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Abstract The alternating direction method of multipliers (ADMM) is one of the most successful and pow-
erful methods for separable minimization optimization. Based on the idea of symmetric ADMM in two-block
optimization, we add an updating formula for the Lagrange multiplier without restricting its position for multi-
block one. Then, combining with the Bregman distance, in this work, a Bregman-style partially symmetric
ADMM is presented for nonconvex multi-block optimization with linear constraints, and the Lagrange multi-
plier is updated twice with different relaxation factors in the iteration scheme. Under the suitable conditions,
the global convergence, strong convergence and convergence rate of the presented method are analyzed and
obtained. Finally, some preliminary numerical results are reported to support the correctness of the theoretical

assertions, and these show that the presented method is numerically effective.
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1 Introduction

In this paper, we consider the multi-block nonconvex optimization problem in the following
form:

min 3 fiw0) + g(y),
i=1
s.t. ZAixi + By = b, (1.1)

i=1

where the function f; : R" — RU{+oc} is proper and lower semi-continuous but not necessarily
smooth, g : RP — R is a continuously differentiable function, A4; € R¥>*™ B ¢ R**P and

b € R*. All functions can be nonconvex. Let (., denote (zp, Tpi1,- - , ;)" for given positive
integers h and I (I > h). Then X1.,) = (T1,"+ ,&m) " € R with n = Y n;. Denote A =
i=1

(A1,--- ,Ap) € R Then Axpy.) = > Ajz; € RY. With these notations, the problem (1.1)
i=1
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can be written as

min 3" fi(x) + g(y),

i=1
s.t. AX[1,) + By = b. (1.2)
Let (> 0) be a penalty parameter and

is the augmented Lagrangian function (ALF) of (1.2) with the Lagrangian multiplier (dual
variable) A € Rt and the ALF has the following property:

’Cﬁ(x[l:m]vyv A— G(Ax[l:m] + By — b)) = ’Cﬁ(x[l:m]vyv >‘) + 9||AX[1:m] + By — b||27 (14)

where 6 € R and (X1., 4, A) T € R™™P**. Even though the problem (1.2) has a simple form, its
efficient solution is often very challenging in practice due to the nonconvexness and nonsmooth-
ness of objective functions and the curse of high dimensionality arising from many real-world
applications, such as signal and image processing?®> 31, machine learning?® 33! etc. Thus, the
development of efficient structure-utilizing algorithms for (1.2), which can overcome the diffi-
culties caused by the aforementioned characteristics, becomes increasingly important recently.
Given \*, the augmented Lagrangian method (ALM)! 20! for solving (1) updates the primal
and the dual variables via

( ﬁ"’;}L] yk+1) € arg min{‘cﬂ(x[l:m]ayv Ak)}v (15)
AP = 2% — B(AxgL + Byt - b). (1.6)

In general, the ALM specified in (1.5) is sufficiently efficient for solving (1.2) with one-block.
However, for the cases of m > 1, the ALM could lose its efficiency due to the joint minimization
for all x;’s or/and y’s in (1.5), where the variables are mixed-all-together in the quadratic
term of Lg. This difficulty does not disappear even if all f;’s and y’s are sufficiently simple.
Therefore, an important motivating question is that whether one can improve the performance
of the ALM by fully exploiting the valuable structures hidden in f;’s and g¢’s. In fact, a series
of ALM-based splitting methods have received considerable attention in recent years, and this
paper contributes further in this line.

Restricted to the special case of m = 1, the alternating direction method of multipliers
(ADMM)!"> 1] which decomposes the subproblem (1.5) into two easier ones by minimizing one
variable and fixing the other, followed by an immediate update of the dual variable after each
sweep of alternating minimization, is perhaps the most popular and influential approach for
solving (1.2) with m = 1. Due to the remarkable performance of ADMM in various disciplines
of scientific computing, it is natural to extend ADMM to the multi-block model (1.2) with
m > 2. The directly extended ADMM appears as

71 € argmin{La(o1, Xl 820},

it € arg n;in{ﬁg (a2, xf&m] TP LS

k"H € argmln{ﬁﬁ( lm it xm,yk,)\k)},
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y* € argmin{La(xpil, 9, A

1:m

AL = NP — B(AX{TL + By —b).

[1:m]

However, the iteration above may not convergel® 6. Han and Yuan!'”) first proved that when
all the separable objective functions are strongly convex and when the penalty parameter is less
than a certain threshold, the multi-block version directly generalized by the classical two-block
ADMM has global convergence. On the other hand, He, Tao and Yuan obtained multi-block
ADMM by modifying and extending the ADMM, such as the ADMM with Gaussian back
substitution!'! 12,

At present, most of the researches about splitting algorithm of multi-block optimization
focus on convex problem. There are few studies on ADMM or other splitting algorithms for
nonconvex multi-block optimization. Guo et al.l’! directly generalized the classical two-block
nonconvex ADMM to the three-block case (i.e., m = 2 and B = I), and analyzed the global
convergence of the algorithm when A; is column full rank and the penalty parameter is limited
to a certain range. In addition, if the potential function satisfies the Kurdyka-Lojasiewicz (KL)
property, the strong convergence of the algorithm is also obtained. Similarly, for the same
three-block case with m = 2 and B = I, Zhang et al.*?l proposed a linearized ADMM in
combination with the proximal linearization technique and A; no longer need column full rank
in the convergence analysis. Combining with the Bregman distance, Wang et al.?* obtained
the convergence of Bregman ADMM (BADMM) in the nonconvex multi-block case for solving
(1.2) with b = 0. Meanwhile, it should be noted that the convergence results of these algorithms
in the nonconvex case often depend on the KL property. For more discussion on multi-block
ADMM in nonconvex case, see Refs. [17, 28, 31].

