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Abstract Kalman filter is the most frequently used
algorithm in navigation applications. A conventional
Kalman filter (CKF) assumes that the statistics of the
system noise are given. As long as the noise charac-
teristics are correctly known, the filter will produce
optimal estimates for system states. However, the system
noise characteristics are not always exactly known,
leading to degradation in filter performance. Under some
extreme conditions, incorrectly specified system noise
characteristics may even cause instability and divergence.
Many researchers have proposed to introduce a fading
factor into the Kalman filtering to keep the filter stable.
Accordingly various adaptive Kalman filters are deve-
loped to estimate the fading factor. However, the
estimation of multiple fading factors is a very compli-
cated, and yet still open problem. A new approach to
adaptive estimation of multiple fading factors in the
Kalman filter for navigation applications is presented in
this paper. The proposed approach is based on the
assumption that, under optimal estimation conditions, the
residuals of the Kalman filter are Gaussian white noises
with a zero mean. The fading factors are computed and
then applied to the predicted covariance matrix, along
with the statistical evaluation of the filter residuals using
a Chi-square test. The approach is tested using both GPS
standalone and integrated GPS/INS navigation systems.
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The results show that the proposed approach can signi-
ficantly improve the filter performance and has the
ability to restrain the filtering divergence even when
system noise attributes are inaccurate.
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Introduction

The conventional Kalman filtering (CKF) is an optimal
estimation method that has been widely applied in navi-
gation applications. For a normal operational situation,
the model statistic noise levels are given before the fil-
tering process starts and will maintain unchanged during
the whole recursive process. Such priori statistical
information is commonly determined beforehand using
experiments and certain knowledge about the observation
type. As long as the noise characteristics are correctly
specified, the filter will produce optimal estimates for
unknown system states. However, if the priori statistical
information is inadequate to represent the real statistic
noise levels, the Kalman filter estimation is not optimal
and may cause unreliable results, sometimes even lead-
ing to filtering divergence (Mohamed and Schwarz
1999).

Fading Kalman filtering was proposed to overcome the
shortcomings of the CKF (e.g., Fagin 1964), by assigning a
constant fading factor. But its effect is not always ideal
given an uncertain noise distributions. Accordingly various
adaptive Kalman filters have been developed to estimate
the fading factor (Lee 1988; Yang et al. 2001). An
approach to estimate the fading factors adaptively was
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proposed by Xia and Rao (1994). Then a strong tracking
Kalman filter was proposed and applied in nonlinear
dynamic systems to identify states and parameters (Zhou
and Frank 1996). In the field of surveying and navigation
applications, Hu et al. (2003) presented an approach that
uses an algorithm based on the magnitude of the predicted
residuals to reduce the dynamic modeling errors. Zhang
et al. (2003) used a strong tracking filter in DGPS/MEMS-
IMU/Magnetic compass integrated navigation system for
improving the robustness to the model uncertainties. Hide
et al. (2003) also examined the use of three adaptive fil-
tering techniques, including artificially fading Kalman filter
covariance, the adaptive Kalman filter and multiple model
adaptive estimation for a low-cost INS/GPS integrated
system.

In this paper, we propose an adaptive method to estimate
multiple fading factors in the Kalman filter for navigation
applications. The algorithm makes use of the predicted
residuals. Along with the statistical evaluation of the filter
residuals using a Chi-square test, the fading factors are
computed separately to increase the predicted variance
components of the state vector. Land vehicle tests have
been carried out to compare the performance of this algo-
rithm with a conventional Kalman filter for vehicle
navigation using GPS standalone and integrated GPS/INS
system. The results demonstrate that the proposed algo-
rithms can restrain the filtering divergence when system
noise attributes are not accurate. The new approach is easy
to implement and does not add a heavy computation burden
to the system.

Kalman filter algorithm

Considering a linear dynamic system:
X = Op 1 X1 + Wiy (1)
zx = Hixy + vi (2)

where x; is the state vector at epoch k; ¢y is the state
transition matrix; wy_; is the system noise; z; is the
observation at epoch k; H) represents the observation
matrix. The expectation and the covariance matrices of
wy_1 and v, are written as

E(wg-1) =0
var(wi—1) = Ok—1
E(vi-1) =0
var(ve_1) = Ry—1

respectively.
Basically, the Kalman filtering estimation algorithm
comprises two steps, namely prediction and updating with
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external measurements. The main Kalman filtering equa-
tions are given below:

Prediction:
X /i—1 = Dpje—1Xk—1 (3)
Pt = Qppe1 P Oy + Qi 4)
Updating:
Ki = Pyjs—1H [HcPy i Hy + R (5)
X = Xese—1 + Ki[ze — HiXg 1] (6)
Py = (I — KiHy)Pyji—y (7)

where X1 is the predicted state vector; Pii_; is the
variance matrix for Xi/;_i; Ky is the gain matrix; Xy is the
estimated states; and Pj is the variance matrix for the
estimated states.

