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Abstract We present a ‘‘mixed-methodology’’ based

system-level modeling and simulation for biochemical

assays in lab-on-a-chip (LoC) devices. The methodol-

ogy uses a combination of numerical schemes and

analytical approaches to simulate biological and phys-

icochemical processes, specifically, an integral ap-

proach for fluid flow and electric field, method of lines

(MOL) and two-compartment models for biochemical

reactions, and Fourier series-based model for analyte

mixing. The solution procedure begins with decom-

posing the LoC device into a system of inter-connected

components (e.g., channels and junctions) and the

models are solved in a network fashion. Models are

developed to accurately capture the multi-physics (e.g.,

flow, mixing, and reaction) behavior of individual

components. The assembly of the components is

facilitated via exchange of fluid flux and Fourier series

coefficients (or average concentration) of analytes be-

tween various components, which enables network

solution of the models. The system models are vali-

dated against both experimental and numerical models

on various biochemical assays (e.g. immunoassays and

enzymatic reactions), showing significant computa-

tional speedup (100–10,000-fold depending on the as-

say) without appreciably compromising accuracy

(<10% error relative to numerical analysis).

Keywords Modeling � Simulation � Lab-on-a-chip �
Biochemical assay

1 Introduction

Lab-on-a-chip (LoC) systems hold a great promise

for a variety of applications in biology, medicine, and

chemistry (Aurouz et al. 2002; Reyes et al. 2002).

The advantages include speedup in analysis time,

savings in reagents and samples, improved through-

put, and capability of implementing high levels of

integration and automation. Multi-physics phenom-

ena and the continuously growing integration level of

LoC systems increase the complexity and difficulty of

chip design. Although high fidelity (3D) numerical

simulations enable a coupled spatio-temporal analysis

of these phenomena, use of these tools for the sys-

tem-level analysis is computationally expensive,

leading to long turnaround times. The application of

these techniques has therefore been limited primarily

to component-level design. To overcome their limi-

tations, efficient-parameterized modeling and system-

level simulation approaches to enable rapid design

evaluation are being actively pursued. Zhang et al.

developed an integrated modeling and simulation

framework for microfluidic systems in SystemC to

evaluate and compare the performance of a poly-

merase chain reaction (PCR) in continuous-flow and

droplet-based microfluidic systems (Zhang et al.

2004). However, their approach to system-level rep-

resentation and implementation relies on the avail-

ability of component models from numerical

simulations or experimental data. Chatterjee et al.

assembled circuit/device models to analyze fluidic

transport, chemical reaction, reagent mixing, as well

as separation in integrated microfluidic systems

(Chatterjee and Aluru 2005). To achieve a fast sim-

ulation speed, microfluidic reactors are described
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using a ‘‘continuous stirred tank reactor’’ (CSTR)

model. The transport phenomena and the non-uni-

formity of concentration within the reactor are ne-

glected. Practically, this treatment may be

inadequate, as microfluidic assays are typically char-

acterized by laminar flow and slow diffusion-based

mixing (Wang et al. 2005a). More recently, Wang

et al. have developed a behavioral modeling and

schematic simulation environment based on LoC

system hierarchy in Verilog-A to investigate an

integrated multi-functional (mixing, reaction, injec-

tion, and separation) competitive immunoassay

microchip. The reaction model studied was limited to

a transported-limited immunoassay that allowed a

decoupled treatment of mixing and biochemical

reactions (Wang et al. 2005b). A common issue

existing in prior investigations is the insufficient

consideration of the coupling between the transport

phenomena and biochemical reaction that is impor-

tant for accurate system-level simulation of micro-

fluidic assays.

To address this issue, we will present a ‘‘mixed-

methodology’’ based system-level simulation of LoC

devices, in which numerical schemes and analytical

approaches are integrated in a single simulation en-

gine to accurately capture the different multi-physics

behavior of each assay component as well as their

overall effects on LoC system performance. The

underlying philosophy of our methodology is the

predominant use of fast and efficient analytical mod-

els, along with a selective use of numerical models for

components that do not allow for analytical treat-

ment. Specifically, we use a two-compartment model

for describing surface (heterogeneous) biochemical

assays, and the method of lines (MOL) for volumetric

(homogeneous) assays. They are integrated with

analytical models for analyte mixing and buffer fluid

flow in both pressure-driven and electrokinetic flow.

A strategy to enable system-level simulation by ex-

change of information between components described

by these disparate models is also implemented. The

paper is organized as follows: we will first consider the

system-level representation of LoC devices in Sect. 2.

A description of the component models is given in

Sect. 3. The system-level model is described in

Sect. 4, while Sect. 5 illustrates the application of

system-level models to various LoC systems with

integrated biochemical assays. The simulation results

are validated by comparison with numerical analysis

and experimental data. The paper concludes with a

summary and possible direction for future work in

Sect. 6.

2 A schematic representation of lab-on-a-chip systems

For a system-level solution, a LoC system is repre-

sented as a network of components connected by

edges. The edges can be considered as ’‘wires’’ of zero

resistance that exchange the information of flow rate,

electric current, and analyte concentration between

components. Our formulation does not restrict the

number of edges emanating from a component. How-

ever, two components are connected uniquely by an

edge. The network representation is illustrated by the

enzyme assay chip (Schilling et al. 2002) shown in

Fig. 1a, which consists of a network of various com-

ponents including channels (L1–L6), volumetric reac-

tors (VR1, VR2), T junctions (T1–T3), and wells (W1–

W5) as shown in Fig. 1b. Further the T junctions can be

classified as ‘‘mergers’’ (T1, T3) or ‘‘splitters’’ (T2)

depending on the direction of branch and main flows.

3 Model formulation

We present the governing equations and model for-

mulation for pressure-driven and electrokinetic flow, as

well as analyte transport in LoC systems. We assume

the following for the microfluidic channel in Fig. 2,

where x, y, and z are the channel’s axial, cross-stream,

and depth-wise coordinates, respectively; L, w and h

are the length, width, and depth of the channel.

1. Flow or electric field is at steady state.

2. The buffer solution is assumed Newtonian and

incompressible, electrically neutral, and with con-

stant electrical conductivity and viscosity.

3. Analyte concentration is dilute, i.e., the effects of

analyte concentration on surface charges and buf-

fer properties (e.g., viscosities and electrical con-

ductivity) are assumed negligible (Coelho et al.

2005; Cummings et al. 2000; Ermakov et al. 1998;

Holden et al. 2003; Kamholz et al. 1999).

