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Abstract

Drought is a natural phenomenon which starts with decreased precipitation and can disrupt the environmental systems by
changing the hydrological cycle. This is more conspicuous in hydrological drought. In analysis of hydrological drought,
two factors of severity (intensity) and duration play eminent role. These characteristics are highly related and therefore their
combined analysis contributes to better understanding of the drought situation. In this research, by using 40-year (1974-2014)
daily discharge data of Tajan River, located in Mazandaran province, Iran, and low-flow indices, the best evaluation index of
hydrological drought was determined and 10 past hydrological drought events in the region were identified. Then, the best
statistical distribution of both drought variables (duration and severity) was selected, based on the goodness-of-fit tests. Five
copula functions were fitted to the data. Results showed that Galambos function with the highest maximum log-likelihood
(— 8.934) was selected as the best copula function. Results of the bivariate (duration and severity) statistical distribution
could be used to analyze the probability of hydrological drought in the region. This bivariate and conditional probability for

the worst drought, with duration of 5 months and severity of 0.32, was 6.1 and 28.5%, respectively.

Keywords Low-flow index - Goodness-of-fit test - Drought duration - Drought severity

Introduction

Drought is a weather-related natural disaster. It denotes a
deficiency of precipitation over an extended period of time,
usually for one season, a year or more. It occurs in virtually
all climatic zones, and its characteristics vary significantly
among regions. Drought definitions are of two types: con-
ceptual and operational. Conceptual definitions help under-
stand the meaning of drought and its effects. Operational
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definitions help identify the drought’s beginning, end and
degree of severity.

The various types of droughts are: meteorological, agri-
cultural, hydrological and socioeconomic (Wilhite and
Glantz 1985). Hydrological drought refers to a persistently
low discharge and/or volume of water in rivers and reser-
voirs (Tallaksen and van Lanen 2004; Nalbantis and Tsakiris
2009); it exerts the greatest damages among all the natural
disasters (Wilhite et al. 2006). Data sets required to assess
hydrological drought are surface water area and volume, sur-
face runoff, streamflow measurements, infiltration, water-
table fluctuations and aquifer parameters.

Based on the studies of Peters et al. (2006) and Tallak-
sen et al. (2006), propagation of drought in the hydrologi-
cal cycle can be analyzed using gridded information. The
results revealed that catchment control in modifying drought
signal is possible from a series of short-duration droughts
in rainfall covering large parts of the catchment. In order to
develop measures for mitigation of hydrological droughts,
many studies have been performed in the past on the analy-
sis and estimation of hydrological drought. These studies
can be divided into two topics. For example, some studies
have employed hydrological drought indices for quantitative
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estimation, such as cumulative streamflow anomaly (Fleig
et al. 2006; Vasiliades et al. 2011), surface water supply
index (SWSI) that is a suitable measure of hydrological
drought in mountainous regions where snow contributes sig-
nificantly to the annual streamflow (Niu et al. 2015), or bal-
ance with soil moisture information (Palmer Drought Sever-
ity Index) (Vasiliades et al. 2011; Kousari et al. 2014). Other
studies have conducted hydrological drought analysis using
deterministic approach (Piechota and Dracup 1996). Starting
by Yevjevich (1967), many studies have been conducted on
univariate analysis, based on the runs test (Cancelliere and
Salas 2004). The Wald—Wolfowitz runs test (or simply runs
test) is a nonparametric statistical test that checks a random-
ness hypothesis for a two-valued data sequence.

