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Evaluation of different erosion–entrainment 
models in debris‑flow simulation

Abstract Debris flow generated by landslides due to intense rainfall 
can cause extensive damage to residential areas. To predict and 
prevent the severity of such damage, several numerical models have 
been developed. However, there are limited studies regarding the 
entrainment and erosion effect of debris flow. This research aims 
to analyze several erosion–entrainment models for the selection 
of erosion–entrainment models in debris-flow analysis. The study 
focuses on landslides that occurred in the Raemian and Sindonga 
apartment basins in Mt. Umyeon, Republic of Korea, on July 27, 
2011. The impact area, entrainment volume, maximum velocity, 
inundated depth, and erosion shape resulting from the debris-flow 
modeling were compared with field data. The simulation results 
of each erosion–entrainment model were assessed through the 
receiver operating characteristic method.

Keywords Landslides · Debris flow · Erosion–entrainment · Mt. 
Umyeon

Introduction

Debris flow, which comprises sediment and water, is typically trig-
gered in steep landscapes due to high rainfall intensity and dura-
tion (Iverson 1997; Lai et al. 2018). This flow is capable of rapidly 
transporting large volumes of sediment and large boulders over 
long distances, making them destructive and dangerous (Coe et al. 
2014; Takahashi 2007). Despite the significant danger and impor-
tance of landscape change (Stock and Dietrich 2003), limited 
work has been conducted to directly measure natural debris flows 
because they occur infrequently and are difficult, and dangerous, 
to measure (Kean et al. 2011; Takahashi 2007).

Numerical models are useful for analyzing the flow of difficult-to-
implement mixtures, such as debris flows. In particular, for analyzing 
debris flow of high fluidity, caused by rainfall, rheological and entrain-
ment models must be considered for numerical analysis. The rheologi-
cal model dominates the overall flow of soil and has a significant effect 
on the flow velocity and the extent of the impact on an area. Moreover, 
erosion is a phenomenon in which topsoil is eroded due to debris flow, 
and entrainment refers to a phenomenon in which debris flow col-
lects the eroded soil and the weakened topsoil during the flow process. 
Remaître et al. (2005) analyzed erosion process increases the volume 
of the collapsed soil 10–50 times. Pudasaini and Krautblatter (2021) 
figured out erosion–entrainment process determines the mobility and 
energy of the debris flow, and they explained the erosion–entrainment 
process full-mechanically first ever. Furthermore, this phenomenon has 
a significant effect on the damage caused to properties. Therefore, it is 
essential to apply the rheological model and the erosion–entrainment 

model to precisely analyze the extent of the damage, due to the debris 
flow, and caused to the surrounding area.

To analyze debris-flow hazards mechanism, many different 
one-dimensional (1D) or two-dimensional (2D) models have been 
proposed, and 2D simulations have provided strong insights into 
the dynamic behavior of debris flows (Denlinger and Iverson 2001; 
Pitman et al. 2003; Pudasaini et al. 2005; Richenmann et al. 2006; 
An et al. 2019; Liu and He 2020). Naef et al. (2006) compared several 
rheological models—Full Bingham, Simplified Bingham, Voellmy, 
Turbulent-Coulomb, Turbulent-Yield, Turbulent-Coulomb-Yield, 
Quadratic, and Coulomb-viscous—in a one-dimensional debris-
flow simulation. In addition, several comparative studies of rheo-
logical models, in two-dimensional debris-flow simulations, were 
conducted (Medina et al. 2008; Bertolo and Bottino 2008; Christen 
et al. 2010; Pirulli 2010; Dahl et al. 2013). Furthermore, the perfor-
mance of different debris-flow models or software such as DEFM-
2D, FLO-2D, RAMMS, DAN, BING, Massflow, MassMov2D, MatDEM, 
and PFC was compared and explored (Rickenmann et al. 2006; 
Cesca and D’Agostino 2008; Pirulli and Sorbino 2008; Bertolo and 
Bottino 2008; Dahl et al. 2013; Scaringi et al. 2018). However, the per-
formance of modeling the erosion–entrainment process has not yet 
been addressed through comparative studies, despite its importance.

