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Abstract Equivalent circuit modeling of microfluidic

chips accounts for the transport of fluid and electricity in

the entire network of microchannels as a function of the

applied pressure and electric potentials. For these calcula-

tions, each microchannel is represented by a set of con-

ductance coefficients that relates to driving forces and

conjugate flows. Theoretical expressions of the coefficients

for rectangular microchannels with arbitrary values of the

cross-sectional aspect ratio are derived from the funda-

mentals of electrokinetic phenomena. Particular emphasis

is placed on the analysis of the conditions under which the

equivalent circuit model can be accurately employed.

Model predictions successfully match data on electroki-

netically driven chips for immunoassays reported in the

literature. A simulation example is also given to illustrate

the capability of the technique for the design and manip-

ulation of analytical microsystems.
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1 Introduction

A wide variety of analytical chips are operated by means of

electrokinetic flow (Seiler et al. 1994; Chiem and Harrison

1998; Fletcher et al. 1999; Dodge et al. 2001; Chien and

Bousse 2002; Hu et al. 2005). The precise manipulation of

these devices requires accurate predictions of fluid flow

and electric current throughout the network of micro-

channels. In microfluidics (Stone et al. 2004; Tabeling

2005; Squires and Quake 2005) Reynolds numbers are

normally lower than 1, meaning that inertial effects are

negligibly small in comparison with viscous forces. In

addition, microchannels are generally thin enough to pro-

duce fully developed flows. Consequently, the relationships

between driving forces (pressure, electric potential) and

conjugate flows (fluid, electricity) are linear, which allows

to describe microfluidic networks by analogy with electri-

cal circuits. Simple equivalent circuits were proposed to

emulate networks where physicochemical characteristics of

channels and fluids are homogeneous (Seiler et al. 1994;

Knight et al. 1998; Fletcher et al. 1999; MacInnes et al.

2003; Kohlheyer et al. 2005). Equivalent circuit models

addressed to heterogeneous networks were also reported

(Morf et al. 2001; Chien and Bousse 2002; Chatterjee and

Aluru 2005), although disregarding the streaming current.

In more detailed descriptions (Xuan and Li 2004; Berli

2007), each channel is represented by an appropriate set of

conductance coefficients (hydraulic, electro-osmosis/

streaming, electric), which are derived from the funda-

mentals of electrokinetic phenomena. Thus flow rate and

electric current are predicted simultaneously in the entire

network, in terms of applied electric potential and pressure

gradients. These models are also useful to assist the design

of microfluidic devices, as well as the implementation of

more sophisticated numerical calculations that focus on

particular regions of the system (Erickson 2005).

As it is usual in dealing with problems where the

underlying physics is relatively complex, a number of

assumptions are introduced in equivalent circuit modeling
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of microfluidic networks. Rigorously speaking, equations

depict idealized microchannels and flow conditions. In this

sense, the main objective of the present work is to develop

analytical formulae that approximate as close as possible to

real microfluidic networks, and eventually, state clearly the

conditions under which the model should be employed. For

the purposes, the paper consists of the following contents

and organization. In Sect. 2, the derivation of equivalent

circuit equations for microchannel networks is briefly de-

scribed. In Sect. 3, theoretical expressions of conductance

coefficients are deduced for rectangular microchannels

with arbitrary values of the cross-sectional aspect ratio, and

filled with electrolyte solutions of moderate ionic concen-

trations, which is the situation commonly found in ana-

lytical microsystems. It is worth to mention that

expressions of the coefficients for cylindrical and slit mi-

cro/nanochannels were previously studied (Xuan and Li

2004; Berli 2007, and references therein). Also in Sect. 3,

the theoretical basis is reviewed to better discuss the

assumptions made and the corresponding limitations of the

model, which is carried out subsequently in Sect. 4. Then,

in Sect. 5, model predictions are cross-checked against

data reported in the literature (Hu et al. 2005) on the

manipulation of an electrokinetically controlled microflui-

dic chip for immunoassays. The aim of this work is also to

illustrate the suitability of the technique to rationalize

typical operations in analytical chips. Thus a double T-

shaped microreactor with heterogeneous surface properties

is considered in Sect. 6.