Drought duration and severity are often modeled by dif-
ferent distributions. A copula is employed to construct the
bivariate drought distribution (Shiau et al. 2007). Copula is
a function that links the univariate marginal distributions to
form a bivariate distribution. The bivariate return periods
are also established to explore the drought characteristics
of the historical droughts. Copula functions were originally
introduced by Sklar (1959) to describe multivariate distribu-
tions. De Michele and Salvadori (2003) used these functions
in hydrological studies. In this paper, an improved storm
intensity-duration model is developed, which describes the
dependence between these variables by means of a suitable
copula function. Then, the concept of copula functions was
quickly applied in different areas of hydrology including
flood frequency analysis (De Michele and Salvadori 2003;
Shiau 2006; Shiau et al. 2007), multivariate analysis (Zhang
and Singh 2012), and properties of precipitation (Serinaldi
et al. 2009). Drought analysis by using copula functions is
almost a new subject in hydrology. The following studies
could be pointed out on application of copula functions in
hydrological drought analysis. Shiau (2006) modeled joint
drought duration and intensity distribution in Wushantou
(Taiwan) using seven 2D copulas (Ali-Mikhael-Hagq, Clay-
ton, Farley—Gumble, Frank, Galambos, Gumbel-Huggard
and Plackett). Copula fitting results for drought duration and
intensity were quite satisfactory, and Galambos function was
chosen the best. Song and Singh (2010) used two-dimen-
sional copula functions to analyze frequency of drought in
Texas, USA. Serinaldi et al. (2009) applied copulas to the
probabilistic analysis of drought characteristics (drought
length, mean and minimum SPI values and drought mean
areal extent), based on mean areal precipitation, observed
in Sicily, Italy, for 1921-2003. Results showed significant
dependence of properties between almost all the considered
pairs and that copulas are adequate to jointly model drought
properties. Reddy and Ganguli (2012) analyzed bivariate
flood frequency of annual maximum flow using Archime-
dean copula functions. Wong et al. (2013) analyzed drought
based on climatic conditions (El Nifio, La Nifia and ENSO)
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using three-dimensional Gumbel-Huggard copula function
in two basins of Australia. They determined three drought
properties—duration, maximum intensity and moderate
intensity—using Standardized Precipitation Index (SPI).
Chen et al. (2013) used copula functions to construct mul-
tivariate joint distributions. Van Huijgevoort et al. (2014)
determined the characteristics of discharge changes when
there is a hydrological drought. Literature review showed
the importance of drought analysis. Duration and severity
are two significant parameters of this event and need to be
discussed by bivariate analysis. Kwak et al. (2016) showed
strong correlation among drought characteristics, and the
drought with a 20-year return period in the Sacramento
River basin. The latest studies show that the copula func-
tions have been used in meteorological drought and hydro-
logical phenomenon. The objective of the present research
was bivariate analysis of severity and duration of hydrologi-
cal drought, by applying the copula functions in the Tajan
River basin, northern Iran. Also, in this research, the forecast
of hydrological drought characteristics (duration, severity
and return period) has been estimated for water resources
management.

Materials and methods
Study area

Tajan River originates from Alikhani Mountains, 78 km
southeast of Sari, Mazandaran province, Iran (Fig. 1). The
watershed area of this river is 4147 km?. Shahid Rajaei
(Soleyman Tangeh) dam is constructed on this river, and
there are eight active hydrometric stations in this basin.
In this research, 14,000 daily discharges data of 40 years
(1974-2014) of Aliabad hydrometric station on Tajan River
are used (Fig. 1).

Reconstruction and homogeneity of data

The incomplete discharge data were reconstructed by calcu-
lating the average daily discharge in the control station and
then filling the gaps for the low flows in Aliabad station.
The runs test was used to analyze the homogeneity of data.

Univariate index and distributions of hydrological
drought

Low-flow index of hydrological drought analysis is cho-
sen for further discussions. The reasons for this selection
include: (1) extensive use of this method, (2) reliability of
the results, (3) comparison of low flows in various stations
and (4) limited access to reliable information on an appropri-
ate scale to use other indices.
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Fig. 1 Location of Soleyman Tange Dam, Ali Abad station on Tajan River

Study by Hadiani et al. (2013) showed that in the
Mazandaran province, except for a few exceptions, the aver-
age 30-day minimum river discharge with return period of
2 years was the best index for drought threshold of the low
flow. Based on the low-flow index, the probability distribu-
tions of drought severity and duration were selected by Kol-
mogorov—Smirnov index to test the goodness-of-fit. Then,
the results were compared with the x* index. As a result, uni-
variate Gamma distribution was chosen for drought severity
and exponential distribution for drought duration.

Copula functions

If the random variables X and Y have probability density
functions f, (x) and f, (y), respectively, then the cumula-
tive distribution function of the variables, namely F, (x)
and F) (y), has a uniform probability density function U
(0, 1). According to the Sklar’s theorem, if F, (x) and F,
(y) are continuous, then there is a unique copula func-
tion, which is a cumulative distribution function, and its
marginal is uniform; that is, C[O, 11> = [0, 1] such that
Fix,y)=C (Fx(x, ¥, F(x, y)) is a bivariate copula function.
There are several copula functions which their parameters
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control the amount and intensity of correlation (Nelsen
2006). In this study, five different copula functions were
used (Table 1).

