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Abstract

In this paper, a transversely isotropic piezoelectric half-space with the isotropy axis parallel to the z-axis is considered under
rotation on a rigid circular disk bonded to the surface of the piezoelectric medium. This is a type of Reissner—Sagoci mixed
boundary value problem. By utilizing the Hankel transform, the mixed boundary value problem is simplified into solving a
pair of dual integral equations. Full-field analytical expressions for displacement, stresses, and electric displacement inside
the half-space are obtained. The shear stresses and electric displacement on the surface are found to be singular at the edge
of the rigid circular disk, and the stress intensity factors and electric displacement intensity factor are defined. Numerical
results show that material properties and geometric size have significant effects on displacement, shear stresses, and electric

displacement.

Keywords Piezoelectric half-space - Circular disk - Reissner—Sagoci problem - Stress intensity factor - Electric displacement

intensity factor

1 Introduction

The static Reissner—Sagoci problem has been studied in
isotropic elasticity to determine the displacement and stress
fields in the interior of a semi-infinite elastic body when
a rigid circular disk of radius a completely bonded to the
surface of the half-space is forced to rotate about an axis nor-
mal to the undeformed surface [1]. Reissner and Sagoci [1]
firstly studied the problem by employing a system of oblate
spherical coordinates and obtained an explicit solution of the
tangential displacement and stress on the half-space surface.
Sneddon [2] provided the complete solution for the elastic
field inside the half-space by using Hankel transforms and
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dual integral equations. Hanson and Puja [3] solved the Reiss-
ner—Sagoci problem for a transversely isotropic half-space by
applying the potential theory of Fabrikant [4].

Piezoelectric materials have been widely used in trans-
ducers, sensors, and actuators because of their intrinsic
electro-mechanical coupling effect. Due to the brittleness
and low fracture toughness of piezoelectric materials, the
stress concentration caused by inharmonious contact, such
as contact between the piezoelectric components and other
components, could lead to structural failure [5]. Some the-
oretical investigations have been conduced to obtain the
solution of the elastic and electric fields around the contact
region of piezoelectric ceramics [6—8].

While many studies have focused on the Reissner-Sagoci
problems for either isotropic or transversely isotropic mate-
rials, few have offered an analytical solution for the fullfield
both on the surface and inside the half-spaces. In this work,
by employing an approach similar to Sneddon’s [9], the
mixed boundary value problem is solved analytically, and
full-field solutions for displacement, shear stresses, and elec-
tric displacement are obtained. The shear stresses and electric
displacement are found to be singular at the edge of the
circular disk, and the stress intensity factors (SIFs) and elec-
tric displacement intensity factor (EDIF) are determined.
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Fig. 1 A piezoelectric half-space subjected to a constant torsion on a
rigid circular disk bonded to the surface of the medium

Although Xiong et al. [5] has studied the problem by inte-
grating the point force potential functions and expressing the
electro-elastic fields by elementary functions, the singularity
properties of the torsional contact problem has not been ana-
lyzed due to the complicated expression of the solution. The
simpler-form analytical solution obtained in this work seems
to be easier and more convenient for singularity analysis at
the edge of the circular disk, and the present work provides
basic benchmarking and fundamental understanding of tor-
sional contact phenomena.

2 Problem Statement and Method
of Solution

Consider a transversely isotropic piezoelectric half-space in
the cylindrical coordinate system (r, 6, z), as shownin Fig. 1.
The piezoelectric half-space is subjected to a constant torsion
on a rigid circular disk of radius a bonded to the surface of
the medium at z = 0.

In this problem, the axis of symmetry is parallel to the
z— axis, and the displacement vector only contains the non-
vanishing component, i.e., uyg = ug(r, z), as presented by
Ding and Chen [7]. We have

u=u;, =0, =0

O—rr:UGGZO'ZZ:UZFZO, Dr:Dz:() (1)
up = up(r, z)

where u,, u, and ug are displacements, @ is electric potential,

Orrs 09, 0z and o, are stresses, and D, and D, are electric
displacements. It is noted that the solution of the electric
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potential is zero, i.e.,® = 0, as given in Eq. (1), and the
proof is given in Appendix A.

