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Abstract A non-isothermal rarefied gas flow trough a
long tube with an elliptical cross section due to pressure
and temperature gradients is studied on the basis of the
S-model kinetic equation in the whole range of the
Knudsen number covering both free molecular regime and
hydrodynamic one. A wide range of the pipe section
aspect ratio is considered. The mass flow rate is calcu-
lated as a function of the pressures and temperatures on
the tube ends. The thermomolecular pressure effect has
been modeled and the coefficient of the thermomolecular
pressure difference has been calculated in whole range of
the Knudsen number and in wide range of the pipe sec-
tion aspect ratio.

Keywords Rarefied gas flow - Mass flow rate -
Thermal creep - Microfluidics

1 Introduction

Rarefied gas flows through pipes of different forms are very

important in practice. Many industrial apparatuses such as
microducts, microturbines or vacuum equipment are the

1. Graur (IX)

Département de Mécanique Energétique - UMR CNRS 6595,
Université de Provence - Ecole Polytechnique Universitaire de
Marseille, 5 rue Enrico Fermi, 13453 Marseille Cedex 13, France
e-mail: Irina.Graour @polytech.univ-mrs.fr

F. Sharipov

Departamento de Fisica, Universidade Federal do Parana,
Caixa Postal 19044, Curitiba 81531-990, Brazil

e-mail: sharipov@fisica.ufpr.br

URL: http://fisica.ufpr.br/sharipov

examples of small devices involving the gas flow at an
arbitrary Knudsen number. Recently, various numerical
methods were developed and applied to rarefied gas flows
through capillaries. Such flows through pipe of simple
forms, e.g., circular tube, plane channel, were profoundly
studied by many researchers. A critical review and
recommended data on this topic can be found in Sharipov
and Seleznev (1998).

Recently, some results on gas flows through a rectan-
gular channel obtained by the discrete velocity method
were reported in Sharipov (1999a, b). Numerical schemes
applied in these papers are suitable just only for the specific
pipe cross section, i.e., for circle or for rectangle. However,
the wide diversity of the pipe forms used in practice
requires a further development of the existing approaches
so that it would be possible to calculate gas flows through
pipes of arbitrary form, e.g., ellipse, triangle, trapezoid etc.
Some results obtained by the integro-moment method
based on the linearized BGK equation for tubes with
various cross sections are reviewed in Aoki (1989).
According to this review, a rarefied gas flow through a tube
with an elliptical cross section was calculated in Hasegawa
and Sone (1988) only for one value of the aspect ratio by
the integro-moment method. Some new results related to
internal flows in pipes of various cross sections based on
the numerical solution of the BGK kinetic equation may be
found in Breyiannis et al. (2008), Naris and Valougeorgis
(2008). Recently, an approach based on the discrete
velocity method, but extended to the tubes of the elliptical
cross section, is proposed in Graur and Sharipov (2007),
where only isothermal flow was considered on the basis of
the BGK kinetic equation.

The present paper is the extension of the work
(Shakhov 1968), where the discrete velocity method was
generalized to case of the tubes of the elliptical cross

@ Springer



268

Microfluid Nanofluid (2009) 6:267-275

sections. Here, non-isothermal flows through pipes of the
elliptical cross section are considered using the S-model
kinetic equation. The mass flow rates due to the pressure
and temperature gradients are calculated over the whole
range of the Knudsen number and in a wide range of the
pipe section aspect ratio. The case of arbitrary pressure
and temperature ratios is simulated. A special attention is
paid to the thermal transpiration effect. The flow driven
only by a temperature gradient is considered and the
corresponding pressure distribution is obtained for sev-
eral values of the section aspect ratio. The coefficient of
the thermomolecular pressure difference is obtained and
the influence of the aspect ratio on this coefficient is
studied.

