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Abstract The famous ‘‘Faustmann’’ equation, which
allows for identifying the most profitable tree species on
a given unstocked piece of land, assumes constant tim-
ber prices. In reality, timber prices may fluctuate dra-
matically. Several authors have proven for monocultures
that waiting for an acceptable timber price (reservation
price) before harvesting (flexible harvest policy) in-
creases the net present value of forest management. The
first part of this paper investigates how efficient a flexible
harvest strategy may be applied in mixed forests and
whether the optimal species mixture is changed under
such harvest policy. Mixtures of the conifer Norway
spruce [Picea abies (L.) Karst] and the broadleaf Euro-
pean beech (Fagus sylvatica L.) were investigated. In
order to evaluate mixed forests, the risks and the cor-
relation of risks between tree species as well as the atti-
tude towards risk of the decision-maker (risk-aversion is
assumed) were considered according to the classical
theory of optimal portfolio selection. In the second part
we took up a recent critique on modern financial theory
by Mandelbrot. Whether or not the assumption of
normally distributed financial flows, which are supposed
to occur under risk, would be appropriate to evaluate
the risk of forest management was investigated. Market
and hazard risks as well as their correlation were inte-
grated in the evaluation of mixed forests by means of
Monte-Carlo simulations (MCS). The risk of the timber
price fluctuation was combined with the natural hazard
risk, caused mainly by insects, snow and wind. Applying

the l-r-rule, the mean net present value (NPV) from
1,000 simulations and their standard deviation were used
for the optimisation. Given a low-return, risk-free
interest rate to assess potential species mixtures of the
Norway spruce and European beech, optimal propor-
tions of European beech increased according to the
theory of optimum portfolio selection with growing risk
aversion from 0 (ignorance of risk) to 60% (great risk-
aversion). In relation to a fixed harvest policy, the net
present value of both, Norway spruce and European
beech, could be increased significantly. Since the hazard
risks of European beech were substantially lower com-
pared with the Norway spruce (relation of susceptibility
1:4) beech benefited more from the flexible harvest pol-
icy. A comparison of simulated frequency distributions
of the NPV with the expected density functions under
the assumption of a normal distribution revealed sig-
nificant differences. Only in the case of European beech
was the general shape of the simulated frequency dis-
tribution similar to a normal distribution (bell-shaped
curve). However, the density of NPV close to the mean
was much greater than expected under the assumption
of a normal distribution. Consequently, the frequency of
a negative NPV for a European beech forest was greatly
overestimated when applying the normal distribution.
Though the shape of the simulated frequency distribu-
tion was rather different from a normal distribution for
Norway spruce the simulated part of negative NPV was
quite well approximated by the normal distribution.
Therefore the simulated and expected frequencies of
negative NPV were similar in case of Norway spruce;
only a slight underestimation was seen in the assumption
of a normal distribution. It can be concluded that
actually simulated frequencies of negative NPV seem to
be better measures for risk than computed probabilities
of negative NPV, which assume normal distribution. As
the risk for European beech was greatly overestimated
by the conventional assumption of a normal distribu-
tion, the optimal proportions of European beech were
surely rather underestimated according to the theory of
portfolio. MCS on optimum mixtures derived by the
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classical portfolio theory seems necessary to test the
robustness of such mixtures.

Keywords Mixed forest management Æ Risk Æ Risk-
aversion Æ Timber price-dependent harvest Æ Risk
quantification

Introduction

In Germany, it is a major concern of forest policy and
management to convert single-species coniferous forests
into broad-leaved or mixed forests (Baumgarten and
von Teuffel 2005). However, little is known on the eco-
nomics of mixed forests. Some German forest scientists
rather expect poor profitability while excluding risk, risk
correlation and the opportunity of flexible timber har-
vesting from their analyses (Möhring 2004; Spellmann
2005). In contrast, the economic attractiveness of mixed
forests was proven by, for example, Lohmander (1993)
and Valkonen and Valsta (2001). Also Knoke et al.
(2005) demonstrated that mixed forests could be an
economically attractive option for risk-averse decision-
makers. The authors, however, employed a fixed harvest
policy, that is, harvesting was simulated at fixed points
regardless of the timber price.

But a fixed harvest policy is not necessarily a useful
option. In several studies it was shown that a flexible
harvest policy is well suited to increase the profitability
of monocultures. Brazee and Mendelsohn (1988), for
example, applied dynamic programming to determine
reservation prices. The reservation price would indicate
that the current revenue would be equal to the expected
net present value1 (NPV) of revenues from delayed
harvests. Harvesting only if the actual price exceeded the
reservation price increased the profitability significantly.
Haight (1990) developed optimal feedback thinning
policies with volatile prices that significantly increased
NPV. Teeter and Caulfield (1991) obtained methodo-
logically valuable results. They derived recommenda-
tions for thinning decisions based on a stochastic price
model, which contained a first-order Markov process.
While often a normal distribution of timber prices is
assumed (e.g. Brazee and Mendelsohn 1988; Knoke
et al. 2001), Reed and Haight (1996) used a log-normal
diffusion process incorporating changes in stumpage
price. They obtained extremely long right-hand tailed
distributions of NPV. In addition to the aspect of vol-
atile future stumpage prices, Gong (1998) incorporated
risk preferences into calculations. However, up till now
the aspect of timber price volatility and a flexible harvest
policy has rarely been applied to mixed forests.

