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Abstract
In multi-frequency and multi-constellation GNSS applications, the multi-frequency carrier ambiguity resolution (MCAR) is 
the prerequisite of high-precision positioning and navigation. Since the multipath is the main unmodeled error that cannot 
be easily mitigated, we first propose a new code and phase multipath mitigation method using a way of observation-domain 
parameterization, which can be applied to the GNSS like MCAR, including four-frequency and five-frequency carrier ambi-
guity resolution (FiCAR). First, take the five-frequency BDS-3 data as an example; the necessity of multipath mitigation 
in linear combinations is discussed. Second, for the proposed method, the between-receiver single-differenced (SD) multi-
frequency multipath combinations are formed and preprocessed. Then the SD multipath can be estimated by the least squares. 
Finally, the multipath-reduced observations can be applied to the MCAR. Real five-frequency observations with multipath 
are tested. The proposed method is compared with the traditional method ignoring the multipath by using the single-epoch 
and multi-epoch modes, including the geometry-free and geometry-based models. The results indicate that the success 
rate and efficiency of ambiguity resolution can be improved significantly. Specifically, in the single-epoch mode, only the 
ambiguity resolution success rates of the proposed method are all 100% for the first to fourth signals. Besides, when fixing 
the fifth signal, the improvement of ambiguity resolution success rates can reach 19.4% on average. For the first four signals 
in the multi-epoch mode, the mean time-to-first-fix values of the traditional and improved methods are 18.25 and 1.00 s, 
respectively, and approximately 49 s can be shortened for the fifth signal. Undifferenced or double-differenced multipath can 
also be parameterized similarly, and then be used in other real-time or kinematic GNSS applications.

Keywords  Multi-frequency GNSS · Code and phase multipath · Multipath mitigation · Observation-domain 
parameterization · Ambiguity resolution

Introduction

With the opening of the five-frequency BDS-3 system, the 
technology of multi-frequency and multi-constellation con-
ditions is the general trend in GNSS applications. The ambi-
guity resolution (AR) is the prerequisite of high-precision 
positioning and navigation, such as real-time kinematic 
positioning (RTK). In order to improve the success rate 
and efficiency of AR, the error terms of code and phase 
observations should be processed appropriately. However, 

unmodeled errors such as atmospheric delays and multipath 
usually cannot be ignored (Li et al. 2018).

Earlier research mainly focuses on obtaining the ambi-
guities with high efficiency and high reliability by using 
single-frequency or dual-frequency data. The criterion is 
systematically studied, including rounding, bootstrapping, or 
integer least-squares (ILS) criterion (Dong and Bock 1989; 
Teunissen 1993, 1998). The rounding strategy is simple, but 
the correlations of float ambiguities are ignored, and the 
bootstrapping method only takes the correlations between 
adjacent ambiguities into account. The ILS criterion then 
accounts for all the correlations by finding the minimum 
norm fixed solutions according to the covariance matrix of 
the ambiguities (Teunissen et al. 2002). The decorrelation 
method is then used in ILS (Teunissen 1995). Later, the 
emergence of three-frequency GNSS brings great benefits 
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to AR. Forssell et al. (1997) and Vollath et al. (1998) pro-
posed the concept of three-frequency carrier ambiguity reso-
lution (TCAR). Typically, the TCAR method means that the 
ambiguities of the selected linear phase combinations are 
fixed by rounding directly according to a certain order. The 
success rate and efficiency of AR are improved significantly 
by the TCAR method (Cocard et al. 2008). As usual, the 
TCAR method is based on the geometry-free (GF) model. 
The geometry-based (GB) model which has better geomet-
ric strength, can also be used (Feng 2008; Zhang and He 
2016). More recently, since the BDS-3 and Galileo satellites 
can broadcast four or five frequencies, four-frequency car-
rier ambiguity resolution (FCAR) or five-frequency carrier 
ambiguity (FiCAR) became possible, improving the success 
rate and efficiency of AR even further (Zhang et al. 2020).

In multi-frequency carrier ambiguity resolution (MCAR), 
including TCAR, FCAR, and FiCAR, mitigating or even 
avoiding the impacts of unmodeled errors is one of the most 
important issues since it will deteriorate the accuracy of float 
ambiguities. The tropospheric and ionospheric delays can be 
largely eliminated or mitigated via observation combination, 
model correction, or parameterization (Wang and Rothacher 
2013; Li 2018). Li et al. (2010) proposed a distance-inde-
pendent AR method using a GF and ionospheric-free (IF) 
semi-generated signal. Zhao et al. (2015) applied a modified 
TCAR method to mitigate the residual ionospheric delays in 
three-frequency linear combinations. Since the BDS system 
has three types of satellites, the BDS-2 or BDS-3 AR is 
also investigated (Tang et al. 2014; Li et al. 2020). Because 
multipath cannot be treated by the above traditional meth-
ods (Luo et al. 2014; Leick et al. 2015; Zhang et al. 2019), 
using additional data processing methods is an indispensa-
ble approach, especially in canyon environment, low-cost 
receiver, and long baseline. As usual, the signals with longer 
wavelengths are more affected by multipath (Lima Filho and 
Moraes 2020). Based on the satellite period, the sidereal 
filtering is used, where the undifferenced (UD), single-dif-
ferenced (SD), or double-differenced (DD) strategy in either 
the coordinate (Bock et al. 2000; Ragheb et al. 2007) or 
observation (Zhong et al. 2010; Ye et al. 2015) domain can 
be conducted. Thanks to the spatial repeatability of satellites, 
in a static or relative static condition, a so-called hemispheri-
cal map providing multipath corrections can also be applied 
(Moore et al. 2014; Fuhrmann et al. 2015); for the relative 
and standalone modes, see Dong et al. (2016) and Zheng 
et al. (2019) respectively. In addition, the other strategies 
can also be applied, such as the front-end signal processing 
(McGraw and Braasch 1999; Henkel et al. 2016), advanced 
tracking method (Yang et al. 2020), improved antenna array 
(Daneshmand et al. 2013), wavelet analysis (Pugliano et al. 
2016), ray-tracing method (Lau and Cross 2007), support 
vector regression (Phan et al. 2013), and Vondrak filtering 
(Zheng et al. 2005).

