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Abstract

Using a wavelet basis, we establish in this paper upper bounds of wavelet estimation
on L?(R?) risk of regression functions with strong mixing data for 1 < p < co. In
contrast to the independent case, these upper bounds have different analytic formulae
for p € [1,2] and p € (2, +00). For p = 2, it turns out that our result reduces to a
theorem of Chaubey et al. (J Nonparametr Stat 25:53-71, 2013); and for d = 1 and
p = 2, it becomes the corresponding theorem of Chaubey and Shirazi (Commun Stat
Theory Methods 44:885-899, 2015).

Keywords Regression estimation - L” risk - Convergence rate - Strong mixing -
Wavelet
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1 Introduction and preliminary

Nonparametric regression estimation plays important roles in practical applications.
The classical approach uses the Nadaraya—Watson type kernel estimators (Ahmad
1995). Because wavelet bases have the local property in both time and frequency
domains, a wavelet provides a new method for analyzing functions (signals) with
discontinuities or sharp spikes. Therefore it is natural to get better estimations than
the kernel method for some cases. Great achievements have been made in this area,
see Delyon and Judisky (1996), Hall and Patil (1996), Masry (2000), Chaubey et al.
(2013), Chaubey and Shirazi (2015), Chesneau and Shirazi (2014) and Chesneau et al.
(2015).

In this paper we consider the following model: Let (X;, Y;);cz be astrictly stationary
random process defined on a probability space (§2, .%, P) with the common density
function

B Youming Liu
liuym@bjut.edu.cn

Department of Applied Mathematics, Beijing University of Technology, Beijing 100124, People’s
Republic of China

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10260-018-00430-0&domain=pdf
http://orcid.org/0000-0001-6271-9238

668 J.Kou, Y. Liu

Flxoy) = W (x.y) € RY x R

where w stands for a known positive function, g denotes the density function of the
unobserved random variables (U, V) and u = Ew(U, V) < oo. Then we want to
estimate the unknown regression function

r(x)=E(pV)|U=x), xeR?

from a sequence of strong mixing data (X1, Y1), (X2, Y2), ..., (Xu, Yn).

Chaubey et al. (2013) provide an upper bound of the mean integrated squared error
for a linear wavelet estimator when p(V) = V and V € [a, b]; Chaubey and Shirazi
(2015) consider the case of a nonlinear wavelet estimator with d = 1.

In this paper, we further extend these work to the d-dimensional setting over L”
risk for I < p < oco. When p = 2, our result reduces to Theorem 4.1 of Chaubey
et al. (2013); in the case of d = 1 and p = 2, it becomes Theorem 5.1 of Chaubey
and Shirazi (2015).

1.1 Wavelets and Besov spaces

As a central notion in wavelet analysis, Multiresolution Analysis plays an important
role for constructing a wavelet basis, which means a sequence of closed subspaces
{V;} ez of the square integrable function space L*(R?) satisfying the following prop-
erties:

(i) V;j € Vjy1, j € Z. Here and after, Z denotes the integer set and N := {n €
Z,n > 0};
iy Yvy= L*(R?). This means the space UjGZ V; being dense in L2(R%);
JEZ
(iii) f(2-) € Vi ifandonlyif f(-) € V; foreach j € Z;
(iv) There exists a scaling function ¢(x) € L%(R%) such that {¢(- — k), k € 74}
forms an orthonormal basis of V) = span{¢(- — k)}.

Whend = 1, there is a simple way to define an orthonormal wavelet basis. Examples
include the Daubechies wavelets with compact supports. For d > 2, the tensor product
method gives an MRA {V;} of L?(R?) from one-dimensional MRA. In fact, with
a scaling function ¢ of tensor products, we find M = 2¢ — 1 wavelet functions
1//‘Z € =1,2,..., M) such that for each f € L2(RY), the following decomposition

co M
f= Z @ jo kP jo.k + Z Z Z ﬂf,kl/ff,k

kezd J=Jjo t=1ke7d

holds in L2(RY) sense, where o, & = (f, ¢}y k) ﬂfyk =(f, wf’;ﬁ and

%@ oo ¢ 4t
Pjo.k(x) =272 20x — k), ¥; (x) =229 (2 x — k).
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Wavelet regression estimations with strong mixing data 669

Let P; be the orthogonal projection operator from L*(R?) onto the space V; with
the orthonormal basis {¢; x(-) = 2/9/2¢(2/ - —k), k € Z%}. Then for f € L*(R%),

Pif = ojipji (1)

kezd

A wavelet basis can be used to characterize Besov spaces. The next lemma provides
equivalent definitions for those spaces, for which we need one more notation: a scaling
function g is called m-regular, if ¢ € C"™(R?) and |D%p(x)| < c(1 + |x|*)~¢ for each
¢ € Z and each multi-index o € N¢ with |«| < m.

Lemma 1.1 (Meyer 1990) Let ¢ be m-regular, y* (¢ = 1,2, ..., M, M = 24 — 1) be
the corresponding wavelets and f € LP(RY). If oj k. = (f, ¢j k), ﬁfgk =(f, ¢f,k>,
p,q €[1,00]and 0 < s < m, then the following assertions are equivalent:

) fe B, ,(RY);

@ 271Pj1f = Pifllp} € g3
je—4+4)

@) 27 2 2B lpY €1y

The Besov norm of f can be defined by

<2f (-5+ >||ﬁ,,~||,,)

We also need a lemma (Hirdle et al. 1998) in our later discussions.

