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Abstract
BDS-3 currently has 28 operational satellites in orbit, of which 27 IGSO/MEO satellites provide open services on five fre-
quencies simultaneously. In particular, the linear combinations of the BDS-3 B1C/B1I/B2a signals have significant benefits 
in reducing the influence of ionospheric delay error as well as improving ambiguity estimation and positioning accuracy. 
The presented optimal ionosphere-free combination (242, 218, − 345) and ionosphere-reduced combination (2, 2, − 3) can 
improve the measurement accuracy by about 20% compared to the BDS-3 B1C/B2a or GPS L1/L5 dual-frequency combi-
nation. The ionosphere-reduced combination (2, 2, − 3) with a wavelength of 10.9 cm is almost immune to the ionospheric 
delay error and has a smaller noise amplification factor compared to the existing dual-frequency combinations. Therefore, 
its combined ambiguities can be fixed directly even in the case of a long baseline, which can simplify the traditional precise 
positioning process based on the ionosphere-free combination. The numerical results of BDS-3 real data show that the triple-
frequency ionosphere-free or ionosphere-reduced combinations can improve the single-point positioning accuracy by 16–20% 
and the phase differential positioning accuracy by 7–9%, respectively. The ambiguity resolution of the ionosphere-reduced 
combination (2, 2, − 3) is achieved with a fixing rate of 88.4% over long baseline up to 1600 km. The presented ionosphere-
free and ionosphere-reduced combinations are also very promising to be applied in current PPP applications to simplify the 
ambiguity fixing process as well as improve positioning accuracy and shorten convergence time.
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Introduction

The BDS-3 basic system with 18 MEO satellites has started 
to provide initial global services on December 27, 2018 
(Yang et al. 2020b), and it is expected to provide full opera-
tional capability services by June 2020. At present (March 
24, 2020), there are a total of 29 BDS-3 satellites in orbit, 
including 24 medium earth orbit (MEO) satellites, 3 Inclined 
Geo-Synchronous Orbit (IGSO) satellites and 2 geostation-
ary earth orbit (GEO) satellites. Except for the GEO satellite 
launched on March 9, which is undergoing in-orbit testing, 
the remaining 28 satellites have been providing operational 
services, of which 24 MEO satellites and 3 IGSO satellites 

broadcast open service signals simultaneously on five fre-
quencies including 1575.42 MHz (B1C), 1561.098 MHz 
(B1I), 1268.52  MHz (B3I), 1207.14  MHz (B2b) and 
1176.45 MHz (B2a) (Yang et al. 2019). The comparison 
of the BDS-3, GPS, GLONASS (CDMA signals only) and 
Galileo open service signals is shown in Table 1 (RNSS: 
Radio Navigation Satellite Services, ARNS: Aeronautical 
Radio Navigation Services).

As given in Table 1, the common points of the frequency 
selection of each GNSS signals are: (1) they can be divided 
into three categories, namely upper L-band/ARNS band, 
lower L-band/RNSS band and lower L-band/ARNS band; 
and (2) there is only one frequency in the lower L-band/
RNSS band. The differences are: (1) in the upper L-band/
ARNS band, GPS, GLONASS and Galileo only have one 
frequency, while BDS-3 has two frequencies; (2) in the 
lower L-band/ARNS band, GPS and GLONASS have only 
one frequency, while BDS-3 and Galileo both have two fre-
quencies. BDS-3 is currently the satellite navigation system 
with the most navigation signals and the most frequency 
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diversity. The diversity of frequencies can improve anti-
jamming capability (Hatch et al. 2000), cycle slip detec-
tion (Blewitt 1990; Zhao et al. 2015; Zhang and Li 2016; Li 
et al. 2019), ambiguity resolution (AR) performance (Han 
and Rizos 1999; Hatch 2006; Simsky 2006; Feng 2008; Li 
et al. 2014, 2015) and positioning accuracy (Richert and 
El-Sheimy 2007). The multi-frequency linear combination 
can also eliminate or mitigate errors, alleviate computational 
burdens and reduce communication bandwidth (Richert and 
El-Sheimy 2007).