The non-vanishing components of stresses oy;, 0, and
electric displacement Dy are:

dug(r, z)
09;(r, 2) = C44L
0z
0 [ug(r, z
Gor(r, 2) = c66r—[M} @
or r
dug(r, z
Dy(r, z) = 615L
0z

where Cy44 and Cgg are elastic constants, and eg5 is piezo-
electric constant.

The equations of elastic equilibrium and Gauss’s law of
electrostatics in three dimensions and in the absence of body
forces and free electric volume charge are given by

9 3
Oor 200z 2% _ (3-1)
or 0z r

aD, 9D, D

Ty —+1=0 (3-2)
or 0z r

It is noted that Eq. (3-2) is automatically satisfied given
that D, = D, = 0, as shown in Eq. (1).

Substituting Eq. (2) into Eq. (3-1) leads to the equilibrium
equation in the following form

C 321/!9
66 ar?

19 32
o ”—9) FCu—2 =0 )
r

The boundary conditions of the mixed boundary value
problem are:

ug(r,0) = f(ry==6-r, =0 O =r=<a) (5-D

09,(r,0=0, D, =0 ( > a) (5-2)
where 6 is the angle of rotation of the circular rigid disk.

Applying the Hankel integral transform of the first order
of ug(r, z) in the radial direction, one has

Uy(s, z) = / ug(r, z)J1(rs)rdr (6-1)
0

ug(r, z) = / Uy(s, 2)J1(rs)sds (6-2)
0

where J; () is the Bessel function of the first kind and of order
one. The partial differential Eq. (4) is reduced to

9*Up(s, 2)
Pl

922 32C66U9 =0 (7)

Cy
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and the solution satisfying the regularity condition at infinity
can be obtained as

Uy (s, 2) = A(s)e™* ®)

The displacement can be obtained as
o
ug(r, 2) = / A(s)e™ Ty (rs)ds )
0

where A = ,/Ceg / Cy4, and A(s) is the unknown function to
be determined by the mixed boundary conditions.

The non-vanishing stresses oy ,09, and electric displace-
ment Dy are:

o0
op(r, 2) = —AC44/ sA()e M I (rs)ds (10)
0

o0
Dy(r, z2) = eioez(r, 7)) = —ke15/ sA(s)e Iy (rs)ds
Cyq 0
(11)

oor(r, 7) = —Ces / sA()e 2 Jh(rs)ds (12)
0

where J;() is the Bessel function of the first kind and of order
two.

The satisfaction of the mixed boundary conditions leads
to the following dual integral equations

/ A(s)1(rs)ds = f(r)=6p-r (0<r <a) (13-1)
0

/'00 sA($)J1(rs)ds =0 (r > a) (13-2)
0

from which the unknown function A(s) can be determined.
Following the procedure of Sneddon [9], it is assumed that

A(s) = /a g(t)sin(ts)dt, g(0) =0 (14)
0

and the solution of g(#) can be obtained as

t
g<r>=3/ L rpon—2_ 2, g<i<a
T Jo dr T

2,2
(15)
from which it can be seen that the assumption g(0) = 0 is
satisfied automatically.

The torque T which must be applied to produce prescribed
boundary conditions can be expressed as

2 a
T = —/ / og,(r, O)r - rdrdé (16)
0 0

The substitution of oy, (r, 0) into the above equation leads
to

a o
T = 2nu0/ r2/ sA(s)J1(rs)dsdr (17)
0 0

where g = +/C44Cep.

By using the relation

a aZ
f r2Ji(rs)dr = — Jr(sa) (18)
0 N

we have the expression for the torque 7 as
o
T =27 poa’® / A(s)J2(sa)ds (19)
0

The substitution of Eq. (14) into Eq. (19) leads to the
expression

T = 47 o f g(tyedt 20)
0

in which the following integral identity is used:

/ sin(ts)Ja(sa)ds = 2—; 21
0 a

From Egs. (14) and (15), we can get the expression of A(s)
as

460 (¢ . 46y .
A(s) = — / tsin(zs)dt = —2[sm(sa) — sacos(sa)]
T Jo TS
(22)

and the torque T as

a “ 1641060a’
T :4;7“0/ g(t)yrdr = 16%90/ 2dr = %
0 0

(23)