[N

M
with [|B; 15 =" )" \ﬁfwk‘p'

q =1 kezd

111y, = Neip)ll, +

J=Jo

Lemma 1.2 Let a scaling function ¢ € L*(R?) be m-regular and {a} € lp,1<p=<
00. Then there exist co > ¢1 > 0 such that

d_d j . d_d
(! P)n(ak)nps 3 w2% p@x —k) <! P>||<ak)||p.

d
ke p

In Hérdle et al. (1998), the authors assume a weaker condition than m-regularity. For
d =1, the proof of the lemma can be found in Hardle et al. (1998). Similar arguments
work as well for d > 2. In addition, Lemma 1.2 holds if the scaling function ¢ is
replaced by the corresponding wavelet .

1.2 Problem and main theorem

In this paper we aim to estimate the unknown regression function
r() =E(p(V)IU=x), xeR’ )
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670 J.Kou, Y. Liu

from a strong mixing sequence (see Definition 1.1) of bivariate random variables
(X1, Y1), (X2, Y2), ..., (X,,Y,) with the common density function

Fleoy) = W (r.y) e RY x R, 3)

where w denotes a weight function, g stands for the density function of the unobserved
bivariate random variable (U, V) and u = Ew(U, V) < oo. In addition, h(x) is
assumed to be the known density of U with compact support on [0, 1]¢, as in Chaubey
etal. (2013) and Chaubey and Shirazi (2015). Throughout the paper, we always require
supp X; < [0, 1]4.

Definition 1.1 A strictly stationary sequence of random vectors {X; };¢7 is said to be
strong mixing, if

lim a(k) = lim sup{|P(A N B) —P(A)P(B)|: A e F°
k—o00 k—o00

—00°?

Bel}=0,

where F(loo denotes the o field generated by {X;};<¢ and F,fo does by {X;}i>«-

Obviously, the independent and identically distributed (i.i.d) data are strong mix-
ing, since P(A N B) = P(A)P(B) and (k) = 0 in that case. In addition, {X;} is said
to be geometrically strong mixing , when a (k) < y8* forsome y > 0and0 < § < 1.
Now, we provide two examples for geometrically strong mixing data.

Example 1 (Kulik 2008) Let X; = Zjez aje—; with

27k k>0,

id.d. 2 B
{e;, t € Z} N(O,U)andak_{ 0. k<0

Then it can be proved by Theorem 2 and Corollary 1 of Doukhan (1994) on Page 58
that {X;, t € Z} is a geometrically strong mixing sequence.

i.i.d.
Example 2 (Mokkadem 1988) Let {e(¢), t € Z} "~ N, (0, ¥) (r-dimensional normal
distribution) and {Y (¢), ¢ € Z} satisfy the auto-regression moving average equation

P q
Z B)Y(t —i) = Z Ak)e(t — k)

i=0 k=0

with [ x r and [ x [ matrices A(k), B(i) respectively, as well as B(0) being the
identity matrix. If the absolute values of the zeros of the determinant det P(z) :=
det le:o B(i)z' (z € C) are strictly greater than 1, then {Y (¢), ¢ € Z} is geometrically
strong mixing.

Those two important examples tell us that the strong mixing data does not reduce
to the classical i.i.d, although « (k) goes to zero in the so fast way, (k) = 0 (5%).
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Wavelet regression estimations with strong mixing data 671

Itis well known that a Lebesgue measurable function mapsi.i.d. datatoi.i.d. data.
When dealing with strong mixing data, it seems necessary to require the functions
w, p, hin (2) and (3) to be Borel measurable. A Borel measurable function f on R4
means {x € R?, f(x) > ¢} being a Borel set for each ¢ € R. In that case, we can prove
easily that { f(X;)} remains strong mixing and a r(x)(k) < ax(k) (k =1,2,...),if
{X;} has the same property, see Guo (2016). This note is important for the proofs of
Propositions 2.2 and 2.3.

Before introducing our estimators, we formulate the following assumptions:

HI1. The density function % of the random variable U has a positive lower bound,

inf h(x)>c; > 0.
xel0,1]14

H2. The weight function w has both positive upper and lower bounds, i.e., for (x, y) €
0,11 x R,

O0<c <wx,y) <c3 < +4o0.

H3. There exists a constant ¢4 > 0 such that,

sup |[o(W)| < ca, / loMdy < cq.
yeR R

H4. The strong mixing coefficient of {(X;, ¥;),i = 1,2,...,n} satisfies a(k) <
ye K withy > 0,c5 > 0.

HS. The density fix,,v,,xi1,Yer) Of (X1, Y1, Xgy1, Yeq1) (kK > 1) and the density
fixy. of (X1, Y1) satisfy that for (x, y, x*, y*) € [0, 119 x R x [0, 1]1¢ x R,

sup sup lhi(x, y, x*, y")| < ce,
k=1 (x,y,x*,y*)€[0,119 xRx[0,1]¢ xR

where hk(x, Yy, X*v y*) = f(Xl,Yl,Xk+1.Yk+1)(x7 y’X*v y*) - f(X[,Yl)(xv y)
f(Xk+1,Yk+l)(x*’ y*) and Ce > 0.