However, currently, there are still some limitations of 
multipath processing, of course including in the area of 
MCAR. First, as aforementioned, the traditional multipath 
processing methods mainly focus on the non-parametric 
way, where the errors cannot be fully captured or elimi-
nated. Limited research focuses on multipath mitigation 
in the MCAR (Moradi et al. 2015; Chen et al. 2016; Wang 
et  al. 2018). This topic is crucial since the multipath 
effects are amplified in the MCAR, which will be proved 
in the following text. In essence, most of these methods 
are like the model correction in the time or space field. At 
present, there is no universal observation-domain parame-
terized method for code and phase observations. In theory, 
multipath parameterization may be the best choice since 
the temporal and spatial properties can be fully consid-
ered. Unfortunately, how to parameterize the multipath is 
still an urgent problem to be solved. Second, traditional 
multipath mitigation methods cannot work well in real-
time or kinematic cases. If coupled with complex condi-
tions, the multipath may become a dominant error source 
of unmodeled effects. The multipath always has apparent 
adverse effects when we conduct the MCAR, where the 
baseline length is usually long. Unfortunately, the mul-
tipath is always ignored in the MCAR.

We propose a new code and phase multipath parameter-
ized mitigation method based on the observation domain. 
Specifically, the multi-frequency code multipath (MCM) 
and multi-frequency phase multipath (MPM) combinations 
are formed and preprocessed first in five or least four fre-
quencies cases. After that, the multipath errors of code 
and phase observations are estimated by the least-squares 
(LS) criterion.

The main contribution of this research is twofold. First, 
the general models, methods of the MCAR, especially the 
FiCAR considering the multipath, are systematically stud-
ied. Second, a new code and phase multipath mitigation 
method is proposed and fully considered in the FiCAR.

According to the wavelength, the linear combinations 
can be defined as extra-wide lane (EWL, λ ≥ 2.93 m ), 
wide lane (WL, 0.75 m ≤ λ < 2.93 m ), medium lane 
(ML, 0.19 m ≤ λ < 0.75 m ), and narrow lane (NL, 
0.10 m ≤ λ < 0.19 m ). The baseline length can be 
divided into three categories, including medium-to-
short baseline ( l ≤ 100km ), medium-to-long baseline 
( 100 km < l ≤ 200 km ) and long baseline ( l > 200 km ). 
The symbols and operators used are described as follows. 
The symbols ‘ Δ ’ and ‘ ∇ ’ denote the between-receiver and 
between-satellite SD operators, ‘ [.]round ’ denotes the round-
ing operator, ‘diag’ denotes the operator of a diagonal 
matrix, ‘ � ’ denotes the dispersion operator, and I denotes 
the identity matrix.
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Five‑frequency carrier ambiguity resolution

As an important part of the MCAR, the optimal linear com-
binations are studied comprehensively in this section. Then 
different FiCAR methods, including the GF FiCAR and GB 
FiCAR are discussed.

Five‑frequency GNSS linear combination

If there are k ( k = 5 in this study) frequencies satisfying 
f1 > f2 > ⋯ > fk in multi-frequency GNSS, the frequency, 
wavelength, and DD ambiguities of a certain linear combi-
nation read

where i1, i2,⋯ , ik are the integer coefficients, λ denotes the 
wavelength, c denotes the light speed in a vacuum, and N 
denotes the ambiguity. Accordingly, the linear code and 
phase combinations read

where P and � denote the code and phase observations, 
respectively. Then the observation models of linear code 
and phase combinations can be formed

with the f i rst-order  ionospher ic  scale factor 
�[k] = f 2

1

(
i1∕f1 + i2∕f2 +⋯ + ik∕fk

)
∕f[k] , where � denotes 

the receiver-to-satellite range, and I and T  denote the iono-
spheric and tropospheric delays. M and m denote the code 
and phase multipath, and � and e denote the code and phase 
observation noise.

(1)f[k] = f(i1,i2,⋯,ik) = i1 ⋅ f1 + i2 ⋅ f2 +⋯ + ik ⋅ fk

(2)�[k] = �(i1,i2,⋯,ik) = c∕f[k]

(3)
∇ΔN[k] = ∇ΔN(i1,i2,⋯,ik) = i1 ⋅ ∇ΔN1 + i2 ⋅ ∇ΔN2 +⋯ + ik ⋅ ∇ΔNk

(4)∇ΔP[k] = ∇ ⋅ P(i1,i2,⋯,ik) =
(
i1 ⋅ f1 ⋅ ∇ΔP1 + i2 ⋅ f2 ⋅ ∇ΔP2 +⋯ + ik ⋅ fk ⋅ ∇ΔPk

)
∕f[k]

(5)∇ΔΦ[k] = ∇ΔΦ(i1,i2,⋯,ik) =
(
i1 ⋅ f1 ⋅ ∇ΔΦ1 + i2 ⋅ f2 ⋅ ∇ΔΦ2 +⋯ + ik ⋅ fk ⋅ ∇ΔΦk

)
∕f[k]

(6)∇ΔP[k] = ∇Δ� + �[k]∇ΔI1 + ∇ΔT + ∇ΔM[k] + ∇Δ�[k]

(7)
∇ΔΦ[k] = ∇Δ� + �[k]∇ΔN[k] − �[k]∇ΔI1 + ∇ΔT + ∇Δm[k] + ∇Δe[k]

