonic, sonic and

supersonic) changing the value of pressure at the outlet

from the stagnation value down to the desired outlet value.

We found that a transient simulation using a fixed value of
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pressure at inlet (stagnation) and a value of pressure at

outlet gradually decreasing to the target value allows to

obtain a converged solution which ever the flow conditions

in the nozzle. We compared pressure profiles along the

nozzle axis calculated in this way against those expected

from 1-D theory (results not shown). We found a satisfac-

tory agreement between numerical and analytical pressure

profiles along the nozzle coordinate, and small deviations

due to viscous effects: specifically, solution of Navier–

Stokes equations showed that (1) the outlet pressure should

be reduced more than the calculated 1-D theoretical value

to have sonic flow at the throat, that (2) sharp curvature

radius at throat may promote the formation of a ‘‘vena

contracta’’, and that (3) pressure drops due to viscous losses

(which are neglected in 1-D theoretical model) are almost

negligible in the supersonic regime. We found that the

minimal domain resolution to obtain grid-independent

results was also adequate to capture correctly normal

shocks in the divergent.

Then, we considered the simulation of a down-scaled

nozzle (throat diameter equal to 1.5 mm). Due to the size

reduction the flow inside the nozzle is now in the slip

regime, for which slip boundary conditions need to be

implemented at nozzle walls. Slip boundary conditions

were implemented in the finite volume solver in the form

reported by Gad-el-Hak (1999) using user defined sub-

routines (see Eqs. 11 and 12 in the Appendix).

5 Results

5.1 Thrust generation system

As indicated by the problem decomposition analysis, the

first step to focus on was the identification of the ‘‘opti-

mum’’ shape of the nozzle to recover the pressure energy

from hot flue gases and to produce the thrust required for

point positioning. A thrust level of about 1 N was con-

sidered sufficient for keeping spacecraft attitude control

during firing operations and for reducing the energy losses

during trajectory manoeuvres (impulsive manoeuvres) (see

Miotti et al. 2004).

We used the methodology described in Sect. 4.3 to

perform simulations for a number of trial design configu-

rations of the micro-rocket nozzle (see Table 2) with the

final object of identifying guidelines for nozzle shape

optimization to maximize the thrust. Geometrical design

constraints were formulated as follows: inlet diameter and

throat diameter should be considered fixed (/cc = 15 mm,

/th = 1.5 mm) and overall nozzle length should not

exceed 20 mm. The first trial configuration was charac-

terized by convergent angle, wconv = 60�; divergent angle

wdiv = 20�; outlet diameter equal to /o = 6.20 mm; total

length of the nozzle L = 10.3 mm; curvature radius

R = 0.2 mm. The large divergent angle (about twice the

value of standard design nozzles) is typical of nozzles

operating at open space pressure (po ^ 0 Pa).

For all the configuration tested, we assumed homoge-

neous inflow of an (ideal) mixture of gases from the

combustion chamber (mass flow rate equal to 0.37 g/s,

equivalent molecular weight M ^ 21 kg/kmol, specific

heat ratio c = 1.2, stagnation pressure 3 9 105 Pa and

stagnation temperature 2,200 K) and we evaluated nozzle

behavior for two reference working conditions, corre-

sponding to atmospheric pressure (po = 105 Pa) and open

space pressure at outlet. The flow is supersonic in both

conditions, with a shock wave inside the divergent for

external pressure at atmospheric, and a free expansion

outside the divergent for external pressure at vacuum. In

the last case, to avoid the simulation of the expansion in the

outer plenum, we fixed the value of pressure at the nozzle

outlet equal to the adaptation value calculated solving 1-D

isentropic equations for the given geometry (po = 1,926 Pa

for simulation A).

Table 2 Geometrical parameters for alternative nozzle configurations and calculated performances: flow rate, thrust, momentum flux, pressure

contribution

SIM wconv (�) wdiv (�) Ldiv (mm) Lnoz (mm) pada (Pa) _m ðg/sÞ S (N)
R

d _m � v ðNÞ $Dp dA (N)

