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Abstract We consider the following quasilinear Schrédinger equation involving p-Laplacian

q—2 2np™ (v)—2
—Apu + V() |ulP2u — Ap(|ul?? u2"_2u:>\‘u‘ u, lul “ inRN,
7 P
|z ||~
where N > p > 1, n > ﬁ, p < q < 2np*(p), p*(s) = M]\in_—:)’ and A, p, v are parameters with A > 0,

w,v € [0,p). Via the Mountain Pass Theorem and the Concentration Compactness Principle, we establish the

existence of nontrivial ground state solutions for the above problem.

Keywords quasilinear Schrodinger equation; critical Hardy-Sobolev exponent; ground state solutions; singu-
larities
2000 MR Subject Classification 35J62; 35J60; 35J20

1 Introduction

We are concerned with the problem of existence of the ground state solutions satisfying the
quasilinear Schrodinger equation with p-Laplacian,
\u|q_2u |u|2np*(1/)—2u

|| ||~

—Apu A+ V(@)|uP~2u — Ap(Jul*T)|u*T2u = A in RY, (1.1)

where N > p > 1,7 > 5Py, p < q < 2np*(p), p*(s) = 2=

with A > 0, p, v € [0,p). The p-Laplacian operator is written as Apu := V- (|Vu[P~2Vu), with
—2

|Vu|P=2 = [(%)2 +- (887“)2] = Furthermore, we always need the following assumptions

on the potential V(z):

(V) V € C(RY,R) satisfies inf V(x) = Vi > 0, and for each M > 0, meas{z € RY : V(z) <
M} < 400, where Vj is a constant and meas denotes the Lebesgue measure in RY.

, and A, u,v are parameters

We also recall that the nontrivial solutions with the least energy to (1.1) are called the ground
state solutions of (1.1).

Our motivation of investigating (1.1) comes from the quasilinear Schrédinger equations
involving Laplacian:

0y = =D+ W () — [(161*)6 — kARSI (|6]*)¢, (1.2)
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where ¢ : RxRY — C, W : RN — Ris a given potential, « is a real constant and f,h : Rt = R
are suitable functions. Such equations arise in various branches of mathematical physics. The
case h(s) = s was used for the time evolution of the condensate wave function of super-fluid film
equation in plasma physics % 6. When h(s) = (1 + s)*/2, (1.2) models the self-channeling of
a high-power ultra short laser in matter, see [4, 8, 11, 22]. Meanwhile, (1.2) was also used in the
theory of Heisenberg ferromagnets and magnons '/ and in condensed matter theory 2/, For
further physical backgrounds and applications, we refer readers to [3, 6, 17, 21] and references
therein.

Let us consider the case h(s) = s and k > 0 in (1.2). Once we substitute ¢(¢,z) =
exp (—ift)u(z) into (1.2) with 8 € R, we can obtain an equation of elliptic type which has the
following formal structure

—Au+V(z)u — k(Alu/>)u = f(u) inRY, (1.3)

where V(x) = W(z) — § is the potential function and f(u) =
According to this substitution of ¢(¢, ), u is a solution of (1.3)
wave solution to (1.2).

Recently, there are many fruitful mathematical studies focusing on the existence of solutions
for (1.3) which is accompanied with different kinds of nonlinearities. In [21], Poppenberg et al.
studied (1.3) with f(u) = A|u|?"2u and x = 1, i.e.,

f(lu|?)u is the nonlinearity.
if and only if ¢ is a standing

—Au+V(x)u — (Alul*)u = Nu|??u. (1.4)

In particular, V(z) is a bounded potential and ¢ > 2, A > 0. They established the existence of
positive ground state solutions in one dimensional case via the constrained variational method.
By a change of variables in [18], Liu et al. transferred (1.4) to a semilinear equation and proved
the existence of positive solution with different settings on the potential V(z) in the Orlicz
space when 4 < g < 22* and A > 0, where 2* = % is the critical Sobolev exponent. do O et

al. in [12] considered the critical exponent case:
—Au+V(z)u — (Alu]?)u = [u? ~2u + |u]? 2y, (1.5)

where 4 < g < 22*, N > 3. Applying a change of variables and the Mountain Pass Theorem,
they obtained the existence results for positive solutions with different classes of nonlinearities.
Liu et al. %! extended the method in [12] and studied the general Schrodinger equations with
critical growth:

N N
1 “
= > Dilay(wDiw) + 5 Y Daag(w)DiuDyu+V(a)u = [uf” 2u+ [ul2u,  (L6)

i,j=1 i,5=1

where 4 < ¢ < 22*, N > 3. It is observed that (1.6) can be reduced into (1.5) with a;;(u) =
(1+2u?)d;;. The existence of positive solutions with bounded potential was established through
the Nehari method. In a recent article [2%1, through some classical variation techniques, the
authors improved the results of [12] with unbounded potential V(x), and they relaxed the
restriction on ¢. Moreover, in [25] we obtained the existence results with the nonlinearity f(u)
including some singularities, which extended the results of [28].
We now describe our approach of proving the main result. Recall that the nontrivial solu-
tions of (1.1) correspond to the nontrivial critical points of the following energy functional
I(u) = 1/ (1+ (277)”_1|u\p(2"_1))|Vu|pdx + 1/ V(z)|u|Pdx
b Jrwy ., P Jrn~ (1.7)