In the case of the five-frequency BDS-3 system, detailed 
information is listed in Table 1. It is worth noting that the 
code chipping rates of different signals are not the same. 
Hence the code precisions from different signals are also 
different. To obtain the optimal linear combination, the code 
and phase total noise levels (TNLs) are used. Since the base-
line length is usually relatively long in MCAR, the second-
order ionospheric delay and the orbit error should be better 
considered. Unlike the other traditional studies, here, the 
multipath is also considered in code and phase TNLs. The 
main reason is that the multipath may play an important role 
under complex conditions. Besides, the multipath is ampli-
fied in MCAR, which will be mentioned in the following 
test. The code TNL �TNP

 and phase TNL �TNΦ
 read

with the second-order ionospheric scale factor 
�[k] = f 3

1

(
i1∕f

2
1
+ i2∕f

2
2
+⋯ + ik∕f

2
k

)
∕f[k] , the multipath and 

p h a s e  n o i s e  a m p l i t u d e  f a c t o r 
�2
[k]

=
[(
i1 ∙ f1

)2
+
(
i2 ∙ f2

)2
+⋯ +

(
ik ∙ fk

)2]
∕f 2

[k]
 , the code 

n o i s e  a m p l i t u d e  f a c t o r 
�2
[k]

=
[(
i1 ∙ f1

)2
+
(
�12 ∙ i2 ∙ f2

)2
+⋯ +

(
�1k ∙ ik ∙ fk

)2]
∕f 2

[k]
 

where �1k denotes the scale factor between the frequencies 
1 and k . �∇ΔI1 and �∇ΔI2 denote the standard deviations 
(STDs) of the DD first-order and second-order ionospheric 
delays, ∇ΔT  denotes the STD of the DD tropospheric delay, 
∇ΔO denotes the STD of the DD orbit error, �∇ΔM and �∇Δm 
denote the STDs of the DD code and phase multipath, and 
��∇ΔP and ��∇ΔΦ denote the STDs of the DD code and phase 

(8)
�TNP

=
√

�2
[k]
�2
∇ΔI1

+ �2
[k]
�2
∇ΔI2

+ �2
∇ΔT

+ �2
[k]
�2
∇ΔM

+ �2
∇ΔO

+ �2
[k]
�2
�∇ΔP

(9)
�
TNΦ

=
√

�2
[k]
�2

∇ΔI
1

+ �2
[k]
�2

∇ΔI
2

+ �2

∇ΔT
+ �2

[k]
�2

∇Δm
+ �2

∇ΔO
+ �2

[k]
�2

�∇ΔΦ
∕�[k]

Table 1   Information of the five-frequency BDS-3 signals

Signal type Frequency (MHz) Wavelength (cm) Code chipping 
rate (Mcps)

B1C 1575.420 19.03 1.023
B1I 1561.098 19.20 2.046
B3I 1268.520 23.63 10.23
B2b 1207.140 24.83 10.23
B2a 1176.450 25.48 10.23
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noise. According to the code chipping rates listed in Table 1, 
without loss of generality, there has the relationship 
��∇ΔP = ��∇ΔP1

= �
12
��∇ΔP2

= �
13
�
�∇ΔP3

= �
14
��∇ΔP4

= �
15
��∇ΔP5

 
with empirical values �12 = 0.5 , �13 = 0.1 , �14 = 0.1 , and 
�15 = 0.1 ; ��∇ΔΦ = ��∇ΔΦ1

= ��∇ΔΦ2

= ��∇ΔΦ3

= ��∇ΔΦ4

= ��∇ΔΦ5

 . 
Similar processing approaches can be found in other research 
such as Tang et al. (2014) and Zhang et al. (2020).

In order to determine the optimal linear combinations, 
Table 2 presents the error budgets of different DD code and 
phase error types for different baseline lengths. The empiri-
cal values are widely adopted in other research (Li et al. 

2010; Zhang et al. 2020). Unlike other related studies, the 
code and phase multipath effects are considered here. Then 
according to Tables 1 and 2, the wavelength of linear phase 
combinations can be computed by (1) and (2). Five inde-
pendent combinations need to be determined in advance. 
Since only four independent combinations can be found 
under the conditions of i1 + i2 + i3 + i4 + i5 = 0 , the raw 
signal satisfying i1 + i2 + i3 + i4 + i5 = 1 is treated as the 
fifth independent signal. It is worth noting that the correla-
tions between the selected optimal liner combinations are 
often ignored in MCAR. The reason is that the EWL or WL 
is easy to be fixed directly due to their relatively low noise 
level and long wavelength. The four independent EWL/WL 
optimal linear phase combinations and NL optimal linear 
code combinations under different conditions can be found 
according to the TNLs. Tables 3 and 4 list the detailed infor-
mation of the optimal linear phase and code combinations 
for the five-frequency BDS-3 system in this study.

FiCAR method

There are two main approaches in FiCAR. Specifically, 
one is the GF-FiCAR method, and the other one is the GB-
FiCAR method. For the GF-FiCAR method, one can com-
pute two main specific types

(10)∇ΔŇLC1 =
[(
∇ΔP[k] − ∇ΔΦLC1

)
∕𝜆LC1

]
round

Table 2   DD code and phase error budgets for the medium-to-short, 
medium-to-long, and long baselines (cm)

Error terms Medium-
to-short 
baseline

Medium-
to-long 
baseline

Long baseline

Phase noise 1 1 1
Code noise on B1C 100 100 100
Phase multipath 1 1 1
Code multipath 100 100 100
1st-order ionospheric 

delay
10 40 100

2nd-order ionospheric 
delay

0.5 1 2

Tropospheric delay 1 2.5 20
Orbit error 0.5 1 10

Table 3   Optimal linear phase 
combinations of five-frequency 
BDS-3 observations under the 
circumstances of medium-to-
short, medium-to-long, and long 
baselines

Baseline length i
1

i
2

i
3

i
4

i
5

λ[5](m) �
TNΦ

(cycle)