The displacement on the surface (z = 0) can be deter-
mined as

400 (¢ 2 46,
ug(r, 0) = —0/ —dr = 2
0 r

rmw 2 _ 42 rmw
a
X [/ Vr2 —t2dr —av/r? —a2i|
0
26
= —O[r arcsin(c—l) _&/C az] (r > a)
b4 r r
(24)
The shear stress op, on the surface (z = 0) is
4110607
op(r,0)=——F—F—= (0 =<r<a (25)
) nva? —r?
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It is noted that for the special case when C4q4 = Cégg, i.€.,
for a homogeneous isotropic elastic problem, we have wy =
Ca4, and the resultin Eq. (25) agrees with the classical results
for the Reissner—Sagoci problem of isotropic elasticity [1, 2].

The shear stress oy, on the surface is

Ce6 469
ogr(r, 0) = R S
X |:m\/r2—m2—a

r2 — 242

2 _ a2

H(r — a)i| (26)

where m = min(r, a) and H() is the Heavyside step function.
When 0 < r < a, og,(r, 0) = 0; and when r > a, we have

400Ce6

= (4 27
oulr, === s () >0 @D

The electric displacement Dy on the surface (z = 0) is

4eq5 060

7 Casva? —r?

It is evident that the shear stresses oy, (r, 0) and oy, (7,
0) are singular near the inside and outside edges of the rigid
disk, respectively. This square-root singularity at the edge of
the circular disk is similar to the singularity observed in crack
problems in a piezoelectric medium [10, 11].

The shear stress intensity factors Ky, and Kp, can be
defined as

Dy(r, 0) = — O0O<r<a (28)

41106,
Koz = lim /2(a — r)op=(r, 0) = —— —a (29)

r—a-
4Ce60
Kor = lim /20r — a)op, (r, 0) = ——27 /5 (30)
r—at* T

Similarly, the electric displacement is singular near the
inside edge of the rigid disk, and the electric displacement
intensity factor can be defined as

46pe1sh
Kpo = lim /2(a —r)Dy(r, 0) = ——215* /2 (31)
r—a-

T

It is shown from Eqs. (29-31) that the stress intensity fac-
tors and electric displacement intensity factor are dependent
on material properties of the piezoelectric medium, the radius
of the circular rigid disk, and the rotation angle.

3 Full-Field Solutions in the Half-Space
Once the expression of A(s) has been obtained as in Eq. (22),

the full-field solutions for the displacement ug, the shear
stresses oy;, og, and the electric displacement Dy can be
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obtained as
46, © 1
up(r, z) = —0[ / - sin(sa)e ™" Jy(rs)ds
T o S
—a/ — cos(sa)e*** Jy(rs)ds (32)
o S
4106, *1
0p:(r, 2) = — 2 0[ f = sin(sa)e ™+ (rs)ds
v o S
o0
—a/ cos(sa)e ™ (rs)ds] (33)
0
46, C |
ogr(r, 7) = — 066 [/ - sin(sa)e*S)‘ZJz(rs)ds
0o S
o
—a/ cos(sa)e”ZJ2(rs)ds:| (34)
0
Dy(r, 2) = e1500:(r, 2) [ Ca4 (35)

By using the following integral identity [2]:

R |
L = / = sin(sa)e ™% J;(rs)ds
0 N

| 2oRsin(0 + ¢) — 1] sin(26)
=a 2p

o _if Rsing+Arpsiné
+— tan
2 Rcos¢ + rocosf

(36-1)
where the quantities Ao, R, 0, and ¢ are defined by the rela-

tions

A=1+8%¢E=2z/a, tand =1, p=r/a
RY = (p?+ &2 — 1)> +4E2, 26 cot2¢ = p> +£2 — 1

(36-2)
and
*1 —SA 1 *
L= —cos(sa)e™ " Ji(rs)ds = —Re [\/ r2+z%2 — ¢ ]
o S r
(37)

where z* = Az — ia, and “Re” denotes the real part of a
complex number.