2 Equivalent circuit equations

The simultaneous flow rate Q and electric current I

developed in a microchannel that contains electrolyte

solution are described by Onsager relations for electroki-

netic phenomena: Q = L11 DP + L12 DV; I = L21 DP + L22

DV (De Groot 1951; Rastogi et al. 1993; Brunet and Adjari

2004). In these expressions, DV and DP are, respectively,

electric potential and pressure differences between the ends

of the channel. The coefficient L11 is the hydraulic con-

ductance, L12 = L21 represents electro-osmosis/streaming

phenomena (Onsager reciprocal relation), and L22 com-

prises the electric conductance. These relations assume

steady state flows, isothermal conditions, and no concen-

tration gradients in the axial direction of microchannels

(further details are given in Sect. 4).

Microfluidic networks involve several interconnected

channels, as shown schematically in Fig. 1a, where indexes

i and j identify branches and junctions, respectively. In

practice, the flow is induced and controlled by applying a

given configuration of pressures Pi
(j) and potentials Vi

(j) at

channel ports (inlet/outlet). In order to predict the flow rate

and the electric current in every i(j) branch of the network,

one firstly needs to calculate the pressure and electric po-

tential developed at the M junctions (Fig. 1a). For this

purpose, the following conservation equations are used:

PNðjÞ

i¼1

Q
ðjÞ
i ¼ 0; which derives from a simple mass balance for

incompressible fluids with uniform density, and
PNðjÞ

i¼1

I
ðjÞ
i ¼ 0;

which establishes the electric charge conservation (Kirc-

hoff law for circuit nodes). In these expressions, N(j) is the

total number of branches associated to the junction j.

Introducing Onsager relations for each branch yields,

XNðjÞ

i¼1

L
ðjÞ
11;iDP

ðjÞ
i þ L

ðjÞ
12;iDV

ðjÞ
i ¼ 0

XNðjÞ

i¼1

L
ðjÞ
21;iDP

ðjÞ
i þ L

ðjÞ
22;iDV

ðjÞ
i ¼ 0

9
>>>>>=

>>>>>;

; j ¼ 1 to M; ð1Þ

with the following definitions: DPi
(j) = Pi

(j) – Pc
(j), DVi

(j)

= Vi
(j) – Vc

(j), for j where the flow is positive going out from

the intersection; and DPi
(j) = Pc

(j) – Pi
(j), DVi

(j) = Vc
(j) – Vi

(j), for

j where the flow is positive towards the intersection, in

agreement with the sign convention defined in Fig. 1a.

Here Pc
(j) and Vc

(j) are the pressure and potential values at

junctions. These 2M unknowns can be determined by

solving the system of 2M linear equations given by (1).

Calculations can be carried out with standard mathematical

software, by using Cramer’s rule for example (e.g. Berli

2007).

Therefore, if the applied pressures and potentials are

given, and the set of 3
PM

j¼1 NðjÞ coefficients is known for

(a)

(b)

w

l
h

y
xz

...
i(j)=1(1)

j=1 j=2

2(1)

3(1)=3(2)
j=M

2(2)

1(2)

Fig. 1 a Plan view of a typical microfluidic network with the

nomenclature that classifies branches and junctions, and the positive

sign convention of the flow indicated by the arrows. b Schematic

representation of a rectangular microchannel (length l, width w, depth

h), and the coordinate system used in calculations
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the system, the pressures and potentials at the junctions can

be calculated, and then both Q and I are obtained for every

branch in the network. In fact, the relationship between all

driving forces and conjugate flows is determined by the set

of coefficients entering (1). In what follows, theoretical

expressions of L11, L12, L21, and L22 are deduced for mi-

crochannels of rectangular cross-section (Fig. 1b), which

are found in a large number of analytical microfluidic

chips.