A q 1 2np* (v)
—f/ Mdac — " / [u] dz.
q Jr~ |z|* 2np*(v) Jry  |z]¥
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From a variational viewpoint, the major difficulties stem from two aspects: one is that the
energy functional (1.7) is not well defined in its domain X = {u € WLP(RY) : 1 ¢
Whe(RY), \V\%u € LP(RM)}; the other is the absence of the compactness of the embedding
X — L2 )(RN |z|~*) for each fixed v, with the critical-like exponent 2np* (). Therefore,
our approach takes a different route. Namely, inspired by the work [9, 18] and [24], we first use
a change of variable v = f~!(u) to reformulate the quasilinear problem (1.1) to a semilinear
problem. We find that the corresponding functional (defined in (2.1)) is well-defined in a suit-
able subspace E (which we will define later) of the Sobolev space WP and satisfy the geometric
structure of the Mountain Pass Theorem (see [1]). And it is equivalent to find the critical point
of the functional (2.1) instead of searching the critical points of energy functional (1.7). With
application of a version of the Mountain Pass Theorem (see Theorem 3.1, also see [23, 27])
without compactness condition, we obtain the existence of a Cerami sequence associated with
the minimax level ¢. Eventually, we get the existency of nontrivial critical point of (2.1) by
taking advantage of the Cerami sequence and some technical results from Lions (see [10, 27]).
In other words, it gives the existence of nontrivial solution to (1.1). Furthermore, we can also
show that the value of the functional (1.7) evaluated at this critical point is less than or equal
to the mountain pass minimax level which is attained. Now we may state our main result.
Theorem 1.1. Let N >p>1,1n> %. Suppose that the assumption (V) is satisfied. For
every fixed i, v € [0,p), we have the following statements.

(1) If 2np™ (1) — 55 < ¢ < 2np™(u), the problem (1.1) possesses a ground state solution for
any A > 0.

(II) If p < q¢ < 2np* () — ﬁ, there exists a positive constant A*, the problem (1.1) possesses
a ground state solution for X > \*.

The outline of the paper is as follows. We give some preliminaries and a reformulation of
the problem (1.1) in Section 2. Section 3 is devoted to the existence result via the verification
of the Mountain Pass geometric structure. In Section 4 we prove Theorem 1.1.

Notation. In this paper, we will use the following notations frequently:
e (' denotes the universal positive constant unless specified.

e C™ denotes the space of the functions which are infinitely differentiable on RV,

Cs°(RY) denotes the space of the functions which are infinitely differentiable and com-
pactly supported in RY.

L*(RN | |z|77), 1 < s < o0, 0 <0 < p, denotes the Lebesgue space with the norms

S
|u\§:/ [ul dzx.
v |2|7

DLP(RYN) is the closure of C°(RY) with respect to the norm |Ju|} = [pn [VulPdz, where
D denotes the closure of C§°.

o WLP(RYN) denotes the usual Sobolev spaces modeled in LP(RY) with the inner product
(u,v)w = / (|VulP~2VuVo + [uP~?uv)dz,
RN

and the norm ||ul|}}, = (u, u)w.
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2 Reformulation of the Problem and Preliminaries

In this section, as we mentioned before, we will use a change of variable to transfer the problem
(1.1) to a semilinear problem at first. This guarantees that we can find an appropriate function
space as our working station. Then we give some property on this function space.

Firstly, we define a new function space F as below

E={uew®Y): /

RN

V(z)|uPdx < oo}
endowed with the inner product
(u,v) = / (IVulP2VuVo + V(2)|ulf~uw)dz,
RN

and the associated norm ||u|? = (u,u). By the assumption (V), it is easy to see that both
WLP(RN) and E are Banach spaces, and we have the continuous imbedding E < W1P(RN).
Moreover, analogous to [7] (or [29]) and [25], we can obtain the continuity and compactness for
the embedding from E to L*(RY,|z|~7) with ease in the following lemma.

Lemma 2.1. Let 0 < 0 < p. The embedding E — L*(RY | |z|~7) is continuous for p < s <
p*(0) and compact for p < s < p*(o) provided V(z) satisfies the assumption (V).
Motivated by [9] and [18], we define a C* function f as below:
1

—t) = —f(t) on (—o00,0], "(t) = on [0, +00).
H0 =50 o (ol (0= o on04)

After a change of variable v = f~!(u), we can transfer the functional I(u) into the following

sy =3 [ ver s valwpla -2 [ EOE,

B
1 2np™ (v)
L[ e,
20p*(v) Jrw ]

which is well defined on E. Via a standard argument, it is readily to see that J € C*(E,R) and

(2.1)

) = [ [VePeeve s Val@por o)y
q—2 v)|2mpT (V) -2
MO o) oy - LT ) (w)] e,

||

(2.2)
||

for all v, ¢ € E. According to this reformulation, we observe that if v is a critical point of the
functional J, the function w = f(v) is then a solution to problem (1.1).