On the other hand, for the two-block optimization problem, a Lagrange multiplier update
intermediate step is added to become the symmetric ADMM, also called Peaceman-Rachford
splitting method (PRSM)["). In the convex case, Gabay(®! pointed out that PRSM converges
faster than ADMM in the case of convergence, and PRSM is less “robust” in the sense that it
converges under more restrictive conditions than ADMM. With regard to this, for the ADM-
M iterative framework of multi-block optimization problems, we also want to add a Lagrange
multiplier update intermediate term without restricting its position. In addition, similar to the
Bregman-style ADMM iterative pattern!'® 16: 23, 24, 26] " the Bregman distance is added to the
subproblem. Based on the above analysis, the proposed iterative format of the Bregman-style
partially symmetric ADMM (in short, BPSADMM), for problem (1.2) with B = I, is as follows.

Step 0. According to the sparse and dense conditions of coefficient matrix A;, then, the
J matrices with relatively complex and dense structures are denoted as Ai, As,---,A;, and
other matrices with simple structure and good sparsity are denoted as A;i1,- -, Ay,. Choose
an initial point (x([)l:m],yo, A%), the relaxation factors satisfy r + s > 0, the penalty parameter
B >0, and set k := 0.

Step 1. Solve the x[;.;;—subproblems, and then update the Lagrange multiplier:

it ¢ argn;iln{ﬁg(xl,xé:m},yk, MY+ Ay, (21,28}, (1.7)

:L‘]26+1 € arg HmliZn{‘Cﬁ(xlchrlv L2, Xﬁ’izm]’ ykv )‘k) + A¢2 (‘T27 l‘g)}, (1'8)

x;ﬁ_l € arg H;ijn{ﬁg (Xﬁ—;l—l] L Xfcj-i-l:m] ) yk7 /\k) + A¢j (xjv xf)}v (1.9)
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Aotz — Nk rﬁ(z]:Aifo + Zm: A} +y* — b)~ (1.10)

i=1 i=j+1

Step 2. Solve the X[;1.,,)—subproblems:

?1_11 € argmln{ﬁg( [1: ]]7x]+1v [_7+2 m]» y A s )+A¢]+l($]+17 ]+1)} (111)

aFF € argmin{ L4 (x}: [1 o 1],xm,yk, PSS ST Ny, (T, )Y (1.12)

Tm

Step 3. Solve the y—subproblem, and then update the Lagrange multiplier:

yk+1 € arg Hlyln{ﬁﬁ( f?—“l’b]’ Y, Ak+%) + Ad}(yv yk)}v (113)
AL = Nk sﬂ(ZAix?'H Fyhtl b). (1.14)
i=1

Step 4. If a termination criterion is met, stop; otherwise, replace k by k + 1 and turn to
Step 1.

In the iterative algorithm above, Ay, (i = 1,---,m) and A; are Bregman distance with

respect to convex differentiable functions ¢; (i = 1,--- ;m) and (57 respectively. The BPSADMM
has the following three characteristics:

(i) The introduction of (r, s) makes the BPSADMM widely representative, including many
variants of ADMM-type and PRSM-type splitting methods.

(ii) Choosing an appropriate Bregman distance can simplify the subproblem of BPSADMM.

e For the x;-subproblem, a suitable Bregman distance is added to linearize the differentiable
terms (e.g., the quadratic penalty term). Further, the x;-subproblem can be simplified or its
explicit solution can be obtained. For example, if the Bregman distance generating function is
chosen to be

)

2
b1 = L) 1||2~\A1x1+ZAx+y ~b)

the z1—update can be simplified as min{ fy(z1) + &-||z1 — bf||} with a certain known b}.
1

e For the y-subproblem, due to g(y) being a continuously differentiable function, an ap-
propriate Bregman distance choice is of particular interest since it simplifies the y-update to a
convex quadratic programming problem. Indeed, if g% is chosen to be %Hy”2 —g(y), where L,
is at least as large as the Lipschitz continuity modulus of Vg(y), the y—subproblem becomes

. (L 1
min { 22y — o} + (Vgs) ~ NHE, g) 4 DAl 4y b2}

(iii) It can be seen from the multiplier A correction system that the higher the density of
coefficient matrix A;, the greater its influence on multiplier A correction, theoretically, and vice
versa. For this reason, we try to determine the correction position of the multiplier update
intermediate step Meta according to the sparsity of the coefficient matrix A; in the equality
constraint of problem (1.2), so as to further improve the computational performance of the
proposed algorithm.
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1.1 Main Contribution

In this paper, we propose a BPSADMM for nonconvex multi-block optimization by combining
the Bregman distance. It should be noted that we do not limit the position of multiplier update
intermediate step Atz in the iterative algorithm. Moreover, the introduction of different
relaxation factors r and s gives the BPSADMM a wide range of characteristics. For the proposed
method, £(-) might not be monotomically decreasing. Then, a modified version Lg(-), defined
in (2.11) below, is monotonically decreasing with a right parameter. If {£3(-)} satisfies KL
property, we prove that the whole iteration sequence generated by the BPSADMM converges
to a critical point of the problem (1.2). In addition, the convergence rates of the merit function
and iteration sequence are obtained under Lojasiewicz property.