3 Conductance coefficients for rectangular

microchannels

3.1 Theoretical framework

The foundations of electrokinetic flow are well docu-

mented in the literature (Probstein 1989; Hunter 1992; Li

2004). The case of microchannels filled with an electro-

lyte solution of Newtonian viscosity l, density q, and

permittivity e is considered here. The electrostatic charges

present at the solid–liquid interface involve an electrical

potential that decreases steeply in the liquid due to the

screening produced by dissolved counterions and other

electrolyte ions, which constitute the electric double layer

(EDL). Electrokinetic effects arise when there is a

movement of the liquid and associated ions in relation to

the solid. In the framework of continuum fluid mechanics,

the fields of fluid velocity (u), pressure (p), and electric

potential (/) are governed by the following set of coupled

equations (Stone et al. 2004; Tabeling 2005; Squires and

Quake 2005),

r � u ¼ 0; ð2Þ

0 ¼ �rpþ lr2uþ qg� e
X

k

mknk

 !

r/; ð3Þ

er2/ ¼ �e
X

k

mknk: ð4Þ

Equation (2) expresses the continuity of mass for uniform

fluid density and isothermal conditions. Equation (3) is the

conservation of momentum for low Reynolds numbers flow

(this aspect is further discussed in Sect. 4). The last term on

the right-hand side of Eq. (3) represents the contribution of

electrical forces to the momentum balance, where

e
P

k mknk is the local charge density of the electrolyte

solution, obtained as the summation over all ionic species k

with valence mk and number density nk (e is the elementary

charge). Also in Eq. (3), g is the acceleration of gravity.

Equation (4) establishes the electric potential in the flow

domain of the channel, which is composed of two contri-

butions: the EDL potential and the externally applied

potential.

Since ion distributions nk are not known, they must

be obtained from transport equations that account for

the effect of electrical forces, fluid convection, and

Brownian diffusion (Nerst-Plank equation; see, for

instance, Probstein 1989). In the present work, this step

is avoided by introducing a suitable simplification: the

so-called thin EDL approximation. In fact, the thickness

of the EDL is quantified through the Debye length,

k ¼ ekBT=e2
P

k m2
kn
ðbÞ
k

� �1=2

; where nk
(b) are the bulk ion

densities, kB is Boltzmann constant and T is the absolute

temperature (Probstein 1989; Hunter 1992). For the ionic

concentrations normally used in practice, k � 1–10 nm,

while cross-sectional channel dimensions are 10–100 lm.

Consequently one may assume that
P

k mknk � 0 in most of

the flow domain, except in the close vicinity of charged

interfaces.

3.2 Flow rate (L11 and L12)

The thin EDL approximation enables the decoupling of

electric and hydrodynamic fields, which has relevant

advantages for the purposes here. Firstly, as the last term

on the right-hand side of Eq. (3) vanishes, the flow induced

by pressure gradients in the axial direction z of the channel

(Fig. 1b) is readily obtained as follows (White 1975; Brody

et al. 1996; Tabeling 2005),

uðpÞz ðx; yÞ ¼
4h2

l
DP

l

X1

m¼1

ð�1Þmþ1

b3
m

� 1� cosh bmx=hð Þ
cosh bmw=2hð Þ

� �

cos bmy=hð Þ; ð5Þ

where bm = (2m – 1)p, and DP=l ¼ oðp� q gzzÞ=oz is the

generalized pressure gradient for fully developed flows (it

is worth noting that an equivalent expression of uz
(p) (x,y) is

obtained by using Green’s function formulation, e.g. Li

2004). Secondly, as the right-hand side of Eq. (4) also

vanishes, one may write the electric field in the flow

domain in terms of the externally applied potentials, that is

o/=oz ¼ DV=l; which is valid for uniform ion densities

along the axial direction. Then, the electrokinetic effects

are taken into account separately: when DV=l is imposed,

the electric forces acting on excess ions in the EDL drag

the surrounding liquid, and thus electro-osmosis takes

place. The shear is confined to thin layers (of the order of

k) adjacent to solid–liquid interfaces, where the electric

potential is designated f-potential. For this reason, the

effect is regarded as an electrically induced slip velocity in

the direction of the field, the magnitude of which is

(Probstein 1989; Hunter 1992; Li 2004)
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uðeÞz ¼ �
ef
l