The assumptions H1 and H2 are standard for the nonparametric regression model
with biased data (Chaubey et al. 2013; Chesneau and Shirazi 2014). In Chaubey and
Shirazi (2015), the authors assume 2 = 1. While Y € [a, b] is required by Chaubey
et al. (2013). Condition H5 can be viewed as a ‘Castellana-Leadbetter’ type condition
in Masry (2000).

We choose d-dimensional scaling function

ox) =x1,...,xq) == Dan(x1) - - Doy (xq)

with Dyy (-) being the one-dimensional Daubechies scaling function. Then ¢ is m-
regular (m > 0) when N gets large enough. Note that Doy has compact support
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672 J.Kou, Y. Liu

[0, 2N — 1] and the corresponding wavelet has compact support [-N + 1, N]. Then
for r € L>(R?) with supp r € [0, 1] and M =29 — 1,

oo M
r) =Y @ik + YD Y B (),

keAjo j=jot=1keA;

where Aj, = {l —2N,2—2N,..., 209 A; ={-N,-N+1,...,2/ + N - 1}¢
and

Aok = f r@)@jok(X)dx, B, = / r)Y ()dx.
[0, 114 [0,1]4

We introduce

-1
ﬁn=[ ;mx,,n] : 4

Gz p0D
Tk = 5 2o ronc VY ©

and .

-~ ﬁn oY) ¢

Pin=" ~ w(Xi, Yoh) 1D ©
By H1-H3, the definitions in (4)—(6) are all well-defined. When p(Y) = Y, i1, and
O ok 1N (4) and (5) are the same as those of Chaubey et al. (2013). If d = 1 and
h(x) = Ip,17(x), then fL,, @y x and /3 * in (4)—(6) reduce completely to those in
Chaubey and Shirazi (2015).

We define our linear wavelet estimator

) = Y g k@ok (X) )

kEAjO

and the nonlinear wavelet estimator

M
) =T+ Y DY B’J{kl{%lzm}wfyk(x), (8)

J=jo t=1keA;

where 1,,, jo and j; are specified in the Main Theorem, while the constant « will be
chosen in the proof of the theorem.

Comparing with the wavelet estimators in Chaubey et al. (2013) and Chaubey and
Shirazi (2015), we use a wavelet basis in the whole space instead of wavelets on an
interval. In the later case, boundary elements need be treated appropriately.

The following notations are needed to state our main theorem: For H > 0,

s ,_ s d
Bp,q(H) M {r € Bp,q(R )7 ||r”B%.q E H}
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Wavelet regression estimations with strong mixing data 673

and x4 := max{x, 0}. In addition, A < B denotes A < ¢B for some constant ¢ > 0;
A 2 B means B < A; A ~ B stands for both A < B and B < A. The indicator
function on a set G is denoted by /5 as usual.

Main Theorem Consider the problem defined by (2) and (3) under the assumptions
HI-H5. Letr € B%’q(H), 7,q €[1,00), s >0, supp r C [0, 11 and either p > p
orp<p<ooands > %. Then for 1 < p < 400, the linear wavelet estimator?ﬁi”

1
defined in (7) with 270 ~ p > "+ dp>2) gnd s’ = 5 — d(}l? - %)+ satisfies

g/
(0,14

1
. -1 . 1
The nonlinear estimator in (8) with 270 ~ p* ¥+ dlp>2 4y > ) 271 ~ (—L2)7 and

. (Inn)3
t, = [1{1§p§2} + ZJTd I{p>2}] ,/lnT” satisfies

!
. p ____sp
Flin (x) — r(x)‘ dx <n DI (%a)

)4 3p
E/ 7o) = ()| dx S nm e, (9b)
[0,11¢
where
s ~ pld+dlp=2y)
2s+d+dlps2y’ p = 2s+d+dlps2y°

o= (9¢)

s—d/p+d/p ~ _ pld+dlip-oy)

26—d/p)td+dlp-a P = svdvdl g

Remark 1 When p = 2, (9a) reduces to Theorem 4.1 of Chaubey et al. (2013); If
p =2andd = 1, (9b) becomes Theorem 5.1 in Chaubey and Shirazi (2015) up to a
In n factor.

In contrast to the linear wavelet estimator 7", the nonlinear estimator 7" is
adaptive, which means both jy and j; do not depend on s, p and g. On the other hand,
the convergence rate of the nonlinear estimator remains the same as that of the linear

3p ~ . ~
estimator up to (In n)TI, when p > p. However, it gets better for p < p. The same
situation happens for i.i.d. case.

Remark 2 Compared with the estimation for i.i.d data in Kou and Liu (2017), the
convergence rate of Main Theorem keeps the same ( up to a Inn factor), when p €
[1, 2]. However, it becomes worse for p > 2. This exhibits a major difference between
those two types of data.

For i.i.d case, a lower bound estimation under L? risk is provided by Kou and Liu
(2016). It is a challenging problem for strong mixing data.

Remark 3 From (92)—(9c) in our Main Theorem, we find that the convergence rates
close to zero, when the dimension d gets very large (curse of dimensionality). In fact,
the same situation happens for the classical i.i.d case (Delyon and Judisky 1996;
Kou and Liu 2017). To reduce the influence of the dimension d on the accuracy of
estimation, a known method is to assume some independent structure of the samples
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674 J.Kou, Y. Liu

(Rebelles 2015a,b; Lepski 2013). Since the strong mixing data is much more com-
plicated than the i.i.d one, it would be a challenging problem to do the same in our
setting. We shall study it in future.