1.2 Notation and Elementary Results

In this work, let R™ denote the n-dimensional vector space, and we use R™*" to denote the set of
all m x n matrices. For a vector a € R", the associated norm is denoted by ||a||. For two vectors
a and b of the same size, we denote their inner product by (a,b) = a'b. For a matrix A € R™*"
let a;; denote its (7, j)-th entry, and the largest (resp., smallest) eigenvalue of the symmetric
matrix A is denoted by Apax(A4) (resp., Amin(A)). If A is a symmetric and positive semidefinite
matrix, the seminorm is defined by ||z]|4 = (A, z) for all z € R™. Moreover, we also use d(z,S)
to denote the distance from point # € R™ to subset S C R", i.e., d(z,S) = inf,cs ||y — z||. When
S =0, we set d(z,S) = +oo for all z € R™.

For function f : R™ — R U {400}, the effective domain and epigraph of f are defined as
follows:

domf = {x e R": f(z) < 400}, epif = {(z,a) e R" xR : f(z) < a},
and f is proper iff domf # @ and f > —oo.

Definition 1.1, The function f : R® — R U {+oo} is lower semicontinuous at xo if
liminf f(x) > f(zg). If f is lower semicontinuous at any point x € dom f, then it is called the
rT—rXo

lower semicontinuous function.

Definition 1.2, Let f : R® — RU {+o0} be a proper lower semicontinuous function.

(i) The Fréchet subdifferential of f at x € dom f, denoted by Of(x), is the set of vectors
z* € R” that satisfies

i g @)~ @) =@y — )

>0
yFo Y= ly —=|

- )

and when & &domf, we set df (x) = 0.
(ii) The (limiting-)subdifferential of f at x € dom f, written as Of(x), is

Of(x) ={z" e R" : J xp, 7 x, xf € Of (xy), with 2} — 2*}.

Remark. From Definition 1.2, if f : R® — R U {400} is a proper lower semicontinuous
function, the following conclusions hold (see Ref. [21]).

(i) Of (x) € 8f (x) for each = € R™, where the first set is closed convex while the second one
is only closed.

(ii) Let z} € 0f(xy) and kli_}ngo(xk,m,’;) = (x,z*), then z* € df(x), i.e., f(z) is closed.
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(iii) A necessary (but not sufficient) condition for x € R™ to be a minimizer of f is 0 € 0f(x).
And a point that satisfies 0 € 9f(x) is called a critical point.

(iv) If g : R™ — R is a continuously differentiable function, then 9(f+g)(z) = 9f(x)+Vg(x)
for any z €edomf.

For a convex differentiable function ¢, the associated Bregman distance is defined as

Ag(r,y) = ¢(x) — o(y) — (Vo(y), z — y).

If p(z) = ||z||?, Dplx,y) = ||z —yl||? if p(x) = 2T Az, where A is a positive semidefinite matrix,
Ng(z,y) = (x —y) Az — y). Now we give some useful properties (see Lemma 1.1) about the
Bregman distance.

Lemma 1.11%%, Let ¢ be a convex differentiable function and Ag(x,y) be the associated Breg-

man distance. Then,
(i) Dg(x,y) 2 0, Dg(x,x) =0 for any x,y € R™;
1) Ne(x,y) is conver at x, but not necessarily at y;
¢
(ii) If ¢ is o—strongly convez, Ng(z,y) > ||z —y||* for any z,y € R™.

Lemma 1.21'8, Let h : R® — R be a continuously differentiable function with gradient Vh
being Lipschitz continuous with constant L > 0. Then for any x,y € R™, we have

Ih(y) — h(z) — (Vh(x),y — )| < 2y — .

Lemma 1.3. (xfl:m],y*,)\*) is a critical point of the ALF Lg(-) defined in (1.8), i.e., 0 €
aﬁﬁ(xf‘l:m], y*, \*), if and only if the following relations hold

AN e dfi(xd), i=1,2,---,m, Vg(y*) = \*, > Ap+yt—b=0.  (1.15)

i=1
The set of critical points of La(+) is denoted by critLs.

Next, we recall the Lojasiewicz property and Kurdyka-Lojasiewicz (KL) property, which
play an important role in our convergence and convergence rate analysis.

Definition 1.3!! (Lojasiewicz property). Let f : R® — R U {400} be a proper lower semi-
continuous function. Let x* be a critical point of f, that is, 0 € df(x*). The function f has
Lojasiewicz property at x* if there exist ¢; > 0, 6 € [0,1) and a neighborhood U of =* such that

1f(x) = f@")|? < e -d(0,0f(x), Vael.

For notational simplicity, we use =, to denote the set of all concave functions ¢ : [0,7) —
[0, 400) satisfying: (i) ¢(0) = 0; (ii) ¢ is continuously differentiable on (0, 7n) and continuous at
0; (iii) ¢’(t) > 0 for any ¢ € (0,n). Then, the KL property can be described as follows.

Definition 1.42) (KL property). Let f : R* — R U {+oo} be a proper lower semicontinuous
function. For —oco < mp < 13 < 400, set m < f < ma] = {x € R* : my1 < f(z) < no}.
We say that function f has the Kurdyka-Lojasiewicz (KL) property at x* € domdf := {x €
R™ : Of (x) # 0} if there exist n € (0,4+00], a neighborhood U of x*, and a continuous concave
function ¢ € 2, such that, for all x € UN [f(z*) < f < f(z*) + n], the Kurdyka-Lojasiewicz
inequality holds:

' (f(x) = f(2"))d(0,0f(z)) = 1.
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If f satisfies the KL property at each point dom 0f, then f is called a KL function. Moreover,
 is called the associated KL property function.