4. The pressure and electric fields are assumed to be

completely decoupled (Ajdari 2004; Xuan and Li

2004). For electrokinetic flow, the similitude be-

tween the electrokinetic flow and electric field

holds (Cummings et al. 2000). This implies that the

electrokinetic velocity of the analyte is parallel to

the external electric field (Cummings et al. 2000;

Wang et al. 2005a) (i.e., u = mE, m is the electroki-

netic mobility of the analyte).

5. The channel cross section is uniform and the flow is

fully developed. In addition, the channel aspect

ratio b = w/h is large when pressure-driven flow is

considered.
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Based on these assumptions, the governing equa-

tion for pressure-driven flow is the steady-state Navier–

Stokes equation:

lr2u� dP

dx
¼ 0 ð1Þ

where u is the axial buffer flow velocity, P is the

pressure, and l is the dynamic viscosity of the buffer.

An analytical solution (White 1991) to Eq. 1 yields the

fluidic resistance that relates the pressure drop DP

across the channel to its volumetric flow rate q:

R ¼ DP

q
¼ 12bLl

w4 1� 192b
p5

P1
i¼1;3;5...

tanh ip=2bð Þ
i5

h i ð2Þ

where q ¼
R h

0

Rw

0 u dy dz: Similar relations are available

for channels of other cross sections (White 1991).

The electric field driving electro-osmotic flow is

described by the Laplace equation (based on electro-

neutrality assumption in the bulk fluid):

r2/ ¼ 0 ð3Þ

where / is the electric potential. The electric field then

is given by E ¼ �r/ ¼ �D/=L: Thus, in terms of the

buffer’s electric conductivity r, the electric resistance

RElec of the channel that relates the potential drop D/
and the electric current I is given by (Wang et al.

2006b)

RElec ¼
D/
I
¼ L

rwh
ð4Þ

In Eq. 4, we neglect the convection current. The axial

analyte velocity can then be explicitly determined by u

= mE (assumption 4), where m is the algebraic sum of

the buffer’s electroosmotic mobility and analyte’s

electrophoretic mobility in the buffer (Wang et al.

2005a).

Analyte transport is described by the generalized

convection–diffusion equation in pressure-driven and

electrokinetic flow and written as

@ci

@t
þ ui

@ci

@x
�Di

@2ci

@x2
þ @

2ci

@y2
þ @

2ci

@z2

� �

� Ri ¼ 0 ð5Þ

where t denotes the time. The subscript i represents the

quantities associated with the ith analyte in the buffer

stream, u is the analyte migration velocity, and D is the

diffusivity. R is the volumetric reactive source term and

depends on the reaction mechanism. As the flow is

fully developed along axial channel length, the con-

vective terms for y and z directions are neglected.

In this paper, we will investigate volumetric and

surface reaction-based biochemical assays in LoC

devices. In volumetric reaction-based assays, two

streams carrying different analytes merge into an-

other channel where they inter-diffuse and react in

the entire channel volume. The variations in cross-

stream concentration profiles of analytes and/or

reaction products resulting from diffusion-based

mixing, sample splitting and merging, as well as

reaction whose rate depends on local concentrations

are in steady state. However, in surface reaction-

based assays, analytes flow through the channel and

react with receptors immobilized on the bottom

channel surface. Therefore, transient behavior (rather

x
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Fig. 2 Geometry of a microchannel and its coordinate definition
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Fig. 1 a A LoC device for
cell lysis, extraction, reaction,
and detection of intracellular
components (Schilling et al.
2002). b Schematic
representation of component
network describing the device
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than the spatial distribution) of analyte concentration

in association and disassociation phases is of primary

importance in the study of biomolecular interactions.

For this reason, two distinctly different sets of

models that, respectively, predict steady-state cross-

stream concentration profiles in volumetric assays

(Sect. 3.1) and transient cross-sectional average con-

centration in surface assays (Sect. 3.2) will be

developed.

3.1 Volumetric biochemical reaction-based assays

In volumetric reaction-based assays, cross-stream

concentration profiles of analytes are affected by

mixing, splitting, merging, and reactions. In this

section, we describe governing convection–diffusion

phenomena in the microfluidic components for such

assays.

3.1.1 Mixer

To estimate the steady-state analyte mixing in micro-

fluidic channels, we neglect the terms associated with

transient variation, axial and depth-wise diffusion [by

invoking assumptions 1 and 5 (Coelho et al. 2005;

Holden et al. 2003; Kamholz et al. 1999; Wang et al.

2006c)], and reactive source term. Equation 5 can

therefore be written as

Ui
@ci

@x
¼ Di

@2ci

@y2
ð6Þ

where U is the average analyte velocity. Note that for

pressure-driven flow, Eq. 6 only holds for channels

with large aspect ratios (b � 1) (Coelho et al. 2005;

Holden et al. 2003; Kamholz et al. 1999; Wang et al.

2006c). The analyte flux at the channel walls is assumed

to be zero, i.e. @ci=@yð Þjy¼0;w¼ 0: Based on this, a

generalized solution to Eq. 6, yielding the analyte

concentration profile at any axial position x,

ci x; gð Þ ¼
X1

n¼0

d
inð Þ

i;n e� npð Þ2xDi= Uiw
2ð Þ cos npgð Þ ð7Þ

where g = y/w (0 £ g £ 1) is the normalized cross-

stream coordinate, di,n
(in) are the nth Fourier cosine

series coefficients (Wang et al. 2005a, 2006b) of the

analyte concentration profile at the channel inlet

and are given by ci x ¼ 0,gð Þ ¼ c
inð Þ

i gð Þ ¼
P1

n¼0 d
inð Þ

i;n

cos npgð Þ: Set x = L in Eq. 7, we obtain the analyte

concentration profile at the channel outlet by

ci x ¼ L; gð Þ ¼ c
outð Þ

i gð Þ ¼
X1

n¼0

d
outð Þ

i;n cos npgð Þ

and d
outð Þ

i;n ¼ d
inð Þ

i;n e� npð Þ2si ð8Þ

where di,n
(out) are the Fourier series coefficients of the

concentration profile at the outlet and si = (L/w)/Pei is

the ratio of time scales associated with axial convection

to cross-stream diffusion and Pei = wUi/Di is the Pe-

clet number of the ith analyte, a ratio of the axial

convective rate to the cross-stream diffusive rate.

Equation 8 correlates the Fourier cosine series coeffi-

cients di,n, at the channel inlet and outlet. Thus, di,n can

be used to transfer information about the analyte

concentration profile from one component to another

within the network (Sect. 4).