2 Three propositions

In this section, we provide three propositions for the proof of the Main Theorem which
is given in Sect. 3. Clearly, u := Ew (U, V) > 0 under the condition H2. Moreover,
the following simple (but important) lemma holds.

Lemma 2.1 For the problem defined in (2) and (3) and i, given by (4),

E@ ) =n, (10a)
mo(Yi) o

E [mﬁ%,k(&)] = UWjy.k> (10b)
A 4 . Y

£ [w(Xi, Y,-)h(xi)’”ﬁk(xt)] = Bji (10¢)

where aj, = f[o,l]d r(x)@jox(x)dx and ﬂf,k = f[oﬁl]dr(x)w]‘f‘k(x)dx =
1.2.....M).

Proof One includes a simple proof for completeness, although it is essentially the
same as that of Chaubey et al. (2013). By (4),

n

S L ) B
F )_E[nzw(Xi,Yi):| _E[w(Xth)]

i=1

This with (3) leads to

~ , 1 1
E@;") =/ SO0 ey = —/ g(x, y)dxdy = —,
[0,11¢ xR @ (X, y) w Ji0,119 xR 12

which concludes (10a). Using (3) and (2), one knows that

no(Y;) ' N L(y) '
| 0| = [ i P40 5 sy

=/[0 i wjo,k(X)A%g(x,y)dydx

= / r(x)(pjo,k(x)dx = k-
[0,114

This completes the proof of (10b). Similar arguments show (10c). O

To establish the next two propositions, we need an important Lemma.
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Wavelet regression estimations with strong mixing data 675

Lemma 2.2 (Davydov 1970) Let {X;}icz be strong mixing with the mixing coefficient
a(k), f and g be two measurable functions. If E| f(X)|P and E|g(X1)|? exist for
p.qg>0 and% + % < 1, then there exists a constant ¢ > 0 such that

ov(70x0. g0t = ato] " [E[ oo [Elecxn] ]

Prpposition 2.1 Let (X;,Y) 0 = 1,2,...,n) be strong mixing, HI-H5 hold and
274 < n. Then

n n £
1 p(Y)Y; ( (Xi)
var —_— n and var —— = " | <n. an
|:Z a)(X,,Y):| [; w(X;, Y)h(X;)
Proof Note that Condition H2 implies var (

o 1 1
" {; (X, Y»} = (w(Xh m)

Then it suffices to show

n v—l1 1 1
ZZC°V<¢U(XU,Y) w(X,,Y)> :

v=2i=1

IA

2
1 1
w(xi,Yi)) E (w(x,-,Yl-)) < land

n v—1 1 1
chov(w(XU,Yv) w(X,,Y))

v=2i=1

12)

for the first inequality of (11). By the strict stationarity of (X;, ¥;),

n v—1 1 1
2.2 °V<w(x,,,Y) w(X,,Y>)‘

v=2i=1
- 1 1
= Z(n—m)cov ,
— (X1, Y1) oXpgt, Yms1)
1 1
<ny cov )
m=1 C()(X],Yl) a)(XWl+1?Ym+l)

On the other hand, Lemma 2.2 and H2 show that

4
< Va@m).

cov( ! , ! >‘ < Va(m)

E -
(X1, Y1) oXpt1, Yis1) 'w(XLYl)

These with H4 give the desired conclusion (12),

n v—1

1
ZZCOV(w(X Yy’ w(x,,Y))

v=2i=1

nZ\/oe( ) <n.
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676 J.Kou, Y. Liu

To prove the second inequality of (11), one observes

np(Yt (X)) vl (X:)
var Z% < nvar %
o o(Xi, YDh(X;) o(X;, YDh(X;)

n vl PV (X)  p(YDYE L (X0
Xy, Yo)h(Xy) o (X;, Y)h(X;)

By (3) and H1-H3, the first term of the above inequality is bounded by

2
PNV, X0 ¢ 2g(x,y)
nk <a)(Xi, Yoh(X) ] ~ n /[0,1]de [W],k(X)] ) dydx = n.

It remains to show

U PV (X)) p(Y)Yf (X0
2. 2 G, () @0 YD)

v=2i=1

2/d_1 n

(X1, YDh(X1)" @o(Xmt1, Ymr )R (Xmi1)

[mmw,‘f,k(xl) PVt DV 4 (X1 ”
cov - : 5

13)

where the assumption 274 < p is needed.
According to H5 and H1-H3,

PANYS (XD P DV Xomt1)
o (w(xl, YDROXD) & X1, Ym+1)h(xm+1)>‘
PONVS () pOFIV] L (™)
0, AG)  0OF, yOh()

<

| (x, ¥, x*, y*)|dxdydx*dy*

w/[O,l]dx]Rx[O,l]dx]R

2 2
¢ —jd
§</R|p(y)|dy> (/[‘O’l]d‘wj,k(x))dx) S22

Hence,
27d 1 ¢ ¢ 2Jjd _1
Z co :O(Yl)l/ijk(xl) ’ :O(Ym-H)Wj,k(Xm-‘rl) 5 Z 2—jd § L
2 N\ oKX YKD&t Vs DA Xin) ) | &=

(14)
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Wavelet regression estimations with strong mixing data 677

On the other hand, Lemma 2.2, HI-H3 and the arguments before (13) tell that

Pyt xp) [}
o (X1, Yh(X1)

a(m)

PV (XD o DV Kt 1) .
CO 5
"\ o1, DR @K1 Vs DXt 1)

PP (xp) [
o (X1, YDh(X1)

PNV (X1)

Jd
o(X1, Y)h(X1) a(m) 27 .

a(m) sup

Moreover, Y" 4

POV (X)) pTs DV Xmi1) n
: : < _
cov (w(XI,Yl)h(Xn’ X1 Yt DR Xt 1) ISEEND DAY

jd cm
Jam) 25 S0 Vma(m) < 3R m%ye’T < 4-00. This with (14) shows
(13). O

—~ p p .
To estimate E‘Oljo,k — ajo’k‘ and E ‘B\fk — :Bf,k‘ , we introduce a moment bound,
which can be found in Yokoyama (1980), Kim (1993) and Shao and Yu (1996).