Lemma 1.4 (Uniformized KL property). Let Q C R™ be a compact set and f : R* —
RU {400} be a proper lower semicontinuous function. Assume that f is constant f* on Q and
satisfies the KL property at each point of Q. Then, there exist € > 0,1 > 0, and ¢ € 5, such
that for all x € {x e R: d(z,Q) < e}N[f* < f < f*+n], one has,

¢'(f(x) = £)d(0,0f(x)) > 1.

1.3 Organization

The rest of the paper is organized as follows. In Sect. 2 and Sect. 3, we establish the convergence
and convergence rate results of the BPSADMM for problem (1.2) under the suitable assump-
tions, respectively. In Sect. 4, some preliminary numerical results are reported to support the
efficiency of the proposed algorithm. In Sect. 5, we draw some conclusions and perspectives.

2 Convergence Analysis

In this section, we discuss the convergence of BPSADMM, and the convergence analysis relies
on the following basic assumptions for the problem (1.2) and the BPSADMM iteration:
Assumption H. (i) The function f;(x;) : R" — RU{4oc0} (i = 1,--- ,m) is proper and lower
semi-continuous, and g(y) : R? — R is continuously differentiable such that Vg is Lipschitz
continuous with constant L, > 0;

(ii) the relaxation factors r and s satisfy r + s > 0;

(iii) ¢; (i=1,---,m) is a o;—strongly convex continuously differentiable function, where
2 DB(1 — 5)2Amax (AT A;
g; > (m+ )6( S) ( t )7 Z'Zl,"',j7 (21)
r+s
and
2 2)B(1 — 5)? 1—3 max (A A;
r+s
as well as V¢; (i =1,--- ,m) is Ly,-Lipschitz continuous;

(iv) gﬁ is a 6 —strongly convex continuously differentiable function, and Vg?) is L q;—Lipschitz
continuous, where & satisfies

2(m +2)[(Lg + B|1 — 5| +L¢B)2 _Lig] N 2(m+1 —j)6|rs\.

G > 2.3
7 (r+s)8 r+s (2:3)
For convenience, the following notations are used uniformly throughout the paper:
w = (X[lzm]a Y, )‘)7 wk = (Xﬁ;m] ) yk, )‘k>7 ’LU* = (Xrl:m]’ y*v )‘*)7
W= (X[lzm]aya Aaﬁ% wk = (Xﬁ;m]aykaAkaykil)a W = (Xrl;m]vy*7>‘*7y*);
o (m+2)B(1 — 5) Amax (A Ay) , _
61257, y 9y = 5 ! 5 :17"',, 2.4
(r5.8) = 2 - i j (2.4)
51 1= iy, )= 2 = Lt 200 = o+ L= sl (A] )

i=j41,-,m, (2.5)
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mA D+ AT L) L2 (1 j)Blrs
(r+s)p r+s
§:=4(r,s,8) = min{dy, -, 6m,3}. (2.7)

§:=0d(r,s,B8) =

, (2.6)

w\q>

In this work, we assume that the sequence {w"} is generated by the BPSADMM. Next, we
present the first-order optimality conditions for the subproblems in BPSADMM, which will be
used in our convergence analysis below.

0 € f;(xk 1) — AT)\k+6AT<ZA xk+1+ Z Aqx + o b)
g=1+1
+ Voi(af ) = Vei(af),  i=1,-,j, (2.8)

m

0 €df;(xF+1) — AT AM+3 —i—ﬁAiT(i:Aqx’;“ + 3 Akt - b)

q=1 q=i+1
+ V(i) = Vei(af),  i=j+1,---,m, (2.9)
0 =Vg(y") = A 4 B3 At 4y —b) + V() - V(). (2.10)
i=1

In addition, our convergence analysis is largely based on the following potential function:

. . ) (m + 2)1%
La(w) =L , AN =L . A)+dolly— 9 0= ———>- 2.11
B(w) ,B(X[l.m]ayv ay> 5<x[1.m]7ya >+ OHy y” ) 0 (7”+ 5)6 ’ ( )
and assume that £5(w®) = L5(10°) < +oc0 holds.
Lemma 2.1. If Assumption H holds, then
£(MHY) = L) < —0(Ix57E = X2 + 55+ = ¥]12), (2.12)
where § is shown in (2.7). Moreover, the sequence {Lz(1"*)} decreases monotonically.
Proof. First, using the fact that 25!, ... 25+1 4*+1 are minimizers in (1.7)(1.9) and (1.11)-

(1.13), respectively, we obtain

L@y ™, Xy y", A = Lo(w®) < =Dy, (277, 2),

‘cﬂ(xﬁ—i}l]axﬁ-ﬁ-l:m]ayka)‘ ) ‘CB( [1] 1]aX[J m]» ykv/\ )< Aqﬁ,( k:—&-l’x?)’

k1 k k 1 kel k1 k
ﬁﬁ(x[13+1]’x[j+2:M]’y A2) _ﬁﬂ(x[lzg‘]ax[jﬂzm]ay ARFE) < —Dg, o (@51, a0,

Eg( k+1 y )\k+ ) Eﬁ(xk+1 7$ﬁ1,yk )\k-&-%) S_A¢m(xk+1,mk)

[1 m]’ [1:m—1] m m/)s
Lo yF LAY — Lot yf A2 < = A (g oF).