A flexible harvest policy may change the relation of
profitability between different tree species. Moreover,
waiting for an acceptable timber price bears the risk that

it could not occur in a reasonable time. Hence, while it is
possible to increase the NPV, if one applies flexible
harvest policies, the dispersion of the expected NPV
could also increase. Conventionally, an increased dis-
persion is synonymous to increased risk. Because of
possible changes in profitability and risk, we assume that
the optimum composition of species is sensitive to the
flexible harvest policy. Considering the background this
paper tries to test in a first part the following hypothesis.

H1: Employing flexible timber harvesting policies does
not affect the optimum species composition according to
the theory of portfolio selection

Recently, Mandelbrot and Hudson (2005) voiced
fundamental critique on the so-called ‘‘modern financial
theory,’’ which can also be applied to the theory of opti-
mal portfolio selection. Mandelbrot argues that the stan-
dard assumption of a normal distribution of financial
flows under risk, which is well described by its mean and
standard deviation, is not the normal case. Hence, the
second part of this paper investigates whether the simu-
lated distributions of the NPV of different species and
mixtures follow a normal distribution. Using the simula-
tion technique it was analysed, whether the risk is ade-
quately described by the standard deviation. The second
part is consequently focussed on the following hypothesis.

H2: The assumption of normally distributed financial
flows is appropriate to quantify the risk of forest man-
agement in pure and mixed forests

This study extends an existing approach on evaluating
mixed forests, where harvests were carried out regardless
of the actual simulated timber price (see Knoke et al.
2005), and builds upon data of the latter investigation.
However, two completely new aspects relevant for the
optimisation of species mixtures are considered. Con-
secutively, the silvicultural treatments are described
briefly (section on ‘‘Silvicultural treatments’’) as it is not
the objective of this paper to investigate the effect of
different silvicultural treatments on risk2. After demon-
strating how natural hazard risks were incorporated in
the study, the timber price models are explained (section
on ‘‘Modelling risks’’). In the next section, the genera-
tion of the data via Monte-Carlo simulations (MCS) is
presented. The approach of computing the combined
risk of both species and the evaluation of the risks of
mixed forests is demonstrated in the subsequent section.

While in the section on ‘‘Probability of a negative
NPV,’’ the description of how and under which
assumptions the probability of a negative NPV was
simulated is explained, the section on ‘‘Results’’ contains
the tests, which are divided into the effect of a flexible

1The NPV is formed by the sum of all appropriately discounted net
revenue flows.

2An earlier exemplary paper has already been written on this topic
(see Knoke et al. 2001).

304



harvest policy and the test of the appropriateness of the
normality assumption. In conclusion, the results are
then discussed and summarised in the final section.

Material and methods

Silvicultural treatments

Possible mixtures of Norway spruce [Picea abies (L.)
Karst] and European beech (Fagus sylvatica L.) were
investigated. For both species rotations common in
German forest management were applied (101 to
110 years for Norway spruce and 121 to 130 years for
European beech3). Knoke et al. (2005) have already
described the approach and the growth simulations for
each species. Hence, in this paper their description will
be rather brief. All simulations were carried out for
hypothetical pure stands of each species with an area of
1 ha. While simulating the mixture of the two species, it
was assumed that the part of each species in a mixed
stand would grow identically to a pure stand of that
species. Hence, we adopted the position that neutral
growth interactions occur if both species are mixed. For
instance, Pretzsch (2005) has observed this for European
beech and Norway spruce on several sites. Rather con-
servative silvicultural treatments were simulated. In
spruce, thinning from below was applied, concluding
with a clear cut at the end of the rotation. For beech the
random selection treatment according to Knoke (2002)
was used, which also ends with a clear cut. Silvicultural
operations were scheduled once in a 10-year period.
Both these treatments for Norway spruce and for
European beech are obviously not modern treatments.
However, the stands, which can be analysed at present
have more or less developed under such treatments. As it
is not known how silvicultural treatments will change in
the future, it seems appropriate to assume historical
treatments. The investigation of the effect of modern
silvicultural treatments on risks and species mixtures is
so abundant that it would fill another paper.

The data on simulated harvests were obtained from
Knoke et al. (2005), who utilised the results of growth
simulations from two other studies (Knoke 2002; Fel-
bermeier, not published).

Modelling risks

Several risks were considered by means of MCS, of
which the technical details are described later. Hazard
risks4 were adopted from the literature (e.g. Möhring

1986; Dieter 2001; Kouba 2002). We mainly concen-
trated on the survival probability curves published by
Dieter (2001). These were derived from historical data
on damages by insects, snow and wind throws. However,
the curves were unable to predict realistic proportions of
timber, which was harvested because of damages by
natural hazards. Consequently, the curves were adjusted
in order to reflect realistic proportions of damaged
timber. Table 1 summarises the scheduled timber har-
vests for several age classes and the respective expected
amounts of timber harvested due to natural damages.
The curves applied to predict survival probabilities are
depicted in Fig. 1.