Lemma 23 Let{X;,i = 1,2,...,n}beastrong mixing sequence of random variables
with the mixing coefficients a(n) < cn™® (¢ > 0,0 > 0). If EX; = 0, 1 X:ll, =

1
(E|X;IM" < 00,2 < p<n < +o0and 6 >
K(p,n,0) < oo such that

m, then there exists K =

P
ya
< K |X;ID n®.

n

>

i=1

E

Proposition 2.2 Letr € Bs ,(H) (P.q €[1,00), s > 0)and aj i, ﬂ, i be defined
by (5) and (6). If HI-H5 hold then

~ I3 Jodp _p
E‘O‘jo,k - ajo,k‘ S [1{1§p§2} +22 1{p>2}] n 2, (15a)
p Jjdp _»r
E‘F}f,k _f’f,k‘ < [1{1952} +2°2 I{p>2}]n 7, (15b)

Proof One proves (15b) only, (15a) is similar. By the definition of B\f P

P P VLS o R T L
Bix—Bjx= m [ngw(Xi,Yi)h(Xi)Wj’k(X’) ﬂjk:|+5/k /in<,u Mn)

< E

p
and E‘B\fk ,Bfk’

fn [ 5 p(Y;) e e
7[;25—1m1/’- (Xi) — Bj, ]’

P
+E ‘,3 ik n (— L) ‘ . Since Condition H3 implies the boundedness of r,

Jk"_

‘ f[o 1} r(x)lp f k(x)dx‘ < 1 thanks to Holder inequality and orthonormality of {w ; o
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678 J.Kou, Y. Liu

On the other hand, ﬁﬂ—" < 1and |j1,| < 1 because of H2. Hence,
r RS p(Y;) g 1P
Ep -p] SE\EY oyt x) - B +E‘——A—
S n i;w(x,-, Yh(Xy) "I W i
(16)
When p = 2, it is easy to see from Lemma 2.1 and Proposition 2.1 that

2 N/l .
-~ ¢ 1 n P(Yz)I//‘Yk(Xz) 1 n 1 1 .
E ‘,3,-,;C - ﬂj,k‘ < var [z 2imt aox vk | VA p Xici sogyn | S u- This

-~ p
with Jensen’s inequality shows E ‘,Bf’k — ﬁj‘ka‘ < n~% forl < p <2
It remains to show (15b) true for p > 2. By the definition of 1z,

o1 1 1 1" 1 & 1 11/
-4l - i il
Ko Un ni olXi, Y)  w nloX, )
A7)
Letn; := ﬁ — /l,L Then E(n;) = 0 thanks to (10a). Furthermore, 71, ..., 1, are
strong mixing by the same property of {(X;, ¥;)} and the Borel measurability of the
function _; 0 ; 3~ ﬁ (Guo 2016). On the other hand, Condition H2 implies |n;| < 1
and ||n; ||,17’ < 1. By Condition H4, 6 in Lemma 2.3 can be taken large enough so

that 6 > #jp) for fixed p and n with 2 < p < n < +o0o. Then it follows from
Lemma 2.3 and (17) that

Finally, one needs only to show

n p
I p(Yi) ¢ ¢ idp _p
=FE|— — Y, (X;) — B <27 2, 18
o " ;w(xi,Yi)h(Xi)I/f"k( V=P 2 (18)
Define &; := % wf’ (X)) — ﬂf’ - Then similar arguments to 7; conclude that
EE)=0,0,= nL,,E| Z:‘l:l &P and &1, ..., &, are strong mixing with the mixing
coefficients (k) < ye k. According to H1-H3 and W[(x)| <1,
up(Yi) id
‘—lwfk(xi) S27.
o(Xi, Y)h(X;)
. ja jd,
This with ¢, = E [%%wf,k(xi)] leadsto E|& " < 2°7" and [|&|] < 272"
Using Lemma 2.3 again, one obtains the desired conclusion (18). O
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To prove the last proposition in this section, we need the following Bernstein-type
inequality (Liebscher 1996, 2001; Rio 1995).

Lemma 2.4 Let (X;)ic7 be a strong mixing process with mixing coefficient o (k),
EX, =0, |Xi| <M < o0 and D, = max var(zl 1X) Then for ¢ > 0

1<j<2m
and n,m € Nwith0 <m < 5,

d

.. . . ; d .
From the next proposition, we realize the reason for choosing 2/! ~ (m) in

n
>

i=1

g2 _ 1 -1 M
>e| <4-exp 16 nm~ Dy, + gst + 32—na(m).
£

1
our Main Theorem. The classical choice is 2/1 ~ (ﬁ) , see Chesneau and Shirazi

(2014).