The exact solution for the displacement ug(r, z) can be
given as

46,
ug(r, z) = ?[11 —al] (38)

Similarly, the shear stresses oy, (r, z), og,(r, z) and the
electric displacement Dyg(r, z) can be obtained as

46
00:(r, 2) = — ;fo [Im[v rt+z*2 — z*]
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Z*
—a +aRe(—)i| (39)
r2 + Z*Z
260C s
oo, (r, 7) = —;—rz“{lm( 242 _ z*)

2
( i T4 72 — Z*)

—2aRe T (40)
46 C
Do(r, 2) = ——eys ﬂ[lm[m_ Z*]
Cyy
Z*
—a +aRe<'—>:| (41)
r2 +Z*2

Equations (38—41) give the full-field solutions for the
displacement, shear stresses, and electric displacement in
analytical form. Some integral identities are used during the
derivation of Egs. (38—-41), and are provided in Appendix B.

It is noted that the explicit analytical solutions for full-
field displacement, stresses, and electric displacement, as
shown in Egs. (38—41), are given in quite different form from
those provided by Xiong et al. [5], who solved the problem
by integrating point force potential functions. Despite the
methodological differences, a numerical analysis shows that
the analytical solution presented in this paper is equivalent to
the expressions given in [5]. The shear stress intensity factors
and electric displacement intensity factor are defined for the
first time to characterize the singular fields near the edge of
the rigid circular disk, and the solution appears to be new.
The method of the current work allows a much simpler form
of the solution, and the result obtained is easy to be used for
numerical calculation and engineering design.

4 Numerical Results and Discussions

In this section, some numerical examples are given to show
the influences of material properties and torsional load on
displacement and shear stresses. The normalized displace-
ments ug(r, z) / (fpa) at the surface and inside the half-space
are displayed in Fig. 2 for the case A2 = Cg6/ Cas = 2. Tt
is clear that the displacement on the surface (z/a = 0) is
proportional to the rotation angle 8y from the center to the
edge of the circular rigid disk, as shown in Eq. (5-1). The
displacement uy / (fpa) decreases as the normalized depth
z/a increases. When the depth ratio z/a = Inf., the dis-
placement vanishes, i.e., when the depth is sufficiently large,
the displacement disappears. In the figure, “Inf.” denotes a
very large number. The variation of ug(r, z) / abp versusr/a
for different values of A2 when z/a = 0.3 is displayed in
Fig. 3. The displacement ug(r, z) / afp increases from zero
to a maximum value and then decreases to zero as the radial
distance from the center of the disk increases.

367
1 - -
— 7/a =0
0.9} m—m 7/3=0.3 E
- 7/3=0.5
08 za=10|
o7t Jr |7 z/a=2.0 E
e z/a = Inf.

Fig.2 Variation of uy(r, z) / a6y versus r/ a for different values of z/a
when A2 = C66/C44 =2

0.7

— /12=0_25

u /36’0

Fig.3 Variation of uy(r, z)/ afy versus r/a for different values of A2
when z/a = 0.3

Figures 4 and 5 respectively show the variations of the nor-
malized shear stresses —oy,(r, Z)//L() and —oy, (7, z)/uo
versus r/a for different values of z/a when A> = 2. The nor-
malized shear stress on the surface —oy,(r, 0) / o under the
circular disk increases from zero at the center and approaches
to infinity at the inside edge of the disk, and the normalized
shear stress —ay;(r, 0) / 1o vanishes on the surface outside
of the disk (r/a > 0), as shown in Fig. 4.

It can be observed in Fig. 5 that the shear stress on the
surface oy, (r, 0) / 1o under the circular disk 7/a < 11is zero,
the shear stress is singular at the outside edge of the circular
disk, and the magnitude of —oy,(r, 0) / 1o decreases from
infinity to zero as the distance from the center of the disk
increases. It is noted that the shear stresses oy, (r, z) and
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Fig.4 Variation of —oy,(r, z) / 1o versus r/a for different values of

z/a when A2 = C66/ Cu=2
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Fig.5 Variation of —oy,(r, z) / o versus r/a for different values of
z/a when A% = C(,(,/ Cyqy =2

og,(r, z) are of negative values. Inside the half-space, the
values of —oy,(r, 2) / o and —oyg,(r, 7) / Wo increase from
zero to a maximum value then decrease as r/a increases.
The magnitude of the shear stresses decreases as the depth
z/ a increases, and the shear stresses are very small when the
normalized depth z/a > 2.0.