DV

l
: ð6Þ

Therefore, the electrokinetic flow profile is uz (x,y) = uz
(p)

(x,y) + uz
(e), where the components are given by Eqs. (5)

and (6), respectively. Integrating uz (x,y) in the cross-sec-

tional area of the channel (Fig. 1b) yields Q = L11 DP + L12

DV with the following coefficients:

L11 ¼ �
wh3

12l l

X1

m¼1

96

b4
m

1� tanh bmw=2hð Þ
bmw=2h

� �

; ð7Þ

L12 ¼
wh e f
l l

: ð8Þ

An interesting feature is that the series in Eq. (7) converges

to 1 for large values of w/h, namely the sum reaches 0.99

for w/h around 60. In this limit, L11 � – wh3/12ll, in

agreement with the well known hydraulic conductance of

slits (planar Poiseuille flow). Also L12, which is indepen-

dent on the ratio w/h, coincides with the respective coef-

ficient for slit microchannels (e.g. Berli 2007, and

references therein).

3.3 Electric current (L21 and L22)

The transport of electricity in the flow domain also in-

volves two contributions: I = I(p) + I(e), which are the

streaming and conductive currents, respectively (Prob-

stein 1989; Hunter 1992; Li 2004). In fact, when a shear

flow is established on a charged interface (in this case

due to the pressure-driven fluid velocity uz
(p)), the con-

vective transport of ions in the EDL produces a surface

current in the direction of the flow. Recently Brunet and

Adjari (2006) suggested an elegant procedure to deal

with streaming effects under the thin EDL approxima-

tion: for relatively small k in relation to channel cross-

sectional size, the effective streaming current is confined

to a thin layer (of the order of k) adjacent to the inter-

face, and it results proportionally to the wall shear

rate as,

JðpÞz ¼ �ef ouðpÞz =ox
�
�

�
�
x¼w=2

: ð9Þ

This expression accounts for the current per unit width of

the zy-plane locally tangent to the interface at x = w/2

(shaded wall in Fig. 1b). The current produced by that

wall is obtained by integrating Eq. (9) in the y-direction

over the height h. The total streaming current developed

in the microchannel comprises the effect on the four

walls, i.e. at x = ±w/2 and y = ±h/2 (Fig. 1b). Given the

symmetry of the problem, and considering uniform

f-potential,

IðpÞ ¼

� ef 4

Zh=2

0

ouðpÞz =ox
�
�

�
�
x¼w=2

dy

8
<

:
þ 4

Zw=2

0

ouðpÞz =oy
�
�

�
�
y¼h=2

dx

9
=

;
;

ð10Þ

with uz
(p) from Eq. (5). In addition, the conductive current

I(e) is obtained by integrating the bulk current density

rDV=l in the cross-sectional area of the channel, where

r ¼ e
P

k m2
kxkn

ðbÞ
k is the electric conductivity of the solu-

tion and xk is the ionic mobility (Probstein 1989; Hunter

1992; Li 2004).

Therefore, performing the integrations and adding both

contributions yield I = L21 DP + L22 DV with the following

coefficients:

L21 ¼
wh e f
l l
¼ L12; ð11Þ

L22 ¼ �
wh r

l
: ð12Þ

Equation (11) is an expected result taken into consideration

Onsager reciprocal relations for electrokinetic phenomena

(De Groot 1951; Rastogi et al. 1993). In this sense, the

derivation of L21 could have been omitted here (Brunet and

Adjari 2004). Nevertheless, according to the author’s

knowledge, the evaluation of streaming effects under the

thin EDL approximation has not been reported before for

rectangular microchannels. Further, Eq. (11) may be re-

garded as a consistency test for the calculations of the

coefficients.