To date, different erosion models have been derived from different 
theories and require different physical and nonphysical parameters. 
Takahashi and Nakagawa (1991) proposed an erosion–deposition 
model based on the concentration of the soil–water mixture with a 
number of physical parameters. Their model was derived from lab-
oratory experimental studies and has deeper physical implications 
than the other erosion models. However, it requires an additional 
computation of the soil–water concentration, unlike the other mod-
els. McDougall and Hungr (2005) proposed an erosion–entrainment 
model in which the erosional rate is proportional to the flow depth 
and velocity and inversely proportional to the channel length. Sovilla 
et al. (2006) proposed a simple erosion–entrainment model in which 
the erosional rate is only proportional to the flow velocity in a snow 
avalanche simulation. In the approach proposed by Medinal et al. 
(2008), the erosional depth was derived based on the soil mechanics 
of the equilibrium between frictional forces (bed shear stress). Frank 
et al. (2015) computed the maximum erosion depth using the critical 
bed shear stress with the assumption of a constant erosion rate. Hong 
et al. (2020) simulated the soil entrainment process by combining the 
wetting front and Morgenstern’s (1978) infinite slope stability model. 
With a seminal paper, Pudasaini and Fischer (2020) developed a fully 
mechanical erosion and deposition model based on the two-phase 
mass flow system by Pudasaini (2012). Pudasaini and Krautblatter 
(2021) proposed the first-ever physically correct and mathematically 
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consistent mechanical erosion–entrainment model for the energy 
budget of erosive landslides that controls their enhanced or reduced 
mobility, solving the long-standing problem in mass flow mobil-
ity. Recently, two-phase and multi-phase physics-based debris-flow 
models (Pudasaini 2012; Pudasaini and Mergili 2019) have been suc-
cessfully applied to accurately simulate several complex catastrophic  
natural mass flow events (Mergili et al. 2020a, b; Shugar et al. 2021). 
Although several researchers successfully applied two-phase and  
multi-phase physics-based debris-flow models, these are still chal- 
lenging because of their numerical complexity and the requirement of 
many physical parameters. Therefore, we limit ourselves to one-phase 
models and empirical erosion rates and modeling frames. Several meth-
odologies have been proposed to simulate the erosion and entrainment  
phenomena that occur in the flow process. However, comparative  
analysis of each method is insufficient.

Therefore, the purpose of this study is a performance com-
parison of erosion–entrainment models conducted through a 
2D debris-flow simulation. To do this, five models of the ero-
sion–entrainment process, introduced by McDougall and Hungr 
(2005), Sovilla et al. (2006), static and dynamic equilibrium of 
Medina et al. (2008), and Frank et al. (2015), combined with three 
rheological models (Voellmy, Bingham, and Coulomb-viscous) were 
tested in a 2D debris-flow simulation. The impact area, entrainment 
volume, inundated depth, maximum velocity, and eroded depth 
were analyzed, and the comprehensive performances were com-
pared based on the receiver operating characteristic (ROC) method 
introduced by Cepeda et al. (2010).

Materials and methods

Governing equation and numerical modeling

In this study, Deb2D, developed by An et al. (2019), was used to test 
the performance of the erosion–entrainment model in debris-flow 
simulation. This model can calculate the flow process faster than 
other numerical models because it simulates debris flows through 
an adaptive-mesh-refinement technique. The governing equation 
of Deb2D is a hyperbolic conservation form of the mass, and the 
momentum balance equation is expressed as follows:

where t  denotes the time, x and y are the Cartesian coordinates, 
and q , f  , g , and s are the vectors representing conserved variables, 
fluxes in the x - and y-directions, and source terms, respectively. The 
vectors can be written as:

where h is the depth of the debris-flow mixture, u and v are the 
depth-averaged velocity components in the x- and y-directions, 
respectively; g is the acceleration of gravity; E is the entrainment 
( E > 0 ) or deposition rate ( E < 0 ); Sgx and Sgy represent the gravi-
tational acceleration in the x - and y-directions, respectively; and 
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Sfx and Sfy represent the driving friction in the x - and y-directions, 
respectively.