A 60 20 6.7 10.59 1,926.05 0.334 0.799 0.725 7.44 9 10-2

B 60 10 6.7 10.59 6,672.98 0.322 0.749 0.655 9.32 9 10-2

C 60 10 13.3 17.19 1,926.05 0.318 0.621 0.498 12.29 9 10-2

D 60 10 3.7 7.59 16,080.5 0.348 0.729 0.616 11.24 9 10-2

E 60 5 6.7 10.59 18,486.5 0.342 0.709 0.587 11.21 9 10-2

F 45 10 5 11.75 10,543.6 0.36 0.787 0.681 10.59 9 10-2

G1 (R = 0.2 mm) 45 20 8.5 15.25 1,185 0.365 0.9713 0.871 1.003 9 10-1

G2 (R = 1.5 mm) 45 20 8.5 15.78 1,185 0.368 0.9699 0.874 9.498 9 10-2

G2atm 45 20 8.5 15.78 105 0.349 0.226 0.222 4.16 9 10-3

Last three rows effect of the radius of curvature at throat
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For the first trial configuration, we checked the grid

independence of calculated quantities comparing the

results obtained using two different grid resolutions (a fine

geometry made of 4,500 finite volumes and a very fine

geometry made of 6,000 finite volumes); we found differ-

ences less then 3% in the pressure profiles calculated along

the nozzle axis, indicating that the fine mesh was suffi-

ciently resolved for the analysis. We used a similar

resolution for all the other configuration tested.

To compare the performances of different nozzle con-

figurations we calculated isentropic efficiency, g, and

thrust, S, at the outlet section, as follows:

g ¼ ccc
2 � co

2

ccc
2 � cos

2
; ð3Þ

and

S ¼
Z

Ao

d _mco þ
Z

Ao

ðpo � pextÞdA; ð4Þ

where ccc is the average velocity at inlet, co is the average

calculated velocity (2-D simulation) at outlet, cos is the

average velocity (isentropic) at outlet, d _mc is the differ-

ential momentum flux, Ao is the outlet section area, po is

pressure at outlet section, pext is outer environmental

pressure (pext ^ 0). Values calculated for thrust are shown

in Table 2. For the first trial configuration (label A in

Table 2) we found isentropic efficiencies equal to

g = 0.011 and 66.11% for the nozzle working at atmo-

spheric and open space pressure, respectively. The thrust

generated in these condition was S = 0.256 and 0.799 N,

respectively. As expected, the large divergent angle

improves nozzle performances when the external pressure

is well below the atmospheric value.

Table 2 summarizes results obtained for all the different

configurations investigated when gases expand to open

space pressure. The first four columns identify the geom-

etry of the nozzle, subsequent columns show the value of

pressure imposed at the outlet section, the mass flow rate

delivered by the nozzle and the thrust produced, which is

due to gas momentum and gas overpressure at the nozzle

exit. The mass flow rate delivered by each nozzle under the

same stagnation conditions is different because viscous

effects may play a major or minor role depending on the

configuration. As observed by Ketsdever et al. (2005),

viscous losses may become large enough to downgrade

performances in micro-scale nozzles. Results can be sum-

marized as follows: (1) for fixed convergent/divergent

angles (see configurations B, C, D), the thrust has a max-

imum for intermediate values of the divergent length (i.e.

configuration B); (2) for fixed divergent length and con-

vergent angle (see A, B, E) the thrust increases with the

divergent angle, and thus with the area of the outer section;

(3) for a fixed divergent angle (see D, F) the thrust can be

increased by reducing the convergent angle. These trends

are consistent with results reported by Ketsdever et al.

(2005). At this stage of the work, we did not considered

necessary to established a direct comparison with experi-

mental data: our object was to identify a best promising

geometry rather than predicting precisely the value of

thrust produced by the nozzle. Experimental data become

necessary to validate the model when quantitative predic-

tions are required. We found an optimal balance between

design constraints and nozzle performances for configura-

tion G, characterized by convergent angle, wconv = 45�;

divergent angle wdiv = 20�; outlet diameter equal to

/o = 7.50 mm; total length of the nozzle L = 15.25 mm.

For this last configuration, we calculated variation in per-

formances due to an increase in the radius of curvature at

the throat. Larger radii are expected to smooth the flow

path from the convergent to the divergent, reducing losses.

Specifically, we considered a change in the curvature

radius from R = 0.2 mm (corresponding to all the config-

uration already examined) to R = 1.5 mm. Lconv and Ldiv

were increased slightly to leave the inlet and outlet section

areas unchanged. Results of this comparison are summa-

rized in the last rows of Table 2. For open space pressure,

the thrust generated by configuration G2 is near to the

target value of 1 N for which the nozzle was originally

designed to operate. The effect of curvature radius in this

condition is found to be almost negligible.