4 Assumptions made and applicability of the model

4.1 Equivalent circuit equations

Equation (1) are restricted to the following situations:

(i) steady state flow,

(ii) constant and uniform temperature,

(iii) constant and uniform fluid density,

(iv) no concentration gradients along channels,

(v) negligible hydraulic/electric resistance at junctions.

Discussing (i) firstly requires the introduction of Rey-

nolds number Re = qUh/l, where U is a characteristic fluid

velocity, here taken as the average value in the channel

cross-section. In analytical microfluidic systems, U is of

the order of mm/s, hence Re << 1, meaning that the flow is

controlled by viscous forces (Squires and Quake 2005;

Tabeling 2005). Inertial terms were omitted in Eq. (3)
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precisely for this is reason. Under the circumstances, the

time required to reach the steady state after flow inception

is negligible small. For Re ~ 1, it can be estimated as s �
qw2/l, which is of the order of milliseconds for aqueous

solutions in micro-scale channels (Brody et al. 1996; Stone

et al. 2004; Tabeling 2005). Furthermore, a recent work on

the starting profile of electro-osmotic velocity reports that

s fi 0 as Re fi 0 (Zhou et al. 2006). Therefore, in a

practical sense, the electrokinetic flow is steady during

typical operations that take several seconds, like sample

injection, reaction, and separation in analytical microsys-

tems. This was nicely shown by Brody et al. (1996), who

demonstrated experimentally that the fluid can be switched

from one channel to another on a milliseconds time scale.

In relation to (ii), it is known that an important effect

associated with electric current in microchannels is tem-

perature rising due to internal heat generation, namely Joule

effect. Extensive discussions of this effect are given in the

text of Li (2004). Nevertheless, if the applied electric field is

relatively low, and the microfluidic chip is able to reject the

heat to the environment, the fluid temperature does not

change appreciably. In order to accomplish this, field

strengths lower than 300 V/cm are normally used in practice

(Morf et al. 2001, MacInnes et al. 2003; Hu et al. 2005).

Conditions (iii) and (iv) are normally attained in ana-

lytical microsystems, except in some manipulations where

polymer solutions, particles, or cells are transported

selectively or focused in one microchannel. In particular,

when strong concentration gradients are used, a third

conjugated flow (osmotic transport) must be included in the

equivalent circuit equations (Rastogi et al. 1993; Brunet

and Adjari 2004). The same methodology is used to solve

the problem, although additional complexity arises in cal-

culations.

Concerning assumption (v), one may observe that

junctions are not considered in the overall resistance of the

network because their interfacial area (~w2) is much

smaller than that of microchannels (~wl). In fact, the

hydraulic/electric resistance of junctions can be neglected

in front of that of microchannels, as long as l/w >> 1. This

is the reason why equivalent circuit equations do not dif-

ferentiate, for example, T-shaped junctions from Y-shaped

ones. In other words, network architectures are not speci-

fied in modeling. However, if channel intersections present

any complex shape or internal structure that produces a

relatively important resistance, they must be considered as

new elements in the circuit (Brunet and Adjari 2004).

4.2 Conductance coefficients

Besides the concepts discussed earlier, the assumptions

required to attain the expressions (7), (8), (11) and (12) are:

(vi) relatively thin EDL,

(vii) fully developed flow,

(viii) straight microchannels,

(ix) uniform cross-section and surface properties.

In practical terms, assumption (vi) means that the above

expressions of L11, L12 and L22 apply for micro-scale

channels, filled with solutions of moderate ionic concen-

trations, say higher than 1 mM, which leads to values of k
smaller than 10–3 h. This situation is commonly found in a

wide variety of analytical microsystems. Nevertheless, in

specific situations involving very low ionic concentrations,

or in the case of nano-scale channels, where k becomes the

order of the channel depth h, Eqs. (6) and (9) do not apply

any more, and the full problem must be solved to find the

appropriate coefficients (e.g. Xuan and Li 2004; Berli

2007, for calculations involving cylinders and slits).