The Pudasaini (2012) and Pudasaini and Mergili (2019) multi-
phase, multi-mechanical mass flow models based on the fully physi-
cally explained pressure- and rate-dependent Coulomb-viscoplastic 
rheological model cover all these aspects, and there are several suc-
cessful application cases such as Mergili et al. (2020a, b) and Shugar 
et al. (2021). However, this study focuses on one-phase modeling 
approach due to the simplicity and applicability and widely used 
three rheological models, namely the Voellmy, Bingham, and Cou-
lomb-viscous models, which are considered here.

First of all, the Voellmy friction is expressed as follows (Voellmy 
1995):

where a, the Coulomb friction coefficient, dominates the decelera-
tion behavior when the flow is slow, and � , the turbulent friction 
coefficient, prevails when the flow is fast (Bartelt et al. 2013; Frank 
et al. 2015).

Second, the Bingham friction is expressed as follows (Bingham 
1922):

where � is the mass density, �c is the yield stress, and �b is the Bing-
ham viscosity.

Lastly, the Coulomb-viscous friction is expressed as follows 
(Johnson and Rodine 1984):

where � is the friction angle between the bed material and surface 
and �c is the Coulomb-viscous viscosity.

The governing equation is discretized using the finite-volume 
method. Numerical models with shallow-water governing equations  
often suffer from an imbalance between the gradient of the water 
depth and bed slope in an irregular topography. This imbalance 
may cause numerical oscillations and instability in the simulation 
near shocks or wet–dry transitions. This model implements the 
hydrostatic reconstruction technique, proposed by Audusse et al. 
(2004), which has successfully been applied to quadtree adaptive 
grid-based shallow-water models. The discretized governing equa-
tion is calculated based on the HLLC scheme. Please refer to An et al.  
(2012) and An et al. (2019) for a detailed definition and calculation 
method for discrete terms.

Erosion–entrainment models

The importance of the erosion–entrainment phenomena, occur-
ring in the progress of debris flow, has been identified in many pre-
vious studies (Medina et al. 2008; Frank et al. 2015; An et al. 2019; 
Pudasaini and Fischer 2020; Pudasaini and Krautblatter 2021). 
However, several approaches have been used, such as McDougall 
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and Hungr (2005); Sovilla et al. (2006); Medina et al. (2008); and 
Frank et al. (2015), although there is no study on performance 
analysis between each approach yet.

The erosional rate E in McDougall and Hungr (2005) is 
expressed as follows:

where Vf  is the final volume of debris flow, V0 is the initial volume 
of debris flow, and S is the length of the channel. This approach 
requires the initial volume and final volume of debris flow, and 
these parameters are values that could acquire through field sur-
veys. The entrainment rate a in Sovilla et al. (2006) is given as:

where � is a dimensionless entrainment coefficient and h
(
x, y, 0

)
 is 

the initial height of the entrainment layer at position ( x, y ). Note 
that Eq. (7) was originally proposed to simulate snow avalanches, 
but it has been successfully applied to debris-flow simulations 
(Hussin et al. 2012; An et al. 2019; Lee et al. 2020; Abraham et al. 
2021).