Again, summing up the inequalities above, and combining the the strong convexities of Ay, (i =
1,--+,m) and Aq;, we have

Eﬁ( Fltiz] yk+1’ )‘kJr%) - Eﬁ (Xﬁ—:’_jlpx@—&-l:m] ) yk’ )‘k+%)
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k 1 k k \k k

1§+1 k _Aqg(ykJrl yk)

k+1 k||2 k+1

IIy — ¥ (2.13)

m
i 7
= 2 2
Second, from relations (1.4), (1.14) and (1.10), it follows that

cﬁ(wk“):cﬁ(xﬁfnﬁ],y“l,xkﬁ)+sm\Axk+1 Yt — |2 (2.14)

[1:m]

and

E,B( [1 ]]7Xf€j+1:m]’yk )\k+l)

2 (2.15)
= ‘Cﬁ( [1]],X@+1:m],y ) k+1+ Z ALE +y —bH .
=741
Third, summing up (2.13)-(2.15), we have
- G
S R R 1 i T
i=1
Fadl ARt 5 ol
2
+7'BHZA AR Z s+ yF || (2.16)
i=j+1
To proceed, from (1.10) and (1.14), one has
k+1 k+1
Ax[ m] +y —-b
1 r Ui
e~ (\k_ k1 ( Ay(gF 1 — gk k+1l _ ok ) 917
(r—l—s)ﬁ( )Jrr—i—s i;ﬂ (25 i) + (y y) (2.17)
and
J m
> Azxiﬁ_l + X Aaf 4yt b
i=1 i=j+1 - (2.18)
= O X - (8 Al e + (0 - o)
Moreover, from the relations above (2.17) and (2.18), we obtain
SBIAXGEL +y* T = b2+ s ZA ity Z Al 4y — bH
i=j+1
g X T S s )
R 2 :
1
< )\k: o )\k}-‘rl 2
(m+1—7)8|rs|
+ . ( Z [ As (™ = )P + Iy - y’“||2). (2.19)

i=j+1
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On the other hand, recalling (1.14) and the optimality condition (2.10) of the y-subproblem,
we have

A= Vg™ ) + B = s)(Axpl ) + 4" = b) + Vo) - Vo), (2.20)

and using Assumption H (i) and (iv), then

m

N = =] 1990 = Do) + 50— 9 (L Adal ™ = o)+ (0 =)

+ Vo) = Vouh) - Vo) — Vo )|
SLylly™* = y* 4+ AL = sl (3 I Au(at ™ 2Dl + Iy — o)

+ Lglly™ = oF -+ Lylly® ="

<(Lg + BIL = s+ L)lly™™ =yl + BIL = s D | Ai(af ™ —ab)]

i=1
+ Lglly® =y (2.21)
Furthermore, we have
I =T o B — o]+ Ly P — g2 + L2 — o
m+ 2 - ¢

+52(1 Z [ As(2 T — )2, (2.22)
Next, substituting (2.22) into (2.19), we get

J m
sBIAXEEY +y™ = 0P 7Bl D AT+ Y Al +yF b
i=1 i=j+1

2)3 )2 J
L(mT2)p ZHAZ B )P

r+s

(25— o+ (m 41— Bl S st - o)

r+s i
2 .
<(m +2)(Lg + B[1 = 5|+ L({s) (m+1-— ])5|7"5|)”yk+1 — k|2
(r+s)B r+s
(m+2)L2%
¢ k—l 2
+ , 2.23
e I - (2.23)
and taking into account (2.16), it follows that
La(w™h) — L5(w")
R T A R Lt Z At — )2
— - 2 K3 K3 2 ’L

L DB =P+ (1Bl SNy e

r+s
+ i=j+1
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+2)(Ly + Bl — s| + Lj)? 1—

n ((m )( g(r—’_L)B 3| ¢) n (m+r+i)ﬁ‘rs|)||yk+l _kaZ
(m+2)L2
g W T (2.24)
which implies
(m+2)L2 (m+2)L2

k41 @, k+1 k|2 k P11,k E—12

[ﬁﬁ(w * )+W||y g } - {Eﬂ(w )+W||y -yl }
' o 2)B(1 — )2 Amax (AT 4; .
S_Z(%_(m+ )ﬂ( rj_)s ( i )>||$f+1—xf”2

K3

(5 - Lt 250 =P (1= )l ATAD s e
2 r Jr s 1 K2

:Mg L

<
+

=741

-

el e GRSV

(r+s)8 r+s

| Q

Thus,

m
Lo(@") = Lo(@") < =Y 8illa" T = ak|? = 5|y —y*|?
i=1

S - 5(||Xf€1+7il] - xﬁ:m] H2 + ||yk+1 - kaQ)a
and relation (2.12) is immediately at hand.