Figure 3 shows results obtained from the numerical

simulations of configuration G2. Mach number isocontours

in a section through the axis of the nozzle and pressure

profile along the nozzle coordinate are shown for the gas

expanding to atmospheric pressure (Fig. 3a, c) and to open

space pressure (Fig. 3b, d). When the pressure at the outlet

section is 105 Pa, Mach number isocontours (Fig. 3a) show

a shock wave in the divergent and under-expanded flow in

the near wall region. The pressure variation along the

nozzle axis (Fig. 3c) increases steeply at shock location.

Figure 3b shows the results calculated when the pressure at

nozzle outlet section is po = pada = 1,185 Pa. Mach

number isocontours indicate that the flow is supersonic

everywhere in the divergent. The pressure profile along the

nozzle axis (Fig. 3d) decreases gradually, in agreement

with the trend predicted by 1-D theory. The last configu-

ration was chosen as the final nozzle design for all

subsequent steps of the work.

5.2 Injection system and combustion efficiency

The following step of the analysis was to evaluate the mixing

produced by the injection system which determines the

combustion efficiency and the thermodynamic properties of

hot gases expanding into the nozzle. The computational
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domain considered is shown in Fig. 1c and includes the

injection system, the combustion chamber and the nozzle. At

this stage, these modules can be considered decoupled from

the outer coaxial cooling system assuming adiabatic walls

for the combustion chamber and nozzle. Preliminary simu-

lations demonstrated that at least the convergent portion of

nozzle should be included in the computational domain to

simulate precisely the flow in the combustion chamber, since

the throat of the nozzle is the first section which can be

defined, in a simple way, as the outlet boundary of the

combustion chamber.

At this stage of the work, we focused on the behavior of

the injection system for the nozzle expanding the gases at

atmospheric pressure. Boundary conditions for the simu-

lation are (1) fixed mass flow rate of ethanol and oxidizer at

the screw inlet and (2) pressure imposed (po = 100 kPa) at

the outlet section of the nozzle. A reference pressure value

is also given for the combustion process (pcc = 300 kPa).

The conditions given above correspond to a strong swirling

flow generated by the injection system, and critical flow for

the mixture of reactants and exhaust gases at the throat of

the nozzle. Since the flow becomes sonic at the nozzle

throat, the specific value of pressure imposed at nozzle

outlet is expected to have no significant feed-back on flow

and combustion dynamics inside the combustion chamber.

Therefore, no modifications of the flow inside the com-

bustion chamber are expected when the outlet pressure will

be lowered to open space values.

Figure 4a shows the isocontours of the Mach number in

the combustion chamber and in the nozzle. The shock wave

developing at the throat is evident from the contours. The

maximum value of Mach number (1.8) is found about 2

diameter downstream the throat. This value is in agreement

with the result of the 2-D, axis-symmetric calculation

shown in Fig. 3a (Ma = 2.0). Also the position of the

shock is similar. The same considerations hold for the

pressure along the nozzle axis, with similar minimum value

for the pressure at the point where the shock develops.

Differently from the axis-symmetric simulation, the flow in

the divergent is not symmetric, with the expanding flow

attached to the nozzle wall in a time dependent way. This

effect is due to an instability of the numerical solution

arising in the azimuthal direction, most likely triggered by

the rotational flow in the combustion chamber, and by the

outlet pressure boundary. Since the shock is inside the

nozzle, instabilities do not prevent the fluid coming from

the outlet section to flow back into the divergent part of the

nozzle.

Velocity values in the combustion chamber (see

Fig. 4b–d) range from 50 to 150 m/s at the point of

injection of oxidizer and fuel, to 20 m/s in the bulk of the

chamber, rising up to 500 m/s in the converging part of the

nozzle and to 1,800 m/s downstream the throat, in the

diverging region. To describe the flow in the combustion

chamber, the axial, radial and azimuthal components of

velocity shown in Fig. 4b–d are represented using isocon-

tours whose upper value is fixed in the subsonic range. We

observe that the angular motion produced at the screw exit

propagates into the combustion chamber. The intensity is

between 0 and -26 m/s in the bulk of the chamber. The

interaction between the axial jet of ethanol and the swirling

flow of oxidizer generates a strong recirculating motion

(negative axial velocities) in the chamber, with velocity

values up to -50 m/s right downstream the ethanol
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injection point. As suggested by Huang and Tsai (2001),

this strong recirculation is crucial to promote enhanced

mixing between fuel and oxidizer increasing the combus-

tion efficiency.