Medina et al. (2008) proposed two erosion–entrainment models—
static and dynamic equilibrium models—based on the soil mechanics 
of the equilibrium between frictional force and resistance force. The 
static equilibrium models are derived with the assumption of static 
flow and are given as follows:

where dz∕dt is the erosion rate, Sb is the basal resistance force, � is 
the angle between the horizontal plane and the velocity direction, � 
is the bulk friction angle of the bed material, c is the cohesion, and � 
is the pore pressure parameter, proposed by Iverson and Denlinger 
(2001). The dynamic equilibrium models are derived with the mov-
ing flow condition and expressed as follows:

Note that the erosional rate is a constant parameter in the static 
equilibrium approach, whereas it has changed to a dynamic equi-
librium approach in the aforementioned case. The model proposed 
by Frank et al. (2015) is as follows:
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where dz∕d� is the average potential erosion depth, � is the shear 
stress, �fc is the critical shear stress, in the Frank algorithm, and s 
is the channel slope. This model also assumes a constant erosional 
rate, which is the same as that in the static equilibrium approach 
in Medina et al. (2008).

The five erosion–entrainment models were referred to in this 
study: McDougall and Hungr (2005); Sovilla et al. (2006); static and 
dynamic equilibrium models in Medina et al. (2008); and Frank 
et al. (2015). Figure 1 shows the flowchart of the Deb2D model.

Assessment of simulation results using ROC analysis

Godt et al. (2008) attempted ROC analysis to evaluate the accuracy 
of the simulation results in a landslide risk area analysis. Cepeda 
et al. (2010) proposed a quantitative method, using ROC analysis, 
to calibrate the parameters used in the debris-flow model. In this 
study, to evaluate the accuracy of the erosion–entrainment mod-
els, all models used parameters calibrated in each catchment. The 
required the true-positive rate ( TPR ), the false-positive rate ( FPR ), 
and error rate in ROC are given as follows (refer to Fig. 2a):

The analysis of qualitative data, such as the impact area, is shown in 
Fig. 2b (Godt et al. 2008), and the analysis of quantitative data such 
as the flow velocity, inundated depth, and the entrainment volume 
uses the method proposed by Cepeda et al. (2010) (refer to Fig. 2c). 
The ROC is a method of estimating simulation results that are most 
suitable for field survey data among the simulation results. ROC 
compares implementation results with each other, so a direct com-
parison with observations is insufficient. Therefore, in this study, 
we tried to add an accuracy item ( Acc. ) that can directly compare 
observations and simulation results. The method of calculating Acc. 
is shown in Eq. (15), and the calculation method is divided into 1) 
the case of the impact area (qualitative data) and 2) the other case 
(quantitative data). To measure the overall accuracy, an error rate 
with accuracy ( A.E rate ) is computed as in Eq. (16).

TPR , FPR , and Acc. are calculated for each criterion, and appropri-
ate weightings are assigned based on an expert assessment of the 
relative importance of each criterion (Cepeda et al. 2010). The accu-
racy of each model is assessed through the A.E rate , the combined 
data of Acc. and error rate . If the simulation and the actual event 
match perfectly, the A.E rate is zero.
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Study area

In the Umyeon Mountain area, debris flows occurred due to  
torrential rainfall (rainfall amount: 500 mm/day; maximum rainfall 
intensity: 80 mm/h) on July 26 and 27, 2011. Mt. Umyeon is located 
in Seoul City. The water-laden debris flows inflicted significant 
property damage in the downtown areas, causing 16 deaths. Among 
a series of debris flows in the Mt. Umyeon area, field investigations 
and analysis using CCTV were conducted in the Raemian and Sin-
donga apartment basins. Field data are useful in the study of debris 

flow through back-analysis; therefore, we selected the Raemian and 
Sindonga basins to simulate the event.

