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Abstract Using permanent sample-plot data, selected
tree height and diameter functions were evaluated for
their predictive abilities for major tree species in complex
(multiple age, size and species cohort) stands of interior
British Columbia (BC), Canada. Two sets of models
were evaluated. The first set included five models
for estimating height as a function of individual tree
diameter, the second set also included five models for
estimating height as a function of individual tree diam-
eter and other stand-level attributes. The inclusion of the
BAL index (which simultaneously indicates the relative
position of a tree and stand density) into the base
height–diameter models increased the accuracy of
prediction for all species. On average, by including stand
level attributes, root mean square values were reduced
by 30.0 cm. Based on the residual plots and fit statistics,
these models can be recommended for estimating tree
heights for major tree species in complex stands of
interior BC. The model coefficients are documented for
future use.
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Introduction

The ability to predict the growth and yield of trees
and forests is an essential requirement for effective
management of forest resources. In complex forests

where trees of various ages, species, sizes, vigour and
crown classes, and shade-tolerance levels co-exist, yield
predictions are more difficult than in uniform stands.
In complex stands, individual tree height–diameter
relationships and predictions are often further com-
plicated by selective harvesting and other disturbances
and by changing stand dynamics (Oliver and Larson
1990).

The estimation of stand development over time relies
on accurate height–diameter functions. Many growth
and yield models require height and diameter as basic
input variables, with all or part of the tree height pre-
dicted from measured diameters (Burkhart et al. 1972;
Wykoff et al. 1982; Huang et al. 1992). When actual
height measurements are not available, height–diameter
functions can also be used to indirectly predict height
growth (Larsen and Hann 1987). For example in the
simulator known as PrognosisBC (a growth model fitted
for complex stands in the interior of BC), missing
heights are directly predicted using specific height–
diameter equations (Temesgen and LeMay 1999). These
equations do not include additional variables that may
influence the height–diameter relation in different
stands.

A generalized height–diameter function estimates the
specific relationship between individual tree heights and
diameters using stand variables such as basal area per
hectare and quadratic mean diameter. The reason for
using them is to avoid having to establish individual
diameter–height relationships for every stand (Curtis
1967). In Europe, generalized height–diameter func-
tions, known as Einheitshöhenkurven in the German
language, have been used since the 1930’s (Lang 1938;
Kramer 1964; von Laer 1964; Kennel 1972; Nagel 1991;
Hui and Gadow 1993). The objective of this paper is to
assess the predictive abilities of selected generalized
height–diameter models in complex stands. As an
example, data for major tree species of the interior of BC
are used. The study specifically evaluates the contribu-
tion of stand-density variables in estimating height–
diameter relationships.
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Methods

Data

Permanent sample-plot (PSP) data were supplied by the
BC Ministry of Forests, Forest Practices Branch. The
PSPs were developed to document tree and stand growth
and mortality over time in the interior Douglas fir (IDF)
biogeoclimatic ecosystem classification (BEC) zone for
over 30 years. They were laid out as fixed area plots
covering 400 m2 each and represent a variety of stand
structures, species compositions, densities and site
qualities in the IDF BEC zone, situated between 49� and
52�30¢N latitude with mean annual temperature
and precipitation ranging from 1.6–9.5 �C and
75–300 mm (Meidinger and Pojar 1991). PSPs that had
been affected by complete or partial disturbances such as
thinning, juvenile spacing or selective logging were
excluded from further analysis. From the entire data set
(i.e. the first and subsequent remeasurements), only live
trees with measured height values were selected and used
in this analysis.