Correlation of drought severity and duration

Estimation of Kendall Thaw correlation coefficient for
n-variable observed data, including (x,, y;)...(x,, y,), is as
the following relationship:

-1

r= <g> Z sgn[(x;—x) (vi—y)]. Lj=L2...n
1<i<j<n

(D

where

1 if (xi —xj) (yi —yj) >0

0 if (x—x;)(yi—y;) =0

-1 if (x,» —xj) (yl- —yj) <0
2

where 7 is Kendall correlation coefficient, sgn is conditional

function, x; and y; are severity and duration variables, and n
is number of data.

sen((x —x) (v —y;)) =
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Table 1 Relationships and

! Copula function Copula equation Parameter
parameters of five different
copula functions -1
P Clayton Clu,v) = (u,g 0 1) > 6>0
Frank Clu,v) = —éLn[l 4 (e—s”;l_)ﬂ(_e],w,l)] 640
Galambos 0 _o1-2 6>0
C(u,v) = uvexp [(—Ln u)" + (-Lnv) ] 0
Gumbel-Huggard 1 0>1
g8 C(u,v) = exp{ - [(—Ln u)_g + (-Ln v)_g] 0 } -
Plackett ] 60>0

C(u,v) =

20-1)

{1 +(0 = D(u+v) = [(1+ (0 = D(u+v)* —40(0 - I)W]%}

Estimation of parameter 6 and goodness-of-fit
of copula functions

There are four main methods for estimating the parameter
6, which maximum likelihood method is the most widely
used (Nazemi and Elshorbagy 2011). This method is used in
the present research. In this method, optimum value of this
parameter value maximizes the log-likelihood function. The
log-likelihood formula is as follows:

L(0) = ) log(c(Fp(d). Fs(s)) = Y. log(c(u, v)) 3)
i=1 i=1

where 0 is parameter of copula function, Fj(d) and F(s) are
distribution functions of drought duration (D) and severity
(S), and c is density of copula function, which is calculated
by the following equation (Zhang and Singh 2012):

_ 0%c(u,v)

Cluv) = oudv )

The best copula function is selected when it has the high-
est maximum log-likelihood value (Nazemi and Elshorbagy
2011). Other than the highest maximum log-likelihood,
Akaike information criterion (AIC), root-mean-square
error (RMSE) and Nash—Sutcliffe efficiency (NSE) were
calculated for the five copula functions as follows. The best
copula function has the lowest RMSE and AIC and the high-
est NSE values:

IR :
RMSE = \J - > 60 - ) )

i=1

AIC = —2In ML + 2K (6)

n . )2
NSE = | — i (Cp(’) - C.(D)

Y (ci)-c.)

)

@ Springer

where C,, is computed parametric copula function, C, is like-
lihood of the observed data obtained from empirical copula
function, In ML is maximum log-likelihood function, and
K is number of parameters of the copula function (Cisty
et al. 2015).

Conditional probability

Based on the selected bivariate distribution, the informa-
tion that has important role in drought management could
be valuable. For example, probability of drought severity
and duration exceeding some predetermined values will be
calculated by the following equation (Shiau 2006):

P(D >d,S > s)=1-Fp(d) — Fs(s) + C(Fp(d), Fg(s))
®)
It is also possible to calculate conditional probability of
the two variables. This means that if it is intended to assess
the likely occurrence of a variable in the hypothetical case of

exceeding a certain threshold value of another variable, the
following equations could be used (Shiau 2006):

Fy(s) = C(Fp(d'),Fs(s))

P(S<siD2>d') = 1 = Fp(d) ®

Fr(d) — C(Fp(d), Fs(s'
o sz - =LA
S

(10)

Joint and conditional return periods

Joint return period for severity (S) and duration (D) of
drought has been defined for two following cases (Shiau
2006): (1) joint return period in case of exceeding of drought
duration and severity from a predetermined threshold, and
(2) return period for drought severity or duration greater
than or equal to a certain value (Eqgs. 11, 12, respectively):

E(L)
1 — Fp(d) = Fs(s) + C(Fp(d), F(s))
€8))

D>dandS>s— Tpg =
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EL)
1 = C(Fp(d). Fy(s)) (12)