For junctions where analyte streams merge (e.g. a T

junction), the analyte concentration profile at its outlet

can be treated as a cross-stream superposition of the

upstream profiles. In contrast, the splitting junction

splits the incoming analyte stream as well as its con-

centration profile into two branches. A brief descrip-

tion of the models that relate the Fourier coefficients

di,n of analyte concentrations at inlets and outlets in

these components is given in Appendix A. More de-

tails are discussed elsewhere (Wang et al. 2005a,

2006b). In addition, chaotic secondary flows in junc-

tions could be induced at high Reynolds number, e.g.,

Re ~ 100 (Bothe et al. 2006). Hence, models for mix-

ers, mergers, and splitters are valid for low Reynolds

regimes (Re > 100), where laminar diffusion domi-

nates (Wang et al. 2005a; 2006c).

3.1.2 Volumetric reactor

The governing equation for volumetric reactions in

microfluidic channels is derived based on the same

assumptions for Eq. 6. The key difference is the

inclusion of the reactive source term Ri describing

consumption or generation of the analyte as a result of

the reaction. Since Ri is generally nonlinear and does

not allow for an analytical solution, we use the MOL

(Wouwer et al. 2004) to obtain the solution of cross-

stream analyte concentration profiles. Specifically,

using a central difference scheme, the discretized form

of the governing equation can be written as

Ui
@c

j
i

@x
¼ Di

c
j�1
i � 2c

j
i þ c

jþ1
i

Dyð Þ2
þ R

j
i ð9Þ

where Dy is the grid cell size in cross-stream direction,

and index j (1 £ j £ J – 1) represents the cross-stream

location in the grid. J is the number of the grid cells.
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Equation 9 can be recast into a more intuitive form in

terms of a set of first-order (evolution-typed) ODEs,

_cj
i xð Þ ¼ f c

j�1
i xð Þ; cj

i xð Þ; cjþ1
i xð Þ

� �
ð10Þ

where _cj
i xð Þ represents the first-order derivative of ci

j

with respect to x. The reactive source term Ri
j in Eq. 9

is specific to the reaction mechanism. Here we describe

Ri
j for two commonly encountered types of biochemical

reactions: competitive immunoassays and Michaelis–

Menten-type enzyme reactions.

Competitive immunoassays In a competitive

immunoassay, the antigen (A) and labeled antigen

(A*) compete for a limited number of binding sites of

the antibody (Ab) (Chiem and Harrison 1998; Hatch

et al. 2001) to form an antibody–antigen complex (Ab–

A or Ab–A*). The reactions are described as

AþAb�
ka

kd

Ab�A and A� þAb�
k�a

k�
d

Ab�A� ð11Þ

where ka and kd are the rate constants for the forward

(association) and backward (dissociation) reactions,

respectively. The asterisk signifies the quantities

associated with the labeled antigen A*. The source

terms arising from the reactions are:

RA ¼ �RAb�A ¼ �kacAcAb þ kdcAb�A

RA� ¼ �RAb�A� ¼ �k�acA�cAb þ k�dcAb�A�

RAb ¼ �kacAcAb � k�acA�cAb þ kdcAb�A þ k�dcAb�A�

ð12Þ

Michaelis–Menten enzyme reactions The mecha-

nism of enzyme-catalyzed reactions involving the en-

zyme (E), substrate (S), and the product (P) can often

be described by (Voet et al. 1999)

Eþ S�
k1

k�1

ES �!
kp

Pþ E ð13Þ

where P is the product, ES is the enzyme–substrate

complex, k1 and k–1 are the forward and backward rate

constants for the formation of ES, and kp is the kinetic

constant for conversion of the enzyme–substrate

complex to the product. When the substrate

concentration far exceeds that of the enzyme, the

rate of product formation can be described by

Michaelis–Menten kinetics. Schilling et al. (2002)

show that for microfluidic assays that involve non-

uniform analyte concentrations across the stream,

reactive source terms for enzyme, substrate, and

product can be written as (Schilling et al. 2002)

RS ¼ �RP ¼ �
kpcEcS

Km þ cS
and RE ¼ 0 ð14Þ

where Km is the Michaelis constant. Rs and Rp can be

substituted into Eq. 5 to determine spatial analyte

concentration profiles.

3.2 Surface biochemical reaction-based assays

Microfluidic devices currently being developed for

drug screening as well as diagnostic applications

increasingly involve biochemical assays with surface-

immobilized receptors (enzymes, antibodies, etc.).

Design of such assays requires an understanding of the

balance between reaction kinetics and the rate of

convective–diffusive transport to the reaction surface.

In this section, we will present models for predicting

the transient cross-sectional average concentration of

the analyte in non-reactive and reactive components in

such systems.

3.2.1 Non-reactive components: channels and junctions

For microchannels that do not involve surface reac-

tions, we also assume that: (1) the channels are suf-

ficiently long (or enhanced mixing is applied) and

analyte concentrations are transversely uniform at

their outlets. This restricts the model applicability, for

example, in a channel where two parallel analyte

streams mix solely through lateral diffusion, Peiw/L

> 1 needs to be satisfied for model to be valid (2)

analyte band broadening due to axial dispersion

(Taylor dispersion) is negligible compared with the

length of the analyte band (determined by the time

for analyte supply). Based on the assumptions, the

average analyte concentration within the network is

dependent only on flow rate (or electrical current)

distribution (Chatterjee and Aluru 2005; Dertinger

et al. 2001; Jacobson et al. 1999) and analyte resi-

dence time (time delay) in the channel. Thus, it is

adequate to capture the cross-sectional average ana-

lyte concentration and the time lag (for optimal

experimental design).

For the channels, we neglect the transverse diffusion

and volumetric reactive terms in Eq. 5. The average

analyte concentration at the channel outlet ci
(out) (t )

can be treated as a translation of that at the inlet ci
(in) (t

) by a time lag ti (mean analyte residence time in the

channel). This yields

c
outð Þ

i tð Þ ¼ c
inð Þ

i t � tið Þ ð15Þ
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where indices in and out represent the quantities at the

inlet and outlet, respectively; ti = L/Ui is the mean

residence time of the ith analyte within the channel.

The merging junction combines two incoming

streams respectively with average analyte concentra-

tions ci
(l) (t) and ci

(r) (t). Because of the small flow path

lengths associated with the junction, the resulting

analyte time lags are neglected. Considering an overall

mass balance for the merging junction, the average

analyte concentration at the outlet ci
(out) (t ) is given by

c
outð Þ

i ðtÞ ¼ c
ðlÞ
i tð Þ � sþ c

ðrÞ
i tð Þ � ð1� sÞ ð16Þ

where s is the flow rate ratio of the left stream to the

total.

For the splitting junction, the average analyte con-

centrations at the left and right outlets, ci
(l) (t) and ci

(r)

(t), are found as

c
ðlÞ
i ðtÞ ¼ c

ðinÞ
i ðtÞ and c

ðrÞ
i ðtÞ ¼ c

ðinÞ
i ðtÞ ð17Þ

where ci
(in) (t) denotes the average analyte concentra-

tion at the channel inlet. Equation 17 shows that

average analyte concentrations at the left and right

outlet are same as that at the inlet.