Trees with less than 2.0-cm diameter outside bark at
1.3 m aboveground (D) were not recorded in the PSP
data set. Since the number of small trees (<7.5-cm
diameter withmeasured height values) by species were not
adequate, the PSP data set was augmented by the small-
tree data that were collected between 1999 and 2001
(Boisvenue 1999; Froese et al. 2001; Hasani et al. 2001;
Lencar and Marshall 2000). From each PSP, heights
and diameters were extracted and combined with the
small-tree data set. Subsequently, the combined data were
used to assess and evaluate selected height–diameter
functions. The diameters and heights of repeated mea-
surements were used as independent observations for
fitting and evaluating the height–diameter functions.
Autocorrelation in the remeasured PSP data set was
ignored, as the impact of variance underestimation is
likely masked by fitting each individual tree as an inde-
pendent observation (Hamilton andEdwards 1976). Thus
the inclusion of the small treesmeasured once is justifiable
and provides a practical (and a better) generalized height–
diameter model for each species considered in the study.

Height–diameter functions by tree species

Differences were found among the estimated model
parameters and the predictive ability of the height–
diametermodelswhen functionswere first fittedby species
(Temesgen and LeMay 1999). Based on a literature re-
view, two sets of height–diameter functions were assessed
for their predictive abilities. The first set included five
models for estimating height as a function of diameter
only. The second set also included five models, but height
was estimated not only as a function of diameter but in-
cluded stand-level attributes. Since the height–diameter
functions are expected to vary by tree species, the selected
models were fitted by species, and compared for accuracy.

To obtain stable parameter estimates, only species rep-
resented bymore than 30 trees were included in this study.
After assessing several height–diameter functions, the
following ten functions were evaluated.

Model 1 Wykoff et al. (1982)

Ĥ ¼ 1:3þ e aþ b
Dþ1ð Þ

where a and b are species-dependent coefficients, Ĥ is
estimated tree height in metres, D is the observed
diameter outside bark at breast height in centimetres,
and e is the Naperian constant (i.e. 2.718). Model 1 is the
height–diameter equation used for estimating tree-height
values in the northern Idaho version of Prognosis.

Model 2 Yang et al. (1978)

Ĥ ¼ 1:3þ a 1� ebDc� �

Model 2 is a Weibull-type function. In Huang et al.
(1992), this function was consistently the best among the
19 height–diameter functions they tested. The parame-
ters a, b and c are species dependent.

Model 3 Ratkowsky (1990)

Ĥ ¼ 1:3þ e aþ b
Dþcð Þ

Model 3 is similar to model 1. The parameters a, b and c
are species dependent. Flewelling and de Jong (1994)
also used this function to estimate missing heights in the
BC PSP data sets.

Model 4 modified from Hui and Gadow (1993)

Ĥ ¼ 1:3þ ae
b

Dþ1ð Þ

Model 5 modified from Hui and Gadow (1993)

Ĥ ¼ 1:3þ aDb

The Chapman-Richards function has been extensively
used in describing height–age relationship. Huang et al.
(1992) gave a cautionary note, however, stating that this
function approaches the asymptote too quickly when
there is a weak relationship between the dependent and
independent variables. Accordingly, this model was not
selected in this study.

Since the relationship between diameter and height is
influenced by the relative competitive position of the
trees and by stand-density variables, several relevant
model forms, including those used by Huang and Titus
(1994) and Staudhammer and LeMay (2000), were
evaluated. Based on their preliminary results, the
following variables and model forms were selected to fit
the generalized height–diameter functions.

Model 6

Ĥ ¼ 1:3þ e aþ b
DBHþ1ð Þ

a ¼ a1 þ a2 � BAL
b ¼ a3 þ a4 � BALþ a5 � SPH þ a6 � BA
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where a1 to a6 are species-dependent coefficients; BAL is
the basal area in larger trees (m2/ha); SPH is number of
trees per hectare; and BA is basal area per hectare
(m2/ha).

Model 7

Ĥ ¼ 1:3þ a 1� ebDBH c� �

a ¼ a1 þ a2 � BALþ a3 � SPH þ a4 � BA

c ¼ a5 þ a6 � BAL

where a1 to a6 are species-dependent coefficients.