According to a report (Seoul City 2014), debris flow occurred 
at four points (marked in red in the Raemian catchment) and 
three points in the Sindonga catchment through shallow land-
slides (Fig. 3). The observed channel lengths in the Raemian and Sin- 
donga basins were reported to be 606 m and 664 m, respectively. 
The amount of eroded sediment (the final volume of debris flow) 
was 42,500  m3 and 44,500  m3, respectively. The maximum velocity 
of debris flows, which was analyzed using CCTV and dashboard 

Fig. 1   Flowchart of the Deb2D 
model (modified from An et al. 
2019)

Fig. 2   (a) Confusion matrix showing outcome of a classification in ROC (modified from Fawcett 2006) and definition of variables for estima-
tion of discrete classifiers for spatially distributed values (b) and for single-point scalar values (c) (modified from Cepeda et al. 2010)
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camera in a car, was estimated to be approximately 28 m/s and 
18 m/s, at the Sindonga and Raemian apartment blocks, respec- 
tively. These debris-flow events were reported that caused direct dam- 
age to the third (approximately 10 m) and second (approximately 
8 m) floors of Raemian apartment and Sindonga apartment, 
respectively, in the downtown area.

The mountain range is composed mainly of Precambrian banded 
biotite gneiss and granitic gneiss and has slopes with an average angle 

of 34°. In this study, the erodible soil depth is pre-determined by the 
report and field survey, which demonstrate that the erodible soil depth 
is distributed between 2 and 5 m (average 2 m). A digital elevation 
model, using light detection and ranging (LiDAR DEM) (1 m × 1 m), 
was used as the input data for the terrain. The scale of the collapse 
spots was constructed based on the difference in the LiDAR DEMs 
before and after the landslide. Therefore, the volumes on initial land-
slide scars were measured as 350  m3 for both catchments.

Fig. 3   (a) Study area and events: the 2011 landslide at Mt. Umyeon, Raemian apartment basin and Sindonga apartment basin, and digital 
photographs of Raemian apartment basin (b) and Sindonga apartment basin (c)
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Results

Three rheological models (Voellmy, Bingham, and Coulomb) and 
five erosion–entrainment models (McDougall and Hungr, Sovilla, 
Medina’s static, Medina’s dynamic, and Frank) were combined into 
15 cases, as shown in Tables 1 and 2. According to Lee et al. (2020), 
the properties of the sediments, generated in the Raemian and Sin-
donga basins, were different. Therefore, in this study, parameter 
optimization was performed for each of the two basins for com-
parison and analysis.

Using the ROC method, the results were compared and ana-
lyzed using field data. The criteria were 1) the impact area, 2) 
the entrainment volume, 3) the inundated depth observed near 
the apartment, and 4) the maximum velocity of the debris flow 
observed near the road adjoining the apartments. The weight for 
each criterion was set by comprehensively assessing the reliability 
and importance of the field survey (Cepeda et al. 2010). Addition-
ally, for the analysis of erosion, the erosion depth specific gravity 
graph, used by Frank et al. (2015), was also adopted in this work, 
and observational data were constructed using LiDAR DEMs 
before and after the landslide.

Raemian apartment basin

The results of the simulation of the Raemian catchment are 
summarized in Table 1, which shows the ROC for each ero-
sion–entrainment model. The simulation using the Voellmy 
rheological model resulted in a value of 0.183–0.346 (aver-
age 0.254) for the A.E rate , which represents an overall higher 
achieved accuracy than the Bingham (0.284–0.425; aver. 0.347) 
and Coulomb (0.205–0.318; aver. 0.281) models. However, in 
all rheological models, it is difficult to implement the rapid 
flow velocity (28 m/s) of the Raemian basin debris flow. Here 
is because the observed flow velocity in this catchment is rapid 
compared with the previously studied debris-flow events. In 
particular, the Voellmy model exhibits lower accuracy than the 
other models at the flow velocity.

In the erosion–entrainment model, Medina’s dynamic and static 
models had values of 0.183–0.425 (aver. 0.271) and –0.223–0.311 
(aver. 0.273) for the A.E rate , respectively, demonstrating higher 
accuracy than other models such as McDougall and Hungr 
(0.318–0.380; aver. 0.348), Sovilla (0.244–0.345; aver. 0.291), and 
Frank (0.276–0.302; aver. 0.287). In particular, the Voellmy and 
Medina dynamic combination revealed the lowest the A.E rate 
(0.183), showing the highest accuracy; the next Coulomb and 
Medina dynamic combination was also found to be accurate, with 
an A.E rate of 0.205.