Medium to short 0 0 0 1 −1 9.7684 0.0815
0 0 1 −1 0 4.8842 0.0892
1 −1 0 0 0 20.9323 0.1047
0 1 −1 0 0 1.0247 0.1558

Medium to long 1 −1 0 0 0 20.9323 0.1064
0 0 0 1 −1 9.7684 0.1071
0 0 1 −2 1 9.7684 0.1530
0 1 −3 0 2 2.7646 0.2378

Long 1 −1 0 0 0 20.9323 0.1157
−1 1 0 1 −1 18.3158 0.1859
−1 1 1 −2 1 18.3158 0.2043

0 1 −3 −1 3 3.8560 0.2693

Table 4   Optimal linear code combinations of five-frequency BDS-3 observations under the circumstances of medium-to-short, medium-to-long, 
and long baselines

Baseline length i
1

i
2

i
3

i
4

i
5

�
TNP

(m)

Medium to short 0 0 1 1 0 0.7293
Medium to long 0 1 1 0 0 0.9142
Long 0 1 1 0 0 1.4850
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where the subscripts LC1 and LC2 denote the first and second 
linear phase combinations, and ∇ΔN denotes the fixed DD 
integer ambiguities. The ambiguities of chosen linear combi-
nations are fixed one by one according to the values of TNL 
or wavelength. In real applications, one can choose either (10) 
or (11) according to the precisions of ∇ΔP[k] and ∇ΔΦLC1.

In the GB-FiCAR method, the three-dimensional coordi-
nates are resolved together with the ambiguities. There have 
two main types

where the v and v′ denote the residual and fixed residual vec-
tors. l and l

′

 denote the observation and fixed observation 
vectors, and A and x denote the design matrix and baseline 
component. Here, the ambiguities of chosen linear combina-
tions are also fixed one by one through a certain sequence. 
Similarly, if the precision of l

′

LC1
 is higher than that of lP , 

once can choose (13) to fix the ambiguities. It is also worth 
noting that more code or linear code combination observa-
tions can be used, thus making more redundant observations. 
Besides, the high-precision fixed NL can also be used in (13).

Multipath mitigation in multi‑frequency 
code and phase observations

In this section, the amplification effects of code and phase 
multipath in five-frequency linear combinations are dis-
cussed. Then the theory and method of the new multipath 
parameterized mitigation method are proposed.

(11)

∇ΔŇLC2 =

[(
∇ΔΦLC1 − 𝜆LC1 ⋅ ∇Δ N

LC1
−∇ΔΦLC2

)
∕𝜆LC2

]

round

(12)
[
vP[k]

vLC1

]
=

[
A 0

A I ⋅ �LC1

][
x

∇ΔNLC1

]
−

[
lP[k]

lLC1

]

(13)
[
v
�
LC1

vLC2

]
=

[
A 0

A I ⋅ �LC2

][
x

∇ΔNLC2

]
−

[
l
�

LC1

lLC2

]

Multipath effects in five‑frequency linear 
combinations

The code and phase multipath in multi-frequency linear 
combinations can be derived

Then the multipath factor can be obtained

The multipath factors and the wavelength magnifications for 
the wavelength of the optimal combination corresponding 
to the wavelength of each raw observation are presented in 
Table 5. It can be seen that the multipath factor is rather 
large, which can be up to 488.5. We can also find that the 
multipath factor of each optimal linear phase combination 
is larger than the wavelength magnifications. Specifically, 
the multipath factors are approximately 2.0, 3.4, and 5.0 
times of wavelength magnifications under the circumstances 
of medium-to-short, medium-to-long, and long baselines, 
respectively. This value can be up to 8.6 times, where the 
multipath cannot be ignored apparently. It indicates that the 
multipath will be more significant in optimal linear phase 
combinations, especially in long baselines. Unfortunately, 
the FiCAR at this time usually cannot work best. Therefore, 
it is highly urgent to mitigate the multipath in FiCAR.

A new parameterization method 
for mitigation code and phase multipath

To mitigate the code and phase multipath by observation-
domain parameterization, starting from the UD and uncom-
bined observation equations, the between-receiver SD MCM 

(14)
∇ΔM[k] =

(
i1 ⋅ f1 ⋅ ∇ΔM1 + i2 ⋅ f2 ⋅ ∇ΔM2 +⋯ + ik ⋅ fk ⋅ ∇ΔMk

)
∕f[k]

(15)
∇Δm[k] =

(
i1 ⋅ f1 ⋅ ∇Δm1 + i2 ⋅ f2 ⋅ ∇Δm2 +⋯ + ik ⋅ fk ⋅ ∇Δmk

)
∕f[k]

(16)� =
(||i1|| ⋅ f1 + ||i2|| ⋅ f2 +⋯ + ||ik|| ⋅ fk

)
∕f[k]

Table 5   Multipath factors and 
the wavelength magnifications 
for the wavelength of 
the optimal combination 
corresponding to the wavelength 
of each raw observation under 
the circumstances of medium-
to-short, medium-to-long, and 
long baselines

Baseline length Linear combination � B1C B1I B3I B2b B2a

Medium to short ∇ΔΦ(0,0,0,1,−1) 77.67 51.33 50.87 41.33 39.33 38.33
∇ΔΦ(0,0,1,−1,0) 40.33 25.67 25.43 20.67 19.67 19.17
∇ΔΦ(1,−1,0,0,0) 219.00 110.00 109.00 88.57 84.29 82.14
∇ΔΦ(0,1,−1,0,0) 9.67 5.38 5.34 4.34 4.13 4.02

Medium to long ∇ΔΦ(1,−1,0,0,0) 219.00 110.00 109.00 88.57 84.29 82.14
∇ΔΦ(0,0,0,1,−1) 77.67 51.33 50.87 41.33 39.33 38.33
∇ΔΦ(0,0,1,−2,1) 158.33 51.33 50.87 41.33 39.33 38.33
∇ΔΦ(0,1,−3,0,2) 71.19 14.53 14.40 11.70 11.13 10.85