The triple-frequency linear combination has been widely 
studied in the literature, and the three frequencies used are 
generally one upper L-band and two lower L-bands, such 
as GPS L1/L2/L5 (Cocard et al. 2008) and BDS-2 B1I/
B3I/B2I (two ARNS bands and one RNSS band) (Li et al. 
2012; Zhang and He 2015) and Galileo E1/E5b/E5a (three 
ARNS bands). However, BDS-3 has a special triple-fre-
quency selection, that is, two upper L-bands and one lower 
L-band, such as B1C/B1I/B3I (two ARNS bands and one 
RNSS band), B1C/B1I/B2b and B1C/B1I/B2a (three ARNS 
bands), which have not been treated in detail until now. In 
particular, the triple-frequency case of the B1C/B1I/B2a 
signals has a larger frequency interval, which is beneficial 
to mitigate ionospheric delay as well as improve ambigu-
ity estimation and positioning accuracy (Hatch et al. 2000; 
Hatch 2006).

In this contribution, the optimal geometry-free (GF), ion-
osphere-free (IF) and ionosphere-reduced (IR) linear com-
binations for the B1C/B1I/B2a signals are presented first, 
followed by a direct AR strategy over long baseline based 
on the optimal IR combinations. The benefits of the B1C/
B1I/B2a triple-frequency linear combinations on precise 
positioning and ambiguity estimation are validated by the 
single-point positioning and kinematic differential position-
ing experiment.

Optimal B1C/B1I/B2a linear combinations

The original carrier phase and code observations can be 
expressed as:

where j is the frequency identifier (j = 1, 2, 3), �j and �j are 
the carrier phase observation in cycles and distance, respec-
tively, pj is the code observation, fj is the fth frequency, c is 
the velocity of light in vacuum and � is the frequency-inde-
pendent term including the satellite–receiver geometric dis-
tance, satellite and receiver clock errors, and tropospheric 
delay. �j =

f 2
1

cfj
 is a frequency-dependent amplification factor, 

dion is the first-order ionospheric delay on the first frequency, 
and nj is the sum of the initial phase, the phase ambiguity 
and the instrumental phase delay. �j is the unmodeled phase 
observation error, including carrier phase measurement 
noise, multi-path error and high-order ionospheric delay 
error. �j =

c

fj
 is the wavelength of the jth frequency. Further, 

�j = �j�j =
f 2
1

f 2
j

 , bj = �jnj , and �j = �j�j . dj is the instrumental 

code delay, and ej is the unmodeled code observation error, 
which includes code measurement noise, multi-path errors 
and high-order ionospheric delay errors.

The triple-frequency carrier phase and code linear com-
binations can be expressed as (Cocard et al. 2008; Feng 
2008; Li 2014):

(1a)�j =
fj

c
� − �jdion + nj + �j

(1b)�j = �j�j = � − �jdion + bj + �j

(1c)pj = � − �jdion + dj + ej

Table 1  BDS-3, GPS, 
GLONASS and Galileo open 
service signals (RTCM-SC104 
2018)

GNSS Signal Frequency (MHz) Frequency band

GLONASS G1a 1600.995 Upper L-band/ARNS band
BDS-3, GPS, Galileo B1C, L1C/A and L1C, E1 1575.42
BDS-2 and BDS-3 B1I 1561.098
Galileo E6 1278.75 Lower L-band/RNSS band
BDS-2 and BDS-3 B3I 1268.52
GLONASS G2a 1248.06
GPS L2C 1227.60
BDS-3 (BDS-2), Galileo B2b(B2I), E5b 1207.14 Lower L-band/ARNS band
GLONASS G3 1202.025
BDS-3, GPS, Galileo B2a, L5, E5a 1176.45
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w h e r e  t h e  s u b s c r i p t  n o t a t i o n  m e a n s 
()(i,j,k) = i ⋅ ()1 + j ⋅ ()2 + k ⋅ ()3 and ()⟨i,j,k⟩ =

i⋅f1⋅()1+j⋅f2⋅()2+k⋅f3⋅()3

i⋅f1+j⋅f2+k⋅f3
 . 