Proposition2.3 Letr € BA (H) (P,q €[1,00), s >0), /3  be defined in (6) and

ty = /2 If HI-HS5 hold and 274 <
Kk >1 such that

0 )3, then for w > 0, there exists a constant

P (‘B\fk - ﬁf,k‘ > Ktn> <o,

Proof According to the arguments of (16), B¢, — ﬂf Sy, [m — /lt] +
1 Y; :
s %Wﬁﬂxi) — ,Bf’k‘ . Hence, it suffices to prove

K
En

(1
Pl =
n i=1

[

> -—1|=

—~loXi,Y) u
IED(

BN pp(Y)) ¢
- PVt (X)) — B
n ; [w(xi, Yon(xp V0 = Pk
One shows the second inequality only, because the first one is similar and even simpler.
Define & = %W (X;) — ﬂ‘f Then E(£;) = 0 thanks to (10c), and
&1, ..., &, are strong mixing with the mixing coefﬁc1ents a(k) < ye * because of

Condition H4. By , mlﬂ <27 5 and

t ) <27 and

K w.
5 ><2 J (19)

up(Y;)

4 .
o (X, Yh(xp VX0 T

vl (X S27

‘ up(Y;)

&1 < ’ w(X;, YDh(X;)
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According to Proposition 2.1, D,, = max var (Z{:l Ei) < m. Then it follows

1<j<2m
from Lemma 2.4 with m = u In n (the constant u will be chosen later on) that

1 1 a O\
,Sexp{—w’;—;) (nm_le—l—gKnt,,Zj;m) }

+64 nye ™. (20)

'd

Clearly, 64 m nye=™ < pe~cInn holds due to £, = ,/1“7”, 2Jd < (ln';)3 and
m = wulnn. Choose u such that 1 — cu < —g, then the second term of (20) is
bounded by 27%/. On the other hand, the first one of (20) has the following upper

bound

-1
«21nn 1_’_1 Inn n % < 2lnn - 1 -1
exp{— —Ky — m exp{ — —KuU
P17 & 6V \nn)3 ~ P T e 6

n
(ln n)3

and m = u In n. For this estimation, 2/ d <

thanks to D,, < m, 2/ < <& )3

is essential, one can not replace that condition by 2/¢ < 5 - Obviously, there exists
sufficiently large ¥ > 1 such that exp {—" Inn (1+ 6KM)71} < 27"/, Finally, the
desired conclusion (19) follows. O

3 Proof of main theorem

This section proves the Main Theorem. We rewrite it as Theorem 3.1. The main idea of
the proof comes from Donoho et al. (1996). When p = 2, the corresponding estimates
seems easier (see Chaubey et al. 2013; Chaubey and Shirazi 2015), because L?(R?)
is a Hilbert space.

Theorem 3.1 Consider the problem defined by (2) and (3) with the assumptions HI—
HS5. Letr € B (H)(ﬁ g €[l,00), s > 0), supp r C [0, 11¢ and either § > p or
P<p<o0 ands > ve Thenforl < p < 409, the linear wavelet esttmator"l”’

defined in (7) with 270 ~ n*' *‘”‘”fﬂﬂ) ands' =s —d (}17 - %) satisfies
+

g/
[0,114

!
. P . sp
Fi ) = r(o| dx g FEE (21a)
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A=

, R B
The nonlinear one in (8) with 270 ~ p2 ¥ >y (g > ) 20 ((lnnn)3) and
t, = [1{]<p<2} +2 e I{p>2}] ,/ L satisfies
p 3,
E F1on (1) —r(x)‘ dx < (Inm)FnoP, (21b)
[0,11¢
where
s ~ p(d+dl{p=2y)
2s+d+dljp>2y° p= 2s+d+dl{p=2y°’
o= 21c)
s—d/p+d/p ~ _ pld+dly-2))
2(s—d/p)+d+dlp=2y’ pP= 2s+d+dljp>2y°
Proof Whenp < pands > %, s’—% = s—% > 0.By the equivalence of (1) and (3) in

Lemma 1.1, B (H) € BY ,(H') forsome H' > 0.Thenr € B (H') and || Pj,r —
Fllp = 1 5, (Piar =Py S 02 IPjar—Pirlly S Y52, 2798 < 2=
thanks to (2) of Lemma 1.1. Moreover,

| Pjor — r||p < i’ (22)

It is easy to see from Lemma 1.2 that

P
P . d( o _io N P
—Pigr| =E| Y @jok —jo)eiok| 2" (¥-2) ) E’“-W‘ — ok
P keAj, keAj,
P
According to Proposition 2.2 and | A j,| ~ 2709,
i P Jodp Jodp _p
E rnln_PJOr‘p S27 (Tusp<yy +2°2 Iipsgy )07 2. (23)

This with (22) shows thatEf[O’l]d [Flin ) —r@)|[Pdx < E [pa [Fi () —r@)|Pdx <
E7n = Pyr |0+ | Por =l S 27077 4 25 [Icpea) +25 Lo ] 8. To

get a balance, one chooses 270 ~ n % *‘”‘” (r>2 Then

g
[0,11

which is the desired conclusion (21a) for p < p and s > %.

s'p

—r @) dx g T (24)

From the above arguments, one finds that when p = p,s = s > 0 and the
1nequa11ty (24) still holds without the assumption s > ,e It remains to conclude (21a)
for p > p > 1. By Holder inequality,

| F
[0,114

_ r(x)‘pdx < [/{O » )?,’j"(x) -~ r(x)‘Fdx}%
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Using Jensen inequality and (24) with p = p, one gets

E/ ‘Al’”(x) r(x)‘ dx < [E/
[0,134 (0,11

-~ qL v

~lin P r 7#
rn (x)_r(-x)‘ dx 5]’[ {p>2} |
This completes the proof of (21a).