3.2.2 Surface reactors

In surface reactors, the analyte flux ~q at the reaction

surface actually induces a non-uniform analyte con-

centration along the channel depth z. To capture such

effects on surface reaction, we employ a two-com-

partment modeling approach (Myszka et al. 1998). The

model divides the reactor into two compartments

(Fig. 3), the bulk (outer) compartment and the surface

compartment (representing the region very close to the

reaction surface). In each compartment, the analyte

concentration is treated as spatially uniform but can

vary with time, while the effects of the non-uniformity

in analyte concentrations and flow velocities along z

are characterized by the mass transport coefficient kM

between these two compartments (see below). Apply-

ing a mass balance to the analyte in the surface com-

partment, we can obtain (Myszka et al. 1998)

0��~qiþkM c
ðbÞ
i � c

ðsÞ
i

� �
¼�~qiþkM c

inð Þ
i � c

ðsÞ
i

� �
ð18Þ

where subscripts b, s, and in denote the quantities in

the bulk and surface compartments and the reactor

inlet. In Eq. 18, the bulk analyte concentration ci
(b) is

set equal to the fresh analyte concentration at the

reactor inlet ci
(in) due to the thin concentration

boundary layer. The reactive flux ~qi at the wall is

assumed to be balanced by the mass transfer of the

analyte to the surface, leading to a quasi-steady state of

ci
(s) (Myszka et al. 1998). kM is the mass transport

coefficient that characterizes the rate of analyte

diffusion between the compartments (Lok et al. 1983;

Myszka et al. 1998). Likewise, a mass balance to the

analyte in the entire reactor yields

0 � �~qiAsur þUiAc c
inð Þ

i � c
outð Þ

i

� �
ð19Þ

where subscript out denotes the quantities at the

reactor outlet; Asur is the surface area of the immobi-

lized receptors; Ac is the channel’s cross-sectional area;

by the same token, a quasi-steady state assumption is

also applied to the entire reactor. In Eq. 19, we also

assume that the axial length of the immobilized reactor

is small and the associated time lag of the analyte is

negligible.

In particular for a reversible analyte–receptor

binding reaction, the kinetics can be expressed as

Aþ B�
ka

kd

AB ð20Þ

and the reactive analyte flux at the channel wall is

given by

�~qA ¼ �kac
ðsÞ
A ~cT

B � ~cAB

� �
þ kd~cAB ð21Þ

where A, B, and AB, respectively, are the analyte,

receptor binding site, and bound analyte (or called the

analyte–receptor complex). ~cT
B is the surface

concentration (unit: M m) of the total receptor

binding sites; ~cT
B � ~cAB denotes the available binding

sites. Thus, the average surface concentration of the

analyte–receptor complex is given by

d~cAB=dt ¼ ~qA ¼ kac
sð Þ

A ~cT
B � ~cAB

� �
� kd~cAB ð22Þ

The approaches used to model different assays and

components are summarized in Table 1. For volumetric

x = 0 x = L
z = 0

z = h
( )b
ic

( )s
ic

x

z

Analyte

Receptor

Surface-bound 
analyte

flow

x = x = 
z = 

z = 
( )b
ic

( )s
ic

x

z

Analyte

Receptor

Surface-bound 
analyte

Fig. 3 Schematic of the two-compartment model for surface
reaction
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assays, the MOL and Fourier series expansion are,

respectively, employed to model cross-stream concen-

tration profiles in reactors (Sect. 3.1.2) and non-reactive

components (Sect. 3.1.1), e.g., channels, mergers, and

splitters. For surface assays, the two-compartment ap-

proach and mass balance are used to evaluate the cross-

sectional average concentration in reactor (Sect. 3.2.2)

and non-reactive components (Sect. 3.2.1).

4 Solution methodology

As described in Sect. 2, the LoC system is represented

as a network of microfluidic components. The gov-

erning equations for pressure-driven fluid flow (Eq. 1)

and electroosmotic flow (Eq. 3) are then solved in the

network. The pressure and velocity fields are coupled

using an implicit pressure-based scheme—SIMPLE

(semi-implicit method for pressure-linked equations)

(Patankar 1980). The distribution of electric potential

and currents is computed using Kirchhoff’s law (Wang

et al. 2006b). In both cases, the software library Su-

perLU (http://crd.lbl.gov/~xiaoye/SuperLU/) is used

for matrix inversion (to solve the resulting system of

linear equations). SuperLU is a general-purpose li-

brary for direct solution of large, sparse, non-sym-

metric systems of linear equations. The details of the

network formulation and solution methodology are

presented elsewhere (Bedekar et al. 2006). The flow

field calculated is then used to solve the governing

equations for analyte transport. Since the analyte

transport and biochemical reactions occurring in dif-

ferent components are described by disparate model-

ing approaches (e.g., the numerical MOL model for the

volumetric reactor and Fourier series-based solution

for the analyte mixing in volumetric reactions-based

assays, etc.), proper exchange of information between

components is critical. For volumetric reactions-based

assays, Fourier cosine series coefficients d
ðgÞ
i;n

n ok

of the

cross-stream analyte concentration profile are propa-

gated in the network, which at the volumetric reactor

are converted back and forth to discrete concentration

profiles cj
i (note that cj

i is needed in Eq. 9) using the

conversion functions

c
j
i ¼

X1

n¼0

d
inð Þ

i;n cos np
j

J

� �

ð23Þ

d
outð Þ

i;n ¼ an

XJ

j¼0

c
j
i cos np j

J

� �

J
ð24Þ

where an = 1 for n = 0 and an = 2 for n „ 0 (from

orthogonality of Fourier eigenfunctions), index k is for

the kth component in the network and g can be in or

out (indicating the inlet or outlet, respectively).

Equations 23 and 24 allow us to restrict the use of the

MOL-based numerical ODE models (which are com-

putationally expensive) to volumetric reactors only,

rather than for the entire network. This makes it pos-

sible to achieve rapid solutions without appreciably

compromising the accuracy. For numerical integration

of ODEs (Eq. 9), we use the software library CVODE

(http://www.llnl.gov/CASC/sundials/). When surface

reactions-based assays are considered, the average

analyte concentration c
ðgÞ
i

n ok

is employed in the net-

work representation. Parameter values of analyte

transport at the component’s outlet are calculated

based on the corresponding values at the inlet

and contributions from the component itself using

Eqs. 6–22. This information is then assigned as the

input to the next component downstream (i.e.,

d
inð Þ

i;n

n okþ1

¼ d
outð Þ

i;n

n ok

and c
inð Þ

i

n okþ1

¼ c
outð Þ

i

n ok

Þ:
The current implementation allows for a virtually

arbitrary number of different analytes coexisting in the

buffer subjected to the limit of computational re-

sources. For the simulation of the volumetric bio-

chemical assays, 40 Fourier terms (n = 0,1,…,39), and

eighty grid cells along the width (J = 80) were found to

yield sufficient accuracy in most LoC applications.