The data in Table 1 describes how much timber
damaged by natural hazards is expected for stands of
different age classes. The sum of all harvests due to
natural hazards makes up 43% of the totally scheduled
harvests for Norway spruce and only 11% for European
beech. The proportion of harvests due to hazard dam-
ages within the area of the Bavarian forest service forms
43% of the total harvest between the years 1990 and
2001 (Bavarian Forest Service 2001). This proportion,
which mainly arose from damaged coniferous timber,
fits well to the simulated proportion for Norway spruce.
Moreover, the simulated relation of the sensitivity for
natural hazards was around 4:1 between Norway spruce
and European beech. This relation also seems realistic;
even von Lüpke and Spellmann (1999) reported sus-
ceptibility for storm damage of 4.6:1 when Norway
spruce and European beech were compared in Bavaria.
Further details of the calculation of hazard rates from
the survival probabilities were described in Knoke et al.
(2005).

The modelling of hazard risks was then carried out on
the basis of a binomial distribution (function RANBIN
of the SAS statistic program) with the possible outcomes
of ‘1’ (damage) and ‘0’ (no damage). The frequency of ‘1’
depended on the regarding hazard risk. Vice-versa, the

Table 1 Scheduled harvests and harvests due to natural hazards for
stands of different age classes

Age class
(years)

Norway spruce European beech

Scheduled
harvests
(m3/ha)

Harvests due
to hazards
(m3/ha)

Scheduled
harvests
(m3/ha)

Harvests due
to hazards
(m3/ha)

0–10 0 0 0 0
11–20 2 0 0 0
21–30 4 1 0 0
31–40 20 5 0 0
41–50 34 12 30 1
51–60 44 22 35 2
61–70 51 34 40 3
71–80 53 50 50 5
81–90 49 70 60 8
91–100 38 93 50 11
101–110 740 162 40 15
111–120 0 0 30 21
121–130 2 0 567 32
Total 1037 449 902 98

3For European beech also rotation periods between 101 and
110 years were tested in order to provide identical investment
periods.
4Locally related survival probabilities for forest offices in Baden-
Württemberg were published, for example, by Hanewinkel and
Holcey (2005).
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frequency of ‘0’ was proportional to the transition
probability of the forest stands being the survival
probability during growth from the current age to an
older age. If an ‘1’ occurred, only 50% of the expected
net revenue flow without damage was used in the cal-
culation.

Also timber price fluctuation is a source of risk (e.g.
Brazee and Mendelsohn 1988; Haight 1990). The timber
price for Norway spruce was modelled by means of a
first-order autoregressive model. Using historical data
on timber prices from the Bavarian Forest Service, the
following regression curve emerged (Eq. 1):

PtðSÞ ¼ 24:10þ 0:71Pt�1ðSÞ � sp

(10.94) (0.13)
ð1Þ

Here Pt(S) denotes the timber price of Norway spruce
and Pt�1(S) the timber price from the previous year. The
stochastic term sp contains the dispersion not explained
by the model. It resulted in ± €7.91 per cubic metre. The
expected mean timber price of this model was €83.1 per
cubic metre achieving an r2 of 0.57. Standard errors of
parameters are given in parentheses.

In order to consider a possible timber price correla-
tion between Norway spruce and European beech, a
regression was carried out with the Norway spruce
timber price as the independent and the European beech
price as the dependent. The following regression curve
resulted (Eq. 2, see Knoke et al. 2005):

PtðBÞ ¼ 136:66� 0:57PtðSÞ � sp

(13.28) (0.16)
ð2Þ

In Eq. (2), Pt(B) is the timber price of European beech
and sp the stochastic term (±€8.89 per cubic metre). The
expected mean timber price of this model was €90.07 per
cubic metre achieving an r2 of 0.38. The slope of the
regression curve 2 indicates a slight negative correlation
of the timber prices of both species.

For the estimation of the parameters of the two
regression curves data from 1980 onwards were utilised.
Applying data up to 1979 led to a positive correlation
between timber prices of Norway spruce and European
beech. The influence of the different timber price models

(market models) has already been explored in the pre-
vious paper (Knoke et al. 2005).

Generation of data by means of MCS

MCS is often used to analyse the effects of stochastic
processes (Yool 1999; Runzheimer 1999; Waller et al.
2003). This technique uses random numbers to incor-
porate the dispersion of expected values in a model.
MCS is especially helpful if multiple sources of disper-
sion interact in affecting outcomes. Hence, the method is
ideally suited to realistically simulate options in forest
management that are usually exposed to multiple sour-
ces of risk.

Basically, two steps were carried out: First, possible
outcomes of harvest yields and net revenue flows had to
be simulated for every year of the regarding simulation
cycle. However, only one silvicultural operation was
scheduled per 10-year period. Hence, in a second step,
only one relevant observation was selected for every
period out of the data that were generated previously.
The first step is schematically summarised with Fig. 2,
the second is depicted in Fig. 4.

After defining the planting expenses and initial
timber price, it was simulated for each species whether
or not a hazard damage occurs. This again was based
on random numbers drawn from a binomial distribu-
tion (function RANBIN of the SAS statistic program).
The net revenue flow (NRF) was estimated by age-
dependent functions. The development of the stand
values (net revenue when harvesting the stand and
selling the timber at a specific stand age) without the
impact of risks is shown in Fig. 3.