D>dorS>s— T, =

where L is time interval between beginning of a drought and
the next drought and E(L) is mathematical expectation of
time interval between two consecutive droughts.
Conditional return periods can be defined as two forms;
return period of drought duration when drought severity
exceeds certain value, and return period of drought severity
when drought duration exceeds certain value (Egs. 13, 14):

P L
DiSzs = p(D > d,S > s)
B E()
[1 = Fs(s)|[1 = Fp(d) — Fg + C(Fp(d), Fs(s))|
(13)
T = Is
SID2d = p(D > d,§ > s)
_ E(])
[1 = Fp@)][1 = Fp(d) = Fy(s) + C(Fp(d), Fs(s))]
(14)

Results and discussion
Drought severity and duration distributions

According to Table 2, which is based on the estimated low-
flow index, 10 drought events have occurred during the stud-
ied period. The significant statistical characteristics of these

Table 2 Severity and duration of the 10 droughts in Tajan Watershed

droughts are listed in Table 3. Based on the goodness-of-fit
tests described in “Estimation of parameter 6 and goodness-
of-fit of copula functions” section, Gamma and exponential
distributions showed the best fit for drought severity and
duration, respectively.

After fitting the exponential and Gamma distributions
on drought duration and severity data and estimating the
parameters based on maximum likelihood, the exponen-
tial distribution parameter 4 = 3 and Gamma distribution
parameters a = 2.2635 and f = 0.0644 were obtained.
Figure 2 shows the theoretical and empirical distributions
of severity and duration of drought.

Optimum copula function
Regarding the Kendall coefficient of 0.5556 and Spearman

coefficient of 0.697, it is concluded that severity and dura-
tion of droughts are correlated and the best copula function

® Empirical

(a) = Theoretical

o
0 R

o
o

Probability
=}
~
.
.
\

0.2 p

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

Severity (m?/sec/month)

(b) === Theoretical ® Empirical

Frequency Severity Duration Startdate Enddate Water year

(month) 1

L J
1 0.1333 3 Jan. Mar. 2001-2002 038 —
2 02700 5 Nov. Mar. 2006-2007 % 0.6 0
2 0.0335 2 July Aug. 2006-2007 % 0.4
2 03198 5 Nov. Mar. 2007-2008 A .
2 0.1420 4 Apr. Aug.  2007-2008 0.2
1 02655 2 Oct. Nov. 2008-2009 0
1 0.0665 2 Mar. Apr. 2009-2010 0 ! 2 3 4 5
1 00620 2 Jan, Feb. 2009-2010 Duration (month)
1 0.0895 2 July Aug. 2012-2013
1 00756 3 May July 2013-2014 Fig. 2 Empiri'cal and theoretical distributions: a drought severity; b
drought duration
Table 3 'Signiﬁcant sFatistics Variable Min. Max. Average Standard deviation Coefficient
of duration and severity of
droughts observed in the giss 5 o
hydrometric station
Duration (month) 2 5 3 1.2472 0.8590
Severity 0.0335 0.3198 0.1457 0.1023 0.7620
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Table 4 Parameter 6, maximum

- A Distribution Parameter 0 Log-likelihood RMSE AIC NSE
log-likelihood and error indices function
(RMSE, AIC, NSE) for the
copula functions Clayton 0.6467 —-9.7717 0.1198 215434  0.7742
Frank 3.2795 —9.2810 0.1036 20.5619 0.8312
Galambos 0.8933 —8.8934 0.0976 19.7867 0.8503
Gumbel-Huggard 1.5669 —9.0101 0.1002 20.0203 0.8421
Plackett 3.5565 —9.4267 0.1120 20.8534 0.8026
14 05
£ . i
£ S
5 *
2038
P 0.4}
2 o
: c, >
= * £
go.e 1 & \
2 . E 5t
= E
£o04 | =
= * z = 0.8
2 T e
E . s o2 “
3 ) . 0p * 0.6
& .
g 01F N 0.4
0 T T T T ] # * 0.2 02
0 0.2 0.4 0.6 08 1
Empirical distribution *
0 0 5 10
Fig. 3 Fitted Galambos copula versus the empirical copula Duration (month)

will be obtained by maximizing the log-likelihood func-
tion and controlling the AIC, RMSE and NSE indices. The
results are shown for the five copula functions in Table 4.

Table 4 shows that Galambos copula function is the best
copula function to describe the bivariate distribution of
severity and duration of droughts in Tajan Watershed. Fig-
ure 3 shows a theoretical Galambos copula plotted versus
the empirical copula for Aliabad station.