Figure 4 summarizes the flow chart of our system-

level simulation of LoC systems. Simulation informa-

tion (such as the connectivity between components,

analyte and component parameters) is read by the

solver and used to solve the flow and electric field

(Bedekar et al. 2006). The solver then initiates the

solution of the governing equations for analyte trans-

port (note that the electrical and flow calculations are

decoupled from analyte transport). For surface reac-

tions, a calculation is first looped on each component

to obtain process-related parameters, such as mass

transfer coefficients in reactors and flow ratios s at

junctions. These parameters are substituted into the

discretized two-compartment model that is then

Table 1 Modeling approaches used for different assay
components

Assay type Solution
variables

Reactor
model

Non-reactive
components

Volumetric Cross-stream
concentration
profiles

Method of
lines

Fourier series
expansion

Surface Cross-sectional
average
concentration

Two-
compartment
approach

Mass balance
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assembled into the system matrix along with the

information of flow and component connectivity. The

matrix is efficiently solved using SuperLU for c
gð Þ

i

n ok

in the network. Matrix assembly and solving steps

proceed iteratively until the user-defined integration

time is reached. This process also applies to the volu-

metric reaction with the major difference that the

CVODE is used to evaluate the discrete concentration

profiles at reactors (Sect. 3.1.2) and the Fourier coef-

ficients d
gð Þ

i;n

n ok

of the sample concentration are cap-

tured at component terminals. When multiple

volumetric reactors simultaneously coexist in an assay,

the analyte concentration profile input to the reactor

downstream depends on the output from the upstream

reactor; hence, iterations are also needed.

5 Results and discussion

In this section, the system-level model will be applied

to practical LoC assays, including volumetric com-

petitive immunoassay, Michaelis–Menten enzyme

reactions, and the reversible analyte–receptor binding

reactions. Validation of the models by comparison

with experimental data extracted from the literature

and high-fidelity numerical analysis are also pre-

sented. Numerical analysis is performed with the

commercial finite volume-based simulation software

CFD-ACE+ (ESI-CFD, Inc.). The computational

domain is meshed by a block-structured grid using

the preprocessor available within CFD-ACE+. The

software solves the 3D Navier–Stokes equations for

incompressible fluid flow and convection–diffusion

equation with reaction for the buffer flow velocity

and analyte concentration, respectively, in the mi-

crofluidic device. The CFD-ACE+ solver uses the

SIMPLEC algorithm for pressure-velocity coupling.

An upwind scheme is used for discretization of the

velocity fields, while a second-order scheme is used

for analyte distribution. The linearized algebraic

equations are solved using an algebraic multi-grid

(AMG) iterative method for accelerated conver-

gence.

Input: Network connectivity, 
properties, and component 

parameters

Solver Engine

Buffer flow and 
electric calculation

(Velocity and electric field…)

Reaction Calculation

Component Calculation:
Mass transfer coefficient (kM),
time lag (ti), flow ratio (s)…

Component Calculation:
Initialized concentration

coefficients (dn), flow ratio (s)..

Pre-reaction Conversion

System Matrix

SuperLU Solution

Discretized Two-Compartment
Model 

Output Variation of Concentration
Coefficients

System Matrix

Volumetric Reaction Kernel:
MOL & CVODE 

Post-reaction Conversion

SuperLU Solution

Surface Volumetric

Reach time 
integration?

No

Yes

Solution 
converges?

No

End Yes

T
im

e 
In

te
gr

at
io

n 
L

oo
p

It
er

at
io

n 
L

oo
p

Input: Network connectivity, 
properties, and component 

parameters

Solver Engine

Buffer flow and 
electric calculation

(Velocity and electric field…)

Reaction Calculation

Component Calculation:
Mass transfer coefficient (kM),
time lag (ti), flow ratio (s)…

Component Calculation:
Initialized concentration

coefficients (dn), flow ratio (s)..

Pre-reaction Conversion

System Matrix

SuperLU Solution

Discretized Two-Compartment
Model 

Output Variation of Concentration
Coefficients

System Matrix

Volumetric Reaction Kernel:
MOL & CVODE 

Post-reaction Conversion

SuperLU Solution

Surface Volumetric

Reach time 
integration?

No

Yes

Solution 
converges?

No

End Yes

T
im

e 
In

te
gr

at
io

n 
L

oo
p

It
er

at
io

n 
L

oo
p

Fig. 4 Flow chart of the
system-level simulation of
biochemical assays in lab-on-
a-chip devices
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5.1 Competitive immunoassay

To examine the accuracy and efficiency of the models

(as well as the integration of the SuperLU and

CVODE numerical libraries to our simulation engine),

we first compare our modeling results with CFD-

ACE+ and experimental data for a competitive

immunoassay chip with a Y-channel design (Fig. 5).

Premixed analytes comprising antigen A and labeled

antigen A* (in white) flow into the main channel where

they compete for a limited number of binding sites of

antibody Ab (in black) from the left branch (Fig. 5a).

Figure 5b shows the comparison of system-level simu-

lation results, CFD-ACE+ analysis, and extracted

experimental data (Hatch et al. 2001) on the normal-

ized fluorescence intensity along the channel width for

different inlet antigen concentrations (cA). The fluo-

rescence intensity measured in experiments is linearly

proportional to the total concentration of A* and

Ab–A*. Excellent agreement between experimental

and simulation results with an average relative error

less than 5% has been obtained. The concentration

peak near the channel centerline is caused by an

accumulation of complex Ab–A* and exhibits a higher

value when the relative A* concentration is larger (e.g.,

cA = 0). As cA increases, more Ab binding sites tend to

be occupied by the unlabeled antigen A, leading to

negligible binding of A*. Thus, a monotonic sigmoid

distribution of the fluorescence intensity resulting from

pure molecular diffusion of A* is observed.

The accuracy of the CVODE library is also verified

by comparing the same results from (Hatch et al. 2001)

using Matlab ODE solver. The difference is indistin-

guishable. In addition, our system-level simulation

achieves considerable speedup over the full numerical

analysis using CFD-ACE+. On an MS-Windows

workstation with an AMD Athlon CPU (2 GHz, 1 GB

RAM), a single system-level simulation in Fig. 5 takes

~1.4 s, while the 3D numerical model uses about 700 s,

yielding about 500-fold speedup.