In case a hazard was simulated, the NRF was reduced
by 50% (this value was empirically derived by Dieter
1997), the stand age was set to zero and an artificial
regeneration of the stand was simulated. Subsequently, a
stochastic timber price was estimated with the autore-
gressive curve (Eq. 1) for Norway spruce and by means
of an ordinary least square regression curve (Eq. 2) for
European beech. Thereby, the latter curve depended on
the Norway spruce timber price. Normally distributed
stochastic deviations (mean of zero, standard deviation
being the root mean square error of the regarding
regression curve) were considered in both models. The
actual NRF was estimated by multiplying the deter-
ministically estimated value with a quotient. This was
calculated by dividing the stochastic timber price by the
expected timber price. Eventually, the adjusted sto-
chastic NRF was discounted. The assumed discount rate
was 2%. Within a single 10-year period the number of
‘‘period years’’ was enlarged by one with each re-itera-
tion, after 10 years this number was set to zero repeating
the loop over again. The simulation for one management
cycle was stopped if the age was greater than the pro-
duction time T (100 years) and the stochastic timber
price exceeded the reservation price or if the age was
beyond T+10. Furthermore, the simulation cycle was
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Fig. 1 Survival probabilities for European beech and Norway
spruce [according to Dieter (2001) with alterations described in the
text]
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Program 1: 
Generation of possible 
net revenue flows

Fig. 2 Flow chart for generation of simulation data
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stopped if the number of periods was greater than the
maximum number of periods to project. Two different
time horizons were analysed. The baseline simulations
were carried out for 101–110 years (ten periods); addi-
tionally, simulations over 501–510 years were conducted
(50 periods). Assuming also long simulation cycles of
over 500 years allowed for comparing different rotation
periods.5 After one simulation cycle had ended, the next
one was started until 1,000 repetitions were attained.

In a second step, the relevant data (one observation
per 10-year period) had to be selected (Fig. 4) out of the
data generated with Program 1. The main reason for
selecting one observation was the simulated hazard
damage. Moreover, an observation was selected if the
simulated timber price exceeded the expected threshold
(reservation price) for the first time. If neither a hazard
was simulated nor a timber price was greater than the
reservation price during the 10 years of a period, the last
observation was selected regardless of the timber price.
This means that one silvicultural operation had to be
carried out in every period. Based on the selected
observations, NPV for every simulation cycle (one up to
1,000) were computed. Through 1,000 repetitions, the
average NPV and its dispersion could be computed. In
addition, the coefficient of correlation between the NPV
of both species resulted.

To form a basis to start from, all simulation cycles
were carried out assuming a fixed harvest schedule at
first, that is, a harvest policy without a reservation price.
Here, the silvicultural operations were carried out
regardless of the timber price in the first year of the
period. Subsequently, different reservation prices were
tested. The reservation price was used here as a thresh-
old. When the simulated timber price exceeded the res-
ervation price for the first time in a 10-year period, a
harvest operation was simulated (presuming that no
harvest due to damage occurred). In an initial step, 90%
of the mean historical timber price was tested as a res-
ervation price, followed by 95% of the mean historical
timber price. Thereafter, the reservation price was

gradually enlarged in 5% increments up to 115% of the
mean historical timber price. Hence, the optimum res-
ervation price was not derived analytically, but itera-
tively. For the computation of the optimum species
mixture, the reservation price was utilised which maxi-
mised the NPV of forest management.

Combining risks of tree species and evaluation of risks

The following section contains some fundamental
assumptions of the theory of portfolio selection (see, e.g.
Elton and Gruber 1995). First, it is assumed that the
NPV of a mixed forest, where two tree species are
combined, can be calculated on the basis of Eq. (3).

NPV ¼ a1 � npv1 þ a2 � npv2 ð3Þ

a1,a2 Proportion of each tree species (a1+a2=1)
npv1, npv2 NPV of Norway spruce or European

beech, respectively (computed as the sum
of all discounted NRF)

Conventionally, the standard deviation of an expected
value is used to quantify financial risk (Pflaumer 1992).
Therefore, it is important to be able to compute the
standard deviation of NPV for mixed forests. It is
obtained through Eq. (4) (see, e.g. Markowitz 1952).

SNPV¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a21 � s2npv1 þa2
2 � s2npv2 þ2 �knpv1;npv2 �a1 �a2 � snpv1 � snpv2

q

ð4Þ

SNPV Standard deviation of the NPV of a mixed
forest with a certain species composition

snpv1 , snpv2 Standard deviation of NPVs – npv1 or
npv2 – of the individual tree species

knpv1,npv2 Correlation coefficient between the net
present values of tree species 1 and 2

Risk-aversion is an attitude often observed among
humans (Bamberg and Coenenberg 1992; Elton and
Gruber 1995; Spremann 1996; Valkonen and Valsta
2001). Financial risk obviously diminishes the economic
utility of financial investments. The existence of
numerous insurances in real life proves this attitude.
Assuming risk-aversion means that a decision-maker
prefers a secure NPV rather than one, which is subject to
dispersion. This means a lower NPV may be equivalent
to a higher one if the first is subject to a small dispersion
(low risk) while the second is subject to a great disper-
sion (high risk). Hence, low risk might compensate for
low NPV, whereas only a considerably high NPV can
compensate great risk. In order to include this effect in
our study, a simple preference function (Eq. 5) was used.
The equation estimates the certainty equivalent of risk-
averse decision-making under the assumption of the
classical negative exponential utility curve.
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Fig. 3 Development of the stand value for European beech and
Norway spruce