F o r  e x a m p l e ,  �(i,j,k) = i ⋅ �1 + j ⋅ �2 + k ⋅ �3  a n d 
�⟨i,j,k⟩ =

i⋅f1⋅�1+j⋅f2⋅�2+k⋅f3⋅�3

i⋅f1+j⋅f2+k⋅f3
 . Finally, �c =

c

f(i,j,k)
 is the virtual 

wavelength of the triple-frequency linear combination.
Considering the B1C/B1I/B2a triple-frequency case, and 

taking f1 = 1575.42 MHz (B1C), f2 = 1561.098 MHz (B1I) 
and f3 = 1176.45 MHz (B2a) into account, we can get the 
optimal GF, IF and IR combinations for cycle slip detection, 
precise positioning and ambiguity estimation, following the 
method presented in Li et al. (2017). We make use of the 
following notation: � =

√
i2 + j2 + k2 is the combined noise 

amplification factor, w =

√
(i⋅f1)

2
+(j⋅f2)

2
+(k⋅f3)

2

i⋅f1+j⋅f2+k⋅f3
 is the noise 

amplification factor of the linear combination observations 
relative to the first frequency (B1C) observations, 
s = i + j + k is the sum of integer linear coefficients, and 
� =

�(i,j,k)√
2⋅�

 is the factor quantifying the influence of the ignored 
ionospheric delay on the cycle slip detection using GF com-
binations (Li et al. 2017).

GF combinations

The GF linear combination, f(i,j,k) = 0, eliminates the influ-
ence of frequency-independent term � and is generally used 

(2a)
�(i,j,k) = i ⋅ �1 + j ⋅ �2 + k ⋅ �3 =

f(i,j,k)

c
� − �(i,j,k)dion + n(i,j,k) + �(i,j,k)

(2b)�⟨i,j,k⟩ =
c

f(i,j,k)
�(i,j,k) =

i ⋅ f1 ⋅ �1 + j ⋅ f2 ⋅ �2 + k ⋅ f3 ⋅ �3

i ⋅ f1 + j ⋅ f2 + k ⋅ f3
= � − �⟨i,j,k⟩dion + b⟨i,j,k⟩ + �⟨i,j,k⟩

(2c)p⟨i,j,k⟩ =
i ⋅ f1 ⋅ p1 + j ⋅ f2 ⋅ p2 + k ⋅ f3 ⋅ p3

i ⋅ f1 + j ⋅ f2 + k ⋅ f3
= � + �⟨i,j,k⟩dion + d⟨i,j,k⟩ + e⟨i,j,k⟩

for data preprocessing such as cycle slip detection and meas-
urement noise analysis. Table 2 shows the GF linear com-
binations for cycle slip detection. For comparison, the table 

also shows the commonly used dual-frequency GF combi-
nations (also called the ionospheric residual combination).

As given in Table 2, the GF combination (− 30, 25, 7) has 
the strongest ( � is smallest) cycle slip detection capability, 
followed by the combination (79, − 85, 7). When the iono-
spheric delay variation between epochs is less than 2 cm, 
and then the effect on the cycle slip is smaller than 0.01 
cycle (0.02 × 0.4311 < 0.01 cycle), these two GF combina-
tions should be selected for cycle slip detection to minimize 
the number of insensitive cycle slip groups. The GF com-
binations (79, − 85, 7) and (− 109, 110, 0) can still be used 
when the ionospheric delay change between epochs reaches 
0.1 m (0.1 × 0.0829 < 0.01 cycle). The GF combination that 
is the least affected by the ionospheric delay is (188, − 195, 
7) (called GFS0 combination Li et al. 2017), followed by the 
combination (− 297, 305, − 7); these two combinations can 
still be used even if the ionospheric delay changes between 
epochs reach 0.8 m (0.8 × 0.0124 < 0.01 cycle). The dual-
frequency GF combinations, (115, 0, − 154) and (0, 575, 
− 763), usually cannot be used for cycle slip detection except 
if the ionospheric delay variation between epochs is less than 
5 mm (0.005 × 1.7637 < 0.01 cycle). Therefore, the triple-
frequency GF combinations are better than the commonly 
used dual-frequency GF combination in terms of cycle slip 
detection capability and the impact of ionospheric delay 
reduction.