Finally, we conclude this section recording some properties of f which will be required in
the subsequent of the paper.

Proposition 2.2. The function f(t) enjoys the following properties:
(f1) f is a uniquely defined, invertible C*°-function;
(f2) 0< f'(t) <1 forallt eR;
(fs) IfF@O < t] for all't € R;
(fa) |F(O] < (@m)Zm [t for all t € R
(fs) There exists a positive constant C' such that

Ol > { Clel, <1,

Clt[>, |t =1
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(fo) 2 f(t) < f'(t)t < f(t) for all t > 0;
(f) 1fF@OP @) < (27])1%? for allt € R.

The proof of properties (f1)—(fs) is similar to that in [24] and [26]. We can show that
property (f7) is also true through the property (fs) and a direct calculation. We leave the
proof for the interested readers.

3 Mountain Pass Geometric Structure

In this section, we will first state a version of the Mountain Pass Theorem (see Theorem 3.1)
which gives the framework of our proof to the main result. It is clear that the proof involves
a combination of various ingredients. We start with the verification of the geometric structure
of the Mountain Pass Theorem, and present some properties to the Cerami sequences of the
associated functional, that is, the boundedness of the Cerami sequences.

3.1 A version of the Mountain Pass Theorem

Let D be a real Banach space and 7 : D — R a functional of class C'. For a given b € R, we
define Z° = {u € D : Z(u) < b}. As we mentioned in the introduction, the functional I(u) in
(1.7) does not satisfy a compactness condition of Palais-Smale type. Therefore, we may apply
a version of Mountain Pass Theorem (see [23]). Recall that {v,} C D is a Cerami sequence of
Z, denoted by (C).-sequence, if Z(v,) — ¢ and (1 4+ ||v,||)Z'(v,) — 0 as n — oo, for any ¢ € R.
Now we recall the modified Mountain Pass Theorem in [23] for convenience.

Theorem 3.1. Let D be a real Banach space and T € C*(D,R). Let S be a closed subset of
D which disconnects (archwise) D in distinct connected components Dy and Dy. Moreover,
assume that Z(0) = 0 and

(M1) 0 € Dy and there exists o > 0 such that I|S >a >0,

(M2) there is e € Dy such that Z(e) < 0.
Then T possesses a (C)q-sequence with ¢ > «a > 0 provided

= inf T(~(t
¢ = Inf max (v(2)),

where T' = {~ € C([0,1], D)|7(0) = 0,7(1) € Z° N D2} .

3.2 Verification of Mountain Pass Geometry

Define
S()={veb: /RN (Ve + V(@) fw)P)dz = 2},

The lemma below will show that the functional J(v) in (2.1) exhibits the Mountain Pass
geometric structure.

Lemma 3.2. Let p,v € [0,p) be fized. Suppose that (V') and (f1) — (f7) are satisfied. Then
the functional J in (2.1) satisfies J(0) =0, and conditions (M1) and (M2) of Theorem 3.1.

Proof. Firstly, we note that J(0) = 0. For any p € R and the definition of S(p) given above, it
is clear that S(p) is a closed subset which disconnects the space E. From (f7), we have

[ v@Enepras = [ 5Pl @ vers
RN RN



386 J.X. WANG, Q. GAO
§277/ |Vv|Pdx
RN
< [ [VeP + V@)@ ]de (3.)
RN

For any v € S(p), by the Sobolev-Hardy inequality and (3.1), it then follows that

|f (o) 27" () / T
WAYL g < n
/RN mE dw < C| V) dz

" (1)

<c[ [ (vop+V@lrwP)a]

< Cpp*(u) . (3.2)
Similarly, we also have
2np™ (v) .
/ wdw < Cp? ) (3.3)
RN |

Furthermore, for any fixed p € [0,p) and € > 0, there exists a constant C(¢) > 0 such that

|t]2 |t|? |t[2P" (1)
Bl B ot il B 7% f il B
e = Taps T OO T

with p < ¢ < 2np*(u). Together with the inequality above, it follows from (f3), (3.2) and the
Sobolev-Hardy inequality that

T Lol e
/RN deE/RN dw—i—C(g)/RN p

|| || ||

SCE/ |V|Pdz + C - C(e)p?” W
RN
<CepP 4+ C - Cle)p? W, (3.4)

Thus, it follows from (3.2)—(3.4) that for sufficiently small enough € > 0, we have

1 A q 1 2np™ (v)
I@ =5 [ v+ valsore -2 [ féjﬁ' do— g | | 7 (”l'cly dx
1—5 P_é . “(w) _ 1 p*(v)
> {p qu}p qC Ce)p? 275 () Cp
>

1 . .
?pp —C-C(e)p? ) — cpp™ ),
p

Taking a suitable positive py with ﬁpg - C’-C’(&:)pg*(”) fC’~pg*(V) > 0, we denote this expression
by « and it is clear that o > 0 by the choice of py and e. We then conclude that J(v) > a >0
for all v € S(pp). This shows that the condition (M1) is satisfied.