5If two rotation periods of different lengths were compared (e.g.
100 and 120 years) considering only one rotation period would be a
biased evaluation (see Knoke et al. 2005).
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CE ¼ EðNPVÞ � a � S
2
NPV

2
ð5Þ

CE Certainty equivalent
E(NPV) Expected NPV
SNPV
2 Variance of financial returns

a Constant depending on the decision-maker’s
attitude towards risk

The expected mean NPV and the standard deviation
are combined in Eq. 5 as a l-r-rule. This shows that a
decision-maker values an investment not only by means
of its expected average NPV but also on the basis of its
uncertainty, which is expressed by the expected vari-
ance of the NPV. Thus, expected utility is defined in
terms of mean and variance. As Eq. (5) shows, the
expected NPV is reduced proportionally to the variance
of the NPV. The function is an approximation for the
certainty equivalent of a risk-averse decision-maker,
valid for a small a (Gerber and Pafumi 1998, p. 77).
The constant a in Eq. 5 quantifies the degree of risk-
aversion of the decision-maker. It may be estimated by
the quotient ‘‘a/initial investment’’ (Spremann 1996, p.
502). In investment analysis ‘a’-values around 1 are
considered normal. We carried out calculations for ‘a’-
values between 0.5 (almost no risk-aversion) and 2.5
(very risk-averse). The maximum initial investment
for a forest plantation of €3,000 per ha was used to

estimate a-values depending on the degree of risk
aversion (expressed by ‘a’).

For every ‘a’, the mixture of Norway spruce and
European beech was computed that maximised the cer-
tainty equivalent according to Eq. (5).

Probability of a negative NPV

What is important to an investor is with which proba-
bility the returns of an investment will be less than the
investment. This information is provided by the
frequency of a negative NPV during the simulations,
which can be interpreted as the probability of a negative
NPV.

However, to obtain realistic information the over-
head costs had to be considered in this analysis. Hence, a
constant yearly payout of €50 per ha was assumed as
overhead costs. The analysis was exemplarily carried out
for time horizons between 101 and 110 years. First, the
sum of the discounted yearly overhead costs was formed.
Then, the simulated NPV were diminished by the sum of
the discounted overhead costs.

To test the appropriateness of the normality
assumption (i.e. the distribution of NPV follows the
Gaussian distribution) when quantifying risk the fre-
quency of negative NPV was also calculated on the basis
of a normal distribution. The frequency of negative NPV

Program 2: Selecting the relevant observation per period

Start

select observation if
Damage=yes or

Pt > Pr or
year=10

compute net
present value

(NPV) by i

Compute
mean NPV

SNPV
coefficient of correlation of
NPV Spruce and Beech

set data
program 1

Stop

Pt Timber price of spruce or beech respectively at a 
given time 

i Number of iteration 

Pr Reservation price SNPV Standard deviation of NPV 

year Current year in every period 

Fig. 4 Flow chart for selection
of relevant data
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under the normality assumption was compared with the
actually simulated frequency of negative NPV.

Results

Effect of the harvest policy

In Tables 2 and 3, the basic data achieved by the sim-
ulations is compared with the NRF without risk. For the
sake of simplicity only data for rotations between 101
and 110 years are presented.

It is obvious that integrating natural hazard risks
diminished the mean NRF especially in the case of
Norway spruce dramatically. The NRF for harvesting
the final crops decreased from €34,039 without hazard
risks, to 17,622 under a fixed harvest, and to 19,917 per
ha under a flexible harvest policy. The mean NPV de-
creased from €5,731 to 3,403 and 3,702 per ha, respec-
tively. For European beech, the impact of natural
hazard risks was by far less intense when compared with
the Norway spruce. The NPV without hazard risks
(€2,916 per ha) declined merely to €2,522 (fixed harvest
policy) or 2,973 per ha (flexible harvest policy) when
natural hazard risks were considered. Here, the loss by
natural hazards could even be compensated by a flexible
harvest policy.

The effect of a flexible harvest policy is obvious for
both species. Harvesting only if the simulated price ex-
ceeded the reservation prices (presuming that no damage
occurred), increased the discounted NRF for both spe-
cies in most cases (Tables 2 and 3). Consequently, the
NPV was increased, too. The maximum NPV was
achieved when using 105% of the mean historical timber
price as a reservation price (Table 4).

The NPV of Norway spruce increased by 9%, while
the risk (standard deviation of NPV) increased by 5%.

European beech benefited more from a flexible harvest
policy than Norway spruce. Its NPV increased by 20%,
while the risk increased only by 7%.

Considering 501–510 instead of 101–110 years, of
course, increased the NPV (Table 5). The NPV of
Norway spruce became about €1,300 per ha greater,
while the NPV of European beech increased by about
€900 per ha. Also here, the gain of a flexible harvest
policy was greater for European beech (+ 34 %) than
for Norway spruce (+ 19 %). The risk remained more
or less constant even if a flexible harvest policy was
applied.