Table 2  GF combinations for 
cycle slip detection

i j k s �(i,j,k) � �

− 30 25 7 2 24.19 39.67 0.4311
79 − 85 7 1 13.63 116.25 0.0829
− 109 110 0 1 10.56 154.86 0.0482
115 0 − 154 − 39 − 479.39 192.20 − 1.7637
− 139 135 7 3 34.75 193.89 0.1267
188 − 195 7 0 3.07 270.96 0.0080
267 − 280 14 1 16.71 387.15 0.0305
− 297 305 − 7 1 7.48 425.77 0.0124
346 − 365 21 2 30.34 503.37 0.0426
− 406 415 − 7 2 18.04 580.61 0.0220
0 575 − 763 − 188 − 2319.99 955.40 − 1.7171
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IF combinations

The IF combinations ( �(i,j,k) = 0, �(i,j,k) = 0) eliminate the 
effect of first-order ionospheric delay and are generally 
used in cases of precise positioning and ambiguity esti-
mation for long baselines. Table 3 shows the optimal IF 
combinations suitable for precise positioning, where �

�
 is 

the effective wavelength of the IF combination in the case 
that the EWL or WL ambiguities are fixed in advance. The 
IF combination (4136, − 4251, 115) is the so-called the 
IFS0 combination (Li et al. 2017). For comparison, the 
optimal IF combinations of GPS L1/L2/L5 frequencies are 
also presented in Table 3.

As given in Table 3, the noise amplification factors ( w ) 
for the most B1C/B1I/B2a triple-frequency IF combina-
tions are evidently smaller than those of dual-frequency IF 
combinations, such as (242, 218, − 345), (286, 327, − 460) 
and (198, 109, − 230). Compared to the B1C/B2a or L1/
L5 dual-frequency IF combination (154, 0, − 155), the 
improvement of the measurement accuracy is up to about 
20.1% (2.07 vs 2.59). However, the GPS L1/L2/L5 triple-
frequency IF combinations (154, − 48, − 69), (77, − 12, 
− 46) and (77, − 36, − 23) can only improve the measure-
ment accuracy about 1.5% (2.55 vs 2.59) which is almost 
negligible relative to the dual-frequency IF combination 
(154, 0, − 155). Considering that all these IF combinations 
have equivalent wavelengths �

�
 (approximately 10.9 cm), 

so the B1C/B1I/B2a triple-frequency IF combinations with 
smaller measurement noise can not only improve the posi-
tioning accuracy but also improve the ambiguity estima-
tion compared to the B1C/B2a or L1/L5 dual-frequency 
IF combinations.

IR combinations

The IR combinations are used for ambiguity estimation and 
precise positioning in the case of medium and long base-
lines. Table 4 shows the IR linear combinations with the sum 
of the linear coefficients equal to 1.

Table 4 shows that the optimal B1C/B1I/B2a IR combina-
tion is (2, 2, −3). Even if the ionospheric delay error reaches 
10 m, its effect on AR is only 0.05 cycles and the effect 
on the corresponding positioning solution is only 5 mm. 
The next suboptimal IR combinations are (3, 1, − 3) and 
(1, 3, − 3). Compared to the BDS-3 B1C/B2a or GPS L1/
L5 dual-frequency IR combination (4, 0, − 3), the improve-
ment in reducing the impact of the ionospheric delay is 18 
times (0.0914/0.005 = 18.3) better, and the improvement in 
measurement accuracy is about 20.7%. Therefore, compared 
to the dual-frequency IR combination, the optimal triple-
frequency IR combination of B1C/B1I/B2a can not only 
improve the precision positioning accuracy but also improve 
the ambiguity estimation. For the GPS L1/L2/L5 case, the 
optimal triple-frequency IR combination (4, − 1, − 2) only 
improves 3.8% in terms of measurement accuracy compared 
to the dual-frequency IR combination (4, 0, − 3) and is more 
sensitive to the influence of ionospheric delay. This is shown 
again the advantage of the BDS-3 B1C/B1I/B2a signals in 
mitigating ionospheric delay as well as improving ambiguity 
estimation and positioning accuracy.