We calculated also the thrust produced by the exhaust

gases at the nozzle outlet. For outlet boundary conditions

corresponding to atmospheric pressure, we found a value of

0.194 N for the thrust, which is in agreement with the value

(S = 0.226 N) calculated from 2-D axis-symmetric simu-

lation (see configuration G2atm in Table 2). This value is in

the range measured in the lab at atmospheric conditions

50–550 9 10-3 N for a prototype of the micro-rocket, as

reported by Scharlemann et al. (2006).

The flow field in the combustion chamber determines

the transport and dispersion of reactants, their rate of

reaction and the formation of products. Figure 5a shows

the isocontours of the fuel to mixture ratio normalized to

the stoichiometric ratio; Fig. 5b shows the temperature

calculated in a section of the combustion chamber through

the axis. The fraction of fuel, which is more than 5.5 the

stoichiometric value at the injection point, decreases as the

fuel mixes in the combustion chamber. Stoichiometric

conditions (unit isocontour) are reached as the fuel is

transported and dispersed in the central portion of the

combustion chamber. This region corresponds to a signif-

icant part of the volume indicating that, due to the swirling

action, ethanol is efficiently mixed with oxygen. A small

amount of ethanol (maximum local mass fraction 0.35) is

still present at the throat of the nozzle where the mass

fraction of unreacted oxygen is about 0.18. We calculated
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Fig. 4 Components of velocity calculated in combustion chamber
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Scales are upper bounded to cut supersonic values
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the efficiency of the combustion chamber considering the

fraction of fuel burnt at the throat of the nozzle, which can

be considered as the exit of the combustion chamber and

we found that 90% of ethanol is burnt at this section. This

value of combustion efficiency is in line with values

expected for micro-rockets (see Reed 2004), indicating that

the original design of the screw injection system performs

satisfactorily and no further optimization of the injection

system is required at this stage.

Figure 5b shows temperature isocontours. Temperature

isocontours follow the dispersion of fuel and oxidizer, with

the combustion in the near stoichiometric region producing

the largest heat release and temperature increase in the

fluid. In this simulation, the wall of the combustion

chamber and nozzle are considered adiabatic. Therefore,

gas heating due to the chemical reaction is over estimated

because no heat dissipation is possible through the nozzle

wall. The temperature of fuel and oxidizer is 600 K at the

screw inlet. The temperature increases in the region where

the reaction proceeds, heating the fluid in the chamber. The

average value of temperature in the combustion chamber is

about 1,400 K, with maxima about 2,300 K in the com-

bustion region.

5.3 Assembled system: efficiency of cooling system,

mechanical resistance and thrust

The objects of the last step of the work were (1) to evaluate

the thrust generated by the expansion of exhaust gases in

open space, (2) to evaluate temperature distribution in the

solid shell enclosing the combustion chamber and nozzle,

and (3) to evaluate effectiveness of the cooling system

which should also be used for pre-heating of reactants. The

cooling system is made of an annular channel surrounding

the combustion chamber and the rocket wall. A section of

the cooling channel made along the axis of the micro-

rocket is shown in Fig. 7. The through-flow section chan-

ges with position and is designed to guarantee a sufficiently

large velocity of the cooling fluid to promote convective

heat removal from the inner wall. Sixteen fins protruding

from the inner wall into the cooling channel are considered

in the first trial design to promote the heat transfer in the

nozzle region, where the surface exchanging heat is mini-

mum and the heat flux is maximum.

At this stage, the computational domain, previously

shown in Fig. 1b, includes the volume of the combustion

chamber and nozzle (inner part in light gray) filled by the

mixture of fuel, oxidizer and combustion products, the

solid shell enclosing the combustion chamber and nozzle

(dark gray), and the cooling vane (outer part in light gray)

filled by cooling fluid. The overall domain is made of

580,000 cells. Table 3 summarizes the properties of the

cooling fluid, which is the mixture of oxygen and water

vapor used as oxidizer in the combustion chamber. The

fluid is considered compressible, and physical properties

are calculated as a function of temperature and pressure

using CHEMKIN polynomials. Table 4 summarizes the

thermal properties of the solid shell corresponding to the

Fig. 5 a Isocontours of fuel to mixture ratio scaled to stoichiometric ratio; b isocontours of temperature

Table 3 Properties of the cooling fluid

Oxygen Water vapor

Mass fraction 0.33 0.67

Molar fraction 0.21 0.79

Molecular weight 32 18

Mixture

Molecular weight 20.76 kg/kmol
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combustion chamber and nozzle which is made of nimonic,

a nickel–chromium alloy with good mechanical properties

and oxidation resistance at high temperatures.