Similar to the arguments of (21a), it suffices to prove (21b) for p < pands > %
In this case, (21c¢) can be rewritten as

. { s s—d/p+d/p }
o = min )
2s +d +dljp=2 2(s —d/p) +d+dlipso

By the definitions of 7./ and 719", 779" (x) — r(x) = [A“"(x)

— Piyr )] = [reo -
U [ 2¢ ¢ ¢
Pir®]+ & X T Bl e — B4 4 ). Hence,
j=jol=1kea; b g

p
E/ ) ?,;'”"(x)—r(x)‘ dx <L+ 5L+ Z, (25)
(0.1

where I :=

P
— Pjr|| , L:= Hr - le+1rH and
P P

1% %>

4 l Y4

Bind(ge el = Bik | Vik
.. |ﬂj.k|7Kt"
J=jot=1keA;

P

According to (23), 270 ~ p?"**+p>2) ( > 5) and the definition of « in (21c)

L =

~lin
rt — Pjor

ST e [1{1<,,<2}+2 2 I{p>2}] “t<nr,

The same arguments as (22) shows “ Pjy1r — r“p < 277157 On the other hand

- w—l— > athanksto p < pands > w Then it follows from 2/ ~ (

N
(lnn)3)d
P 3p
L= HPj1+1r —rH S (nn)2n %P,
P
The main work for the proof of (21b) is to show

2|55 [Flati g -] 0]

¢ 2 _ap
Jk [\BY |>Kz} 'Bj,k] Vikl| S (nn)2n™P.
J=jo t=1keA;

p

(26)
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Note that Lemma 1.2 tells

J1 N M »
. . _ d(4—-L
IR D St ) 0| PR T
.. Jok1="rn
j=Jo t=1keA;
Then the classical technique (see Donoho et al. 1996) gives
Z S Gir—jo+ D NZi + 2o+ Z3), 27)

where

J1 pd(l—l) M ., P

Zy = Z 27 Z E [‘ﬂj,k - ﬂj,k‘ I{IEZ 7}3 >Kln]}7
Jj=Jo t=1keA; Ik Tk
Ji pd<lfi> M ., p

2= 2 E[”gf’k_ﬂf"’ it 1z, 16 |>”’"}]
J=Jo (=1keA; o=t AP =72
J1 pd i L M

Z3=2 20 Z s a1t 188 1<2er, )
J=Jo (=1keA;

For Z, one observes that

_ 2] '
E [’B\fk —ﬂjg‘!k‘p {lﬂM ﬂ/{)\‘>m,l :| =< |:E ‘/3][1{ —ﬁf,k‘ P] |:[P’ (lB\fk /3] il > %)]

thanks to Holder inequality. By Proposition 2.3,

Inn Inn i
P()B\fyk—ﬁ]‘f’k) = k2% ,/7) gﬂb(‘ﬁ\f,k—ﬂf’k‘ e 7) <o-wi,

" . . -~ ¢ |P
On the other hand, Proposition 2.2 implies £ ‘ B ik B i k‘ <2
+00. Therefore,

[~
I\)‘Q_
aS]
'E

P ip _p _wi
E‘Ae - Z.‘I B <27 pT227 7,
|: :8‘/,]( IBI,k l'%.k—ﬁf,kb%] ~ n
Then for w > 2pd in Proposition 2.3, Z; < j.l:jo 2pd(3- )2Jd21 Lyt o <<

Y _pd

(%)%Z_ﬂ’(%_”d) ,Sl(%)g(%) ) < (%)ap, where one uses o < % and the

2m+d+dT] =2y (m > s). Hence,

choice 2/0 ~ n
Z1 <n7 9, (28)
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To estimate Z;, one rewrites

= (iﬁ i ){fd(% j)i E[‘ﬂ]k ‘p 1B =t ﬁﬁw“"]]}

Jj=Jjo j:jg+] t=1keA;
=7+ Zn

with the integer ji' € [jo, j1] being specified later on. By Proposition 2.2,

7 .M
— pd(5—% 2 ¢ |P
Zr1 = 22 ( 1)2 E ‘ﬂj,k ,3] k‘ {Iﬁ Kty |:3k1<|3“n}
i=jo t=1ked; /
Jo J_J M id
< Z 2Pd(2 1’> Z [1{1<,,<2} + 2%1{,»2}] nt
Jj=Jo (=1keA;
lopd jipd 12
27T Luzpeay + 270770 ) (;) : (29)

On the other hand, it follows from Proposition 2.2, Lemma 1.1(3) and #,

jd
[1{15,752} +27 1{p>2}] Vi that
&
(1B izt 18 1= |

e (185
IBj,k_:Bj,k‘ /2

J1 ~ ~
5 2 o~ d d d d
< 2 : (Inn)~% (l) o= (sP+ B+ B iy = B = B 1))
n

2t 14
E U,Bj,k - .Bj,k

N
8
A [l
M= =M
S
X xR
[T N\\
= =
M= 1=
™
o

Define

pd pd pd pd
N Iip>2).