Long ∇ΔΦ(1,−1,0,0,0) 219.00 110.00 109.00 88.57 84.29 82.14
∇ΔΦ(−1,1,0,1,−1) 337.25 96.25 95.38 77.50 73.75 71.87
∇ΔΦ(−1,1,1,−2,1) 488.50 96.25 95.38 77.50 73.75 71.87
∇ΔΦ(0,1,−3,−1,3) 129.95 20.26 20.08 16.32 15.53 15.13
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and SD MPM combinations are formulated, which eliminate 
the clock offset and hardware delay of the satellite. In addi-
tion, since the SD MCM and SD MPM combinations are 
the GF and IF combinations, there only leave the receiver-
dependent code and phase hardware delays, the code and 
phase multipath, and the observation noise. The ambiguities 
are also existent in SD MPM combinations. The between-
receiver SD MCM and SD MPM combinations read

where the subscripts i , j and k denote the frequencies,� and 
� denote the code and phase hardware delays. �ΔMCMijk

 and 
eΔMPMijk

 denote the noise of ΔMCMijk and ΔMPMijk . The SD 
code and phase hardware delays and the SD ambiguities 
need to be removed to estimate the SD code and phase mul-
tipath in (17) and (18). Since the hardware delays and the 
ambiguities can be regarded as a constant if there are no 
cycle slips within a certain period (de Bakker et al. 2012; 
Cai et al. 2016), the method of removing the averages over 
a certain period is used. Therefore, the preprocessed SD 
MCM ( ΔMCM

�

ijk
 ) and SD MPM ( ΔMPM

�

ijk
 ) combinations 

can be computed

In the case of five frequencies, 10 different SD MCM and SD 
MPM combinations can be formed with different frequency 
combinations in a single epoch. Since there are only 5 SD 
code and phase multipaths to be determined for a certain 
satellite, these SD code and phase multipath can be param-
eterized and estimated by the LS criterion. It is worth noting 

(17)
ΔMCMijk =

(
�2
k
− �2

j

)
ΔPi +

(
�2
i
− �2

k

)
ΔPj +

(
�2
j
− �2

i

)
ΔPk =

(
�2
k
− �2

j

)
Δ�i +

(
�2
i
− �2

k

)
Δ�j

+
(
�2
j
− �2

i

)
Δ�k +

(
�2
k
− �2

j

)
ΔMi +

(
�2
i
− �2

k

)
ΔMj +

(
�2
j
− �2

i

)
ΔMk + �ΔMCMijk

(18)

ΔMPMijk =
(
�2
k
− �2

j

)
Δ�i +

(
�2
i
− �2

k

)
Δ�j +

(
�2
j
− �2

i

)
Δ�k =

(
�2
k
− �2

j

)
�iΔNi +

(
�2
i
− �2

k

)
�jΔNj

+
(
�2
j
− �2

i

)
�kΔNk +

(
�2
k
− �2

j

)
Δ�i +

(
�2
i
− �2

k

)
Δ�j +

(
�2
j
− �2

i

)
Δ�k +

(
�2
k
− �2

j

)
Δmi

+
(
�2
i
− �2

k

)
Δmj +

(
�2
j
− �2

i

)
Δmk + eΔMPMijk

(19)
ΔMCM�

ijk
=
(
�2
k
− �2

j

)
ΔPi +

(
�2
i
− �2

k

)
ΔPj +

(
�2
j
− �2

i

)
ΔPk −

1

n

n∑
t=1

[
ΔMCMijk(t)

]

=
(
�2
k
− �2

j

)
ΔMi +

(
�2
i
− �2

k

)
ΔMj +

(
�2
j
− �2

i

)
ΔMk + �ΔMCMijk

(20)
ΔMPM�

ijk
=
(
�2
k
− �2

j

)
Δ�i +

(
�2
i
− �2

k

)
Δ�j +

(
�2
j
− �2

i

)
Δ�k −

1

n

n∑
t=1

[
ΔMPMijk(t)

]

=
(
�2
k
− �2

j

)
Δmi +

(
�2
i
− �2

k

)
Δmj +

(
�2
j
− �2

i

)
Δmk + eΔMPMijk

that 4 different SD MCM and SD MPM combinations can 
be formed when there are four frequencies. Accordingly, 
four unknown SD code and phase multipath can be uniquely 
determined. That is, the proposed procedure can be used in 
at least four-frequency situation. It is worth noting that the 
UD or DD MCM and MPM multipath combinations can 
also be formed and estimated in a similar way. The reason 
why the SD MCM and MPM combinations are used here is 

that they are more suitable for the relative mode and are not 
affected by the reference satellite.

Taking the five-frequency case as an example, the specific 
steps of multipath parameterization are as follows. First, the 
code and phase functional models of UD, SD or DD mul-
tipath parameterization can be derived

where ��� and ��� denote the preprocessed MCM and 
MPM observation vectors, respectively. B denotes the design 

matrix, M and m denote the code and phase multipath vec-
tors to be estimated. � and e denote the noise vectors of 
��� and ��� . Then the (21) and (22) can be expanded to

(21)��� = �� + �

(22)��� = �� + e
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with �ij = �2
i
− �2

j
 (α21 = 0 in this study). According to the 

law of covariance propagation, the corresponding stochastic 
models read

with �ijk =
(
�2
k
− �2

j

)2

+
(
�2
i
− �2

k

)2
+
(
�2
j
− �2

i

)2

 . It is 
worth noting that a fully populated stochastic model can also 
be used here if necessary. At last, the code and phase mul-
tipath can be estimated based on the LS criterion

After the multipath corrections are estimated, the multipath-
reduced observations can be obtained. Theoretically, the 
multipath effects will be mitigated to a great extent in the 
FiCAR when using the multipath-reduced DD observations. 
Compared with other traditional methods, the parameteriza-
tion method can be conducted based on the UD, SD, and DD 
modes in real-time or kinematic situations.