We performed a fully-coupled simulation of flow in the

combustion chamber and nozzle at steady state conditions

considering the additional effect of heat transfer across the

solid material and the flow of the cooling fluid on the

external side of the solid shell. The same boundary con-

ditions as described in Sect. 5.2 are used to simulate the

flow of hot gases. Additional boundary conditions applied

for the cooling fluid are fixed mass flow rate of the cooling

fluid (0.32 g/s), inlet temperature (Tin = 480 K) and pres-

sure value at the outlet section (pout,cd = 330 kPa). The

outer wall of the cooling duct is considered adiabatic. This

is a conservative assumption, which allows to evaluate the

cooling efficiency of the solid shell with reference to worst

case conditions. We checked the numerical convergence

for the thermal problem considering the balance among the

heat fluxes transferred from the exhaust gases to the solid

shell, across the solid shell and from the solid shell to the

cooling fluid. At steady state, the heat transferred was equal

to 5.52 W.

Results calculated from the simulation of the whole

system at open space pressure will be now discussed with

reference to those obtained in the previous phases of the

work. Figure 6 shows isocontours of the Mach number:

simulating the heat transfer from exhaust gases to the shell,

the maximum value increases to 2.8. This value is larger

than in the axis-symmetric simulation or in the simulation

of combustion chamber and nozzle without heat exchange

due to the variation of the velocity of sound, which

depends on the local temperature of the gas. The thrust

calculated for the system is equal to 0.83 N and is again in

good agreement with the value calculated by the 2-D axis-

symmetric simulation (0.9699 N for configuration G2 in

Table 2) and with the value reported for the apparatus after

experimental tests in vacuum (see Scharlemann et al.

2006).

Figure 6b shows the temperature of the fluid in the

combustion chamber, the temperature inside the solid

material and the temperature of the cooling fluid. As

expected, temperature isocontours in the combustion

chamber are slightly lower than those already calculated

when the heat transfer to the wall was neglected and the

outlet pressure was equal to patm (see Fig. 5b). In fact, the

heat transfer from hot gases to the cooling fluid (5.52 W) is

significant given the small dimensions of the micro-rocket.

According to micro-rocket design requirements, exces-

sive increase in temperature of the shell is to be avoided to

reduce the risk of mechanical failure. In the micro-rocket

under study, this is obtained (1) by exploiting the high

Table 4 Properties of nimonic

Temperature

(�C)

Specific heat

(J/kg K)

Thermal conductivity

(W/m K)

20 419 10.89

100 461 12.10

200 502 13.57

300 502 14.99

400 544 16.33

500 544 17.67

600 586 18.63

700 628 20.56

800 628 22.23

900 670 24.03

1000 670 26.21

Density 8,010 kg/m3; Melting range 1,290–1,345�C

Fig. 6 a Isocontours of Mach number for the assembled system when outlet pressure is that of open space. Maximum Mach number is 2.8, in

agreement with the result of axis-symmetric simulation; b temperature isocontours when hot gases exchange heat across the solid shell
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velocities of the cooling fluid moving in the narrow co-

annular channel around the shell and (2) by enhancing the

heat transfer from the solid shell to the cooling flow using

the finned surfaces in the most critical region. In the

present configuration, the heat transferred across the wall

of the nozzle is characterized by a highly non homoge-

neous distribution both in the streamwise and in the

azimuthal directions. Figure 7 shows the variation of

quantities related to heat transfer across the solid shell; the

variation of the heat flux along the axial coordinate of the

nozzle is shown in Fig. 7a for two different azimuthal

positions: the solid line refers to a section of the cooling

system aligned with one fin, the dashed line refers to a

section of the cooling system placed midway between two

fins. A peak is observed on both lines at the throat of the

nozzle, where the heat exchange surface is at minimum on

the inner side. The fins are used in this region to improve

the heat transfer coefficient at the cooling side: the maxi-

mum pressure drop along the channel is fixed and this

imposes an upper limit to the cooling fluid velocity and to

the convective heat transfer coefficient. Figure 7b shows

the variation along the axis of the cooling fluid velocity,

averaged over the thickness of the channel. The same

azimuthal sections considered in Fig. 7a are shown also in

Fig. 7b. The velocity of the cooling fluid is about 3.36 m/s

at the inlet (right hand side in Fig. 7), increases slightly

where the flow section is reduced by the presence of the fin

and reaches its maximum (about 22 m/s) where the cross

section of the channel is at minimum. The local fluid

velocity decreases significantly in the region between fins,

especially in the corner like region at the base of the fin

between the convergent/divergent part of the nozzle. The

fluid is almost stagnant in these regions and possible

problems due to reduced heat transfer efficiency may arise.