For the verification of condition (M?2), it suffices to show that J(t) tends to —oo as ¢ goes
to +oo for a given o) € ENL?>" “)(RN) with 0 < ¢ < 1. Indeed, from (fs) of Proposition 2.2,

t @ is decreasing for ¢t > 0. This in turn yields that

fty(@) o f(t)

T > for t > ty(x) >0,

ty(x) t

it implies tha
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i.e.
ftp(a)) = f)(). (3.5)

Therefore, from (f3) and (f5) of Proposition 2.2 and (3.5), we obtain for ¢t > 1,

. ) ) 1 [ ()P
Tew) < /R V@) + V(@) f ()] de 20 () /R d

N i

1 |f ()2 ()
d
2np* (v) /]RN |z [ !

%/]RN (V[P + V(2)[y|P]de — Ctp*(y)/R

— —00, ast— 400,

IN

= Iwer + vl -
\w|2"P*<">

IN

dxr

N el

since p*(v) > p for v € [0, p). We thus verify condition (M2), and finish our proof. O

3.3 Cerami Sequences

In this part we begin by showing the boundedness of the (C).-sequence associated to the
functional J in (2.1).

Lemma 3.3. Every (C).-sequence in E corresponding to J is bounded in W1P(RY).

Proof. Let {v,} C E be any (C).-sequence of J at level ¢, that is,

J(vp) = ¢ and (14 |lop|)J (va) =0 as n — oco.

Choose ¢,, = ;,((’Zl)). By the definition of f’ and the fact v, € F, it is easy to see that ¢, € E.

It then follows from (f3) and (fy) that ||¢on| < 2n||v,|| and (J'(v,), on) = 0 as n — oco.
Now we define two functions ¥(¢,z), U(t,z) € R with

|t|q_2t |t|2np*(1/)—2t

|| |z[”

Y(t,x) = A ) U(t,z) = /o ¥(s,x)ds.

Considering o = max{y, v}, we find a constant 7 € (2np, 2np*(v)) such that

N e 1) BN
t—0 tP

and "
lim |z|7 [t (t, x) — TV (¢, z)]

" i = 400 uniformly for z € RY.
t|l—+oo

Therefore, for any x € RY, there exists r > 0 such that
ty(t,z) — 7U(t,x) >0, for any |t| > r. (3.6)

Furthermore, by the fact n > ﬁ > %, we have 7 > 2np > p. It then follows that, for any

€ > 0, there exists a positive constant C'(g) such that
[t
[ty(t,z) — TU(t, z)| < ez 4+ Cle)

||

|t[2P" ()

P for any t € R and = € RY. (3.7
110'
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Therefore, we may obtain from (3.6) that
1
c+o(l) = J(v,) — ;(J'(vn),gpn>

1 1 (jg )p—l(fg _ ])|f(11 )|I’(277—1)
—— P i 14+ p
= /N |§7’Un| dx /N { n ( n)n 1| (U )T D) } ‘§7vn| dx

+(5-7) [ v@lreapds+ [ [Zotrn).2) ) - ¥ (@), )] ds
> (3-2) [ 19ulaes (2= 1) [ vl

[ [ a1 = ¥ (w).0)]dz, (3.8)

where By = {z € RY :|f(v,)| < r}. In order to conclude the proof, we need to estimate some
terms of the above inequality. We can find that, from (3.7), there is a constant M > Vj such
that

1 1 t|P
) 1t for any [t| <r, z€RY, (3.9)

1
Sw(t, ) — Wt ‘<(———M ,
‘T w( m) ( $) — 2p 27 IfE|G

where 1} is given in (V).
Denote By := {x € RY : V(z) < M}. Applying the estimate (3.9) together with the

condition (V'), we get
3= 37) [ V@lwaPde+ [ [o(f).a)fw) = ¥(7(0.).2)]do

1 1 1 1 n)|P
>(-5) | V@l npds - (oo - oo)u [
2p 27/ JBin{zeRN:|z|>1} 2p 27 By |7
- V()| f(vn)|Pdz
(2p 2T> /Bfﬂ{mERN:z|>1}
11 P
(L 0,
2p 27 B;n{c€RN:|z|>1} |Z]
1 1 p
2p 27 B;n{ceRN:|z|<1} 2|7
>(— == V(z) = M)|f(vn)[Pdz
(Qp 27) /Bfm{a:eRN:a;|>1} ( )
1 1 n)|P
T fwP
2p 27 Byr{zeRN:jz|<1} 7|7
1 1
Z(———)/ (VO—M)Tpdx
2p 27/ JBynBi{zeRN |z|>1}
1 1 P
- (7 - —)M/ T de
2p 27 B {zeRN:|z|<1} |Z]

>(7 _ 7)(‘/0 — M)rPmeas (By N By N {z € RN : |z > 1})

1 1 1
- (- —)Mrp/ —dx
2p 27 {zeRN:|z|<1} |x|a

11 11 !
Z(* - E) (Vo — M)rPmeas (By) — (% - E)Mrp/o PN dp
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>(% - E) (Vo — M)rPmeas (By) — (% — Z)MTP ,

which implies that

G-2) [ 1voprde+ (o= 57) [ v@lseapds

1 1
g(— — —)Tp [(M — Vy)meas(By ) + M| + ¢+ o(1). (3.10)
Since meas(By ) is finite according to the assumption (V'), it follows that we have
/N [IVUn[P 4+ V(2)| f(vn)[P]dz < C.
R