Based on the NPV, the regarding standard deviations
and the correlation coefficients of Tables 4 and 5, risk-
return curves for both a fixed and a flexible harvest
policy could be derived. For this purpose Eqs. (3) and
(4) were used by varying the proportions of Norway
spruce and European beech. Figure 5 depicts risk-return
curves for time horizons of 101–110 years. Given a fixed
harvest policy, European beech achieved only a NPV of
€2,522 per ha (standard deviation ± €1,380), while
€3,403 per ha (standard deviation ± €2,470) resulted for
Norway spruce. Mixing Norway spruce into a European
beech forest first diminished the risk, while it simulta-
neously increased NPV. A minimum of risk was
achieved with 80% European beech and 20% Norway
spruce. Starting from this point, any further admixture
of Norway spruce increased NPV for the price of an
increased risk. Somewhere between the minimum of risk
and its maximum, the risk-averse decision-maker would
find the optimum combination of Norway spruce and
European beech according to the theory of portfolio
selection (see later in this section).

For both tree species a flexible harvest policy in-
creased NPV as well as the risk – with the latter only
changing slightly. Thus, the risk-return curve shifts to
the right. The risk minimum was still achieved when

Table 2 NRF and discounted values for Norway spruce with and without the impact of natural hazards for rotation periods from 101 to
110 years

Without natural hazards With natural hazards

Discounting
time
(years)

Net revenue
flow
(Euro/ha)

Discounted
NRF
(Euro/ha)

Fixed harvest Flexible harvest

Discounting
time (years)

Net revenue
flow
(Euro/ha)

Discounted
NRF
(Euro/ha)

Discounting
time (years)

Net revenue
flow
(Euro/ha)

Discounted
NRF (Euro/ha)

0 -2,000 �2,000 0 -1,996 �1,996 0 -1,996 �1,996
11 -7 �6 11 -5 �4 11 -5 �4
21 -20 �13 21 -19 �12 21 -19 �12
31 146 79 30 86 46 33 98 51
41 441 196 42 440 191 44 473 198
51 1,097 399 52 1,196 427 54 1,392 478
61 2,147 642 62 2,133 625 64 2,395 674
71 3,153 773 72 2,876 691 74 3,142 726
81 3,308 665 83 3,224 623 85 3,368 626
91 2,364 390 93 2,692 427 94 2,714 422
101 34,039 4,606 101 17,622 2,385 104 19,917 2,540

NPV (Euro/ha) 5,731 3,403 3,702
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mixing 80% of European beech and 20% of Norway
spruce. However, the slope of the curve between the risk
minimum and maximum became steeper. This effect
arises because the gain of NPV by a flexible harvest
policy was €300 per ha for Norway spruce, but €500 per
ha for European beech. Because of the steeper slope of
the risk-return curve, admixing European beech in an
existing Norway spruce forest would more effectively
reduce risk than under a fixed harvest policy.

For times horizon of 501–510 years, the advantage of
a flexible harvest policy of every rotation added up.
Overall, the NPV of both tree species was increased to a
greater extent than under the 101- to 110-year projec-
tion. In contrast to the 101- to 110-year time horizons,
the risk-return curve between the risk minimum and
maximum for 501–510 years became only slightly stee-
per. The effect is hardly visible. Nevertheless, it is present
as the NPV of European beech benefited €1,000 per ha

Table 3 NRF and discounted values for European beech with and without the impact of natural hazards for rotation periods from 101 to
110 years

Without natural hazards With natural hazards

Discounting
time (years)

Net revenue
flow
(Euro/ha)

Discounted
NRF
(Euro/ha)

Fixed harvest Flexible harvest

Discounting
time (years)

Net revenue
flow
(Euro/ha)

Discounted
NRF
(Euro/ha)

Discounting
time (years)

Net revenue
flow (Euro/ha)

Discounted
NRF (Euro/ha)

0 -3,000 �3,000 0 -2,986 �2,986 0 -2,986 �2,986
11 0 0 11 0 0 11 0 0
21 -10 �7 21 -6 �4 21 -6 �4
31 -20 �11 31 -11 �6 31 -11 �6
41 219 97 41 205 91 44 231 97
51 880 320 51 888 324 54 1,082 371
61 1,499 448 61 1,464 438 64 1,666 469
71 2,008 492 71 1,953 479 74 2,181 504
81 2,338 470 81 2,354 473 84 2,726 517
91 2,421 399 91 2,492 411 94 2,818 438
101 27,390 3,707 101 24,400 3,302 104 28,014 3,572

NPV (Euro/ha) 2,916 2,522 2,973

Table 4 NPV and standard deviations of NPV depending on the reservation price (considered time horizons: 101–110 years)

Reservation price Norway spruce (Euro/ha) European beech (Euro/ha) Coefficient of correlation

NPV Standard deviation NPV Standard deviation

No reservation price 3,403 2,473 2,522 1,380 +0.022
0.90ÆPe 3,550 2,528 2,722 1,405 +0.025
095ÆPe 3,621 2,556 2,848 1,428 +0.034
1.00ÆPe 3,686 2,582 2,961 1,457 +0.043
1.05ÆPe 3,702 2,587 2,973 1,482 +0.034
1.10ÆPe 3,647 2,552 2,914 1,492 +0.022
1.15ÆPe 3,502 2,465 2,653 1,475 +0.010

Abbreviation: Pe mean historical timber price

Table 5 NPV and standard deviations of NPV depending on the reservation price (considered time horizon: 501–510 years)

Reservation price Norway spruce (Euro/ha) European beech (Euro/ha) Coefficient of correlation

NPV Standard deviation NPV Standard deviation

No reservation price 4,230 2,641 2,911 1,429 �0.039
0.90ÆPe 4,947 2,582 3,786 1,419 �0.023
0.95ÆPe 4,994 2,592 3,840 1,427 �0.022
1.00ÆPe 5,028 2,599 3,894 1,433 �0.025
1.05ÆPe 5,024 2,603 3,908 1,436 �0.023
1.10ÆPe 4,957 2,584 3,847 1,429 �0.021
1.15ÆPe 4,839 2,553 3,698 1,417 �0.024

Abbreviation: Pe mean historical timber price
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from a flexible harvest policy, while that of Norway
spruce grew only by €800 per ha (Fig. 6).