AR strategy based on optimal IR combinations

The optimal triple-frequency IR combinations have a very 
weak sensitivity to ionospheric delay errors. In addition, 

Table 3  Optimal IF 
combinations for precise 
positioning

Signals i j k s �c (cm) � w �
�
 (cm)

B1C/L1 1 0 0 1 19.03 1.00 1.00 19.03
B1C/B1I/B2a 242 218 − 345 115 0.09 474.46 2.07 10.92

286 327 − 460 153 0.07 632.71 2.07 10.92
198 109 − 230 77 0.14 322.47 2.11 10.91
44 109 − 115 38 0.29 164.44 2.19 10.93

352 109 − 345 116 0.09 504.79 2.22 10.91
506 109 − 460 155 0.07 692.47 2.30 10.90
66 545 − 460 151 0.07 716.23 2.45 10.94

154 0 − 115 39 0.28 192.20 2.59 10.89
22 436 − 345 113 0.10 556.42 2.56 10.95
0 763 − 575 188 0.06 955.40 2.66 10.95

110 − 109 0 1 9.56 154.86 77.43 9.56
4136 − 4251 115 0 1.99 5932.17 620.04 8265.58

GPS L1/L2/L5 77 − 36 − 23 18 0.60 88.06 2.64 10.78
77 − 12 − 46 19 0.57 90.49 2.55 10.86

154 − 48 − 69 37 0.29 175.45 2.56 10.82
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its wavelength is about 11 cm and it has a smaller noise 
amplification factor than the existing dual-frequency IF 
and IR combinations. Therefore, their combined ambi-
guities can be fixed directly for long baselines, which can 
simplify the current precise positioning process based on 
the IF combination (Blewitt 1989; Dong and Bock 1989; 
Odijk 2003) and improve positioning accuracy and AR 
performance. The comparisons with the phase differential 
positioning methods based on the traditional IF combina-
tion and IR combination are shown in Table 5.

Numerical experiments

From March 7 to 13, 2020, two test terminals were used to 
collect BDS-3 data at two stations in Urumqi and Lhasa, 
with a sampling interval of 30 s. The precise coordinates 
of the two stations were determined by carrier phase dif-
ferential positioning (< 15 km) from two nearby IGS sta-
tions: URUM and LHAZ. All MEO and IGSO satellite 
(27 satellites, C19–C30, C32–C46) data are used in the 

Table 4  IR combinations with 
the sum of linear coefficients 
equal to 1

Signals i j k �c (cm) �(i,j,k) �(i,j,k) � w

B1C/L1 1 0 0 19.03 5.2550 1.0000 1.00 1.00
B1C/B1I/B2a − 4 8 − 3 11.28 0.2943 0.0332 9.43 5.43

− 3 7 − 3 11.22 0.2461 0.0276 8.19 4.65
− 2 6 − 3 11.16 0.1979 0.0221 7.00 3.91
− 1 5 − 3 11.10 0.1497 0.0166 5.92 3.23

0 4 − 3 11.04 0.1015 0.0112 5.00 2.64
1 3 − 3 10.98 0.0532 0.0058 4.36 2.22
2 2 − 3 10.93 0.0050 0.0005 4.12 2.07
3 1 − 3 10.87 − 0.0432 − 0.0047 4.36 2.21
4 0 − 3 10.81 − 0.0914 − 0.0099 5.00 2.61
5 − 1 − 3 10.76 − 0.1396 − 0.0150 5.92 3.15
6 − 2 − 3 10.70 − 0.1878 − 0.0201 7.00 3.77
7 − 3 − 3 10.65 − 0.2360 − 0.0251 8.19 4.44
8 − 4 − 3 10.59 − 0.2842 − 0.0301 9.43 5.12

− 3 8 − 4 9.81 − 1.4878 − 0.1459 9.43 4.63
GPS L1/L2/L5 4 − 1 − 2 11.02 0.2018 0.0222 4.58 2.51

4 − 2 − 1 11.23 0.4950 0.0556 4.58 2.57

Table 5  Phase differential positioning methods based on the traditional IF combination and IR combination