In Fig. 3, the relationship is close to the 1:1 line and
confirms the use of Galambos copula for both character-
izing the dependence structure and constructing the bivari-
ate model. Results of the combined probability of intensity
and duration of drought for different levels of severity and
duration are shown in Fig. 4. The curves in this figure
could be useful in water resources management during
the drought periods of the Tajan River. According to the
results, the longest duration of drought was 5 months and
the highest drought severity was 0.32. If probability of
hydrological drought with severity of more than 0.32 and
duration of more than 5 months is going to be predicted,
the following calculations are used based on Eq. (8):

F(5) = 0.8592, F(0.32) = 0.8301 and
C(Fp(5), F5(0.32)) = 0.7503
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Fig.4 Combined probability of drought severity and duration

P(D>d,S>s)=1—Fp(d) — Fg(s)+ CFp(d), Fg(s))
=1-0.8592 - 0.8301 + 0.7503 = 0.061
Therefore, the combined probability is 6.1%.

Also, the conditional probability of drought could be
calculated using Galambos bivariate distribution. Figure 5
shows the conditional probability of drought duration
based on certain values of drought severity for hydrom-
eter station, Tajan River, and Fig. 6 shows the conditional
probability of drought severity based on values of drought
duration. For example, for drought duration of less than
5 months and severity of more than 0.32, the conditional
probability based on Eq. (10) will be 28.5%.

Return period

Return periods of (D > 5 and S > 0.32)XD > 5 and S > 0.32)
and (D > 5 or § > 0.32) will be 74.4 and 17.9 years, respec-
tively (Figs. 7, 8). One of the goals of drought study is pre-
diction of drought information and properties for future
critical drought events, based on the present and/or previous
observations and actual information. Therefore, in Figs. 4, 7
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Fig. 6 Conditional probability of drought duration for different values
of severity

and 8, severity or return period curves were extrapolated for
drought duration up to 10 months.

If drought duration is 5 months and severity is more
than 0.32, then the conditional return period (T s, ) will
be 905 years (Fig. 9). Results showed that as drought
duration and its concurrent severity increases, the com-
bined and conditional return period gets larger. Kwak
et al. (2016) used copula method for bivariate drought
analysis in the Sacramento River basin. Their results
showed that strong correlation exists among drought char-
acteristics, and the drought with a 20-year return period
could be considered a critical level of drought for water
shortages.

Duration (month)

Fig.7 Return period (year) for the case of drought duration and
severity exceeding a certain value

05
=]
0.45
=, 04 S
= K2
=
=
E 035
P o
Z *
£ 03}
:.
z * ¥
3 oy 2 20
0.2
10
0.15 *
&
o 5
0.1 * .
% 3
005
*
0 L :
0 5 10
Duration (month)

Fig.8 Return period for drought severity or duration greater than or
equal to a certain value

Conclusions
In this paper, the methodology of constructing bivariate

statistical distribution of drought severity and duration
was studied in for a 40-year discharge data of Tajan River
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Fig.9 Conditional return period of drought duration for different
drought severities ()55, ) in the hydrometric station of Tajan River

(1974-2014). The advantage of using copula functions is
the possibility of using different univariate marginal dis-
tributions. Considering the low-flow index, 10 hydrologi-
cal drought events were identified for the studied period,
which have happened after the construction of Soleyman
Tangeh dam. By analyzing the severity and duration of
droughts, it was found that Gamma and exponential dis-
tributions had the best fit for severity and duration, respec-
tively. The worst hydrological drought event which has
happened in this area has lasted for 5 months with severity
of 0.32. Then, 5 well-known copula functions were used
to combine the marginal functions of drought severity
and duration. Parameters of these copula functions were
determined by maximizing the log-likelihood value. The
best copula function was selected based on the highest
maximum log-likelihood value. In this study, Galambos
was the best copula function. By using the best copula
function, the joint and conditional probability character-
istics of drought duration and severity were determined.
Results showed that the combined probability of hydrolog-
ical drought with severity of more than 0.32 and duration
of more than 5 months is 6.1%. For drought duration of
less than 5 months and severity of more than 0.32, the con-
ditional probability will be 28.5%. In general, the curves
prepared for predicting joint or conditional probabilities
of drought events with specified values of severity and
duration are very useful in planning and management of
water resource.
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