Cooling fluid velocity increases again along the converging

part of the nozzle (up to 20 m/s) and stabilizes at about

15 m/s along the combustion chamber. In this condition,

the overall pressure drop along the cooling duct is about

1,500 Pa. The largest pressure gradient is observed along

the convergent portion of the nozzle and above the com-

bustion chamber. There, the cooling duct is narrow and the

friction area between fluid and wall increases.

Results of the thermal calculations in the cooling fluid

and in the solid shell are shown in Fig. 7c. Consider first

the solid line, representing the temperature of the cooling

fluid averaged over the channel thickness. The fluid flows

from the right to the left, countercurrently to the

expanding hot gas. The temperature of the cooling fluid

increases from the inlet (480 K) to the outlet (600 K) of

the cooling duct. Pre-heating calculated for the fluid is, on

average, equal to DT = 120 K. Heat recovery is rather

effective to save energy on board, since the oxidizer can

be pre-heated at no costs to reach the final temperature of

injection in the combustion chamber. Consider now the

dashed line, representing the variation of temperature in

the solid shell, averaged across the shell thickness. The

maximum temperature is found at the throat of the nozzle

(660 K), where the heat flux is larger. The maximum local

temperature in the shell is 811 K. This value is
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Fig. 7 Variation of quantities controlling heat transfer across the

solid shell: a heat flux across the solid wall, b cooling fluid velocity, c
solid and fluid temperature and d calculated local heat transfer

coefficient along the cooling duct. Dashed line and solid line
represent values calculated in the fin plane or in the inter fin plane in

a, b and d, whereas represent values calculated in the solid shell and

in the exhaust gases in c
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sufficiently low to guarantee the mechanical and thermal

resistance of the nozzle. Figure 7d shows the variation of

the heat transfer coefficient on the cooling fluid side,

calculated considering the heat flux transferred locally, _q;

and the difference between the average temperature of the

solid shell, Tsolid, and that of the cooling fluid, Tfluid, at a

given axial position:

Hc ¼
_q

Tsolid � Tfluid

: ð5Þ

Variations of the heat transfer coefficient, Hc, are in the

range 200–1,600 W/m2 K in the nozzle region. The effect

of the fins is to double the value of the local heat transfer

coefficient with respect to the non finned portion of the

cooling duct. In fact, this is crucial to guarantee the

mechanical resistance of the solid shell. We calculated

also the surface heat transfer coefficient, defined as the

ratio between the local heat flux at the wall, _q; and the

local temperature gradient at the surface. Variations of

the surface heat transfer coefficient are in the range

1,600–8,000 W/m2 K. The maximum value is found at the

base of the fin and the minimum value at the tip of the fin.

Average value of the surface heat transfer coefficient is

Have = 2,494 W/m2 K.

Even if the present design of the cooling system is found

to be adequate to obtain effective cooling, the possibility to

obtain the same effect using a simpler geometrical config-

uration was of interest to cut fabrication costs. We run a

parallel simulation to verify if a simpler design of the

cooling system, without fins to enhance the heat transfer

from the wall of the nozzle to the cooling fluid, would

perform satisfactorily. We found that, in this simplified

configuration, the maximum temperature for the nozzle

rises up to T = 1,213 K, i.e. it is more difficult to guarantee

the mechanical resistance of the solid shell. Table 5 shows a

comparison of performances for the two alternative con-

figuration of the cooling system. Due to the specific shape of

the cooling duct, characterized by a sink above the throat of

the nozzle, the pressure drop increases slightly in the

configuration without fins, because the cooling fluid may

recirculate in this region. In the configuration with fins, the

increased resistance within each vane reduces this dissipa-

tive circulation. In the configuration without fins, the larger

temperature of the solid determines also a higher peak value

of temperature for the cooling fluid (about 1,190 K).