Concerning (vii), it should be remarked that if micro-

channels are sufficiently thin, flows are fully developed and

two-dimensional effects are present near channel ends or

intersections only. The error introduced by this assumption

may be roughly quantified through the hydrodynamic en-

trance length le � w(0.5 + 0.06 Re) (White 1975; Brody

et al. 1996; Tabeling 2005). This length is slightly higher

in electro-osmotic flow (Yang et al. 2001a). In any case,

provided Re < 1, le ~ w/2, hence the assumption of fully

developed flow in microfluidics simply demands l/w >> 1,

in agreement with the requirement of assumption (v). This

is normally accomplished in analytical microsystems, ex-

cept in some particular architectures where branches are

relatively short. In these cases, the deviations from fully

developed flow in the vicinity of intersections may be ac-

counted by introducing an effective channel length l ± dl,

where the sign of the correction dl depends on the shape of

the junction and flow conditions (MacInnes et al. 2003).

The assumption of straight microchannels (viii) may

appear rather restrictive, considering that turns, folds, and

even serpentines, are included in microfluidic networks.

Nevertheless, if channels are relatively thin (l/w >> 1), the

radii of curvature of turns are higher than w, and the flow is

perfectly laminar (Re < 1), the hydraulic resistance is not

enhanced appreciably in comparison with straight micro-

channels. Indeed, the hydrodynamic friction factor of a

serpentine microchannel equals that of a straight micro-

channel of equivalent path length when Re fi 0 (Geyer

et al. 2006). Apart from these conditions, uniform surface

potential and thin EDL are required to attain the similarity

of electro-osmotic velocity and electric field in arbitrary

geometries (Cummings et al. 2000). In non-smooth bor-

ders, spatial changes in the electric field (as well as inertial

effects if Re > 1) impacts on the velocity profile, and the

flow is not fully developed in the curvature zone (Yang

et al. 2001b; MacInnes et al. 2003).
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Finally, in relation with (ix), it should be noted that any

abrupt change in channel cross-section or surface potential

must be considered as a confluence of two different bran-

ches, i.e. a new junction in the set of equations of the model

(e.g. Xuan and Li 2004). In particular, slit microchannels

with smooth modulations of topography or surface poten-

tial admit the calculation of conductance coefficients

(Brunet and Adjari 2006).

5 Cross-checking the model against real systems

In this section the model is tested on a microfluidic chip

for immunoassays developed by the Group of Li (Hu

et al. 2005). The microchannel network involved is

drawn schematically in Fig. 2. The surface potential is

f = –18.3 mV in all branches. The circulating fluid is an

aqueous solution of Tris–HCl 25 mM, which yields

k = 1.9 nm and r � 0.26 S/m. Parameters q, l, and e are

those of water at 20�C. With these characteristics, and

geometrical dimensions given in the legend of Fig. 2, L11,

L12, and L22 were evaluated from Eqs. (7), (8), and (12),

respectively, for every channel of the network. In Eq. (7),

the first five terms of the series were used (the sum equals

0.874 for w/h = 5).

The highest Reynolds number reached in the manipu-

lation of this device is Re � 0.01, and the lowest aspect

ratio of channels is l/w = 90, which assure that conditions

discussed in Sect. 4 are safely accomplished. Furthermore,

the ratio h/k is higher than 104, hence the thin EDL

approximation is also amply satisfied. Under the circum-

stances, the equivalent circuit model can be used accurately

to predict the electrokinetic flow developed in the

H-shaped network during some operation steps of the

immunoassay analysis.

Given the potentials applied to the reservoirs P, S, W

and B (Fig. 2), which are at atmospheric pressure, the flow

rate and electric current in each channel were calculated.

Then the average fluid velocity was obtained as U = Q/hw,

and compared to the respective values reported by Hu et al.