5.2 Michaelis–Menten-type enzyme assay

Next we apply the system-level model to the integrated

LoC system for cell lysis and detection shown in Fig. 1.

Escherichia coli cells and lysis agent flow side by side in

the long lysis channel (L3) to release the intracellular

contents. The small intracellular molecules, such as

enzyme b-galactosidase (b-gal), diffuse faster to the

right half of the channel. Molecules, such as DNA and

the lysed cell residue tend to remain in the left half

channel due to their relatively large size and small

diffusivity. At the splitting junction (T2), the flow

stream is split and a fraction of the b-gal is extracted

and transported via merging junction (T3) to the vol-

umetric reaction channel (VR1), where it reacts with

the fluorogenic substrate b-D-galactopyranoside

(RBG) for a Michaelis–Menten-type enzyme reaction.

Figure 6 compares the cross-stream concentration

profiles of enzyme b-gal from the system-level simu-

lation with those from CFD-ACE+ analysis (simula-

tion parameters are given in Appendix B) at different

locations. The diffusion of b-gal into the lysis stream at

the end of the lysis channel (L3) is observed at station

1. Immediately downstream of the merging junction T3

(station 2) an abrupt concentration gradient of enzyme

b-gal is found at its interface to the substrate (RBG)

stream. The gradient gradually smears out along the

detection channel (station 3). Excellent agreement

(relative error < 6.3%) between system simulation and

400 500 600 700 800
0.0

0.2

0.4

0.6

0.8

1.0

       
       
       

Width (µm)

N
or

m
. I

nt
en

si
ty

 I

A* + AAb

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

a b

Detection

Fl
ow

Sys. Sim.
CFD-ACE+

Exp.

0 nM 32.8 nM 156 nM 573 nM

I

400 500 600 700 800
0.0

0.2

0.4

0.6

0.8

1.0

       
       
       

Width ( m)

I

A* + AAb

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Detection

Fl
ow

Sys. Sim.
CFD-ACE+

Exp.

0 nM 32.8 nM 156 nM 573 nM

I

Fig. 5 a Schematic of the Y-type competitive immunoassay and
the contour plot of the normalized fluorescence intensity (I) from
CFD-ACE+. b Comparison between system-level simulation
(Sys.Sim.) results, high-fidelity numerical analysis (CFD-ACE+),

and experimental data [exp., extracted from Hatch et al. (2001)]
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CFD-ACE+ results and tremendous speedup (10,000-

fold) has been achieved. It should be pointed out that

the concentration profile at the inlet of the reaction

channel (station 2) is particularly important for deter-

mining the rate constants of the enzyme reaction,

which previously needed time-consuming numerical

analysis (Schilling et al. 2002; Wang et al. 2006a).

Figure 7 shows the comparison between the system-

level simulation results and experimental data on the

cross-stream concentration profile of Resorufin ex-

tracted at 1 and 2.7 mm downstream of the detection/

reaction channel inlet. We use the same two-step

simulation procedure formulated in (Schilling et al.

2002) to take into account the different viscosities of

sample and lysis agent streams. There is good agree-

ment between simulation and experimental data. Since

the enzyme reaction is fast relative to the cross-stream

diffusion, the reaction product (Resorufin) accumu-

lates at the interface between the two streams leading

to a concentration peak. With constant inputs of the

substrate concentration and the flow rates, this profile

is uniquely determined by the enzyme concentration

alone, and hence, can be used for measurement of cell

concentrations.

Figure 8 shows another automated enzyme chip,

which is driven by electrokinetic flow (Hadd et al.

1997). The fluorogenic substrate (b-gal) from reservoir

1 (Fig. 8a) first merges with the dilution buffer from

reservoir 2 at the MIX junction. The diluted substrate

then flows into the cross intersection (RXN junction)

where it is sandwiched by the enzyme and buffer

streams from both sides. In the reaction channel, the

Michaelis–Menten reaction occurs between the sub-

strate and enzyme accompanied by the molecular dif-

fusion-based mixing to produce the fluorescent product

Resorufin. By modulating electrical potentials at the

substrate and buffer reservoirs, different flow rate ra-

tios, dilution ratios, substrate concentrations, and the

reaction rates can be attained in experiments, from

which constants Km and kp (Eq. 14) can be extracted.

In our system-level simulation, the enzyme chip is

decomposed into a set of reservoirs, mixing channels,

merging junctions, and volumetric reaction channel

(Fig. 8b). Note that the cross RXN junction is treated

as a cascade concatenation of two merging junctions.

Figure 9 shows the cross-sectional area-averaged

resorufin concentration calculated 20 mm (Hadd et al.

1997) downstream from the RXN junction as a func-

tion of substrate and enzyme concentrations at the

reservoir inlet. Results from system-level simulations

and CFD-ACE+ analysis are compared (simulation

parameters are given in Appendix B). From Fig. 9, we

see that an increase in substrate and enzyme concen-

trations results in a growth in resorufin generation.

However, at a constant enzyme concentration the

growth of the resorufin versus substrate concentration

is nonlinear and becomes slower at high substrate

(RBG) concentrations, which agrees with prediction in

Eq. 14. Excellent agreement between the system sim-
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ulation and CFD-ACE+ analysis has been achieved

with the average relative error less than 1%.

5.3 Surface-immobilized reversible binding assay

Figure 10 shows the comparison between the transient

system-level simulation and experimental data from

the BIACORETM kinetics analyzer (BIACORE

International, Uppsala, Sweden) for the binding of

acetazolamide (analyte) to surface-immobilized anhy-

drase-II (receptor) (Wang et al. 2006a). The experi-

mental data show the transient response of the

reflective unit (RU), which is linearly proportional to

the surface concentration of the bound acetazolamide

in surface plasmon resonance (SPR) measurements.

Other simulation parameters are given in the Appen-

dix B. The analyte supply is initiated at t = 0 s and

terminated at 90 s. We can see that the bound aceta-

zolamide increases with time but at a decreasing rate

due to a reduction in available anhydrase-II binding

sites as the reaction proceeds, then levels off and

reaches a steady state. After analyte supply is cut off,

the bound analyte disassociates and restores to the

initial state. As inlet concentration of acetazolamide

increases, reaction rate grows dramatically, leading to a

faster approach to the equilibrium and a higher equi-

librium concentration. These transient response curves

at different flow-in analyte concentration have been

practically used to extract the kinetic and rate con-

stants.

To achieve high-throughput analysis, reaction and

concentration array networks can be combined (Ber-

nard et al. 2001; Jiang et al. 2003) as depicted in

Fig. 11. The concentration array network continuously

splits and recombines the analyte and buffer streams,

eventually resulting in a linear concentration array at

the inlets of channels A–E. Stripes presenting different

immobilized receptors intersect with channels A–E.