Consequently, by (f5) and Sobolev inequality, we have

/ |vn|pdx:/ |vn|pdx+/ |vn\pdx§C/ V(m)|f(vn)|pdx+/ \vn|p*dac
RN {lval<1} {lvn|>1} RN RN

r*

<C/ )| f(vn |de+C|:/ \an|17dx} "< 400,
RN

where p* = ]\J,V—f’ is the critical Sobolev exponent. Hence {v,} is bounded in W1?(RY), which
implies the desired result. O

The other important property of the (C').-sequence is nonvanishing. It is a crucial tool to
show that the critical point of (2.1) is nonzero.

Proposition 3.4. Let N >p>1,n> ( - and wu, v € [0,p) be fized. Suppose {v,} C E be
a (C).-sequence of J with

p_ v N:V
c< —L 7 grv. 3.11
2np(N —v) (3.11)

Then there exist positive constants R and &, and a sequence {y,} C RY, such that

n—00

limsup/ |vp [Pdx > €.
BR(yn)

Proof. Suppose that the conclusion is not true. It then follows from Lemma 1.21 in [27] that
vy, — 0in L¥(RY) for all p < s < p*. By Hélder’s inequality, Hardy’s inequality and Lemma 3.3,

we have
|1}n|q |’Un‘p % pla—p) %
/RN o dm§< e dx) ( [ ool 5 da:)
— K

gc(/ ] 75 dx)pp .
RN

By the fact p < ¢ < p*(u) and 0 < p < p, it yields that p < ”5_%7:) < p*. Then we can obtain

plg—p)

v — 0in L7p=w (RY), which implies that

vp, — 0in LYRY, |z|7#),  for p < q < p*(p).
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By (f3), (f1) and the interpolation inequality, this in turn implies that
f(vn) — 0 in LYRN | |z|~#), for p < q < 2np*(w). (3.12)

Thanks to Lemma 3.3, we may assume that, passing to a subsequence of {v,,} C E (still denoted
bY{U’n})a

[+ (20)P = (20 = DIf ()P
RN 1+ (20)P=1]f (v ) [P21=1)

)IVeuPdst [ V@flrds -,
RN

and
2np* (v)
[ e,
RN ||
On the other hand, we know that

SU(/RN wdx)%(”) < /RN |V(f2"(vn))|pdx

]

_ (2)"|f (v,) [P~ ,
_/]RN T @[ fypamD | Vol e

(20)P~1 (20 — 1| f(vn) [P~V .
< [ (o S Tt b
+ [ v@lsepds 313
RN

that is,

T R B (Rt
WA/l < »
SD(\/IR{N |$|V dz) = Jon (1 + 1+ (277)P—1|f(vn)|?’(2’7—1) )\an| dx

+ /R V(@) f@)lde. (3.14)

Taking limit n — oo to the both sides of the inquality (3.14), we obtain Sl,dP*IZW < b. Moreover,

in view of (3.12), it follows that 0 = lim (J'(v,),w,) = b — d, where w,, = ){,((1;”)). Therefore,
n—oo n

N—v
b=d>S;r".
On the other hand, by (3.12) again, we get that

c= nh_}n;o J(vp)

200" ()
=i [L [ vl v@epa - g Lo [ e

(2n)P~1 (20 — 1| f (v, [P~
1+ (2n)P~1] f (vn) P11

20p* (v)
[

1
Vo, Pdz + — Vix vp ) |Pdx
JIVenldz 5 [ V@LF )

v
S
sE
g|
=
T
S
—

~2mp*(v) ER
1 1 ) p—v N_v
=(———Jd> L~ g,
(27719 2np*(v) 2np(N —v)
that is,
p — v N:x/
P S —
2np(N —v)

contradicting to (3.11). Hence we finish the proof. O
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3.4 Estimate for the Minimax Level

In this part we verify the condition (3.11) to guarantee the employment of the modified Moun-
tain Pass Theorem (see Theorem 3.1). To show this, we use some appropriate test functions.
With some auxiliary properties of these chosen functions, we then prove the main result of this

part.
For given € > 0, we consider the function w, : RY — R defined by
C
we(z) = —— 5 —~—,
(c-+1al55)
where

Cue = [(N = )(N — pp = (p — 1P~ ] 727

It is well known that the minimization problem

p"(v)
S, :mf{/ |Vo|Pdz : v € Dl’p(RN),/ id dr = 1} (3.15)
RN

rN |z]”
can be achieved by w. defined above. And the infimum S, actually is the best constant of the
Sobloev embedding D'? «— LP"(*)(RN, |z|7¥) for 1 < p < 400, 0 < v < p. Moreover, define
1

a new setting on w(z), that is, let w, = w”. We observe that w?" satisfies the following
equation

it is also a minimizer of the minimization problem (3.15). Now let 0 < R < 1. We consider a
smooth cut-off function ¢ € C5°(RY,[0,1]) such that p(z) = 1 for |z| < R, 0 < p(z) < 1 for
R < |z| < 2R, and ¢(z) = 0 for |z| > 2R, and define

Ue = PWe. (3.16)
By a similar argument as the one in [2, 5] with n > ﬁ, we have the following lemma. Since
the process is standard, we omit the proof here.