2 Statement of the problem

Consider a tube connecting two reservoirs containing the
same gas. The tube cross section is elliptical as is shown in
Fig. 1, where 2b is the maximal tube dimension in the y
direction, 2a is the maximal dimension in the x direction.
Without loss of generality, we consider that b < a. The
pressure and temperature in the left and right reservoirs are
equal to p, and T, p, and T, respectively. We are going to
calculate the mass flow rate through this tube assuming
that:

e The tube length L is significantly larger than the
dimension a of the tube cross section, i.e., a < L. This
assumption allows us to neglect the end effects and to
consider only the longitudinal component of the bulk
velocity and heat flux vector, which depend only on x
and y coordinates.

e The pressure and temperature depend only on the
longitudinal coordinate 7' and their gradients are small,
ie.,

—a a

—b

Fig. 1 Tube cross section and coordinates
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This assumption allows us to linearize the kinetic equation.

The gas rarefaction is characterized by the parameter

vy = (Zk—T) " G)

m

b
s
[V

where u is the shear viscosity, v,, is the most probable
molecular speed, m is the molecular mass of the gas, and k
is the Boltzmann constant. Since the viscosity is propor-
tional to the molecular mean free path, the rarefaction
parameter ¢ is inversely proportional to the Knudsen
number.

It is convenient to express the final results in terms of
the dimensionless flow rate G- through a cross section
defined as

1 J2kT .
G, = —M, 4
nabp\ m “)

where M is the mass flow rate, p = p(z) is the local
pressure in the cross section and T = T(7) is the local
temperature in the same section. Since the pressure and
temperature gradients are small the reduces flow rate G«
can be decomposed as

G* - _éPGP + éTGTa (5)

where the coefficients Gp and G do not depend on the
gradients &p and {7, but only on the rarefaction parameter
0. The first one Gp is called the Poiseuille coefficient, while
the second one Gr is called the thermal creep coefficient.
They are introduced so that to be always positive.

3 Kinetic equation

To calculate the coefficients Gp and Gr in the transition
regime the Boltzmann equation should be solved. This
equation provides reliable numerical data but requires great
computational effort. To reduce this effort the collision
integral may be simplified remaining its main properties. In
the present paper we apply the S-model kinetic equation
(Shakhov 1968), which provides the correct Prandtl num-
ber. For a steady flow it reads
of _f-f
v @ - ) (6)

T

where f is the one particle distribution function, r’ is the
position vector, v is the molecular velocity, f° is given as
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and f™ is the local Maxwellian distribution function:

3/2 (¥'))?
" N m m(v —u'(r'))
T =) () e [‘T()]

(3)

n is the number density, u’ is the bulk velocity, V = v—
u/(r’) is the peculiar velocity, q' is the heat flux vector. The
relaxation time expression

u

T== ©)
P

provides the best agreement with the exact Boltzmann

equation. The bulk velocity u’ and the heat flux ¢ are

defined as

+00

u'(r’):%/ v (r',v)dv,
< (10)
q’(r’)z%/ VV2f (¥, v)dv

Under the assumptions of the small local pressure and
temperature gradients (1), (2) the distribution function f can
be linearized as

f(r,c)f”{lJrh(x,y, c) +&pz+ <c —;)g’ﬂ}, (11)

where ¢ = v/v,,, h is the perturbation function and

0 m \*? mv?
f :n0<2nkT0) xp [_ZkTJ (12)

is the absolute Maxwellian with the equilibrium number
density ngy and the equilibrium temperature 7;. In the case
of week nonequilibrium the local Maxwellian distribution
function (8) can be related to the absolute Maxwellian (12)

as
/ T_TO 2 3
+ To c 2|

(13)

_|__.

MT/:Oln
P Ty =10

The 5 distribution function (7) is given as

T-—-Ty 3
I -9 2 _ -
u + To (c 2)

2m 5
+——sv-q c2——) . 14
15m0(KTo)? q( 2 (14)

S ’ 0 n—np m
T = 1+ —+—
P Tl =1 R

Substituting the relations (11) and (14) into Eq. (6), using
the notation (9), and after some simplifications one obtains

c-%[h()@y, c) + Epz + (c —;)éﬂ}

4 5
_5|:2C U+BC q(c _§>_h(x7y7c):|7

where the following dimensionless quantities have been
introduced

(15)

X y 7

2 3/2
Y L L N
ZkTo ’ nom 2kT0 ’

Here we assume the bulk velocity u’ and the heat flow
vector q' to have the z-component only, so the subscript z is
omitted in the dimensionless notations u and gq.