Thus, the device enables simultaneous analysis of

multiple candidate receptors at a wide range of analyte

concentration, and is well suited to study of binding

specificity in clinical diagnostics and drug discovery

(Bernard et al. 2001). In our approach, the concentra-

tion array network is disassembled into a set of chan-

nels, merging and splitting junctions as described in

Sect. 3.2. Channels A–E, each containing four surface

reactors, is decomposed into a series of alternately

linked reactors and channels. Figure 12 illustrates the

transient response of the surface concentration of the

analyte–receptor complex in reactors along channel A

(A1–A4) and along strip 1 (A1–D1). An analyte of

50 nM is supplied at the inlet reservoir, yielding a lin-

ear concentration array {50, 37.5, 25, 12.5, 0} nM at the
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Fig. 9 The concentration of the enzyme reaction product
(resorufin) versus substrate (RBG) and enzyme (b-gal) concen-
trations. Three enzyme concentrations {190, 370, and 740} lg/L
are selected as in Hadd et al. (1997)
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inlets of channels A–E. Receptors with increasing

binding affinity to the analyte, ka = { 4 · 104, 4 · 105,

4 · 106, 4 · 107} M–1 s–1 (kd remains 0.02 s–1), are

respectively immobilized on strips 1–4. Figure 12a

illustrates the transient response in reactors along strip

1 that involve different flow-in analyte concentrations.

It exhibits the similar binding behavior as the experi-

mental data in Fig. 10. Figure 12b shows the response

of the surface reactors along channel A. As the forward

binding constant ka increases, the reaction rate raises

dramatically, leading to a faster arrival to the equilib-

rium state and a higher equilibrium value. It is inter-

esting to note that at extremely high ka (e.g., for A4,

ka = 4 · 107 M–1s–1), the analyte–receptor concen-

tration ascends almost linearly at the beginning and the

reaction is transport limited.

It should be pointed out that all curves presented in

Fig. 12 are generated by a single simulation, which is

completed within 40 s and contains more than 120

components and 20 surface reactors. This is the first

time that a system-level simulation is used for evalu-

ating performance of multiple surface-immobilized

reactors in complex microfluidic networks and high-

throughput assays.

6 Conclusions

We have presented an efficient and accurate system-

level modeling and simulation approach for LoC de-

sign. Integrated LoCs are decomposed into a collection

of components with relatively simple geometries and

specific functionalities. Numerical ODE models for

biochemical reactions in reactors and analytical models

for fluid flow, electric field, and sample transport in

other microfluidic components (e.g., channels and

junctions) are also developed. The models demonstrate

substantial computational speedup without appreciably

compromising accuracy, and are therefore well suited

for optimal design of microchips as well as determi-

nation of kinetic constants (or other process-related

parameters) from experimental measurements—a

process that typically involve a large number of simu-

lation iterations.

We also present approaches to seamlessly link the

component models developed by disparate approaches

for a system-level simulation. The communication be-

tween adjacent components is enabled through a

proper choice of the parameters at component inter-

Fig. 10 Comparison between system simulation (smooth curves)
and BIACORE data (fluctuating curves) for the binding of
acetazolamide to surfaced immobilized anhydrase-II at different
inlet acetazolamide concentrations
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faces. Specifically, Fourier cosine series coefficients of

cross-stream analyte concentration profiles {dn} and

cross-sectional average analyte concentration c are,

respectively, used in the network representation of

volumetric and surface reaction-based LoC assays. Pre-

reaction and post-reaction conversion algorithms are

proposed within volumetric reactors to convert the

discrete analyte concentration profile into Fourier series

back and forth. This restricts the use of numerical model

only for reactors and ensures fast simulation speed.

These models have been integrated into an efficient

simulation engine for system-level simulation of the

entire chip and allow for rapid iterative design of LoCs.

The system-level simulations have been validated

against high-fidelity numerical analysis and experi-

mental data, and applied to evaluating system perfor-

mance of practical LoCs including competitive

immunoassay, pressure-driven and electrokinetic

Michaelis–Menten-type enzyme assays, and surface

binding reaction. It has been shown that the models are

able to accurately describe the overall effects of the

system topologies and design protocols on chip per-

formance, and interactions among components. Tre-

mendous speedup (100–10,000-fold depending on

assays) over high-fidelity CFD analysis has been

achieved, while still maintaining adequate accuracy

(<10% error relative to numerical analysis). Therefore,

our modeling and simulation efforts represent a sig-

nificant contribution to addressing the need for effi-

cient and accurate modeling and simulation tools for

optimal design of integrated LoC assays. On incorpo-

rating optimization algorithms, the present effort can

be readily extended to chip layout optimization and

kinetics analysis.

In the future, more diverse reaction modules, such

as surface-immobilized enzymatic assays and other

multi-step reaction mechanisms, can be built to further

extend the current effort. In addition, to achieve a fully

integrated and multi-functional total analysis LoC

system, a generalized approach that integrates these

models to the previously developed electrophoresis

models needs to be proposed (Bedekar et al. 2006).
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7 Appendix A: Component models for mergers

and splitters (Sect. 3.1.1)

The merger is another component commonly used in

LoC assays. In a merger two incoming streams with

certain analyte concentration profiles are combined

and emerge as a single merged stream. Denote di,m
(l) and

di,m
(r) (m = 0, 1, 2,…) the Fourier coefficients of

concentration profiles of the ith analyte at the left

and right inlets, respectively. Then Fourier coeffi-

cients di,n
(out) (n = 0,1,2,…) at the merger outlet can be

obtained as (Wang et al. 2005a, 2006b),

d
ðoutÞ
i;n ¼

d
ðlÞ
i;0sþ d

rð Þ
i;0 1� sð Þ; if n ¼ 0

s
X1; if m 6¼ns

m¼0
d
ðlÞ
i;m

f1 sin f2ð Þ þ f2 sin f1ð Þ
f1f2

þ

s
X1;if m¼ns

m¼0
d
ðlÞ
i;m þ 1� sð Þ

X1; if m¼n 1�sð Þ
m¼0

�1ð Þn�md
ðrÞ
i;m

þ 2 �1ð Þn 1� sð Þ
X1; if m 6¼n 1�sð Þ

m¼0
d
ðrÞ
i;m

cos F2=2ð Þ sin F1=2ð Þ
F1

�

þ cos F1=2ð Þ sin F2=2ð Þ
F2

�

;

if n � 1

8
>>>>>>>>>><

>>>>>>>>>>:
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Fig. 12 Transient response of the surface concentration of the
analyte–receptor complex in surface bioreactors. a Along
channel A; b along line 1
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where s = ql/(ql + qr) is the flow ratio, the normalized

flow rate of the left-side stream, and also the normal-

ized position of the interface between the incoming

streams. In Eq. A1, f1 = (m – ns)p, f2 = (m + ns)p,

F1 = (m + n – ns)p, and F2 = (m – n + ns)p. Since the

analyte concentration profiles from the inlets are

scaled down at the outlet, the Fourier series compo-

nents at the inlet are not orthogonal to those at the

outlet. Therefore, different indices m and n are used at

the inlets and outlet, respectively.