(23)

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

MCM�
123

MCM�
124

MCM�
125

MCM�
134

MCM�
135

MCM�
145

MCM�
234

MCM�
235

MCM
�

245

MCM
�

345

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�32 �13 �21 0 0

�42 �14 0 �21 0

�52 �15 0 0 �21
�43 0 �14 �31 0

�53 0 �15 0 �31
�54 0 0 �15 �41
0 �43 �24 �32 0

0 �53 �25 0 �32
0 �54 0 �25 �42
0 0 �54 �35 �43

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣

M1

M2

M3

M4

M5

⎤
⎥⎥⎥⎥⎥⎦

+

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�MCM123

�MCM124

�MCM125

�MCM134

�MCM135

�MCM145

�MCM234

�MCM235

�MCM245

�MCM345

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(24)

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

MPM�
123

MPM�
124

MPM�
125

MPM�
134

MPM�
135

MPM�
145

MPM�
234

MPM�
235

MPM�
245

MPM�
345

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�32 �13 �21 0 0

�42 �14 0 �21 0

�52 �15 0 0 �21
�43 0 �14 �31 0

�53 0 �15 0 �31
�54 0 0 �15 �41
0 �43 �24 �32 0

0 �53 �25 0 �32
0 �54 0 �25 �42
0 0 �54 �35 �43

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣

m1

m2

m3

m4

m5

⎤
⎥⎥⎥⎥⎥⎦

+

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

eMPM123

eMPM124

eMPM125

eMPM134

eMPM135

eMPM145

eMPM234

eMPM235

eMPM245

eMPM345

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(25)�(���) = �2
ΔP
diag

(
�123, �124,⋯ , �345

)

(26)�(���) = �2
ΔΦ

diag
(
�123, �124,⋯ , �345

)

(27)M =
[
B
T[�(���)]−1B

]−1
B
T[�(���)]−1���

(28)m =
[
B
T[�(���)]−1B

]−1
B
T[�(���)]−1���

Test on real observations and result analysis

To evaluate and verify the performance of the proposed 
method, two baselines with different lengths were tested. 
The Trimble receivers were used as the reference and rover 
stations, where the 1-Hz five-frequency BDS-3 code and 
phase observations were collected. The high-end anten-
nas with chokes are adopted in the reference stations and 
placed on the roof, whereas the low-cost antenna without 
a choke is placed in relatively obstructed places. Hence, 
the multipath effects are existent. Table 6 lists the detailed 
information of the baselines. It indicates that the two dif-
ferent baselines can represent two typical baseline lengths 
in single-baseline RTK or network RTK.

The traditional and improved FiCAR methods are both 
applied and compared. Four different AR modes are used in 
each type of FiCAR method, i.e., single-epoch GF FiCAR, 
single-epoch GB FiCAR, multi-epoch GF FiCAR, and 
multi-epoch GB FiCAR. The fixing strategy is rounding. The 
modified Hopfield model and ionospheric-fixed model are 
used. The cycle slips have been detected and repaired (Zhang 
and Li 2020). The true ambiguities are validated by compar-
ing the fixed baseline solutions with the precise coordinates 
in advance. According to the total noise level, the first to 
fourth signals to be fixed are ∇ΔΦ(0,0,0,1,−1) , ∇ΔΦ(0,0,1,−1,0) , 
∇ΔΦ(1,−1,0,0,0) and ∇ΔΦ(0,1,−1,0,0) , then the fifth independent 
signal is ∇ΔΦ(0,0,0,0,1) . The optimal linear code combination 
∇ΔP(0,0,1,1,0) is used as the precise code observation. The 
fixed ∇ΔΦ(0,0,1,−1,0) is used as another precise signal. To fur-
ther improve the success rate, in the single-epoch mode, the 
AR of the fifth signal may rely on the high-precision fixed 
NL ∇ΔΦ(4,4,−3,−3,−2) of which the wavelength and precision 
are as small as 0.1084 and 0.1420 m, respectively. Here the 
ambiguities of ∇ΔΦ(4,4,−3,−3,−2) can be computed directly 
with the above four EWLs. In the multi-epoch mode, the 
AR is set to reinitialize every 5 min. To avoid the poten-
tial sudden changes of the float solutions caused by the NL 
∇ΔΦ(4,4,−3,−3,−2) , the AR of the fifth signal in multi-epoch 
mode is only assisted by the fixed ∇ΔΦ(0,0,1,−1,0).

As an example, ΔMCM123 and ΔMPM123 as well as the 
elevation for PRN 36 are illustrated in Figs. 1 and 2, respec-
tively. It can be found that the SD MCM and SD MPM 
combinations are rather stable during this period. Hence, 
it is feasible to avoid the impacts of the hardware delays 
and the ambiguities by removing the average in a certain 
period, e.g., 3 h in this study. The SD MCM or the SD MPM 

Table 6   Details of the baselines 
used in the test

Baseline Length Duration

No.1 27.58 km 3 h
No.2 61.59 km 3 h
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combinations from different baselines are highly consist-
ent. It demonstrates that the distance-independent SD code 
and phase multipath effects are apparently existent and even 
dominant here.

Figures 3, 4, 5 and 6 show the ΔMCM
�

123
 , ΔMCM

�

145
 , 

ΔMPM
�

123
 and ΔMPM

�

145
 , hence the information of all five 

frequencies is included. Each color denotes one satellite 
in each panel. It can be clearly seen that all the preproc-
essed SD MCM combinations fluctuate between −0.16 and 
0.16 m regardless of the satellite and baseline length. Simi-
lar conclusions can be found in the preprocessed SD MPM 

combinations, of which the values fluctuate between −0.16 
and 0.16 cm.