This local increase in temperature does not correspond to a

more effective pre-heating for the oxidizer, which is

DTin,out = 116 K without fins and DTin,out = 120 K with

fins. Variations are also observed in the homogeneity of

temperature of the cooling fluid at the outlet section: Tout,fluid

is in the range 568–624 without fins and in the range 565–640

with fins. In the configuration with fins, hot spots of cooling

fluid form at the fin tip and extend along the cooling duct

without mixing significantly with the surrounding colder

fluid. This is the reason why the temperature variation at the

outlet (DTout,fluid) increases when fins are present. Overall,

the heat transfer coefficient for the configuration without

fins is Have = 2,392.9 W/m2 K, i.e. only 5% less than the

heat transfer coefficient for the configuration with fins. Yet,

the variation of the local heat transfer in the most critical

region guarantees larger safety margins for the mechanical

resistance of the solid shell.

6 Conclusion

In this work, we exploit numerical simulations to examine

alternative design configurations of a micro-rocket to be

used for aerospace applications. Micro-rockets are complex

system and the precise numerical analysis of the whole

system would be costly and complex. The strategy proposed

in this work, based on the hierarchical decomposition of the

original problem into simpler problems, allows to identify

sub-optimal design alternatives in short time and at low

cost. The thrust of the micro-rocket is generated by the

expansion of exhaust gases produced by a combustion

process through a convergent/divergent nozzle.

Problem decomposition suggests that (1) the shape of

the nozzle can be optimized to maximize the thrust

neglecting the details of the gas combustion process

occurring in the combustion chamber; (2) mixing of spe-

cies and combustion process can be predicted correctly

neglecting heat transfer from the combustion chamber if

the reacting environment is properly confined; (3) heat

transfer from the combustion chamber to solid boundaries

can be included in the simulation only at the last stage, to

verify if the micro-rocket cooling system is properly

designed to prevent excessive over-heating of materials.

Results show that information obtained by ‘‘ad-hoc’’

designed numerical simulations can be sequentially

improved to obtain a realistic evaluation of performances of

the final apparatus. Experimental tests can then be focused

Table 5 Comparison of heat transfer performances for finned/no

finned cooling duct configurations

16 Fins No fins

Dp (Pa) 1,500 1,620

Tmax,solid (K) 811 1,213

Tmax,fluid (K) 778 1,191

DTin,out (K) 120 116

Tout,fluid (K) 565–640 568–624

DTout,fluid (K) 85 56

Hlocal (W/m2 K) 1,600–8,000 1,960–7,500

Have (W/m2 K) 2,494.5 2,392.9
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on the reduced set of sub-optimal configurations identified

by numerical simulations.
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Appendix

Continuity, momentum and turbulence modeling

Conservation equations for mass, momentum and turbulent

quantities solved by StarCD for general compressible flow

in Cartesian notation are summarized in the following.

Repeated subscripts denote summation.

Transport of mass

oq
ot
þ o

oxj
ðqujÞ ¼ sm ð6Þ

where q is density, uj are velocity components, t is time and

sm is the mass source.

Transport of momentum

oqui

ot
þ o

oxj
ðqujui � sijÞ ¼ �

op

oxi
þ si ð7Þ

where p is the piezometric pressure, sij are stress tensor

components, si are momentum source components.

Transport of total enthalpy

oqH

ot
þ o

oxj
ðqHuj þ Fh;j � uisijÞ ¼

op

ot
þ siui þ sh ð8Þ

where H = ui ui/2 ? ht ?
P

YmHm is the total enthalpy

and sh is the energy source.

Transport of turbulent kinetic energy (RNG k-e)

o

ot
ðqkÞ þ o

oxj
qujk � lþ lt

rk

� �
ok

oxj

� �

¼ ltðPþ PBÞ � qe� 2

3
lt

oui

oxj
þ qk

� �
oui

oxi

ð9Þ

where k is the turbulent kinetic energy, lt is the turbulent

viscosity, rk is the turbulent Prandtl number, P and PB are

the rate of production of turbulent kinetic energy by the

mean flow (incompressible and compressible contribu-

tions), qe is viscous dissipation and the last term

represents the amplification/attenuation due to compress-

ibility effects.

Transport of turbulence dissipation rate (RNG k-e)

o

ot
ðqeÞ þ o

oxj
quje� lþ lt

re

� �
oe
oxj

� �

¼ Ce1

e
k

ltP�
2

3
lt

oui

oxj
þ qk

� �
oui

oxi

� �

þ Ce3

e
k
ltPB � Ce2

q
e2

k
þ Ce4

qe
oui

oxi

� Clg3ð1� g=goÞ
1þ bg3

qe2

k

ð10Þ

where re is the turbulent Prandtl number, Ce1
�Ce4

are

model coefficients, and the terms on the right-end side

represent the contribution to the production of e due to

linear stresses and dilatation/compression effects, the

contribution due to buoyancy, the destruction of e, the

contribution due to temporal mean density changes (of

importance in combustion models), and the contribution

due to non-linear stresses; the last term represents the

effect of mean flow distortion on the turbulence with

g = Sk/e and S = (2 SijSij)
1/2, Sij being the mean strain

tensor. All the constants of the model are given in

Table 6.