From Eq. (15) and using notations (16) we obtain the
linearized S-model equation in the dimensionless form

(16)

cx% + Cy(% =0 |:ZCZM + 145 g <c2 — g) — h(x,y, c)}
efore (23]
(17)
where
+o0
u(x,y) = # / cze"'zh(x,y, c¢)de, (18)

+00
1 , S\ o
Q(X»)’)Zm/ Cz(c —E)e h(x,y,c)de. (19)

—00

Then, the reduced mass flow rate G+ defined by (4) can be
calculated via the reduced velocity u(x,y) as

1 a/by/1-y?
/ / u(x,y)dxdy. (20)
1 a1

Since the pressure and temperature gradients are supposed
to be small, therefore the solution of the linear equation
(17) can be split in two parts

h = hplp + hrir. (21)

Substituting expression (21) into (18), (19) one can see that
the distribution function moments can be also split as

q =qrép+qrir. (22)

Substituting the first relation of (22) into (20) one obtains
the coefficients Gp and Grintroduced by Eq. (5), expressed
via the bulk velocities up and uy as

u=upép +urly,
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1 a/by/1-
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-1 —a/by/1—y?
1 a/by/1-

=T
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Using the Onsager relation (Loyalka 1971; Sharipov
1994a, b)

p(x,y)dxdy, (23)

7(x, y)dxdy. (24)

1 a/by/1— 1 a/by/1—
/ / ur(x,y)dxdy = / / qp(x,y)dxdy,
a1y a1y
(25)
we may express G7 via gp as
1 a/by/1-
/ / p(x,y)dxdy. (26)
-1 —a/by/1—y?

Therefore, to calculate the reduced mass flow rate G-
defined by Eq. (4) it is enough to obtain the solution /p.
Further, we assume that {p = 1 and &7 = 0 in Eq. (17),
implying that &4 = hp, u = up and ¢ = ¢gp. ,

Multiplying Eq. (17) by \%e’cﬁ and by %e’c«z and
integrating it with respect to d ¢, we obtain two equations

6(]5 0 2 (5, 2
a +Cya 5|:M+15 ( +Cy—1>_€b(xay70x,cy)
Loy w31,
E,C ox +c Cy~— a =90 |:2u + gq(Cx + Cy> lﬁ(X,y7 Cchy)
3

-3 (27)

where the functions ¢ and s are introduced in order to
eliminate the variable c,

+00
1 »
¢(X,Y)=\/—E/ c:e”“hdc,,

+‘
w<x,y>=% / Se~Shde,.

The Cartesian coordinates in the velocity space (cy,c,) in
Eq. (27) may be replaced by the polar coordinates (cp, @),
1.e.,

Cx=cpcosp, ¢y, =cpsing, 0<¢ <27 (29)

Equations (27) may be now rewritten in the new
variables as

@ Springer
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(30)

where s is the characteristic. The bulk velocity and the heat
flux are expressed as

7[/2 o0

//d)cp, e~ nc,,dc,,dq), (31)
P 5,
n//{ =9 @) + (e, 9)|e 7epdeydo.
0 0

(32)

So, in order to obtain the reduced mass flow rate the system
of two equations (30) must be solved.

We assume the complete accommodation of molecules
on the tube walls. It means that h(x,y,cp,q')) = (0 at the walls
for the reflected particles in Eq. (17). Consequently, the
conditions ¢p = 0 and ¥y = O for the reflected particles are
used as the boundary conditions for the system (30).