Figures 7 and 8 illustrate the SD code and phase mul-
tipath of the two baselines. We can find that all the code 
and phase multipath effects from different frequencies and 
baselines fluctuate between −4 and 4 m and −4 and 4 cm, 
respectively. Once again, since there are no significant differ-
ences between the two baselines, the site-specific multipath 
effects are indeed estimated.

Figure 9 illustrates the float solutions of the first four 
EWLs for baseline No.2 using traditional and improved 

Fig. 1   SD MCM combination 
(blue) and elevation (red) of 
B1C, B1I, and B3I for PRN 36, 
where the left and right panels 
denote the results of baselines 
No.1 and 2, respectively

Fig. 2   SD MPM combination 
(blue) and elevation (red) of 
B1C, B1I, and B3I for PRN 36, 
where the left and right panels 
denote the results of baselines 
No.1 and 2, respectively

Fig. 3   Preprocessed SD MCM 
combination of B1C, B1I, and 
B3I, where the left and right 
panels denote the results of 
baselines No.1 and 2, respec-
tively. Each color denotes one 
satellite
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methods in the single-epoch GF-FiCAR mode. The panels 
in the same row denote one satellite pair. Similar conclu-
sions can be found in baseline No.1 or GB-FiCAR mode. 
First, it can be clearly seen that all the ambiguities of the 
first three EWLs can be easily fixed by using either the tra-
ditional or improved methods. This is because the first three 
optimal phase liner combinations have enough small TNLs 
(i.e., only 0.0815, 0.0892, and 0.1047 cycles, respectively), 
and can weaken the influences of the multipath effects to a 
great extent. The proposed method has a better performance. 
For the fourth EWL, the proposed method can still fix the 

ambiguities easily, whereas the traditional method cannot. 
It can also be found that after the fixed EWL ∇ΔΦ(0,0,1,−1,0) 
is used as the precise observation in the third and fourth sig-
nals, the float solutions of the proposed method have much 
better behaviors than those of the traditional method. It is 
reasonable that the multipath effects are mitigated to a great 
extent in the ionospheric-reduced signals. The results also 
indicate that since the proposed method can work much bet-
ter than the traditional method, the proposed method can be 
used under complex conditions.

Fig. 4   Preprocessed SD MCM 
combination of B1C, B2b, and 
B2a, where the left and right 
panels denote the results of 
baselines No.1 and 2, respec-
tively. Each color denotes one 
satellite

Fig. 5   Preprocessed SD MPM 
combination of B1C, B1I, and 
B3I, where the left and right 
panels denote the results of 
baselines No.1 and 2, respec-
tively. Each color denotes one 
satellite

Fig. 6   Preprocessed SD MPM 
combination of B1C, B2b, and 
B2a, where the left and right 
panels denote the results of 
baselines No.1 and 2, respec-
tively. Each color denotes one 
satellite
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Figure 10 shows the results of the fifth signal for baseline 
No.2 where the methods without NL assistance and with NL 
assistance are both tested. Once again, the float solutions 
of the proposed method are much better than the ones of 
the traditional method. Specifically, when there is no NL 
assistance, the fluctuations of the proposed method are much 
smaller than those of the traditional method. If the NL is 
used in FiCAR, the impacts of the multipath effects can be 
reduced. The main reason is that, as aforementioned, the 

multipath effects are significantly increased in EWL/WL. 
However, the shortcoming of the NL assistance is that it 
highly relies on the accuracy of the previously fixed ambi-
guities. Otherwise, there may exist sudden changes in the 
float solutions. Therefore, only the proposed method can 
simultaneously obtain a better AR performance without the 
potential problem of ambiguity jump.

Tables 7 and 8 present the root mean square (RMS) val-
ues between the float and true ambiguities for all the satellite 

Fig. 7   SD code (up) and phase (bottom) multipath of each frequency for baseline No.1, where the left to right panels denote the results of B1C, 
B1I, B3I, B2b, and B2a, respectively. Each color denotes one satellite

Fig. 8   SD code (up) and phase (bottom) multipath of each frequency for baseline No.2, where the left to right panels denote the results of B1C, 
B1I, B3I, B2b, and B2a, respectively. Each color denotes one satellite
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pairs. The numbers 1–5 denote the first to fifth signals to be 
fixed. It can be found that the RMS values of the first three 
signals are all smaller than 0.07 cycles. Hence, it indicates 
that the ambiguities can be fixed with high reliability by 
both the traditional and improved methods. Compared with 
the RMS of the traditional method, where the mean value is 

approximately 0.0439 cycles, and the one of the proposed 
methods is only 0.0158 cycles. The improvement is as much 
as 64.0%. For the fourth signal, the RMS values can also be 
reduced significantly, where the mean values of the tradi-
tional and improved methods are 0.1602 and 0.0292 cycles, 
respectively. The results are consistent with the analysis 

Fig. 9   Float solutions of the traditional (blue) and improved (red) methods for baseline No.2, where the left to right panels denote the results of 
∇ΔΦ(0,0,0,1,−1) , ∇ΔΦ(0,0,1,−1,0) , ∇ΔΦ(1,−1,0,0,0) , and ∇ΔΦ(0,1,−1,0,0) . Four panels in the same row denote one satellite pair

Fig. 10   Float solutions of the 
traditional (blue) and improved 
(red) methods for baseline 
No.2, where the left to right 
panels denote the results of the 
methods without NL assistance 
and with NL assistance. Two 
panels in the same row denote 
one satellite pair
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mentioned above. When fixing the fifth signal, it can be 
found that the traditional method cannot fix the ambiguities 
well. The traditional GF-FiCAR method is the worst among 
all these methods, and the improved GB-FiCAR method is 
the best. In addition, the method with NL assistance is gen-
erally better than the method without NL assistance, except 
for the traditional GB-FiCAR method. It is because that 
the traditional GB-FiCAR method can resist the impacts of 
unmodeled errors, including the multipath, to a great extent.