Lemma 3.5. Let N >p>1,n> ﬁ, and u. as defined in (3.16). Then, we have:

Ny “p 2np™ (v) N-v .
/RN |V (u?M|[Pde = S~ + O(e%), /RN Ldm =8 + O(e%), (3.17)
N-—-p

/ |Vue|Pdz < O(ez@=7 | Inel), / |uePda < O(e%l\(lp_*pw |Inel), (3.18)
RN RN

and
|9 (2n(N—w)p—(N=p)a](p=1) 2n(N — -1 2np(N —
/ Jue| e — ) for nWN-—plp-1 2N = p)
R

N N—p N-p
(3.19)

Furthermore, we define the Mountain Pass level ¢ of J by

c=inf sup J(y(t)), (3.20)
Y€l tel0,1]
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where I' = {y € C([0,1], E) | 7(0) = 0,7(1) # 0, J(y(1)) < 0}. It is easy to see that ¢ > 0 by
Lemma 3.2. As we have done in [25], it follows that

c=inf sup J(y(t)) <supJ(f~(tu.)) = sup I (tu.).
Y€l tef0,1] t>0 t>0

Hence we have the following Lemma which provides a delicate estimate on the Mountain
Pass level ¢ of the functional .J.

Lemma 3.6. Let N >p>1,n> 2( 5 and p, v € [0,p) be fized. Then,

(i) if 2np* (1) — 555 < g < 2np*(n), (3.11) is satisfied for any A > 0;

(i) if p < q < 2np*(p) — p%l, there exists a positive constant A* such that (3.11) holds for
A >
Proof. (i) Firstly, there exists t. > 0 such that I (tcu.) = max I(tue) by I(0) = 0 and tlg(r)lo I(tu.) =
—o0. We then have the following claim.

Claim. There exist positive constants ¢; and t5 such that t. € [t1, 2] for € € (0, €o).
Indeed, by (3.17)—(3.19), there is a sufficiently small €5 > 0 such that

I( )< / |V |p V( )| |p]d ‘V( 27’)‘pd 200" (v) / |u6|277p*(u)d
tue) < — Ue|© + Ue x —|— U xr — T
27717 2np*(v) Jrw  [a]”
tP 27 N-v 2t (v)  N-w
SRy (3.21)
p P 2np - p*(v)

for any € € (0, €3). Consequently, we have

tgnp*(l/) N—v 9 N—v
SP ST PSP
2ppr(v)” T Y

which implies that there exists a constant t5 > 0 such that t. < t5 for any e € (0,¢€2).
We now establish the lower bound for t.. By the fact that n > ( =y and p € [0,p), w

have MNRI*@;”_D < 2np*(p) — ;%5 < ¢ < 2pp*(p). Then it follows from (3.17)(3.19) that
there exists €; € (0, €2) such that

$2np 4 q $2np" (v) 2np” (v)
fn) > 5 [ wpar—aE [ Moo 2 [T
2np q Je~ |zl 2p*(v) Jew o]
> iS‘" T Vo e R R Sljrfff:1527717"(1/)7
dnp np*(v)
for all € € (0,€1).
Set
X = max 1 — 2P 1 .— (”)}S” .
ost<1 Ldnp np*(v)
With this setting, it is easy to check that xy > 0. Moreover, thanks to the positivity of the frac-
[20(N—)p—(N=p)al(p=1)
tion [Zn(N_“%Z;((pj\i;f)q] (=1 e can find a small ey with ¢y < €1 such that \Ce 2w

< § for all € € (0, €0). Hence, we obtain

)p—(N— — Nov "
I(teur) > max {is” i _ \o ety L 5= o 1>
o<t<1 Udnmp np*(v) 2
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Combining the above inequality with (3.21), we deduce that

v

$2mP N-v 2" (v)  N-v
_|_ 751”;;—1/ _ - Dp—y/
P 2np - p*(v)

)

P

X T

27 p

which gives a positive lower bound ¢; for ¢, when e € (0,¢p). Hence we prove our claim.
We now proceed with proving part (i). From (3.17)—(3.19), we get that

+21p tgnp* (v) . 2np* (v)
I(teue) < 6—/ |V(uf")|pd:ﬁ — " / [uel dx
2np Jrw 2np*(v) Jrv |2l

A q ‘ | tp p P
— —t1 dx + —= [[Vuel? + V(z)|uel?] d
RN RN

q ||~
2np 2"11’ (v) [ —1)p—(N—p)ql(p—
(L0 L )5 Ot el o e
np 77p

p—v N_v _N-p _ [2n(N—p)p—(N—p)gl(p—1)
<——8577" 40 2’7<P = |Ine| Ce 20p(p—v)
2np(N —v)"~" (€ )=
p—v =

< s M 3
2np(N —v)

for € € (0,€) sufficiently small and 22— H%Zp((pN u)p)q](p D < anzfp:pu) if 2np*(p) — 355 < @

Therefore we are able to find a small enough € > 0 such that

_ p—V e
sup J Ytue =supl(tuz) = I(tzus) < ———SS"
Sup (f 7 (tue)) S (tue) = I(teue) (N — 1)

Furthermore, we conclude by (3.21) that J(f_l(t’(lg)) = I(tug) — —oo0 as t — +oo, which
indicates that there exists a £ > 0 such that J(f_ (tug)) < 0. Taking ¥(t) = f~1(ttue), we have

yeT and ¢ < tren[aa’)f] J(F(t)) < WS P~ for any A > 0 as required.