Method Data processing steps Efficiency Transmission data

Traditional phase 
differential position-
ing based on the IF 
combinations

1. Solve the float ambiguities of the IF 
combination

2. Using MW combination to solve 
the integer solution of wide-lane 
(WL) ambiguities

3. The narrow-lane (NL) ambiguities 
are derived from the integer WL 
ambiguities and the float IF ambi-
guities

4. Solve the integer solution of the NL 
ambiguities

5. Solve the fixed solution of the IF 
carrier phase observation

There are five steps in total In the triple-frequency case, three 
code observations and three carrier 
phase observations are needed to be 
transmitted

Phase differential posi-
tioning based on the 
IR combinations

1. Solve the float ambiguities of the IR 
combination

2. Solve the float ambiguities to their 
integer values

3. Solve the fixed solution of the IR 
carrier phase observation

The steps (2) and (3) of the current 
process are reduced, so the calcula-
tion efficiency is improved

Only one IR code observation and 
one IR carrier phase observation are 
transmitted, reducing the commu-
nication bandwidth about 43% and 
60% in dual- and triple-frequency 
case (RTCM-SC104 2013)
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experiment; the C59 (GEO) data were not used since it did 
not broadcast B1C and B2a signals. The number of visible 
BDS-3 satellites and PDOP value at the two stations are 
shown in Fig. 1. Seven to thirteen BDS-3 satellites can be 
observed during the test, with corresponding PDOP values 
between 1.1 and 2.5.

Single‑point positioning

First, the single-point positioning experiment was per-
formed to verify the absolute positioning improvement 
of the triple-frequency IF and IR combinations relative 
to the dual-frequency combination. In the experiment, 
the original B1C, B1I and B2a code observations were 
corrected by the group delay differential corrections, and 
then, the IF and IR linear combinations of them were used 

to solve the single-point positioning solution. The ephem-
eris and clock correction parameters from the B-CNAV1 
message of the B1C signal were used to calculate the sat-
ellite position and satellite clock errors, the tropospheric 
delay was corrected by the Saastamoinen model (Saasta-
moinen 1973), the ionospheric delay was eliminated or 
mitigated by the IF and IR combinations, and the cutoff 
angle was set to 5°.

Table 6 shows that the RMS statistics of single-point 
positioning for all triple-frequency IF and IR combinations 
are smaller to the corresponding dual-frequency combina-
tions. Compared to the dual-frequency combination #8 and 
#14, the optimal triple-frequency IF combination #1 and IR 
combination #11 can improve the single-point positioning 
accuracy by 16–20%, and their positioning error for Urumqi 
station is shown in Figs. 2 and 3. In addition, the optimal 

Fig. 1  Number of visible BDS-3 satellites and PDOP value (red: 
Urumqi, green: Lhasa)

Table 6  RMS of single-point positioning with the IF and IR combinations (unit: m)

Combination Number Linear coefficients Urumqi Lhasa

H V Position H V Position

IF #1 242 218 − 345 1.24 1.83 2.21 1.32 2.54 2.86
#2 286 327 − 460 1.24 1.84 2.22 1.32 2.52 2.85
#3 198 109 − 230 1.27 1.86 2.25 1.35 2.62 2.95
#4 44 109 − 115 1.29 1.92 2.31 1.35 2.57 2.90
#5 352 109 − 345 1.33 1.93 2.35 1.41 2.75 3.09
#6 506 109 − 460 1.37 1.98 2.41 1.45 2.84 3.19
#7 66 545 − 460 1.41 2.09 2.53 1.45 2.76 3.12
#8 154 0 − 115 1.53 2.18 2.66 1.59 3.14 3.52
#9 22 436 − 345 1.47 2.17 2.62 1.50 2.86 3.23
#10 0 763 − 575 1.52 2.24 2.70 1.54 2.94 3.32

IR #11 2 2 − 3 1.24 1.83 2.21 1.32 2.53 2.85
#12 3 1 − 3 1.32 1.93 2.34 1.41 2.75 3.09
#13 1 3 − 3 1.30 1.94 2.33 1.36 2.59 2.92
#14 4 0 − 3 1.54 2.20 2.68 1.61 3.17 3.55
#15 0 4 − 3 1.51 2.22 2.68 1.53 2.91 3.29

Improvement #1 versus #8 (%) 18.9 15.9 16.8 16.9 19.3 18.8
Improvement #11 versus #14 (%) 19.5 16.5 17.5 17.8 20.2 19.7

Fig. 2  Single-point positioning errors for both the dual- and triple-
frequency IF combinations (red: #8, green: #1)
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triple-frequency IF combination #1 and IR combination #11 
have almost the same positioning accuracy and highly over-
lapping error sequences (Fig. 4). The result demonstrates 
that even in the case of absolute positioning, the influence of 
the ionospheric delay error on the optimal triple-frequency 
IR combination can still be ignored, so they can also be used 
for high-precision absolute positioning applications, such as 
PPP positioning.