The variations of —ay,(r, z)/ oo and —oy, (r, z)/ oo
versus r/a for different values of A2 when z/a = 0.3
are shown in Fig. 6 and Fig. 7, respectively. It is illus-
trated that the normalized shear stresses —oy,(r, z) / oo
and —oy,(r, 2) / oBo increase from zero to a maximum
value and decrease as the distance from the center of
the disk r/a increases. The magnitude of the shear stress
—0p,(r, 2) / 1oBy decreases as the value of 22 increases,
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Fig. 6 Variation of —oy, (7, z) / 1oBo versus r/ a for different values of
22 when z/a = 0.3

0.8

07} X —12_0.25|
- 2205

0.6 ——— 210 | ]

12=2.0

O o/t

Fig.7 Variation of —oy,(r, z) / oo versus r/ a for different values of
22 when z/a = 0.3

while the magnitude of —oy,(r, 2) / wnofo increases as A2
increases from 0.25 to 1.0, and then decreases as A2 increases
from 1.0 to 4.0.

5 Conclusions

Utilizing Hankel transforms and dual integral equations, an
analytical solution for the static Reissner-Sagoci problem in
a transversely isotropic piezoelectric half-space is provided.
The Full-field displacement, stresses and electric displace-
ment are obtained in analytical form. It is found that the
shear stresses on the surface, og,(r, 0) and oy, (r, 0), are
singular near the inside and outside edges of the rigid disk,
respectively. The shear stress intensity factors and electric
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displacement intensity factor are dependent on material prop- displacement:
erties, the radius of the circular disk, and the rotation angle.
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/oo o e t|: 1)] { 0@ <1)
sin(ts)Ji(rs s_——= .
/72 _ 42 —L— (r>t
Appendix A 0 r t 22 ( )
(B2)
;1"h1§ secltlon blls to prove that the electric potential for this For the following Abel-type integral equation
orsional problem is zero.
Assuming that the electric potential is ®(r, z), and the T otg(t)
electric displacement D, = —g1|® ,, D, = —&33 ,, then /(; ﬁdi =rf(r) O<r=<a) (B3)
the satisfaction of Gauss’s law of electrostatics
9D. 8D. D The solution is
e e (A1) ,
or 0z r 2 d dr
g(t):; a[rf(")]\/ﬁ O=<t=a (B4)
0 —r
leads to the following partial differential equation 5
a
a
2o 190 2o / r2Ji(rs)dr = —ha(sa) (B5)
0
el w5 +- 33— =0 (A2)
arr  roar 072 00 2t
/ sin(ts)Ja(sa)ds = — (B6)
a
The solution of this equation is in the form 0
o (r? —2t1)H(r — 1)
0 Jr(rs)cos(ts)ds = Ny B7)
O(r, z) = / EB(§)e "5 Jo(Er)dE (A3) 0 revre =t
0 o
/ e Jy(rs)ds = 1[1 _ L] (B8)
r o) 2
where y =, /811/833, €11, €33 are dielectric constants, and 0 retp
B(£) is unknown functions tf),be determined. / sin(zs)e ™ Jy (rs)ds = —Im|:/ e_sle(VS)dS}
Under the boundary conditions 0 0
(B9)

d=00<r<a

D,=0(r>a) (Ad)

the following dual integral equations

[ esemnenas=0 0<r < (AS-1)
0

/Oo E2B(E)Jo(Er)ds =0 (r > a) (A5-2)
0

lead to the solution B(£) = 0, and then we have ® = 0.