Based on Egs. (2) and (3), the predicted residual vector
can be expressed as

Vk =2k — Hk)zk/k—l (8)
For a linear dynamic system, when a filter is stable, we
have
ve~N (0, HePy 1 H + Ry) 9)
Then
var(v) = Hy(Qpi—1 P ®f 5y + Q1) H{ + Ri (10)

We can construct a statistic:
T T T - 2
V= Vi [Hk(q)k/k—lpkflq)k/k_l +Qk-1)H, +Rk] v~y (m)

(11)

where 7y, has a Chi-square distribution with m degrees of
freedom, and m is the number of state variables which can
be observed.

The testing criteria is

_ Ve >1 test fails
ST { <1 test passes (12)

where ( is a scale factor for the statistical test, ¢ is the
threshold value according to the Chi-square distribution
table at a given confidential level. If the test tails then the
assumption of multivariate normal distribution (9) is not
valid.

Adaptive estimation of multiple fading factors
in a Kalman filter

The Kalman filtering estimation at epoch k can be
considered as ‘weighted’ adjustment between the new
measurements (observation model) and the predicted ones
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based on the predicted state vector, the dynamic model, and
all previous measurements. If too much “weight” were
given to the dynamic model, the estimation would ignore
the information from new measurements and causes the
divergence of the filtering. To overcome this problem, a
constant fading factor s is assigned,

P11 = (Dk,k—l(spk—l/k—l)q)lik71 +Qr1, s>1 (13)

However, a constant fading factor can not guarantee
optimal filtering. In actual applications, it is very difficult
to determine the correct value of the fading factor.
For the complicated multivariable systems, estimation
performance of the Kalman filter varies for each
variable. It is not enough to use only one fading factor
to multiply the covariance matrices. To overcome the
shortcomings of a single fading factor Kalman filter, a
multiple fading factor Kalman filter is proposed to
increase the predicted variance component for the state
parameters individually. We write

Prji—1 = Skq)k/k—lpk—lq)/{/k,l + Or-1 (14)

Where S, = diag(sy, $2,... s,) is the matrix of fading
factors.

Unfortunately Eq. (14) may lead to the asymmetry of P.
To avoid this problem, the following new equation is used
to replace Eq. (14)

Prji—1 = Skq)k/kflpkflq);{/k,lsz + Ok (15)

Now considering a new measurement matrix that satisfies
the condition as follows:

I—_Ik = [Amxm 0m><(n—l) ] m<n (16)

mxn’

where, A,,,, = diag(4;, 4s,..., 4,). For many linear sys-
tems in control and estimation field, the condition above
can be satisfied through rearranging the sequence of the
state variables.

It is noted that when the filter is in a steady state pro-
cessing, the predicted residual vector has an attribute as
follows

T = Vi ISk Pio1 O SE+ Qi 1)Hy.

+ R i~y (m) (17)
Where S, = diag(s;, $,... s,) is the matrix of fading
factors.

Given that
A = Hi Sy 1 Pio1 O STH, (18)
By :Hlele/{"‘Rk (19)

Jie = Qg1 P @ (20)
Then
Ar=HSiQp e 1Py ®f_ S{H,

0m>< (n—m)

Sl,mxm

= [Amxm Omx(n—m) ]

mxn

O(nfm)xm SZ,(nm)x(nm)‘| nxn
Ji I,mxm J12.m><(n7m)
JZI,(nfm)Xm JZZ,(nfm)x(nfm) nxn

Sl,mxm 0m><(nfm)

X

Amxm
O(n—m)xm

O(nfm) xm

O(n—m) xm SZ(n—m) X (n—m)

nxn

Amxm
= [Sl,mxm Omx(nfm)] -

[ Jl 1,mxm ]
X
J21.,(n7m)><m J22,(n7m)><(n7m) nxn

mxn

O(nfm)xm O(nm)x(nm)‘| nxn

J12,m>< (n—m)