Finally, from the definition of ¢ in (2.7), as well as the restrictions of strong convex co-
efficients o; (i = 1,---,m) and & in (2.1)—(2.3) (see Assumption H (iii) and (iv)), then it is
easily known that § > 0. Hence, the sequence {£s(1*)} is monotonically nonincreasing. This
completes the proof. O

Lemma 2.2. Suppose that the sequence {w*} is bounded. If Assumption H holds, then

. ke k . k : : :
im0 =t = dim (it = gl I = gt I M) =0 (2.25)

Proof. Since {w*} is bounded, we obtain that the {#*} is bounded, and thus a cluster point
exists. Suppose that @* is a cluster point of {#0*} and let {1*i} be a convergent subsequence

such that i lim % =*. In view of the fact that f; (i = 1,2,--- ,m) are lower semicontinuous
j—>+o0

and g is continuous, the function Lg(-) is lower semicontinuous, and hence

Lp(w*) < liminf Lg(w* ). (2.26)

kj—+oo

Together with the fact that {£z(*)} is nonincreasing, we know that {£z(w")} is convergent
and Ls(w*) > Lg(w*) for any k > 0. Rearranging terms in relation (2.12) and summing up it
from k = 0 to k = [, it follows

l R N ~
52 (Ixfihy = e 2 I = 412) < £p(0) = £a(i*1) < £5(0°) — £5(i") < +oo.
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This, together with é > 0, implies that

“+o0
Z ity = X < 400, D 9" = yF|I? < +o0. (2.27)
k=0
Hence,
fclJrnl"b] Xf{:lzrn] — 0, yk+1 - yk — 0. (228)

—+oo

Next, it follows from (2.21) and (2.27) that > [[A*+! — A¥||2 < +00. Therefore, we conclude
k=0

that

DL L} (2.29)
Further, from (2.28) and (2.29), we obtain (2.25), and this completes the proof. O

Theorem 2.3 (Global convergence). Let Q denote the cluster point set of the sequence {w*},
and Q0 denote the cluster point set of the sequence {w*}. If Assumption H holds, and {w*} is
bounded, then

(i) Q and Q are nonempty compact sets, and d(w*, Q) — 0, d(w*,Q) =0, k — +oo;

(11) Q C critLg;

(iii) w* € Q if and only if §* = y* and w* € Q;

(iv) the whole potential function sequence {Lg(w")} is convergent, and Lg(w*) = lim Lg(w

k— 400

= ir]%f L (") for all w* € Q. Moreover, L(-) is finite and constant on Q.

Proof. (i) By the definitions of Q and Q, they are trivial.
(ii) Let w* € €, then there exists a subsequence {w*i} of {w*} converging to w*. It

follows from (2.25) that hm |w*+! —w*| =0, and thus lim wkitl = lim wh =w*. Let
Jj—+oo Jj——+oo

lim ARtz = \** Lettlng k = k; and taking the limit j — +o0 in (1.10) and (1.14), we have

j—+oo

A :)\*—rﬂ<§:Aixz‘+y*7b), At :)\**fsﬂ(iAifory*fb).
=1 =1

This, together with r 4+ s > 0, yields

S Aip+yt-b=0, AT =) (2.30)
i=1
Therefore, (xf‘l:m],y*) is a feasible point of problem (1.1). Since xfﬁl (i =1,2,---,j) is a

minimizer in x; —subproblem, it holds that
ki1 b Aty 5 k41 ki+l ok,
filz,777) — (N, Ay ZAx —|—ZA3:7—b —|—A¢( , )
g=1i+1

<filxr) — (\Fi | Agxd) BHZA xk 4 Al + Z A:EffbH + Dy, (x*, 2%9).

q=1+1

")
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This, together with lim w® = lim w®*! = w*, implies lim sup f;(z; ki +1) < fi(z}) from
Jj—+oo J—r+oo j——o0
inequality above. Noticing that the lower semicontinuity of f; (¢ = 1,2, -+ , j), one has, f;(z}) <

hmlnffl( R ). Hence,

lim fi(z) = fi(a), i=1,2,-- 4. (2.31)
Jj—+oo
Similarly, we also get
lim i) = filal),  i=j+ 12, ,m. (2.32)
J—+oo

On the other hand, it follows from lim ||gc]C it _ J||
J—+oo

lim [[Vei(a;" ") = Vi(a;”)[| = 0fori=1,2,- ,m. Similarly, lim_[[Vé(y* )= Vo(y")]
j—+oo J—+oo

= 0. Thus, letting k£ := k; and taking the limit j — +oo in (2.8)—(2.10), and invoking the
closeness of df; (i =1,2,---,m), the continuity of Vg, as well as (2.30), we have

0 and Assumption H (iii), that

That is w* € critLg, and this proves statement (ii).

(iii) From Lemma 2.2 and the definitions of w* and @*, we get statement (iii).

(iv) Let w* € Q. Then there exists at least one subsequence {i"/} of {&/*} converging to
w*. And from (1.3), (2.31) and (2.32), we have 11141_1 Lg(w*t1) = Lg(w*). This, together

with the monotonity of {£z(@*)}, further shows that the whole potential function sequence

{Ls(w )} is convergent. Thus, since Lz(w*) < Lz(°) < +o00, the relations 400 > Lg(@°) >

lim Lg(w*) = u;fzﬁ( ¥y = Lg(*) hold. Then, Lz(*) = Jim Ls(*) < +oo for all
c c— 00

k—+o00

w* e Q. 0

Theorem 2.4 (Strong convergence). Suppose that {w*} is bounded. If Assumption H holds,
~ +oo

and Ls(0) is a KL function, then Y |w**t — w*|| < +o00. Purthermore, {w*} converges to a
k=0

critical point of La(-).