4 Limit solutions

In the free molecular regime (6 = 0) Eq.(17) is signifi-
cantly simplified and can be solved analytically. After its
splitting into two parts according to (21) and assuming
&7 = 0 the analytical expression for Gp may be easily
found (Graur and Sharipov 2007). The corresponding
numerical values are presented in the first row of Table 1.
Furthermore, assuming £p = 0 in Eq. (17) and after the

integration one obtains ur = —fup, so

1
Gr = EGP at 6=0. (33)

The values of G are shown in the first row of Table 2.
In the hydrodynamic flow regime (60 — oo) the gas flow
is described by the Stokes equation. The analytical solution
of this equation for up with the non-slip boundary condition
may be found in Landau and Lifshitz (1989), Graur and
Sharipov (2007), while the thermal creep velocity ur is
equal to 0. Therefore the mass flow rates take the form

o d?

2612 bz, Gr=0 at

Gp = 0 — 0. (34)
A moderate rarefaction of the gas can be taken into account
applying the velocity slip boundary condition (Sharipov
2003) to the Stokes equation. In other words, we consider

that the tangential component of the bulk velocity near the
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and aspect ratio afb alb =1 alb=1 11 2 5 10 20 100
0 1.5045 1.5045 1.5770  2.0655 2.8888 3.5397 4.1991 5.7390
0.01  1.4800 1.4781 1.5484  2.0160 2.7716 3.3184 3.7994 4.5127
0.02  1.4636 1.4617 1.5307  1.9880 2.7092 3.2043 3.6062 4.0897
0.05  1.4339 1.4330 1.5002  1.9404 2.5997 3.0051 3.2850 3.5241
0.1 1.4101 1.4086 1.4746  1.9015 2.5053 2.8327 3.0231 3.1470
0.2 1.3911 1.3891 1.4549  1.8740 24214 2.6721 2.7913 2.8523
0.5 1.4011 1.3996 14692  1.9010 2.3898 2.5598 2.6225 2.6483
0.8 1.4425 1.4408 1.5159 1.9741 2.4499 2.5929 2.6405 2.6587
1.0 1.4758 1.4748 1.5539  2.0323 2.5082 2.6421 2.6850 2.7010
2.0 1.6799 1.6772 1.7779  2.3695 2.8843 3.0055 3.0401 3.0532
5.0 2.3666 2.3646 2.5340  3.4901 4.2086 4.3537 4.3932 4.4065
10.0  3.5749 3.5752 3.8623  5.4423 6.5459 6.7551 6.8109 6.8294
20.0 6.0492 6.0484 6.5726  9.4100  11.309 11.658 11.749 11.780

versus raehuction purameter 5 0 Or, (Sharpov and Gy, present work

and aspect ratio a/b Seleznev 1998)

alb =1 ab=1 1.1 2 5 10 20 100

0 0.7522 0.7522 0.7885 1.0327 1.4444 1.7698 2.0996 2.8694
0.01 0.7243 0.7223 0.7559 0.9770 1.3203 1.5502 1.7290 1.9008
0.02  0.7042 0.7022 0.7342 0.9427 1.2511 1.4373 1.5602 1.6297
0.05 0.6637 0.6627 0.6919 0.8767 1.1221 1.2400 1.2928 1.2960
0.1 0.6210 0.6206 0.6469 0.8081 0.9965 1.0645 1.0821 1.0749
0.2 0.5675 0.5667 0.5896 0.7231 0.8527 0.8831 0.8850 0.8798
0.5 0.4779 0.4780 0.4953 0.5872 0.6498 0.6558 0.6545 0.6530
0.8 0.4237 0.4240 0.4381 0.5075 0.5450 0.5469 0.5461 0.5454
1.0 0.3959 0.3962 0.4087 0.4676 0.4958 0.4968 0.4962 0.4957
2.0 0.3016 0.3022 0.3095 0.3393 0.3491 0.3492 0.3491 0.3489
5.0 0.1752 0.1759 0.1781 0.1856 0.1873 0.1874 0.1874 0.1874
10.0 0.1014 0.1018 0.1024 0.1044 0.1048 0.1049 0.1049 0.1049
20.0 0.05426 0.05463  0.05480 0.05528 0.05538 0.05540 0.05541 0.05541

wall. is .proportional to its 1.10rma.11 gradient and to the o 5 (af b)2

longitudinal temperature gradient, i.e., P=5 @/ b)2 1

U= apéa—u/ GTﬁa In T, at ¥ =0, (35) 1— (a/b)2

o 2 o7 +op|1—0.6976 ato> 1. (36)

where 7’ is the normal coordinate with its origin at the tube
wall and directed toward to the gas, 7 is the coordinate
tangential to the surface in the flow direction, gp is the
viscous slip coefficient, o is the thermal slip coefficient,
¢ = pv,/p is the equivalent free path.