(2005). Results are presented in Table 1. It is worth to

remark the agreement observed, taking into account that

there are no adjustable parameters in calculations. Only the

value of r used is approximate; nevertheless, although

crucial to determine the current, r does not affect the flow

provided it is uniform throughout the network. For the sake

of brevity, only two operation steps (analyte dispensing and

washing) are illustrated in Table 1. It must be mentioned

however that the flows attained in all the operations per-

formed by Hu et al. (2005) are equally well predicted by

the model.

6 Case study: double T-shaped microreactors

Microchannel networks arranged in the form of a double T

are usually integrated in analytical devices as microreactors

(Chiem and Harrison 1998; Fletcher et al. 1999; Dodge

et al. 2001; MacInnes et al. 2003). The example studied in

this section (Fig. 3) is largely inspired in the chip for im-

munoassays reported by Dodge et al. (2001). The network

is filled with an aqueous solution of KCl 25 mM, which

yields k = 1.9 nm and r = 0.37 S/m. Channel ends are

considered to be open to the atmosphere and the whole

system is at 20�C. In particular, because of a surface

treatment (Dodge et al. 2001), the electrokinetic potential

of channels 2(1), 2(2), and 3, here designated fRC, differs

from that of channels 1(1) and 1(2), designated simply f

P S

W B

1(1)

2(1)

2(2)

1(2)

3

Fig. 2 Layout of the H-shaped network of microchannels composing

the immunoassay chip developed by Hu et al. (2005). Cross-sectional

dimensions of all channels are h = 20 lm and w = 100 lm. Channel

lengths are l1
(1) = l2

(2) = 14 mm, l2
(1) = l1

(2) = 9 mm, and l3 = 10 mm (the

draw is not to scale). Capital letters P, S, W, and B identify the fluid

reservoirs at channel ports. Arrows indicate the positive direction of

the flow

Table 1 Average values of the fluid velocity attained in the channels

of the H-shaped network shown in Fig. 2, as a function of electric

potentials applied to the respective reservoirs

Operation Reservoir V (V) Channel U (lm/s)

Hu et al. (2005) Model

Dispensing P 250 1(1) –141 –141.4

W 0 2(1) 140 140.9

S 100 2(2) 2 2.6

B 95 1(2) –3 –3.1

3 0.5

Washing P 0 1(1) 102 102.3

W 0 2(1) 159 159.2

S 300 2(2) –10 –10.7

B 500 1(2) 271 272.2

3 –261.5

The sign of U is in accordance with the positive sign convention

indicated by the arrows in Fig. 2
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(Fig. 3). Coefficients L11, L12, and L22 for every channel

were evaluated from Eqs. (7), (8), and (12), respectively. In

Eq. (7), the first five terms of the series were used (the sum

equals 0.748 for w/h = 2.5).

The following simple operation is simulated here: the

electrolyte solution is transported from channel 1(1) to-

wards channel 1(2) by applying an appropriate potential

difference between channels ends, for example V1
(1) =

500 V and V1
(2) = 0. Electric potentials are also applied to

the ends of branches 2(1) and 2(2) in order to avoid leakage;

that is, side arms are ‘‘pinched’’ (Dodge et al. 2001). For

simplicity, the condition Q2
(1) = Q2

(2) = 0 is imposed here.

The main feature to be discussed is that, because micro-

channels are heterogeneous in surface properties (fRC „
f), finite pressures develop at the junctions. The effect is

well known in the literature, mainly in relation with mi-

cropumping (e.g. Chien and Bousse 2002). As a conse-

quence, the potentials V2
(1) and V2

(2) required to maintain the

condition Q2
(1) = Q2

(2) = 0 depend on the ratio fRC/f, as

shown in Fig. 4. The curves in this figure define a sort of

operation diagram, which is of interest in the design and

manipulation of the microreactor.