Amsxcm 0(n7m)><m ‘| [ Sl,mxm ]
O(nfm)xm O(nfm)x(nfm) nxn O(nfm)xm nxm

= [Sl,mxm 0m><(11—m)]

X

mxn

Amxm-lll,mxm/lmxm Omx(nfm) ‘|
X
O(n—m)xm O(n—m)x(n—m) nxn
Sl,mxm
X :Sl,mxmAmeJll,meAmeSI,me
O(n—m)xm nxm

(21)

From the above equation, the following equation can be
derived

aijj = S?)Nizj,'[, (l = 1, 2, .. .,m) (22)

where a;;(k) and j;;(k) are the ith diagonal element of matrix
A and J; respectively.

When a filter is stable, Eq. (9) is true. Each element of
vy satisfies (Da 1994)

2
) — )]

- a,‘,‘(k) + b“(k) NX(I)

where b;;(k) are the ith diagonal element of matrix B;.we
can obtain that

vi(k))’

a—ii(k) n b”(k) /8,‘ <1 (23)

where v; (k) is the ith element of the vy.
Using inequality (23), the adaptive factors may satisfy
the following condition
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vik)] balk)
5> 2ii(k)e; (k)

Considering the sign of square root of s7, if

vik)* b(k)

(i=1,2,....m) (24)

23 (k)e; Jalk)

then, one can obtain

,1m)
(25)

If

M@F_%®<O

7. ; ,
2:Jii (k)& Jii(k)
then
si=1, (i=1,2,....,m).

In this approach, only sy, s,,..., 5, of matrix S; in Eq. (14)
can be estimated adaptively. The other elements of the
matrix S; cannot be estimated adaptively due to their un-
observablilities, each of their values should be chosen as 1.
The multiple fading factor matrix can be written as

Sk = diag(sl,sz,...,sm, 1,..., 1,...7 1)

This is because the only prior m state variables can be
observed directly while other state variables cannot be
observed. It is clear that the values of the observable states
can be rectified, whereas the estimation performance of
unobservable states cannot be rectified due to the lack of
sufficient information.

Testing

Two examples from navigation, GPS standalone dynamic
positioning and GPS/INS integrated navigation, are used
to evaluate the performance of the adaptive algorithm
proposed.

GPS dynamic positioning

A data set was collected using Leica 500 on a land vehicle
in 2005. The available measurements are C/A code, P-code
pseudoranges, L1 and L2 carrier phases and Doppler
measurements with 1 Hz output rate.

The highly accurate double-differenced carrier mea-
surements solutions were used as “reference” to compare
with the Kalman filtering results from the code differential
GPS measurements. The constant velocity model for the
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Kalman filter was employed. The system dynamic model is
as follows

X 0 1]|x 0
HRtRIIHRN
The measurement equations is
z=[1 O]F]—‘-n
1%

where the variance for the position measurements was
0.2 m” and the spectral density for the velocity measure-
ments was chosen to be 0.01, 0.02, 0.05, 0.1 m%/s%
respectively.

We used the conventional Kalman filter and adaptive
algorithm to estimate the GPS position and velocity. When
using the adaptive filter, according to the Chi-square
distribution table at the given confident level « = 0.99, the
threshold value ¢ is 6.635. The positional errors are shown
in Figs. 1 and 2.

Figure 1 shows the test results of the conventional
Kalman filter. Because we do not know the exact spectral
density for the velocity, we have to guess the noise
covariance when using the CKF to estimate the state
values. In Fig. 1la—d, we plot the result for different values
of the noise covariance. It is can be seen that the dynamic
noise level strongly affects the performance of conven-
tional Kalman filter. We can also notice that the position
errors become smaller when the noise covariance gets
larger.

Under the same conditions, Fig. 2 shows the errors of
position estimation using the proposed algorithm. Com-
paring with the results with Fig. 1, we can see that all the
position errors in Fig. 2 are smaller. The proposed adaptive
algorithm can estimate the position value accurately no
matter what value of system noise covariance is chosen.
Therefore the proposed algorithm is a robust approach and
can effectively deal with state estimation for navigation
applications.