The splitter splits a single incoming stream into two

that emerge at the left- and right-side outlets. Let

di,m
(in)(m = 0,1,2,…) be the Fourier coefficients of con-

centration profile of the ith analyte at the inlet. Its

Fourier coefficients at the left and right outlets are

given by

where f1 = (n–ms)p, f2 = (n + ms)p, F1 = (n + m–ms)p,

F2 = (n–m + ms)p, /1 = msp, and /2 = m(1 – s)p. Here,

s = ql /(ql + qr) is the splitting flow ratio, as well as the

normalized interface position between the two split

streams. By the same reason, different indices m and n

are used at the inlet and outlets.

8 Appendix B: Extraction of experimental and

numerical data from the literature

8.1 Parameters for the competitive immunoassay

(Sect. 5.1)

We use data from competitive immunoassay experi-

ments in a Y-sensor reported by Hatch et al. (2001) to

validate the implementation of CVODE numerical

package and SuperLU matrix solver in our system-level

simulation framework. Same parameters as the experi-

ments are used: ka ¼ k�a ¼ 4� 10�6 M�1 s�1; kd

¼ k�d ¼ 1� 10�4 s�1;DA ¼ 5:8� 10�10 m2=s;DA� ¼ 3:2

�10�10 m2/s, DAb ¼ DAb�A ¼ DAb�A� ¼ 4:3� 10�11

m2/s. cAb and cA� in reservoirs are hold constant at 74

and 19 nM, respectively. The detection is made

at 6.4 mm downstream of the merging junction, yielding

a residence time of 18.5 s for the analytes and antibody.

In the numerical CFD-ACE+ model, the depth

and width of the channel are, respectively, resolved with

10 and 120 cells, yielding 83,000 cells for the entire

volume.

8.2 Parameters for the Michaelis–Menten enzyme

reaction (Sect. 5.2)

We use data from two enzymatic assays, respectively,

in pressure-driven (Schilling et al. 2002) (see Fig. 1)

and electrokinetic (Hadd et al. 1997) flow. For the

former, parameters used in the system simulations are:

Km = 538 lM, kp = 70 s–1, DE = 2.7 · 10–11 m2/s, DS =

4.3 · 10–10 m2/s, DP = 6.6 · 10–10 m2/s as reported. The

enzyme concentration cE specified at the cell inlet in

the system simulation and CFD-ACE+ analysis is

0.4714 lM, yielding a maximum enzyme concentration

of 0.165 lM at station 3 as discussed in (Schilling et al.

2002). The data reflect the fluorescence intensity con-

tributed by both the product (Resorufin) and substrate

(RBG). The substrate concentration cS at the substrate

inlet is 50 lM. In the numerical CFD-ACE+ model,

the depth and width of the channel are, respectively,

resolved with 8 and 60 cells, yielding 440,000 cells for

the entire volume. For the electrokinetic assay, from

the electrical resistance of each channel, we calculate

each channel length in Fig. 8a. The channels linking to

reservoirs 1, 2, 3, and 4 are, respectively, 2.064, 2.566,

0.804, and 0.684 cm. Mixing and reaction channels are

0.188 and 2.34 cm long, respectively. Electrokinetic

mobility is 3.47 · 10–8 m2/(Vs), yielding a flow rate of

14 nL/s (Hadd et al. 1997). Enzyme concentrations of

{190, 370, and 740} lg/L identical to the experiments

are used, which are converted to {0.352, 0.685, 1.37} nM

in system-level simulation and CFD-ACE+ using

information in (Schilling et al. 2002). As feed channels

d
ðlÞ
i;n ¼

d
inð Þ

i;0 þ
P1

m¼1 d
inð Þ

i;m sin /1ð Þ
.

/1 if n ¼ 0

2
P1; if m 6¼n=s

m¼0 d
inð Þ

i;m �1ð Þnþ1/1 sin /1ð Þ
.

f1f2 þ
P1; if m¼n=s

m¼0 d
inð Þ

i;m if n � 1

8
><

>:
ðA2Þ

and

d
ðrÞ
i;n ¼

d
inð Þ

i;0 �
P1

m¼1 d
inð Þ

i;m sin /1ð Þ
.

/2 if n ¼ 0

2
P1; ifm 6¼n= 1�sð Þ

m¼0 d
inð Þ

i;m /2 sin /1ð Þ
.

F1F2 þ
P1; if m¼n= 1�sð Þ

m¼0 �1ð Þm�nd
inð Þ

i;m if n � 1

8
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>:
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do not affect analyte mixing and reaction downstream,

CFD-ACE+ simulations are only performed on the

mixing and reaction channels with the voltage at their

inlet set to a value calculated from the system-level

model. In electrokinetic flow, the analyte concentra-

tions are assumed to be independent of the coordinate

along the channel depth (Ermakov et al. 1998). We

hence model the device in 2D domain and the channel

width is discretized into 40 segments, giving a total of

66,000 cells. Our CFD-ACE+ analysis (not shown)

indicates that the concentrations of the enzyme, sub-

strate, and product are completely uniform along the

channel width at the detection spot. Therefore, the

resorufin concentration in the vertical axis of Fig. 9 is

proportional to the total amount of the resorufin pro-

duced (Sect. 5.2).

8.3 Parameters for the surface binding assay

(Sect. 5.3)

The BIACORE data are provided by Dr. Jerry W.

Jenkins at CFD Research Corporation and is from his

private communication with Dr. David G. Myszka at

the University of Utah. The reaction channel is 500 lm

long and 50 lm wide with an effective binding length

of 1.6 mm. The flow rate is 0.785 lL/s. Through a

global analysis of the BIACORE data using CFD-

ACE+ as the iterative subroutine, we find: ka =

57,085 M–1s–1, kd = 0.0455 s–1, and P = 3,215, where P

is the initial RU induced by the blank receptor (an-

hydrase-II). Anhydrase-II has a molecular weight

(MW) of 33,000 g/mol and a RU unit corresponds to

10–10 g/cm2, which yields the receptor surface concen-

tration of 9.742 · 10–11 M m. Analyte (acetazolamide)

has a MW of 201 g/mol.
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