In the single-epoch process strategy, the indicator AR 
success rate P =

(
nsuc∕ntot

)
× 100% is used with nsuc and ntot 

denoting the epoch numbers of successful AR and the total 
epochs, respectively. The AR success rates by the traditional 
and improved methods are shown in Tables 9 and 10. From 
these tables, all the AR success rates of the first to third sig-
nals are 100%. For the fourth signal, the AR success rates 
of the proposed method can still reach 100%, whereas the 

traditional method cannot. The mean AR success rates of the 
traditional GF-FiCAR and GB-FiCAR methods are approxi-
mately 84.65% and 93.75%, respectively. Then for the fifth 
signal, the improved method can still slightly increase AR 
success rates, especially in the GF mode without NL assis-
tance, where the maximum improvement can reach 50.7%. 
It again proves the effectiveness of the proposed method, 
which is especially useful for the last two signals.

If the ambiguities cannot be fixed instantaneously, the 
multi-epoch processing strategy may be used. The tradi-
tional and improved methods, including GF and GB modes 
for baselines No.1 and 2 are all tested. The time to first fix 
(TTFF) is used, where the critical thresholds of fraction and 
STD are set to ±0.2 and 0.1 cycles, respectively (Zhang et al. 
2020). Table 11 presents the mean TTFF of all the satel-
lite pairs calculated from each liner combination. We can 
find that the TTFF of the first to fourth signals by using the 

Table 7   RMS between the float and true ambiguities for all the satellite pairs by the traditional and improved methods, including the single-
epoch GF-FiCAR and GB-FiCAR modes for baseline No.1 (cycle)

Method 1 2 3 4 5 without NL 5 with NL

Traditional GF 0.0468 0.0636 0.0389 0.1723 0.6403 0.5248
Improved GF 0.0145 0.0270 0.0018 0.0295 0.2670 0.1950
Traditional GB 0.0340 0.0373 0.0347 0.1326 0.2637 0.4613
Improved GB 0.0126 0.0243 0.0058 0.0374 0.2456 0.1702

Table 8   RMS between the float and true ambiguities for all the satellite pairs by the traditional and improved methods, including the single-
epoch GF-FiCAR and GB-FiCAR modes for baseline No.2 (cycle)

Method 1 2 3 4 5 without NL 5 with NL

Traditional GF 0.0515 0.0660 0.0415 0.1949 0.7210 0.5860
Improved GF 0.0169 0.0326 0.0022 0.0161 0.2627 0.2375
Traditional GB 0.0361 0.0410 0.0355 0.1411 0.2641 0.4836
Improved GB 0.0151 0.0298 0.0074 0.0336 0.2395 0.1998

Table 9   Single-epoch AR 
success rates by the traditional 
and improved methods 
including the GF and GB modes 
for baseline No.1

Method 1 2 3 4 5 without NL 5 with NL

Traditional GF 100% 100% 100% 86.62% 9.81% 71.32%
Improved GF 100% 100% 100% 100% 51.38% 82.18%
Traditional GB 100% 100% 100% 93.96% 54.20% 73.70%
Improved GB 100% 100% 100% 100% 57.24% 87.19%

Table 10   Single-epoch AR 
success rates by the traditional 
and improved methods 
including the GF and GB modes 
for baseline No.2

Method 1 2 3 4 5 without NL 5 with NL

Traditional GF 100% 100% 100% 82.67% 4.80% 54.69%
Improved GF 100% 100% 100% 100% 55.49% 67.19%
Traditional GB 100% 100% 100% 93.54% 53.21% 58.15%
Improved GB 100% 100% 100% 100% 57.32% 77.12%



GPS Solutions (2021) 25:144	

1 3

Page 13 of 14  144

improved method is 1.00 s, whereas the corresponding TTFF 
by using the traditional method ranges from 1.00 to 74.66 s. 
For the fifth signal, the mean TTFF values of the traditional 
and improved methods are approximately 193.0 and 144.3 s, 
respectively. In conclusion, the new multipath mitigation 
method is indeed effective.

Concluding remarks

We first propose a code and phase multipath mitigation 
method based on the observation-domain parameterization, 
which can be used in the FCAR and FiCAR. First, the basic 
theory and method of the MCAR, especially the FiCAR, are 
given. Second, the multipath effects in FiCAR are discussed. 
We can find that the presence of multipath may lead to dif-
ficulty in MCAR. Finally, the methodology of the multipath 
mitigation method is proposed. Specifically, different MCM 
and MPM from different frequencies are formed and pre-
processed appropriately. Then the code and phase multipath 
are estimated based on the LS criterion.

To validate the effectiveness of the proposed method, the 
real five-frequency BDS-3 observations are applied. The sin-
gle-epoch GF-FiCAR and GB-FiCAR, and multi-epoch GF-
FiCAR and GB-FiCAR modes are all tested. According to 
the results, it can be concluded that the proposed method can 
indeed improve AR performance. First, the RMS values of 
the signals to be fixed by the proposed method are all smaller 
than the traditional method. Second, for the first four signals, 
only the AR success rates of the proposed method are 100%. 
The mean improvement of AR success rate is approximately 
19.4% when fixing the fifth signal. Third, the TTFF for the 
first four signals of the proposed method is 1.00 s, which is 
significantly shorter than the one of the traditional method. For 
the fifth signal, approximately 49 s of TTFF can be shortened. 
In conclusion, the success rate and efficiency of AR can be 
significantly improved when using the proposed method.

In the future, the UD or DD multipath can also be parame-
terized in a similar way. Optimal multipath parameterization 
according to the user demands can be extended. Also, the 
proposed method can be used in other GNSS applications.
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