The simulated erosion data, according to the five ero-
sion–entrainment models, are shown in Figs. 4 and 5. The 
McDougall and Hungr model indicates that erosion occurred in 
a larger area than observed, especially in the lower part of the 
basin (Fig. 4b). Sovilla and Medina’s dynamic models (Fig. 4c  
and e) show that erosions occurred several times in the mid-
dle and upper parts of the basin. In addition, Medina’s dynamic 
model revealed this phenomenon more extremely. Frank and 
Medina’s static models revealed similar erosion patterns; how-
ever, the Frank model showed better performance in the middle 

and upper parts of the catchment (Fig. 4d and f). However, it was 
difficult to simulate erosion on the left side of the lower area of 
the basin in any entrainment model. This aspect seemed to be 
due to the limitation of DEMs precision by dense trees and nar-
row watershed.

In Fig. 5, the analysis graph, used by Frank et al. (2015), showed 
that the rheological model has an insignificant influence on the 
erosion process, and the selected erosion–entrainment model was 
important when simulating the erosion depth. The McDougall and 
Hungr and Sovilla models were found to have a deeper erosion 
depth than the observed data. Similar to the analysis in Fig. 4, Medi-
na’s static and Frank models generally exhibited patterns analogous 
to the observations. The result of the Voellmy and Frank combina-
tion, which is the maximum debris-flow depths in the Raemian 
basin, is shown in Fig. 6.

Sindonga apartment basin

The analysis of the Sindonga basin showing the ROC results for 
each erosion–entrainment model is shown in Table 2. The Cou-
lomb rheological model revealed A.E rate of 0.224–0.422 (aver. 
0.320), indicating greater accuracy than achieved by the Voellmy 
(0.250–0.579; aver. 0.384) and Bingham (0.184–0.523; aver. 0.360) 
models. The maximum velocity in the Sindonga basin was 18 m/s, 
which is lower than that in the Raemian basin. Therefore, it can be 
implemented well in each of the rheological models adopted within 
this study. However, criteria other than velocity showed lower accu-
racy than the Raemian catchment.

Medina’s static and Frank models showed A.E rate of 
0.224–0.427 (aver. 0.292) and 0.184–0.250 (aver. 0.228), respectively, 
showing higher accuracy than other models such as McDougall and 
Hungr (0.272–0.523; aver. 0.388), Sovilla (0.419–0.579; aver. 0.473), 
and Medina’s dynamic (0.335–0.449; aver. 0.392). In particular, the 
Bingham and Frank combination showed the highest accuracy, with 
an A.E rate of 0.184, followed by the Coulomb and Medina’s static 
combination with an A.E rate of 0.224.

The analysis of the erosion depth for the Sindonga catchment 
is shown in Figs. 7 and 8. McDougall and Hungr and Medina’s 
dynamic models (Fig. 7b and e) showed that significant erosion 
occurred in the left catchment area. In Fig. 7c, d, and f, Sovilla, 
Medina’s static, and Frank models exhibited erosion on the right 
side of the basin. McDougall showed similar erosion patterns to 
Sovilla and Medina’s dynamic models, and unlike observations, it 
predicted that erosion would occur several times in the middle and 
upper parts. Overall, Medina’s static and Frank models (Fig. 7d and 
f) showed high accuracy, and Medina’s static and Frank models 
exhibited very comparable results. However, it is difficult to simu-
late erosion on the left side of the lower area of the catchment in 
any entrainment model.