Appendix B

Some useful identities [12] are used in the derivation of
analytical solutions for displacement, stresses and electric

where p = Az +it, and “Im” denotes the imaginary part of a
complex number.

d t 1?
—|r?arcsin( - ) | =vVr2 =12+ — (B10)
dr r 212
a l2
/ |: r2—12+ —i|dt =r? arcsin(g) (B11)
0 r2—¢2 r
a t2 a
/ ———dr =/ (—0)dvr? — 12
0 Vr2—r? 0
a
/0 Vr avr?—a (B12)

From Egs. (B11) and (B12), one has

/ mdt [am +r? arcsm(f)] (B13)

@ Springer



370

K. Hu et al.

(V@ +F —a)'
vBY
~ g (Vo v p - o)
70!)6]1} dx —
/O e~ Jy(Bx) —
LrZ 442 —

e Ji(rs)ds = —
/() r /r2 + Z*2

S| * 1 2
/ —e7% N(rs)ds = —[\/ r2+z%2 — Z*]
0o S 2r2

[Vrz 4+ 7*2 — Z*]z
2721 22

(B14)

/ T e Jo(Bx)dx =
0o X

(B15)

3

(B16)

(B17)

o0 *
/ e Dh(rs)ds = (B18)
0

where z* = Az — ia.

1 1
L= / — cos(sa)e*** Ji(rs)ds = —Re [\/ r2 4 z%2 — z*]
0 S r

(B19)
Rl o 1 "
L= —sin(sa)e™***Ji(rs)ds = —Im [\/ r24+z7¢2 — 7 ]
o S r
(B20)
o0
Iy = / cos(sa)e " Ji(rs)ds
0
1 Z*
()
r e (B21)
|
Is :/ — sin(sa)e ™% o (rs)ds
0 N
1 2
_ /2 2 _ %
= 2r21m[ re+z* Z ] (BZZ)
o
Is = / cos(sa)e ™M I (rs)ds
0
2
1 (\/r2+Z*2_Z*)
= —ZRC
r r2 + Z*Z
(B23)

@ Springer

References

1. Reissner E, Sagoci HF. Forced torsional oscillations of an elastic
half space. J Appl Phys. 1944;15:652—4.

2. Sneddon IN. Note on a boundary value problem of Reissner and
Sagoci. J Appl Phys. 1947;18:130-2.

3. Hanson MT, Puja IW. The Reissner—Sagoci problem for the trans-
versely isotropic half-space. ASME J Appl Mech. 1997;64:692—4.

4. Fabrikant VI. Applications of potential theory in mechanics, selec-
tion of new results. Dordrecht: Kluwer Academic Publishers; 1989.

5. Xiong SM, Ni GZ, Hou PF. The Reissner—Sagoci problem for
transversely isotropic piezoelectric half-space. ] Zhejiang Univ Sci.
2005;6A(9):986-9.

6. Chen WQ. On piezoelastic contact problem for a smooth punch.
Int J Solids Struct. 2000;37:2331-40.

7. Ding HJ, Chen WQ. Three dimensional problems of piezoelasticity.
New York: Nova Science Publishers; 2001.

8. Mohammad R, Amir KG-T, Morteza E-G. The Reissner—Sagoci
problem for a transversely isotropic half-space. Int J] Numer Anal
Meth Geomech. 2006;30:1063-74.

9. Sneddon IN. The Reissner—Sagoci problem. Proc Glasgow Math
Assoc. 1966;7(3):136—44.

10. Chen ZT, Yu SW. Antiplane Yoffe crack problem in piezoelectric
materials. Int J Fract. 1997;84:1.41-5.

11. Yu SW, Du NN, Gu B, Feng XQ. Thermal effects on fracture of
piezoelectric materials. J Intell Mater Syst Struct. 2005;16:567-72.

12. Gradshteyn IS, Ryzhik IM. Tables of integrals, series and products.
New York: Academic Press; 1965.

Springer Nature or its licensor (e.g. a society or other partner) holds
exclusive rights to this article under a publishing agreement with the
author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such
publishing agreement and applicable law.



	Analytical Solution for the Reissner–Sagoci Problem of a Piezoelectric Half-Space
	Abstract
	1 Introduction
	2 Problem Statement and Method of Solution
	3 Full-Field Solutions in the Half-Space
	4 Numerical Results and Discussions
	5 Conclusions
	Acknowledgements
	Appendix A
	Appendix B
	References