(ii) We first rewrite I as Iy. Define ug € C°(RY) with ug # 0 and ¢, > 0 such that
In(tyup) = sup Ix(tug). We then claim that ¢ty — 0 as A — +o00. We will prove this claim
t>0

by contradiction. Suppose that there exists a constant ¢y > 0 and a sequence {\,} such that
ta, > to as A, — +oo for all n. Without loss of generality, we may assume that A,, > 1 for all
n. Let ¢, = t5, and Iy = Iy|x=1. Then 0 < I\ (t,uo) < I1(t,up) for any n, which implies that
t, is bounded from above. On the other hand, we also have

B < 0 [ v par+ B [ (Vuol + Vo] - 2, [ el
Ap\n0) >~ 75— — 0 0 — A=
20p Jen ' p Jr~ q Jan |z
td a
sc—An—O/ [uol?
q Jrv |z|®
=~ (3.22)

as n — oo, and this contradicts the nonnegativity of I, (t,ug). Hence our claim holds.
Since ty — 0 as A — +oo, and

$2np ) P
Iy(taug) < 2/\— |V (ug")|Pdz + 7A/ [|Vuo|p + V(sc)|u0|p}dx
np P JrN
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we can obtain that I (tyug) converges to zero as A tends to infinity. As a consequence, there

exists A* > 0 such that sup I)(tug) <
+>0

WS =" for any A > A\*, which implies that

c< S e for all A > A*. Therefore, the proof of part (ii) of Lemma 3.6 is complete. [

2np(N v)

4 Proof of the Main Result

In this section, we will apply Theorem 3.1 to prove the existence of the critical point of J. After
establishing the existency, we then show that the critical point is nonzero.

Proof of Theorem 1.1. Let ¢ be the Mountain Pass level given in (3.20). We infer by Lemma 3.2
and Theorem 3.1 that J has a (C). sequence {v,} C E. By Lemma 3.3, we may assume that
v, — v in WEHP(RY) and f(v,) — f(v) in E. We claim that J’(v) = 0, that is, we only need
to show that (J'(v), ) = 0 for all p € C°(RY).

Indeed, we note that

(J'(vn), ) = (J'(v), )
:/RN [V, [P~2 Vo, — [Vo[P~2Vo] Ve

+/ V(@) [|f(0a) P72 f (va) £ (vn) = [F@)P72 f(0) f' (v) ] pda
RN

[ ) ) — PO ) ) e
RN |z|* ||

v, )2 (V) =2 , ) |2 (v)—2 ,
- [P e ) - PO o )] e

||~ ]

From the assumption (V) and Lemma 2.1, for any 0 < o < p, the embedding F —
L™ (RN, |z|79) is continuous for p < r < p*(0), and it is compact for p < r < p*(0) as well.
Consequently,

f(on) = f(v) in L5(RY, |z|~#), for p < s < 2np*(u),
f(v,) = f(v) weakly in L>" ) (RN |z|~7),

for u,v € [0,p). Hence, we have (J'(v,),¢) — (J'(v),9) = 0 for any ¢ € C(RY). Since
J'(v,) — 0, we conclude that J'(v) = 0, that is, v is a weak solution of the Euler-Lagrange
equation of J.

Our final task is to show that the critical point is nonzero, i.e. v # 0. We conclude from
Lemma 3.6 that for any p, v € [0,p), (3.11) holds when either of the following statement holds:
(1) 2np* (k) — ;25 < ¢ < 2pp*(n) and each A > 0; (I1) p < q < 2np*(u) — ;%7 and each
A > \* for some positive constant \*. Moreover, we infer by Proposition 3.4 that there exists
a constant £ > 0 such that

/ [v|Pdz = lim | |Pdz > € >0,
]RN

n— oo RN
which tells us that v is a nontrivial solution of the Euler-Lagrange equation of J. Hence u = f(v)
is a nontrivial solution of problem (1.1).

Finally, set e = inf{J(v) : v € E,v # 0,J'(v) = 0}, one readily sees that e is attained by
the lower semi-continuity. The proof of Theorem 1.1 is completed.