Model 8 Ratkowsky (1990) with stand-level attributes

Ĥ ¼ 1:3þ e aþ b
DBHþcð Þ

a ¼ a1 þ a2 � BAL

b ¼ a3 þ a4 � BALþ a5 � SPH þ a6 � BA

where a1 to a6 are species-dependent coefficients.

Model 9 modified from Hui and Gadow (1993)

Ĥ ¼ 1:3þ ae bð1� D
DqÞ�Dc½ �

a ¼ a1 þ a2 � BAL

where Dq is quadratic mean diameter (cm).

Model 10 modified from Hui and Gadow (1993)

Ĥ ¼ 1:3þ aDqbDc

a ¼ a1 þ a2 � BAL

While the first five models usedD as the only independent
variable, the generalized (last five) models usedD, relative
position of trees, and stand density as predictor variables.
To obtain stable parameter estimates, only species that
were represented in more than 25 PSPs were included in
this study.

Model parameters were estimated using the Gauss-
Newton optimization technique (Gallant 1987) in a
non-linear least-squares procedure with SAS software
(PROC NLIN, SAS Institute, Inc. 1990). In order to
find a global minimum, the starting value of each
parameter was varied, thus obtaining several runs.
Initial approximations for each parameter were
obtained from linear transformation of the models
where possible. The assumption of homoscedasticity
was tested using the Goldfield-Quandt test (Goldfield
and Quandt 1965). The test indicated homogenous
variances over the full range of predicted values at 0.05
a-level (Fig. 1).

Model comparison and selection

After parameter estimates were obtained, the predictive
abilities of the selected height–diameter functions
were evaluated using the bias and root mean square
error (RMSE) criteria, the asymptotic t-statistics of
the parameters and the asymptotic 95% confidence
intervals.

The bias and RMSE values were obtained by:

Bias ¼

Pn

i¼1
Hi � Ĥi
� �

n

where n is the number of trees of a given species, Hi is
measured height, and Ĥi is estimated height.

RMSE ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pn

i¼1
Hi � Ĥi
� �2

n� p

vuuut

where p is the number of parameters in the model.
After evaluating the results, onemodel was selected for

future use in PrognosisBC. For the selected model,
parameter estimates and their fit statistics are provided.

Results and discussion

Data summary

Selecting species with more than 30 trees resulted in a
total sample of 12,114 individual trees. The sample trees
were used to estimate the model parameters for eight
different species. The data set covered a wide range of
tree sizes with diameters ranging from 2.0 to 104.0 cm
and standard deviations from 6.7 to 12.6 cm. Tree
heights ranged from 1.4–39.4 m and their standard
deviations from 5.6–9.0 m (Table 1).

Model fitting by species

Noticeable differences were found among the predictive
abilities of the height–diameter equations by species. The
RMSE values (m) ranged from 1.7– 3.2, 1.6–2.9, 1.7–3.1,
1.7–3.2, and 2.3–4.4 for models 1 through 5, respectively.
For models with stand-level attributes, the RMSE values
(m) ranged from 1.5–2.8, 1.4–2.6, 1.4–2.7, 2.1–4.6, and
1.9–3.9 for models 5 through 8 (Table 2). None of the
investigated models were biased (Table 3).

For species occurring in more than 25 PSPs, the
inclusion of relative position of a tree and stand-density
variables improved the predictive abilities of models 6
through 10. On average, the addition of these variables
to the height–diameter functions reduced the RMSE by
30.0 cm.

Model comparison and selection

When height–diameter functions were refitted by species,
differences were found among the estimated model
parameters and the predictive ability of the height–
diameter models. Among the five base models, model 2
had the lowest RMSE values for most species. Among
the models tested with stand-level attributes, model 7
(the counterpart to model 2) had the lowest RMSE
values for most species (Table 2).
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Judging from the residual plots and the RMSE val-
ues, model 7 and its base model (model 2) generally
performed better than the remaining models. For both
models 2 and 7, the confidence intervals for some
parameters included zero; the model was then refitted
using only the significant variables. The refitted models
showed small RMSE and approximately homogenous
variances over the full range of predicted values (Fig. 1),
indicating equal variances and reasonable model speci-
fication. The residual plots also indicated that tree
height was well predicted across diameters. The residual
plots against the predicted height and diameter for
model 7 clearly show that the function appropriately fits

the data for major trees in complex stands of interior BC
(Fig. 1).