In Graur and Sharipov (2007) the following expression
of the flow rate due to the pressure gradient was obtained
by the numerical integration of the Stokes equation with
the velocity slip boundary condition (35)

1.951 + (a/b)*

Using the thermal slip boundary condition (second term in
(35)) one obtains the constant velocity over cross section
(Sharipov and Seleznev 1998)

ar

Substituting (37) in (24) we obtain the thermal creep
coefficient G as

@ Springer



272 Microfluid Nanofluid (2009) 6:267-275
o .. .

Gr — 9T S > 1. (38) When the aspect ratio increases, i.e., at a/b — oo., both
0 flow rates Gp and Gr tend to constant values in the

Note, this coefficient does not depends on the aspect ratio
alb.

The expressions (36) and (38) are valid for any values of
the slip coefficients op and o7 which depend on the
accommodation coefficients (Sharipov 2003). For the dif-
fuse gas—surface interaction assumed here the slip
coefficients are given by

op=1018, o7 =1.175. (39)

5 Numerical results

The system of the kinetic equations (30) was solved by the
discrete velocity method and the details of the numerical
algorithm may be found in Graur and Sharipov (2007),
where a non-uniform grid adapted to the elliptic cross
section was introduced in the physical space.

The numerical calculations were carried out in the range
of the rarefaction parameter 6 from 0.01 to 20 and for
several values of the aspect ratio a/b in the range from 1 to
100. The flow rates Gp and G, were calculated with the
numerical error less than 0.1%. The accuracy was esti-
mated by comparing numerical results obtained for
different parameters of the numerical grid. An analysis
showed that to reach the accuracy of 0.1% the grid in the
physical space should be 1,000 x 1,000 points and the
parameter N, should be equal to 100 for all values of J,
while the parameter N, depends on J. In the range
0 <6 <0.1 the value N. = 25 should be used and for
0 > 0.1 the smaller value, viz. N, = 12, is enough.

The numerical results on the flow rates Gp and G are
presented in Tables 1 and 2, respectively. In the case
alb = 1, i.e, circular cross section of the tube, the results
of the present work are compared with those obtained
from the S-model equation by the discret velocity
method in Sharipov (1996). It can be seen that the dis-
crepancy with this work does not exceed the numerical
accuracy.

One can see the Knudsen minimum (for the mass flow
rate Gp) presenting for all aspect ratio around 6 ~0.2—0.5.
This minimum becomes more apparent for the large aspect
ratio a/b = 100 and is shallow for the circular cross-
section.

In the fourth columns of Tables 1 and 2 the results
corresponding to a small deviation from the circular tube
are shown, i.e., for a/b = 1.1. Note, in the all regimes the
relative difference of the flow rate Gp, due to the deviation
in the aspect ratio from unity, is about (a/b — 1), while for
the flow rate Gy this relative difference is smaller then
(a/b — 1), especially in hydrodynamic regime.

@ Springer

hydrodynamic regime (§ > 1). The same conclusion can
be made from the slip solution (36), where Gp tends to the
constant value % + 1.60766p when a/b tends to infinity, and
the slip solution Gt also is given by the constant value (38).

Comparing the values of Gp corresponding to 6 = 20 in
Table 1 with those calculated by Eq.(36) it can be seen that
the relative difference does not exceed 0.5%. Thus, Eq.
(36) can be successfully used for § > 20. However, a
comparison of the values of Gr given in the last row of
Table 2 with the expression (38) shows that the difference
is about 7%.