Proof. From Theorem 2.3 (iv), we have lim Lg(i@*) = Lg(@*) for all @* € Q. In the

k—+o00
following, we consider two cases.
Case I. Suppose that Lg(i") = Lz(*) for some integer ko. Associated with Lemma 2.1, for
any k > ko, we have

81ty = X 12+ 51 = 9F12) < Lo(@F) = La(@FF1) < Ly(iho) — Lg(@*) = 0.

Thus, xﬁfnll] = xﬁ:m] and y**! = y* for any k > ko. Together with (2.21), for any k > ko + 1,

k+1

one has, w = w* and the assertion holds.

Case II. Now, we consider the case where L£g(i*) > Lg(w*) for all k > 0. In this case, we
will divide the proof into three steps: (1) we first apply the uniformized KL property to ﬁﬂ (w);
(2) we bound the distance from 0 to dL("); (3) we show that the sequence {w*} is a Cauchy
sequence and hence is convergent. The complete proof is presented as follows.
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Step 1. In view of the fact that lim d(w"*,Q) = 0, it follows that for ¢ > 0, there exists

k—+o00

k1 > 0, such that for any k > ki, d(@*,Q) < e. And since klirf Lp(w*) = Lz(*), then for
— oo

n > 0, there exists ky > 0, such that for any k > kg, Ls(w*) < Lz(*) + 7. Thus, when
k > k = max{k, ks}, we have for e, n > 0, d(@*,Q) <, Lp(*) < Lg(@*) < La(w*) + .
From Theorem 2.3, we know that ﬁg() is constant on Q, and Q is a nonempty compact set.
Thus, by uniformized KL property in Lemma 1.4, we obtain

@' (La(w*) — Lg(w*))d(0,0L5(w%)) > 1,  forall k> k. (2.33)
Step 2. We first consider the subdifferential Lz (w*). From the definition of £g(i) in
(2.11), and from the partial subdifferential with respect to z; (i =1,--- ,j), we have

O 55( iy afi(xi'cﬂ) — A NEFL BAZT(ZAqxI;H foyhtl b)

ATOF - X 1 AT (30 AL(ahH - o)+ (- )

q=1+1
[V(bl( k+1) vd)l(xf)]’ i = 1a 7ja (234)
where the second equality follows from the optimality condition (2.8). Similarly,

aziﬁg(@kﬁ-l) afl( k+1) A:Ak+1 + 514;'—(21411»”5];“ + yk—i-l N b)

g=1

AT (2 XY (6, (284 — Vi (ah))]

+ 847 ( Z Aglaltt = ak) + (= )

qg=1+1
=sBAT (D2 gl 4y =) — [Vou(al ) — Voi(ah)]
g=1
+BAT< Z Ay k+1 1;)+(yk+1 _yk)>
g=1+1

AT (AF = M) — [V (2 — Vi ()]

7’55 AT( Z Ag(zh+t — ¥ + (y’““—yk))

r—i—s
q=j+1

:T+

g=1+1

where the second equality follows from the optimality condition (2.9), the third equality follows
from (1.14), and the last equality follows from (2.17). Moreover, it follows from the definition
of Lg(w), (1.14), (2.10) as well as (2.17), that

P Eg( k+1) vg(yk+1) AR 5(2Aqxlg+1 4oyt b) " 250(yk+1 B yk)
q=1

(1'14!2'1°)sﬁ( 3 Aty b) — [Vo(y" ) — Vo(y*)] + 200 (3" — )

i=1
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@17 S g b1y T«Sﬁ 2+ k+1 K
20— (q%:ﬂA )+ (W =)

— [Vo(y*) — v@%@/’“)] + 200 (y" ! — yF). (2.36)

Additionally, we also get

NLp(™H) (ZA gkttt b)
g=1
(2.17) 1 r m
= N T (X At e+ b)) (2a7)
q=j+1
and
0L (") = 26, (¥ — y). (2.38)

Thus, from the relations (2.34)—(2.38), and the Lipschitz continuity of V¢; (i = 1,2,---,m)
and V¢, there exists (; > 0 such that

d(0,0Ls (0" 1)) < Gy = X |+ 157 = 9 ([N = AR,
Again, it follows from (2.21), there exists {3 > 0 such that
INFE =N < Gty = X+ 195 =91+ ly* = D).
Then, by the two inequalities above, we have

d(0,0L5(w™™)) <Ci(1+ )Ty = Xfpm I+ 15" = 5[ + Gally™ — 57|
<CUitny = X I+ 197 = %1+ lly* = ")

with ¢ := max{(;(1 4+ {2),{2}. This further implies that
d(0,0L (")) < C(Ixfrm) = Xfomgll + 197 = 51+ 1" = o572 (2.39)

Step 3. We now prove the convergence of the sequence by (2.33) and (2.39). For simplicity,
define A, ; = @(Lg(WP) — La(w*)) — p(Lg(w?) — Lg(w*)). Then, we obtain, for all k > k,

G g = XESL N+ 1" = M+ 1™ = 572 Ak

(2.39) .
> d(O OLs(@")) - Dk

>d(0,0L5(0")) - ¢ (Ls(@") = Ls("))(Lp (") — Ls(@*))

(2.33) .