The parameter estimates obtained for models 2 and 7
varied widely (Tables 4 and 5) and show significant
t-statistics for all species. Models 2 and 7 have the
flexibility to assume various shapes with different
parameter values and produce satisfactory relationships
under most circumstances. The relationship is biologi-
cally reasonable: unrealistic height predictions do not
occur beyond the range of the empirical observations.

Conclusions and recommendations

Tree height is an important variable which is used for
estimating stand volume and site quality and for

Fig. 1 Residuals (actual–predicted) over predicted tree height for
eight tree species, using model 7
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describing stand vertical structure. Measuring tree
heights is costly however, and foresters usually welcome
an opportunity to estimate this variable with an accept-
able accuracy. Missing heights may be estimated using a
suitable height–diameter function. Based on a compre-
hensive data set which includes very small diameters,
such height–diameter functions were fitted for eight
major tree species in complex stands of interior BC. The
inclusion of relative position of a tree and stand-density
variables into the base height–diameter function
increased the accuracy of prediction for most species. For
both conifers and hardwood tree species, the fit statistics
indicated that models 2 and 7 are most suitable for
predicting tree heights from a diameter–stand table. The
parameter estimates using models 2 and 7 will provide

reasonable precision and therefore these models can be
recommended for unthinned stands in interior BC. Due
to the kind of data used, the suggested height curves
should not be used in thinned stands or stands with
juvenile spacing or selective logging, and not in model
predictions which contain any of these treatments.

The relative position and stand-density measures
used in this study are easily obtained and are available in
most growth and yield models. When these variables
were added to the base model 2, the root mean square
values were reduced by 30.0 cm on the average. Where
possible, the use of the height–diameter function with
these attributes is suggested. In summary, the suggested
model improves the accuracy of height prediction, en-
sures compatibility among the various estimates in a
growth and yield model, and maintains projections
within reasonable biological limits.

Fig. 1 (Contd.)
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Table 2 Root mean square error (RMSE; m) by species. Bold indicates the lowest RMSE

Species Number of plots Number of trees Model

1 2 3 4 5 6 7 8 9 10

Aspen 70 243 2.61 2.59 2.58 2.61 2.80 2.49 2.44 2.45 2.48 2.53
Cedar 26 108 1.70 1.61 1.72 1.70 2.28 1.51 1.44 1.40 1.95 1.03
Paper birch 55 230 2.09 2.03 2.08 2.09 2.65 1.99 1.95 1.97 2.05 2.16
Douglas fir 484 6,711 2.84 2.55 2.55 2.84 2.89 2.68 2.23 2.28 2.52 2.60
Larch 111 1,008 2.50 2.40 2.41 2.51 2.56 2.17 2.03 2.02 2.11 2.11
Lodgepole pine 287 2,822 2.91 2.92 2.88 2.91 3.20 2.44 2.29 2.30 2.62 2.62
Ponderosa pine 77 400 2.46 2.34 2.34 2.46 2.44 2.35 2.10 2.15 2.29 2.30
Spruce 123 592 3.17 2.97 3.15 3.17 4.40 2.84 2.34 2.67 2.48 3.93