For a varying degree of risk-aversion, Fig. 7 shows
the proportions of European beech, which would max-
imise the certainty equivalent in a forest managed under
a fixed or a flexible harvest policy respectively. It is
evident that under a flexible harvest policy the optimum
proportion of European beech is greater in comparison
with a fixed harvest policy.

The greatest difference occurred for a very small risk-
aversion (a=0.5). Under this assumption the forest
owner should hold about 30% of the European beech
when employing a flexible harvest strategy. However, if
a fixed harvest policy is practiced, only 10% of the
European beech would be optimal. The impact of the
harvest policy decreased with increasing risk-aversion.
An extremely risk-avoiding person (a=2.5) would grow
about 60% of European beech regardless of the harvest
policy.

The effect of greater optimum proportions of Euro-
pean beech under a flexible harvest policy is still visible
when considering 501–510 years (Fig. 8). However, the
maximum difference between a fixed and a flexible har-
vest policy (i.e. at a=0.75) is merely a 5% points greater
proportion of European beech.

In conclusion, it can be said that a flexible harvest
policy would increase the optimal proportion of Euro-
pean beech in mixed forests under the assumption that
the NPV were normally distributed. Whether the
assumption of a normal distribution is in fact appro-
priate when quantifying risk will be investigated in the
next section.

The assumption of a normal distribution

The theory of optimal portfolio selection relies on the
validity of the assumption that the financial flows and
the indicators of economic performance (e.g. the NPV)
are normally distributed. Under this assumption Eq. 4
can be applied and probabilities for negative NPV can
be computed from the mean NPV and its standard
deviation. In this section, we will test whether the nor-
mality assumption is reasonable for the analysed situa-
tions.

Figure 9 shows three examples of frequency distri-
butions for simulated NPV6 under the flexible harvest
policy scenario. For Norway spruce a distribution with
two maxima is seen. Thus, the shape of the simulated
distribution differs rather from the expected under the
assumption of normality (depicted as a solid line in
Fig. 9). However, the part of the simulated distribution,
which shows negative NPV (left part), is more or less
well approximated by the expected normal distribution.
Consequently, the simulated frequency of negative NPV
(i.e. 30%) was quite similar to the frequency expected
under the assumption of a normal distribution (i.e. 28%)
(see Table 6). Merely a slight underestimation of this
frequency arose when applying the normality assump-
tion.

Though the general shape of the simulated distribu-
tion is quite similar to a normal distribution for Euro-
pean beech, major deviations are obvious especially
where negative NPV occur (Fig. 9). The density of
simulated values close to the mean is much greater than

1000

1200

1400

1600

1800

2000

2200

2400

2600

2800

2500 3000 3500 4000 4500 5000 5500
Net present value (Euro/ha)

S
ta

n
d

ar
d

 d
ev

ia
ti

o
n

 (
E

u
ro

/h
a)

Flexible harvest
Fixed harvest

      Fraction of
      Norway
      spruce (%)

European
beech forest

20 30

100

90

80

70

60

50

10
40

 |   
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6Here the NPV was reduced on average by €2,182 per ha, which
was the sum of the discounted overhead costs.
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expected under the assumption of a normal distribution.
However, few simulated NPV are extremely negative.
This fact obviously led to an overestimation of the
standard deviation. The expected normal distribution
therefore becomes much broader than the simulated
frequency distribution. The simulated frequency of
negative NPV for European beech is only 17% while the

same frequency under the normality assumption results
in a frequency of 28% (Table 6). This analysis shows a
great overestimation of risk for European beech when
using the frequency of negative NPV as a risk measure
and applying the assumption of normally distributed
NPV.

In a mixed forest of 80% European beech and 20%
Norway spruce the simulated frequency of negative
NPV was only 16%, which was even slightly smaller
than that in a pure European beech forest. Still, the
overestimation of the frequency of negative NPV is great
when applying a normal distribution. In the latter case,
23% of the NPV were expected to be negative.

As Table 6 shows only for a mixture of 50% Euro-
pean beech and 50% Norway spruce and under a fixed
harvest policy, the simulated frequency of negative NPV
agrees to the expected frequency. With growing pro-
portion of European beech the bias of risk estimation
increased when assuming normality.

In Fig. 10, the simulated frequencies of negative NPV
are compared with the expected frequencies when
assuming normality. It is quite clear that the expected
probability of negative NPV under the assumption of
normality is greatly biased. The minimum frequency of
negative NPV would be found under this assumption
with a mixture of 50% European beech and 50% Nor-
way spruce. Actually, the minimum frequency of nega-
tive NPV (i.e. 15%) was simulated for a mixture of 90%
European beech and 10% Norway spruce.