In Fig. 8, McDougall and Hungr, Sovilla, and Medina’s dynamic 
models showed an analogous pattern to that of the observation 
at a depth of more than 2 m; however, the analysis of the erosion 
depth of less than 2 m revealed low accuracy. Medina’s static model 
showed different results, according to the rheological models, com-
pared with other erosion–entrainment models. However, it was 
difficult to simulate a greater erosion depth even when combined 
with any rheological model. In the case of the Frank model, a low 
erosion depth of 1 m or less was implemented with high accuracy, 
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Fig. 4   Evaluation of modeled vs. observed erosion depth shape for the Raemian apartment basin based on the Voellmy rheological model. 
(a) Observation, (b) McDougall and Hungr (c) Sovilla, (d) Medina’s static, (e) Medina’s dynamic, and (f) Frank entrainment models
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but it was analyzed that the erosion depth of 1 m or more is some-
what underestimated. The Voellmy and Frank combination result, 
which is the maximum debris-flow depths in the Sindonga basin, 
is shown in Fig. 9.

Discussion

The McDougall and Hungr entrainment model was designed to 
implement erosion–entrainment based on field data such as the 
initial volume, final volume, and length of the basin. And in the 
case of the Raemian and Sindonga apartment basins, all three 
parameters have been investigated through on-site surveys. 
However, it was difficult to simulate the debris-flow events, and 
it was necessary to calibrate the parameters. Finally, it appears 
that erosion–entrainment was more active in the study area than  
in McDougall and Hungr (2005). In the Sovilla model, the ero- 

sion–entrainment rates are governing factors. The larger the � , the 
more active the erosion–entrainment, and the smaller the value, 
the less the erosion and entrainment action. In Medina’s static 
model, parameter dz∕d� dominates the erosion and entrainment 
process. In the dynamic model, the flow velocity is in the denomi-
nator of the entrainment rate equation. This algorithm, Eq. (11), 
revealed an excessive erosion depth when the flow velocity was 
zero or close to zero. Therefore, to overcome this phenomenon, the 
study events were simulated by adopting the maximum entrain-
ment rate. The Frank model demonstrated the best performance. 
In this algorithm, dz∕d� directly controlled the velocity of the 
erosion and entrainment process, and from the simulation results 
dz∕d� affected the erosion width, and �fc played a role similar to 
the critical point at which erosion–entrainment occurs.

Analyzing Figs. 5 and 8, it can be seen that selecting the rheo-
logical model was insignificant in implementing the erosion. In 

Fig. 5   Cumulative probability–density plot of modeled vs. observed erosion depths for the Raemian apartment basin based on a grid resolu-
tion of 1 m by 1 m (modified from Frank et al. 2015)
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contrast, the erosion–entrainment models dominated the ero-
sion process regardless of rheological models. The algorithms 
of the erosion–entrainment model, analyzed in this study, can 
be divided into two types: 1) process-based entrainment rate 
approaches, such as McDougall and Hungr, Sovilla, and Medina’s 
dynamic models, and 2) defined entrainment rate approaches as  
Medina’s static and Frank models. In Figs. 4 and 7, the imple-
mented erosion shape was divided into a smooth shape and an 
uneven shape. The erosion–entrainment algorithm exhibits flat-
tened erosion patterns in Figs. 4b, c, 7b, and c, which included 
the flow velocity. Figures 4d, f, 7d, and f, which implemented ero-
sion with a constant entrainment rate, show relatively irregular 
erosion patterns. In the case of Medina’s dynamic model, unlike 
the McDougall and Sovilla models, the erosion aspect and depth 
were analogously implemented even though the flow velocity was 
located in the denominator, as shown in Eq. (11).

The A.E rate , summarized in Tables 1 and 2, is presented in 
Fig. 10. In Fig. 10a, the Coulomb-viscous rheological model most 
accurately simulated the experience of the Raemian and Sindonga 
apartment basins. The Voellmy model recorded the lowest A.E rate 
among the three rheological models; however, it exhibited a broad 
spectrum of A.E rate . Therefore, sufficient calibration was required 
when implementing debris flows using the Voellmy model. It is also 

unsuitable for simulating events with a rapid flow velocity (over 
20 m/s).