Table 3 Bias (m) by species and model

Species Number
of plots

Number
of trees

Model

1 2 3 4 5 6 7 8 9 10

Aspen 70 243 0.0610 0.0036 )0.0017 0.0610 )0.0008 0.0510 )0.0164 0.0027 0.0003 )0.0004
Cedar 26 108 0.0697 )0.0039 )0.0169 0.0697 )0.0043 0.0904 0.0127 )0.0010 )0.0031 )0.0015
Paper birch 55 230 0.0584 )0.0050 )0.0113 0.0584 )0.0080 0.0490 )0.0436 )0.0058 )0.0036 )0.0041
Douglas fir 484 6,711 0.2254 0.0025 0.0122 0.2254 )0.0031 0.2355 )0.0060 0.0110 )0.0003 )0.0009
Larch 111 1,008 0.0859 0.0021 0.0141 0.0859 )0.0066 0.0966 )0.0106 0.0016 0.0004 0.0001
Lodgepole
pine

287 2,822 0.0616 0.0066 0.0066 0.0616 )0.0014 0.1090 )0.0527 0.0060 0.0020 0.0031

Ponderosa
pine

77 400 0.1124 0.0020 0.0118 0.1124 )0.0028 0.1269 0.0224 0.0024 0.0003 0.0006

Spruce 123 592 0.2272 )0.0157 )0.0331 0.2272 )0.0005 0.2663 0.1010 )0.0218 0.0037 )0.0008

Table 1 Number of plots and trees; minimum (min), average (mean), and maximum (max) diameter at breast height (D) and height by
species

Speciesa Number of plots Number of trees D (cm) Height (m)

Min. Mean Max. SD Min. Mean Max. SD

Aspen 70 243 2.0 12.8 29.4 6.7 2.3 13.0 26.9 6.2
Cedar 26 108 2.0 19.1 49.0 8.8 2.0 15.1 24.7 5.6
Paper birch 55 230 2.0 15.1 38.5 7.1 2.8 16.1 28.5 6.0
Douglas fir 484 6,711 2.0 19.4 103.9 12.6 1.4 14.7 39.4 8.1
Larch 111 1,008 2.0 20.4 50.4 8.7 2.1 19.0 36.9 6.4
Lodgepole pine 287 2,822 2.0 17.0 60.1 8.3 1.6 15.7 37.0 6.9
Ponderosa pine 77 400 2.0 22.0 55.4 10.7 1.5 14.0 33.1 5.7
Spruce 123 592 2.0 13.8 104.0 12.0 1.9 11.3 34.4 9.0

aAspen, Populus tremuloides Michx.; western red cedar, Thuja pli-
cata Donn.; paper birch, Betula papyrifera March.; Douglas fir,
Pseudotsuga menziesii (Mirb.) Franco; larch, Larix occidentalis

Nutt.; lodgepole pine Pinus contorta Dougl.; Ponderosa pine, Pinus
ponderosa Laws.; spruce, Picea engelmanii Parry et Picea glauca
(Monench) Voss

Table 4 Parameter estimatesa and root mean square error (RMSE) for model 7 (using D, relative position of a tree, and stand density) by
species. All estimated parameters were significantly different from zero (p<0.005)

Species Number of plots Number of trees a b c RMSE (m)

a1 a2 a3 a4 b a5 a6

Aspen 70 243 20.6548 0.08724 0.01509 1.39936 1.44
Cedar 26 108 17.9468 )0.0009 0.14087 0.03497 1.30435 0.62
Paper birch 55 230 20.4464 )0.0007 0.13355 0.03576 1.26223 1.93
Douglas fir 484 6,711 32.037 )0.3504 )0.0007 0.18308 0.01797 1.09263 0.00802 2.23
Larch 111 1,008 41.7918 0.01709 1.1185 0.00404 2.04
Lodgepole pine 287 2,822 20.852 0.3168 )0.0004 0.23962 0.03184 1.0875 )0.0014 2.29
Ponderosa pine 77 400 32.2082 0.01738 1.10721 2.33
Spruce 123 592 17.0803 0.0932 0.34276 0.01073 1.46187 2.35

aa1–a6 are species-dependent variables. b and c are calculated from a values. See model 7 for equations
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