Near the free molecular regime 6 < 1 the flow rates
increase by increasing the aspect ratio. If one compares the
values of both Gp and Gr in the free molecular regime
(0 = 0) with the corresponding values at 6 = 0.01, one
will see that the difference between them is small only for
the small aspect ratios, i.e., at a/b < 2, while for the large
aspect ratios the difference is significant. In other words,
for a/b>5 the flow does not reach the free-molecular
regime even at 6 = 0.01. In order to be free-molecular the
condition da/b < 1 must be satisfied.

6 Arbitrary pressure and temperature drop

The solutions of the S-model kinetic equation, presented
above, are obtained under the conditions (1) and (2), of the
smallness of the pressure and temperature gradients.
However, in practice these gradients are usually large,
when the pressure and temperature ratios p,/p; and T»/T)
between inlet and outlet reservoirs are arbitrary. One way
of the application of the developed approach to the arbi-
trary pressure and temperature gradients are proposed in
Sharipov (1996). When the tube length is significantly
larger that its cross section size, i.e., L > b, the pressure
and temperature gradients, estimated as follows

b(p2 — p1) b(T, — Ti)
~N— ~N— 40
6P Lpav ) éT LTav ) ( )
where
1 1
Pav :E(pl +P2)> Tav :E(Tl +T2)7 (41)

are obviously small. Hence one can apply the developed
approach to the cases of the arbitrary pressure and tem-
perature ratios using the reduced mass flow rates Gp(d) and
G(9) given in Tables 1 and 2.

When the pressure and temperature ratios are large, J
varies significantly along the channel. This rarefaction
parameter depends on the local pressure and temperature
according to relation (3). Assuming the hard sphere model
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of molecules we can express the local rarefaction para-
meter as a function of the local values of the pressure and
temperature and of their values in the inlet reservoir

p(z) Th
"o TR)

Let us introduce a reduced mass flow rate as

L 2kT; .
G=—r [0 8
nab’p ' m (43)

which does not depend of the local rarefaction parameter
0(Z'), unlike the reduced mass flow rate G- defined by
Eq. (4).

Substituting relations (1), (2), (4) and (43) in (5) we
obtain the following differential equation

G—\|=—>=——Gp(8) +
pVTiL  pdz #(9)

Since the thermal conductivity of the channel wall is
essentially greater than that of the gas, and in addition, the
characteristic dimension of the channel cross section is
usually small compared to its of the channel wall, so the
temperature distribution of the gas along the cannel is
determined by the wall temperature distribution. We sup-
pose here that the wall temperature distribution is linear,
that is a good approximation when the wall thermal con-
ductivity does not depend of the temperature.

When the temperature distribution is known, the fol-
lowing differential equation for the pressure distribution
may be solved

Ldp_p@)1dTGr(0) G b\/z (45)
pidz  p; TdzGp(8) Gp(O)LV Ty

At the inlet (z = 0) and outlet (z = L/b) boundaries the
pressure is equal to the inlet p; and to the outlet p, reser-
voirs pressure accordingly. The reduced mass flow rate G is
the parameter of the differential equation (45). This equa-
tion is solved numerically, assuming the linear temperature
distribution along the channel, using the expression of the
local rarefaction parameter (42) and the values of Gp(d)
and G#(0) given in Tables 1 and 2. The reduced mass flow
rate G for one temperature ratio 7»/7) = 3.8 and two
pressure ratios p/p; = 1 and p,/p; = 100 are given in
Tables 3 and 4. Note, the ratio 7,/T; = 3.8 corresponds to
the typical situation when one reservoir is maintained at the
liquid nitrogen temperature, while the second one is
maintained at the room temperature.

For the first case the pressure ratio is equal to 1
(Table 3), so the flow is driven only by the temperature
gradient from the cold reservoir toward to the hot one (the
mass flow rate is positive). The mass flow rate decreases
when the rarefaction parameter J; increases. The mass flow
rate remains still constant for ¢, greater than 1 when aspect

3(p,T) = o (42)

Td_zGT(é)' (44)

Table 3 Reduced flow rate G versus rarefaction parameter J; and
aspect ratio a/b at p/py = 1 and T»/T; = 3.8