Kinematic differential positioning over long 
baseline

The baseline length between stations Urumqi and Lhasa 
is about 1600 km, and their geodetic heights are 900 m 
and 3600 m, respectively. The cutoff angle was 10° in the 
experiment, and the kinematic differential positioning was 
performed based on the dual-/triple-frequency IF and IR 
combinations. The Kalman filtering was applied for the 
parameter estimation. The coordinate parameters were esti-
mated epoch by epoch without any constraint between the 
epochs. The tropospheric dry component delays of the two 
stations were corrected by the Saastamoinen model first. The 
corresponding residual zenith tropospheric wet component 
delays were estimated for each station using a random walk 
model with a process noise value of  10−4 m/sqrt(s). The 

differential ionospheric delay errors were ignored, and the 
site displacement effect by solid earth tide was corrected by 
the IERS Conventions model (McCarthy 1996). The ambi-
guity parameters of the IF and IR phase combinations were 
estimated as constants without cycle slips. As a result, the 
parameters to be estimated are three coordinate parameters, 
two zenith tropospheric delay parameters and ambiguity 
parameters. Because the wavelength of the IF phase combi-
nations is short, the corresponding ambiguity parameters are 
estimated in units of distance and the ambiguity parameters 
of the IR phase combinations are estimated in units of cycles 
to facilitate the subsequent AR process.

Positioning accuracy and convergence speed

The positioning accuracy of the kinematic differential 
positioning by the IF and IR phase combination is listed 
in Table 7. In order to evaluate the improvement of the dif-
ferential positioning using the triple-frequency IF and IR 
combinations in terms of convergence speed, a total of 14 
convergence processes in 7 days were analyzed by restarting 
the solutions every 12 h. The average convergence series are 
presented in Fig. 8.

Table 7 shows that the RMSs of the differential posi-
tioning errors, for all the triple-frequency IF and IR com-
binations, are smaller than those of the dual-frequency 
combinations. Compared to the dual-frequency IF and IR 
combinations #8 and #14, the positioning RMSs of the tri-
ple-frequency IF and IR combinations #1 and #11 improved 
by about 7% and 9%, respectively. The positioning errors are 
shown in Figs. 5 and 6. In addition, the positioning accuracy 
of the IR combination (#11) is even slightly better than that 
of the IF combination #14, and their positioning errors are 
shown in Fig. 7. It demonstrates that even for a baseline 
length close to 1600 km the differential ionospheric delay 
error of the IR combinations is still negligible.

Figure 8 shows that the convergence series of the IF and 
IR combinations are very consistent and the float solution 
convergence speed of the triple-frequency IF and IR com-
binations is slightly faster than that of the corresponding 
dual-frequency IF and IR combinations.

Ambiguity estimation

The float ambiguities of the optimal IR combination #11 
were fixed to integer values by the LAMBDA algorithm 
(Teunissen 1995) directly. The ratio test was used for the 
acceptance, and the threshold value is taken as 3.0. Since 
reliable ambiguity fixing of newly rising satellites usually 
needs some time in case of long baselines (Takasu and 
Yasuda 2010), a simple partial ambiguity fixing strategy is 
employed, that is, only the ambiguities of the satellites with 
enough continuous valid data over a threshold after they first 

Fig. 3  Single-point positioning errors for dual- and triple-frequency 
IR combinations (red: #14, green: #11)

Fig. 4  Single-point positioning errors for triple-frequency IF and IR 
combinations (red: #1, green: #11)
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become visible are resolved to integers. In this experiment, 
the ambiguity fixed rate reaches 88.4% when the threshold 
value is set to 120 epochs. The results are shown in Fig. 9.