Furthermore, these pressure gradients strongly affect

the flow field in each channel. In order to examine flow

details in the reaction chamber, uz (x,y) = uz
(p) (x,y) + uz

(e)

can be plotted from Eqs. (5) and (6), considering that

pressure and potential values at junctions 1 and 2 were

calculated beforehand. Thus Fig. 5 shows the velocity

profiles for different values of fRC, while f = –60 mV. It

is observed that the flat profile associated with pure

electro-osmotic flow (Fig. 5a) is only attained when

channels are perfectly homogeneous in surface properties.

If fRC > f, a pressure gradient is generated in the

direction of the flow (Fig. 5b). In particular, this case

emulates a practical situation found in the experiment of

Dodge et al. (2001), where f � –60 mV and fRC �
–20 mV. Instead, if fRC < f, the pressure gradient has the

opposite direction (Fig. 5c).

An interesting aspect to observe is that, although the

overall flow in the reaction chamber is always established

from junction 1 towards junction 2, the fluid velocity on the

walls varies in magnitude, being even negative when

fRC > 0 (Fig. 5d). These results offer relevant information

to be considered in the optimization of reactions that take

place on channel walls, such as the immunoreactions in-

volved in the analytical chips mentioned above. In fact,

analytes are transported by the electrokinetic flow to reach

binding sites on the reactive channel wall; hence the rate of

surface reactions depends on the fluid velocity profile (see,

for example, Gervais and Jensen 2006).

7 Concluding remarks

Electrokinetically driven microfluidic networks may be

described by analogy with electrical circuits, provided a

series of conditions are satisfied. The equivalent circuit

model discussed here is able to predict the simultaneous

flows of fluid and electricity in the entire network, for a

given configuration of the applied pressures and electric

potentials. As stated by Erickson (2005), the development

of these techniques is an important step to achieve

numerical simulation of whole microfluidic chips.

2(2),

1(2), z 

3,
(reaction
chamber)

2(1), zRC

zRC

zRC

1(1), z 

Fig. 3 Layout of a double T-shaped network of microchannels such

as the microreactor integrating the microfluidic chip for immunoas-

says proposed by Dodge et al. (2001). Channel cross-sectional

dimensions are h = 20 lm and w = 50 lm. Channel lengths were

arbitrarily defined here as l1
(1) = l2

(1) = l1
(2) = l2

(2) = 10 mm, and l3 =

1 mm (the draw is not to scale)
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Fig. 4 Electric potentials applied at the ends of channels 2(1) and 2(2)

(Fig. 3), relative to that in channel 1(1), as a function of the relative

electrokinetic potential. The curves denote the values required to

attain Q2
(1) = Q2

(2) = 0, while the flow is established from channel 1(1)

toward channel 1(2). Vertical (dotted) lines indicate potential values

corresponding to different plots in Fig. 5
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The conductance coefficients of rectangular micro-

channels were derived under the thin EDL approximation,

mainly to attain analytical equations. In fact, the evalua-

tion of the electrokinetic flow in rectangular microchan-

nels with arbitrary values of k requires numerical

calculations (e.g. Li 2004). This complexity could be

conveniently avoided here because the model is addressed

to analytical chips, where Debye lengths hardly reach

10 nm, whereas channel depths are normally higher than

10 lm. Actually k < 10–4 h in the practical examples

discussed above.

Furthermore, a detailed analysis of electro-osmosis and

streaming effects in rectangular microchannels was carried

out, to clearly identify the range of validity of all

assumptions made, and the consequent limitations of the

model. At a first view, it may appear that the large number

of conditions outlined in Sect. 4 leaves few possibilities to

use equivalent circuit models in real systems. Nevertheless,

analytical devices operated by electrokinetic flow satisfy

most of these requirements. As a relevant example, it was

shown how the model successfully matches data corre-

sponding to an electrokinetically controlled chip for im-

munoassays (Hu et al. 2005).

Finally, based on the simulations discussed in the last

section one may conclude that, apart from the valuable

assistance in manipulations, well formulated circuit models

can certainly help to design and optimize analytical mi-

crosystems.
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