GPS/INS integrated navigation

In GPS/INS integrated navigation application we consider
a basic set of system parameters, the navigation para-
meters, and the accelerometer and gyroscope error states,
X = [57‘1\/, 5"5, 57’1), 5VN, 5VE, (SVD, “PN, \PE, \PD,
Vixs Viys Vg, Vies Vi, Vi, €bxs €y, €be, Efxs s
T
fzs 5gNa 5gE7 5gD]

The symbols dry, drg, orp denote the position errors; ovy,
ovg, dvp are the velocity errors; Yy, Y, Wp are the attitude
errors; Vpy, Vi, V), are the accelerometer biases; Vi,
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Table 1 DQI-NP’s technical data

Gyro Accelerometer
Bias 5 deg/h 500 pg
Scale factor 500 ppm 800 ppm

Random walk/white noise 0.035 deg/sqrt(h) 180 pg/sqrt (h)

Trajectory

North (m)

Fig. 3 Ground track of the test vehicle

Viy, V), are the accelerometer scale factor errors; &y, &py,
&y, are the gyro drifts. &, &4, & are the gyro scale factor
errors; 08y, 08y, 08, represent the gravity uncertainty errors.
The system noise vector is W(1) = [0y px @ v by OV p; Oy

T
O v OV 7W: pxW ¢ py Wg pr O ¢ D ;00 cfzngngwgD]
The system errors model is presented as:

X(1) = F(£)X(t) + G(1)W (1)
The measurement model can be expressed as:

Z(t) = [Pins — Pgps) = H(1)X (1) + V(1)
= [Byx3 O30 | X(1) + V(1)

Where Z(#) is the measurement vector; H(¢) is the design
matrix; and V(¢) is the noise vector.

The test involved two Leica System 530 GPS receivers
and one BEI C-MIGITS II (DQI-NP) INS unit. One GPS
receiver was set up as the static reference station, and the
other one mounted on top of the test vehicle together with
the INS unit. The data were stored on the GPS receiver’s
PCMCIA and a laptop computer for post processing.

Table 1 shows the DQI-NP’s technical data for refer-
ence. These values were used in setting up the Q estimation
in the conventional Kalman filtering process. Using the
same confident level o = 0.99 as in the first application,
the threshold value ¢ is 6.635. Figure 3 shows the ground
track of the test vehicle. Figure 4 shows the position errors
obtained using the conventional Kalman filter. This result
represents the best performance from the CKF using dif-
ferent values of system noise covariance. For the proposed
algorithm, the initial noise levels were identical to those for
the conventional Kalman filter. Figure 5 shows the position
errors of the proposed algorithm.
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g 5 2
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Fig. 4 Position errors from the CKF
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Fig. 5 Position errors from the adaptive algorithm
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From Fig. 4 it is seen that the maximum error in latitude
and longitude were 0.4 m. The standard deviations of
positioning errors are 0.0845 m and 0.1358 m for latitude
and longitude respectively. The errors of position estima-
tion are mainly caused by the unmodeled errors. In fact, it
is very difficult to get the exact apriori information of
navigation system, so we have to ‘guess’ the values of
system noise covariance. Due to lack of adaptive estima-
tion ability, the performance of the conventional Kalman
filter is not satisfactorily.

Comparing Figs. 5 and 4, it is clearly demonstrated that
the position errors with the proposed adaptive Kalman
filters are significantly smaller than those of the CKF. For
the proposed algorithm, the positioning errors are 0.0014
and 0.0016 m (standard deviation) for latitude and longi-
tude, respectively. Better results can also be achieved with
the proposed algorithm for the height. Hence the posi-
tioning errors are significantly reduced using the proposed
multiple fading factor Kalman filter.

Conclusion

Inaccuracy in system models may degrade the performance
of the conventional Kalman filter. To overcome these
shortcomings of the Kalman filter, we have introduced a
fading Kalman filtering algorithm. The algorithm uses the
predicted residuals to compute multiple fading factors to
scale the predicted covariance matrix.

The proposed algorithm has been tested using GPS
standalone and GPS/INS integrated system examples. The

comparisons have demonstrated that the proposed algorithm
is much better than the conventional Kalman filter when the
system noise characteristics are not exactly known. The
proposed algorithm is a robust approach and insensitive to
the levels of system noise. The characteristic of the new filter
can overcome the shortcomings of the conventional Kalman
filter as to robust estimation. Compared with the existing
methods, the proposed new approach is easy to implement
and without heavy computation burden.
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