Flow in the nozzle

Equations used to solve for the transitional flow inside the

2-D (and 3-D) nozzle are one mass (Eq. 6), two (three)

momentum (Eq. 7) and one energy (Eq. 8) conservation

equations. Slip boundary conditions are implemented

through user defined subroutines as reported in Gad-el-Hak

(1999).

Slip velocity at wall

ug � uw ¼
2� rv

rv
Kn

ou

on

� �

w

þ3

4

DT

To

1

Re

oT

os

� �

w

ð11Þ

where Kn ¼
ffiffiffiffiffiffiffiffiffiffi
pc=2

p
Ma=Re is the Knudsen number, Re is

the section averaged Reynolds number, n, s are the direc-

tions normal and parallel to the wall of the nozzle, c is the

specific heat ratio and rv is the accomodation factor for

velocity.

Table 6 Coefficients of the RNG k-e turbulence model

Cl rk re Ce1
Ce2

0.085 0.719 0.719 1.42 1.68

Ce3
Ce4

go b

0.0 or 1.42a -0.387 4.38 0.012

a Ce3
¼ 1:42 for PB [ 0 and 0 otherwise

Microfluid Nanofluid (2009) 7:57–73 71

123



Temperature jump at wall

Tg � Tw ¼
2� rT

rT

2c
cþ 1

Kn

Pr

oT

on

� �

w

ð12Þ

where rT is the accommodation coefficient for temperature

and Pr is the Prandtl number.

Combustion modeling

Conservation equations solved by StarCD to simulate the

chemical reaction using a presumed probability density

function model for unpremixed reactions are summarized

in the following. Repeated subscripts denote summation.

Transport of scalar species (solved for the leading

reactant)

oqYm

ot
þ o

oxj
ðqujYm þ Fm;jÞ ¼ sm ð13Þ

where Ym is the mass fraction of component m, Fm,j is the

diffusional flux component, sm is the rate of mass pro-

duction/consumption for the component m.

Transport of the mean mixture fraction, f

oqf

ot
þ o

oxj
qujf � qDf þ

lt

rf ;t

� �
of

oxj

� �

¼ S ð14Þ

where rf,t is the turbulent Schmidt number, Df is the dif-

fusion coefficient and S the source term (i.e. fuel from a

different phase).

Transport of the variance of the mixture fraction, gf

oqgf

ot
þ o

oxj
qujgf � qDg þ

lt

rg

� �
ogf

oxj

� �

¼ 2lt

rg

of

oxj

� �2

�CDq
e
k
gf

ð15Þ

where the turbulent Schmidt number rg, and CD have

default values of 0.9 and 2, and f is the mean mixture

fraction. Values of f and gf are used to calculate the local

value of f using the presumed form of the PDF distribution

of f, which is a b function:

Pðf Þ ¼ f a�1ð1� f Þb�1

R 1

0
f a�1ð1� f Þb�1

df
ð16Þ

where a ¼ f f ð1� f Þ � gf

� �
=gf and b ¼ ð1� f Þ � a=f : The

mass fraction of any conserved scalar is given by:

g ¼ f gf þ ð1� f Þgo ð17Þ

where gf and go are the mass fractions of the scalar in the

fuel stream and in the oxidizer.

Heat production and heat transfer

Chemico-thermal enthalpy balance

oqht

ot
þ o

oxj
ðqhtuj þ Fht ;jÞ ¼

op

ot
þ uj

op

oxj

þ sij
oui

oxj
þ sh �

X
Hmsc;m

ð18Þ

where ht is the thermal enthalphy, Fht,j is the diffusional

energy flux in direction xj, sh is the energy source, Hm and

sc,m are the heat of formation and the rate of production/

comsuption of species m due to chemical reaction.

Solid heat transfer

oqe

ot
¼ oFe;j

oxj
þ se ð19Þ

where e = cvT is the specific thermal energy of the solid, T

is temperature, cv is the specific heat and Fe,j is the diffu-

sional flux, given by

Fe;j ¼ k
oT

oxj
ð20Þ

in the case of isotropic conductivity (k).

Boundary conditions used to solve the equations are

given in the text of the paper.
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