The demonstrated effect leads to an underestimation
of the fraction of European beech when applying the
theory of portfolio selection: According to our simula-
tions, a mixture of 70% European beech and 30%
Norway spruce would achieve an identical frequency of
negative NPV when compared with a pure European
beech forest. Focussing on the standard deviation used
in optimisation according to the portfolio theory (l-r-
rule) a mixture of 55% European beech and 45% Nor-
way spruce would result in the same risk as a pure
European beech forest (Fig. 10). Hence, the proportion
of European beech in a mixed forest for an identical risk
as in a pure European beech forest was underestimated
by 15% points with the classical portfolio approach.

Discussion and conclusions

This paper focussed on two hypotheses. Regarding the
first hypothesis, ‘‘Employing flexible timber harvesting
policies does not affect the optimum species composition
according to the theory of portfolio selection,’’ it was
shown that a flexible harvest policy leads to increasing
optimal proportions of European beech according to the
theory of portfolio selection. Thus, the hypothesis H1

may be rejected.
It has become obvious that European beech benefits

more from a flexible harvest policy. Since the natural
hazard risk is much greater for Norway spruce, part of
the gain in profitability is lost due to its frequent hazard
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damages. In contrast, European beech is much less
susceptible to natural hazards. Thus, the advantage of
flexible harvesting can almost be fully utilised when
growing European beech. Logically, improved profit-
ability makes it more attractive to have European beech
in the portfolio, thus the proportion of European beech
increases under a flexible harvesting policy.

These results, however, were based on the assumption
of normally distributed NPV. The validity of this crucial
assumption was tested with the second hypothesis, ‘‘The
assumption of normally distributed financial flows is
appropriate to quantify the risk of forest management in
pure and mixed forests.’’ The results of this hypothesis
showed that this assumption is appropriate neither for
European beech nor for Norway spruce or mixtures.
Particularly in the case of European beech, significant
overestimation of risk results through the assumption of
normally distributed NPV. The optimal proportions of
European beech according to the theory of optimal
portfolio selection are therefore too small. Hypothesis
H2 must be rejected for this example.

The results were obtained while simulating the hazard
risks explicitly. One could argue that it is sufficient to
consider only the timber price fluctuations, since they
already express the impact of natural hazards via low
timber prices. Thus, the simulation of natural hazards
could have been omitted. We did not pursue this idea
because of several reasons: First, the timber prices were

achieved all over Bavaria. Compensative effects might
occur when computing average prices from several re-
gions. Second, the forest service was normally forced in
years of storm damage to sell only small amounts of
timber to stabilise timber prices. Hence the prices
achieved in such years could be biased. Third, focussing
only on the timber price means ignoring effects of seri-
ous quality decreases (broken timber) and greatly in-
creased harvesting costs incurred by natural hazards.
Consequently, we assumed a reduction in the NRF by
50% after a natural hazard. According to Dieter (1997)
this is a realistic relation. Considering the effect of haz-
ard risk explicitly led to serious deviations of the simu-
lated frequency of NPV from a normal distribution.
Mandelbrot and Hudson (2005) have impressively pro-
ven that such deviation is not seldom. Simulation and
optimisation of forest stand management means that the
results of portfolio selection always have to be tested
through MCS. The actually simulated frequency of
negative NPV might be a more reliable indicator than
the optimal mixture according to the theory of portfolio
selection, which relies on the assumption of normally
distributed financial flows. If the risk of a pure European
beech forest is acceptable, we can recommend a mixture
of 70% European beech and 30% Norway spruce. This
mixture would significantly improve the profitability
when compared with the pure European beech forest,
while the risk would be the same.

This demonstrated analysis has rarely been applied in
German forest science. In fact, Deegen et al. (1997) de-
scribed the portfolio theory in the context of tree species
choice in forestry, but did not apply this technique.
Wippermann and Möhring (2001) and Weber (2002)
were the first to apply the theory of portfolio selection to
forestry in Germany. Penttinen and Lausti (2004) anal-
ysed the relevant English literature on portfolio appli-
cations to forestry. The majority of studies are
applications of the Capital Asset Pricing Model devel-
oped by Sharpe in the year 1964 (e.g. Wagner and
Rideout 1991, 1992; Zinkhan and Cubbage 2003).
Applications of optimal portfolio selection with regard
to the optimum species diversity were found rather sel-
dom. However, Thomson (1991) computed a financially
optimum mixture for a ‘‘moderately’’ risk-averse inves-
tor comprising of about 73% coniferous and 27%
deciduous tree species.

Table 6 Simulated and
expected frequencies of negative
NPV

Frequency of negative NPV (%)

Proportion of
Norway spruce (%)

Fixed harvest Flexible harvest

Simulated Expected
(normality
assumption)

Simulated Expected
(normality
assumption)

0 27 40 17 28
20 25 34 16 23
50 29 29 28 25
100 33 31 30 28
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All the cited references relied on the assumption of
normality. As the present study shows, this assumption
might lead to biased risk estimations. Consequently, we
would strongly advise testing the robustness of optimal
portfolios via MCS. The frequency of negative NPV
seems to be a good measure to describe the risk of forest
management in such simulations. The combination of
several risks in MCS in order to investigate the effects of
tree species diversity also seems a helpful aid for forest
science decision-making. It allows for valuable insights
and has proven that the economic concerns on the
establishment of hardwoods offered by some German
scientists can be overcompensated by beneficial effects of
risk compensation. This is a crucial aspect, which should
also be considered in future studies on tree species
mixtures.
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