=sp 7 = _ 2
sp+ +2{p>2} 5 >

Then for & > 0, Zo, < (Inn)~5(1)" jﬁ'_jmz je < (1nn)*7( Y2 o-ise o
—J0

balance this with (29), one takes

1—2a
n ) T =y

206 ~ (
Inn
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1
2m—+d+d]I,

Note that 0 < a < < % and 20 ~ n r>2y (m > s). Then

s

2s+d+dI{p=2)
1 1 1 X

(1nnn)3)d and 210 > ( n )2x+d+d1{p>2} Z n2m+d+d1(p>2) ~ 2J0 (m - S).

: ~ p(d+d1[p>2
Since ¢ > 0, p > W
can be checked that

20 < 20~ (

and @ = thanks to (21c). Moreover, it

S
2s+d+dI{p=2)

pd pd  pd

71{1»2} -5 71{p>2}) =ap

p—7p 1 -2« - pd
+ Sp+ — +
2 d+d1{p>2}( 2

by considering p > 2 and p € [1, 2] respectively. This with the choice of 275 leads
to

71 Inn, -2 (spa By bdy, o —pd_2dy, 1
Zn < (lnn) 2 (_) (_)d+d1(p>2)( Pt 2 7 2)) < (_)ap(3o)
n n n
On the other hand, (29) with the choice of 276 implies
1\ap
Zn S (;) (1)
for each ¢ € R.
pd+dIps2)) - +*

Forthecasee < 0,p < ando = (see (21c)). Define

2s+d+dlp>2 2(s—d)+d+dl 1p=2

(d+dI >
—(1—20{)[] Then o < mﬂdﬁ_ﬁﬁ+—d;2<(l_2a)p_pl

I p
Similar to the case ¢ > 0, Z» < Z] e 2743 ZE:I ZkeAj E ’,Bj = ﬁfk‘

d

—j(s—244d
7 < 82 < 27 i)

1" B p< dr e B
2 - Because p < pyandr € Bj

and

_n
Zn S <lnn> ’ <l> Z 27/ (sp1- pl+d%+@711<p>21—d7p—d7”1<p>2>+d)_
n
J=ig+1
By the definitions of p; and &, sp; — ‘%— Dy gy~ L, +d =0

2
Pl rP—ri

and Zy < (ln n) ? (%) > (nn) < <ln n) (%) . This with (30) and (31) shows

in both cases,

1\*?
Zr=Zo1+ Zy»n SInn (—) . (32)

n
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Finally, one estimates Z3. Clearly,

3

Jo
r(i-4) 5"
Zy =) 2 > 2 "Blk‘ Nt <, 18 y1<2e0)

Jj=Jo t=lkeA;
7 o\ M 2
pd(ifi) lnn
< 32"V S pen| Zzz [fuzpen +2F 10 ] (=5
J=Jo t=lkeA; J=Jo

i Siar nn)#
<2 [1{1<p<2 +27r I{p>2}:| .

This with the choice of 270 shows

5 /1\ep
o< (mn) ()"
n
On the other hand,
J1 M
o pd(4-1) ‘ ' ‘p
Z3 = Z 2 P ZZ ﬂj,k 1[@“«;,,, \ﬁj‘ik|52mn}
J=jg+1 t=1keA; : :
/i M p=p P i
< 2 DY SR ()T S
J=ig+1 t=1keA; Bi n =]

The same arguments as (30) shows that for ¢ > 0,

§ 1\
Zp < <lnn) (—) . (34)
n
To prove (34) true when ¢ < 0, one writes

it J1 L,L M »
Zn=| > + > Hrd(s p)z ‘ﬁ]‘f,k‘ T et 191200

J=il =i+ (=1keA;
= Z301 + Z322,

where the integer j| € [j; + 1, ji1] will be determined in the following. Similar to the

case ¢ > 0,
| T
Z31 S <H> 27 i# (35)
n
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holds for e < 0. By s > 4 and ;] 5 27707+,

Zimy < 2:2< )E:Xﬂ&J 2:2(%DW/

J=ji+1 t=1ke4; J=ji+1

J1
3 o=ild+sp=pd/F) < o=it(d+sp=pd/F)
j=ii
p=p % ok _ ~ )
To make a balance with (35), one takes (1“7") T 2=hE ~ 27 (a+sp pd/p), which
means

o
2 (L)

’

Inn
d  d
. . ~ _ pld+dly-2) s—%+9
where ¢ < 0 is equivalent to p < a~———2= and ¢« = ———~2—L—— In that
= q p 25+d+dI{p>2) 2(s—%)+d+dl(p>2)

12« 1
Tlp=2y | nje < 9if < i o ()9
case, (lnn) 200 <2)1 <2 TTE . Note that

~ ~ pd pd d d
p—p ae PP P A Sl — 5~ Bl
2 s—d/p+d/p 2 2<s—%)+d+d1{p>2}

L
2

Then Z3; < ( nn ) ( )ap and Z3n < (lnn)%(%)ap. Therefore, Z3p = Z31 +
Zsyn < (lnn) ( ) P fore < 0. Combining this with (33) and (34), one knows
Z3 < (Inn)? (%) in both case. This with (27), (28) and (32) shows

25 (mn) [ () () () ()] < () (1)

3 3
which is the desired conclusion. Although (In 1) 7 canbe replaced by (In n)™ (7> T-0
in the last inequality, it can not be in (21b) because one uses Jensen inequality for
p=p. O
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