Figure 9 shows that the fixed solution errors are continu-
ously stable which verifies the feasibility of the IR combined 

Table 7  Float solution accuracy 
of the kinematic differential 
positioning by the IF and IR 
phase combinations (unit: cm)

Combinations Number Linear coefficients Urumqi–Lhasa

H V Position

IF #1 242 218 − 345 5.6 14.6 15.6
#2 286 327 − 460 5.6 14.6 15.6
#3 198 109 − 230 5.7 14.7 15.7
#4 44 109 − 115 5.6 14.8 15.8
#5 352 109 − 345 5.8 14.9 16.0
#6 506 109 − 460 5.9 15.0 16.2
#7 66 545 − 460 5.6 15.3 16.3
#8 154 0 − 115 6.2 15.7 16.8
#9 22 436 − 345 5.7 15.5 16.5
#10 0 763 − 575 5.7 15.7 16.7

IR #11 2 2 − 3 5.3 13.0 14.1
#12 3 1 − 3 5.6 13.4 14.5
#13 1 3 − 3 5.2 13.3 14.2
#14 4 0 − 3 6.0 14.3 15.5
#15 0 4 − 3 5.2 14.1 15.0

Improvement #1 versus #8 (%) 9.7 7.0 7.1
Improvement #11 versus #14 (%) 11.7 9.1 9.0

Fig. 5  Float solution errors of differential positioning for both the 
dual- and triple-frequency IF combinations (red: #8, green: #1)

Fig. 6  Float solution errors of the differential positioning for both the 
dual- and triple-frequency IR combinations (red: #14, green: #11)

Fig. 7  Float solution errors of differential positioning for the triple-
frequency IF and IR combinations (red: #1, green: #11)

Fig. 8  Average convergence series of the differential positioning by 
the triple-frequency IF and IR combinations



GPS Solutions (2020) 24:100 

1 3

Page 9 of 10 100

ambiguity estimation directly over a long baseline. It is 
very useful for vehicle positioning at sea (Yang et al. 2018, 
2020a).

Conclusions and remarks

BDS-3 system has the most navigation signal frequencies 
and allows the most frequency combinations among the cur-
rent GNSS. The triple-frequency linear combinations of the 
BDS-3 B1C/B1I/B2a signals have remarkable benefits on 
eliminating or reducing the ionospheric delay errors as well 
as improving positioning accuracy and ambiguity estimation:

1. Compared to the current best dual-frequency IF and IR 
combinations of GPS L1/L5 or Galileo E1/E5a, the optimal 
triple-frequency IF combination (242, 218, − 345) and IR 
combination (2, 2, − 3) for the BDS-3 B1C/B1I/B2a signals 
can improve the measurement accuracy about 20%.

2. In particular, the IR combination (2, 2, − 3) with a wave-
length of 10.9 cm is almost immune to the ionospheric 
delay error and has a smaller noise amplification fac-
tor compared to the existing dual-frequency IF and IR 
combinations. Therefore, its combined ambiguities can 
be fixed directly on the long baseline occasions, which 
can simplify the current precise positioning process of 
the IF combination and improve positioning accuracy 
and AR performance.

3. In real-time kinematic differential positioning applica-
tions over long baseline, one needs to transmit two or 
three code and carrier phase observations to the rover 
traditionally, but one only needs to transmit a combined 
IR code observation and a combined IR carrier phase 
observation. Thus, the phase differential positioning 
based on the IR combinations can reduce the commu-
nication bandwidth by about 43% and 60% in dual- and 
triple-frequency cases.

4. The presented optimal IR combinations are also very 
promising for current PPP application due to extremely 
weak sensitivity to ionospheric delay errors.

5. The frequencies of the B1C/B1I/B2a signals all are in 
the ARNS band. Therefore, the presented optimal com-
binations can also be used in safety-of-life applications.

In addition, we note that more frequency combinations 
require higher consistency between different signals. It can 
be expected that with the full operational services of BDS-3, 
the observation model of the BDS-3 signals will continue 
to be refined, for example, considering phase center offset 
difference for different signals and possible inter-frequency 
clock bias (Zhang et al. 2017), and the potential of BDS-3 
multi-frequency observations can be further developed.
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