01 G

alb =1 alb = 10 alb = 100
0 0.7144 1.5916 22323
0.10 0.6324 1.1661 1.2319
1.00 0.4315 0.5897 0.5895
10.0 0.1496 0.1623 0.1623
100.0 0.0197 0.0198 0.0198

Table 4 Reduced flow rate G versus rarefaction parameter ¢; and
aspect ratio a/b at p,/p; = 100 and T,/T; = 3.8

d -G x 1072
alb =1 al/lb = 10 alb = 100
0 0.738 1.511 1.682
0.10 0.971 1.810 1.846
1.00 3.818 7.216 7.451
10.0 32.82 62.94 65.29
100.0 322.9 620.7 643.8
0 0.25 0.5 0.75 1
1.2 : , , 1.2
| a/b=1 |
115 10 —1.15
i 100 ]
o o1l —1.1
o
1.05 —-1.05
1 | | | 1
0 0.25 0.5 0.75 1
z/L

Fig. 2 Pressure distribution along the tube, p,/p; = 1, To/T; = 3.8,

ratio varies from 10 to 100. Note that, in spite of the
pressure ratio p,/p; = 1 the pressure gradient still arises in
the channel. The pressure distributions along a channel for
three aspect ratios a/b = 1,10,100 are shown in Fig. 2. It
can be seen that the pressure is 15% higher in the tube
middle compared with its value at the tube ends. It is
explained by the fact that the temperature at z = 0 is lower
than that at z = L/b. Since the first term in the right hand
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side of Eq. (45) is inversely proportional to the tempera-
ture, it is larger than the second term at the tube entrance
z = 0. Hence, the pressure derivative is positive at the
entrance, while it is negative at the exit z = L/b, where the
first term becomes smaller than the second one.

In the case of the pressure ratio p,/p; = 100 the flow
properties changed completely: the reduced mass flow rate
is negative, so the gas flows from the hot reservoir, where
the pressure is higher, to the cold one, where the pressure is
lower. The reduced mass flow rate increases when the
rarefaction parameter J; increases.

7 Thermomolecular pressure difference

Let us assume two reservoirs maintained by the tempera-
tures T, and 7, and the pressures in both reservoirs are
initially the same. This case is different from that consi-
dered in the previous section where the same pressures
p>/p1 = 1 are maintained in both reservoirs. If these res-
ervoirs are connected by a pipe the gas begins to flow from
the cold reservoir to the hot one, then the pressure in the
hot reservoir begins to increase until the mass flow rate
vanishes.

The relation between py, p,, T; and T, in the stationary
state can be written in the following form

P2 _ (Q)’
D1 T,)’

where the coefficient y depends on many factors: pipe
length-to-radius ratio, type of the gas, properties of the
gas-surface interaction. In order to calculate this
coefficient, let us consider differential equation (44).
When the reduced mass flow rate G is equal to zero, this
equation is reduced to

(40)

1dp 1dT
—— =——=Gr(d 47
3200 = 5 £ G1(0) (47)
If we introduce the non-dimensional pressure and
temperature as
. p = T

=L T== 48
P=1 T (48)

the rarefaction parameter in any section (42) may be
expressed as

P
o(p,T) = d1=. 49
(p,T) b= (49)
Then Eq. (47) reads

dT  TGp(d,p/T)
It is possible to consider Eq. (50) as a differential equation
for a pressure as a function of a temperature p(7T') with the
boundary condition p = 1 at T = 1. The unknown value is
the pressure ratio p,/p; = p(T»/T1). Note that in Eq. (50)

the dimensionless temperature 7 is an independent
variable, so the function 5(T) depends only on the ratio
T,/T; and on the rarefaction parameter d; and does not
depend of the temperature distribution in the pipe
(Sharipov and Seleznev 1998), unlike the case considered

in Sect. 6. The coefficient y is calculated from Eq. (46) as

., _ In(p2/p1)
= (DT G

The differential equation (50) was solved numerically. The
calculations have been carried out for the same value of the
temperature ratio 7»/7 as in Section 6. The coefficients
Gp(9) and G1{(0) as functions of d; (Tables 1 and 2) have
been used. The results of the calculations are given in
Table 5. In the first column the coefficient y calculated in