Ground State Solutions to Quasilinear Schrédinger Equation 395

References

(1
2]

Ambrosetti, A., Robinowitz, A. Dual variational methods in critical point theory and applications. J.
Funct. Anal., 14: 349-381 (1973)

Bae, S., Choi, H.O., Pahk, D.H. Existence of nodal solutions of nonlinear elliptic equations. Proc. Roy.
Soc. Edinburgh Sect., A 137: 1135-1155 (2007)

Bass, F.G., Nasanov, N.N. Nonlinear electromagnetic-spin wave. Phys. Rep., 189: 165-223 (1990)
Brandi, H., Manus, C., Mainfray, G., Lehner, T., Bonnaud, G. Relativistic and ponderomotive self-focusing
of a laser beam in a radially inhomogeneous plasma. Phys. Fluids B, 5: 3539-3550 (1993)

Brezis, H., Nirenberg, L. Positive solutions of nonlinear elliptic equations involving critical Sobolev expo-
nents. Comm. Pure Appl. Math., 36: 437-477 (1983)

Briill, L., Lange, H. Solitary waves for quasilinear Schrodinger equations. Exposition. Math., 4: 279-288
(1986)

Bartsch, T., Wang, Z. Existence and multiplicity results for some superlinear elliptic problems on R¥.
Comm. Partial Differential Equations, 20: 1725-1741 (1995)

Chen, X.L., Sudan, R.N. Necessary and sufficient conditions for self-focusing of short ultraintense laser
pulse in underdense plasma. Phys. Rev. Lett., 70: 2082-2085 (1993)

Colin, M., Jeanjean, L. Solutions for a quasilinear Schrédinger equation: A dual approach. Nonlinear
Anal. TMA., 56: 213-226 (2004)

Coti Zelati, V., Rabinowitz, P.H. Homoclinic type solutions for a semilinear elliptic PDE on RN . Commun.
Pure Appl. Math., 45: 1217-1269 (1992)

De Bouard, A., Hayashi, N., Saut, J. Global existence of small solutions to a relativistic nonlinear
Schrédinger equation. Comm. Math. Phys., 189: 73-105 (1997)

do O, J.M., Miyagaki, O.H., Soares, S.H.M. Soliton solutions for quasilinear Schrédinger equations with
critical growth. J. Differential Equations, 248: 722-744 (2010)

Kosevich, A.M., Ivanov, B.A., Kovalev, A.S. Magnetic solitons. Phys. Rep., 194: 117-238 (1990)
Kurihara, S. Large-amplitude quasi-solitons in superfluid films. J. Phys. Soc. Japan, 50: 3262-3267 (1981)
Liu, X., Liu, J., Wang, Z. Ground states for quasilinear Schrédinger equations with critical growth. Calc.
Var. Partial Differential Equations, 46: 641-669 (2013)

Laedke, E., Spatschek, K., Stenflo, L. Evolution theorem for a class of perturbed envelope soliton solutions.
J. Math. Phys., 24: 2764-2769 (1983)

Lange, H., Poppenberg, M., Teismann, H. Nash-Moser methods for the solution of quasilinear Schrédinger
equations. Comm. Partial Differential Equations, 24: 1399-1418 (1999)

Liu, J., Wang, Y., Wang, Z. Soliton solutions for quasilinear Schrodinger equations. II. J. Differential
Equations, 187: 473-493 (2003)

Liu, J., Wang, Y., Wang, Z. Solutions for quasilinear Schrodinger equations via the Nehari method. Comm.
Partial Differential Equations, 29: 879-901 (2004)

Makhankov, V.G., Fedyanin, V.K. Nonlinear effects in quasi-one-dimensional models and condensed
matter theory. Phys. Rep., 104: 1-86 (1984)

Poppenberg, M., Schmitt, K., Wang, Z. On the existence of soliton solutions to quasilinear Schrédinger
equations. Calc. Var. Partial Differential Equations, 14: 329-344 (2002)

Ritchie, B. Relativistic self-focusing and channel formation in laser-plasma interactions. Phys. Rev. E,
50: 687-689 (1994)

Silva, E., Vieira, G. Quasilinear asymptotically periodic Schrodinger equations with critical growth. Calc.
Var. Partial Differential Equations, 39: 1-33 (2010)

Severo, U. Existence of weak solutions for quasilinear elliptic equations involving the p-Laplacian. Electron.
J. Differ. Equ., 56: 1-16 (2008)

Wang, J., Gao, Q., Wang, L. Ground state solutions for a quasilinear Schrédinger equation with singular
coefficients. Electron. J. Differential Equations, 114: 1-15 (2017)

Wang, J., Wang, L., Zhang, D. Solutions of semiclassical states for perturbed p-laplacian equation with
critical exponent. Bound. Value Probl., 243: 1-22 (2014)

Willem, M. Minimax Theorems, Progress in Nonlinear Differential Equations and Their Applications,
Vol.24. Birkhauser, Boston, 1996

Wu, K., Zhou, F. Existence of ground state solutions for a quasilinear Schrédinger equation with critical
growth. Comput. Math. Appl., 114: 1-15 (2017)

Zou, W., Schechter, M. Critical point theory and its applications. Springer, New York, 2006



	Introduction
	Reformulation of the Problem and Preliminaries
	Mountain Pass Geometric Structure
	A version of the Mountain Pass Theorem
	Verification of Mountain Pass Geometry
	Cerami Sequences
	Estimate for the Minimax Level

	Proof of the Main Result