In Fig. 10b, Medina’s static and Frank erosion–entrainment model,  
designed with a constant entrainment rate (= erosion rate), simu-
lated the event satisfactorily. In particular, the Frank model exhib-
ited an exceedingly narrow spectrum and showed stable imple-
mentation results. Medina’s dynamic model recorded the lowest 
A.E rate , but it was less stable than the Frank model. The Sovilla 
model with only one parameter showed the lowest accuracy, and the 
stability was also low, with a broad spectrum. Overall, McDougall 
and Hungr, Sovilla, and Medina’s dynamic model, where the flow 
velocity was involved in the entrainment rate, exhibited a higher 
A.E rate than the models designed with a constant entrainment rate.

Limitation and further study

In this study, the erosion–entrainment algorithms are based  
on empirical or conceptual approaches and those models con- 
tain singularity because they are not derived in a physically and 
mathematically rigorous way. It should be noted that a mathemati- 
cally consistent and mechanically correct erosion–entrainment 
model and modeling frame was recently proposed by Pudasaini 
and Fischer (2020) and Pudasaini and Krautblatter (2021). Their 

Fig. 6   The maximum flow 
depth at final in Raemian 
apartment basin analysis using 
Voellmy and Frank combina-
tion
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Fig. 7   Evaluation of modeled vs. observed erosion depth shape for the Sindonga apartment basin based on the Voellmy rheological model. 
(a) Observation, (b) McDougall and Hungr (c) Sovilla, (d) Medina’s static, (e) Medina’s dynamic, and (f) Frank entrainment models
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models enhance the momentum balance equations by including 
the erosion-induced inertia and the net momentum production 
and provide the first-ever mechanical condition for the mobil-
ity of erosive mass flows. Therefore, the next step required is to 
apply these physically and mathematically derived approaches 
because empirically based theories disregard the correct physi-
cal process (Pudasaini and Krautblatter 2021). In addition, the 
long-term analysis involving multiple debris-flow events needs 

to be investigated because it is proven that the erodible soil 
depth is highly affected by previous debris-flow events (Jakob 
et al. 2005). Thus, the erosion–entrainment algorithms based on 
empirical or conceptual approaches are often unable to explain 
the physical phenomenon of the erosion–entrainment process. 
Therefore, further research is required to identify other mecha-
nisms of debris flows and sources of spatial variation in land-
slide susceptibility.

Fig. 8   Cumulative probability–density plot of modeled vs. observed erosion depths for the Sindonga apartment catchment based on a grid 
resolution of 1 m by 1 m (modified from Frank et al. 2015)
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Fig. 9   The maximum flow 
depth at final in Sindonga 
apartment basin analysis using 
Voellmy and Frank combina-
tion

Fig. 10   Comprehensive A.E rate in the basin of Raemian and Sindonga apartments based on (a) rheological model and (b) erosion–entrain-
ment model
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Conclusions
The purpose of this study was to compare and analyze various ero-
sion–entrainment models, McDougall and Hungr, Sovilla, Medina’s 
static, Medina’s dynamic, and Frank. Besides, the three rheological 
models (Voellmy, Bingham, and Coulomb-viscous) were used to 
analyze the difference according to the rheological model selec-
tion. The 2011 Mt. Umyeon landslides in the Republic of Korea were 
selected as the study event because it has considerable field survey 
data. The erosion–entrainment models had a dominant effect on 
the implementation of the erosion shape, while the choice of the 
rheological model was insignificant. The simulation results of the 
erosion–entrainment model, designed with a constant entrainment 
rate, exhibited higher accuracy. Particularly, the implementation 
results of the Frank erosion–entrainment model showed stable and 
superior accuracy compared to other models. The result of this 
study can be useful for the selection of the erosion model in debris-
flow prediction or scenario-based simulation.
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