Table 5 Thermomolecular

pressure difference exponent y o 7> Sharipov and 3, present work

(Eq. (46)) versus rarefaction Seleznev (1998)

parameter J; and aspect ratio alb =1 ab=1 11 2 > 10 20 100

alb 0 0.4921 0.4915 0.4911 0.4885 0.4822 0.4753 0.4664 0.4419
0.02 0.4857 0.4849 0.4843 0.4799 0.4699 0.4591 0.4457 0.4125
0.05 0.4710 0.4706 0.4696 0.4622 0.4459 0.4300 0.4129 0.3837
0.1 0.4532 0.4531 0.4516 0.4407 0.4182 0.3987 0.3807 0.3590
0.2 0.4273 0.4275 0.4253 0.4099 0.3814 0.3605 0.3448 0.3314
0.5 0.3749 0.3761 0.3727 0.3501 0.3165 0.2985 0.2887 0.2829
0.8 0.3381 0.3389 0.3348 0.3085 0.2747 0.2598 0.2531 0.2496
1.0 0.3179 0.3186 0.3141 0.2863 0.2530 0.2398 0.2342 0.2316
2.0 0.2454 0.2468 0.2415 0.2116 0.1837 0.1756 0.1725 0.1714
5.0 0.1401 0.1423 0.1372 0.1128 0.09631  0.09280 0.09175  0.09135
10.0  0.07295 0.07429  0.07064  0.05499  0.04650 0.04498  0.04456  0.04441
20.0  0.03039 0.03057  0.02858  0.02096 0.01753 0.01700 0.01686  0.01681
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Sharipov (1996) for the tube of the circular cross section
a/b =1 is presented. To solve Eq. (50) an interpolation of
the coefficients Gp(d) and G7{(J) at the intermediate points
of 6 (between the values given in Tables 1, 2) is used.
Therefore, the small difference with the present results
(second column) is due to the fact that in Sharipov (1996)
33 values of Gp and Gr are used to interpolate these coef-
ficients instead of 12 in the present paper. The coefficient )
depends essentially from the rarefaction parameter: when J,
increases then y decreases. The coefficient y depends also
on the pipe aspect ratio: the smaller values of y correspond
to the larger values of the aspect ratio.

8 Examples of application

In order to illustrate how the present results can be applied
a specific example is given here. Consider a gas flow
through a pipe of the elliptic cross section with the char-
acteristic dimension » = 0.217 um, the ration a/b = 2, at
the pressure P = 10° Pa and at temperature 7 = 293 K.
Under such conditions the gas viscosity is u = 19.73- 107°
Pa s and the most probable speed is vy, = 1.10 x 10° m/s.
The rarefaction parameter 6 defined by (3) is equal to unity.
According to Table 1 for 6 = 1 and a/b = 2 the coefficient
Gp is equal to 2.0323. Let us assume the dimensionless
pressure gradient £ = —0.01, see Eq. (1), to be main-
tained along the pipe and we consider the isothermal flow.
Using Eqs. (4) and (5) the mass flow rate is calculated as
M = 0.546x 1072 kgs.

9 Conclusion

The mass flow rate through a tube with the elliptical cross
section driven by both pressure and temperature gradients
is calculated over the whole range of the rarefaction
parameter varying from the free molecular regime to the
hydrodynamic one. Various aspect ratios of the tube axis
al/b are considered. The analysis of the numerical data
shows the significant influence of this aspect ratio on the
mass flow rate due to the pressure gradient. The Knudsen
minimum in the transitional regime exists at any aspect
ratio a/b. It is becomes deeper by the decreasing ratio a/b.
The influence of the section aspect ratio on the mass flow
rate driven by temperature gradient is significant in the
transitional and free molecular regimes, but in the slip and

hydrodynamic regimes the aspect ratio practically does not
influence the mass flow rate.

The case of the arbitrary pressure and temperature ratios
is considered. The thermomolecular pressure difference is
calculated and its dependence on the rarefaction parameter
and on the aspect ratio of the pipe cross section is shown.
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