> Lo(d") = L")
(2;2)5(”Xk+1 xRl = )
= [1:m] [1:m] Y Y || )
)
> DOt =l + 4 = )2 (2.40)

where the second inequality follows from the concavity of ¢, and the last inequality follows from
(a+b)? < 2(a® +b?).
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Dividing both sides of (2.40) by §/2, and taking the square root, we have

_ant [2€
(kal:m] - [1 m] || + ||y - yk 1” + ||yk 1 k 2”)2 ?Ak,k+1
>ty = X+ 197 =4
Thus,
Ay = Xt |+ 19" = 51D
o1 [8C
<215y = Xpamg I+ 19 = 6"+ 1y = "2z 5 Dk

Using the inequality 2ab < a? 4 b? to get the upper bound for the right-hand side of the
inequality above, we get

At = X L+ " =4

_ 8¢
<Ifrm) = Xl 19" = T+ Ml = 520+ 3 D (2.41)
Summing up (2.41) for i = k(> k +1),--- , g, we have
q
32 I = X | 2> ™ =4l
i=k
< — = 2 — g 4 g — i~ L x|
_ _ _ 8¢
S8 At " Bl VAR Ve [ AV
This, along with gp(f,@(wﬁl) — ﬁﬁ (w*)) > 0, further implies
3 Iy = Xl 723 Iy =4
i=k i=k
8C, (A iiky_ p

<y =+ Il — X+ I = 2+ S (L (") — £a(a7)).

Thus, it follows that

+oo ) +oo ) .
3 lIx{omy = Xl #2 D Iy =l
i=k i=k

_ _ _ 8¢ Aoa
<2ly* — " A iy — Xl T = '

S (P(Lp(@") = Ls(d")).  (242)

Considering k = k + 1 in the relation above, one has

3 Z ||X[1m] 1m]H+2 Z ly ™ =y
i=k+1 i= E+1

< 2yttt —y \|+||Xk1+7i] wll 9 = G2 4 5 (o (L (P HY) = L (10%))).
From Lemma 2.2, this immediately shows that

—+oo —+o0
k k k k
3 Z ||X[1—;71L] - X[1;m]H +2 Z Iy — ¥ < +o0.
k=k+1 k=k+1
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Thus

+oo +o0

k k Z k k
E:”XDt%__XDmﬂH<:+OOa Hy +1_‘y||<"|-OO
k=0 k=0

—+o0
Combining this with (2.21), we further obtain Y [[\**1 —X¥|| < +00. Meanwhile, noticing that
k=0

”wk+1_qvﬂ

k k k k k k 1
ey Ly v L PU TR

k k k k ) .
<l = X |+ 5T = g5+ I = 5,

therefore,

+o0o
Z |wF T — w| < 400, (2.43)
k=0

and {w*} is a Cauchy sequence. Indeed, with ¢ > p > I, we obtain
qg—1 q—1
Jwt = w?l) = | Yo ah = wb)| < 3t - k.
k=p k=p

+oo
Since (2.43) implies that Y |w**! —w¥|| — 0 as | — +oo, it follows that {w*} is a Cauchy
k=l+1

sequence and hence is a convergent one. From Theorem 2.3, we know that {w*} converges to
a critical point of £3(-). This completes the proof. O
Nextly, we give some sufficient conditions to guarantee the sequence {w*} is bounded.

Lemma 2.5. Assumption H and the following conditions (i)-(iii) are true. Then, the sequence
{wk} is bounded.

(i) fi (i=1,2,--- ,m) are coercive, respectively, i.e., liminf f;(z;) = +oo;
[z || —-+o0

(ii) The relazation factors r and s satisfy (2m+3)s —r >m+2 and s > 5;
(111) gly) == g(y) — ﬁHVg(y)H2 has a lower bound and it is coercive, i.e.,

inf g(y) > —oo, liminf g(y) = +o0.
v llyll—+o0

Proof. Tt follows from £4 (") is monotonically decreasing that Ls(w*) < Lg(0°) = Lg(w®) <
+00. Combining this with (2.11), (2.20) and the condition (ii), we have

La(w®) +Golly* — o~

G k k k = k k ﬁ = k k 2 k k—12
= i(xy) + — Ny Azl 4yt b —l—*H Ajxi + —bH +46 —
;Zlf( ) +9y") —( ;:1 y" —b) 5 ;:1 y A |

C20$™ 1 (28) + gu) — (Vo(s*) + Vo) — VwE), S Ak + 4 —b)
=1

=1
(25 — 1) || = 2 _
+— HE Ai$?+y’“*bH +6olly* — "2
1=1

m
1

Z;fi(xf) +9(y*) - 22— 18

551701) + Vo) = VoI + sl — 42
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— m R R 2
+ MH ;Aixf +yF—b- ﬁwg(yk) +Vo(y*) — W(y’“‘l)}H
> Y Aeh) + 9l0) = =gy T
1=1
1 n n — —
~ G IVew) — Ve I + dollyt — P
(25 — 1)B || — 1 . T
| At b () + Ve - Vet
m %
> filad) + gy) - ﬁuwwn? — ml\yk — "2+ Sollyt — v
=1
— m R R 2
2 2 Ayt = b G Vo) + Vouh) ~ V|

2

m LA
=2 A + 91 + (J0 = g5 It — v
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where the final inequality follows from §p— (Lé)/[(2s— 1)B8] > 0 since §p = [(m+2)L§;]/[(r+s)ﬁ],

(2m +3)s —r > m+ 2 and s > L. Noticing that the lower semicontinuity functions f; are

2
coercive, one has, inf f;(z;) > —oc0 (i =1,,--- ,m). Hence,
z;

{ Qak, - ak yf yF ) < L) = Ls(w?) < +oo,

1
inf f;(z;) > —o0, i=1,--- ;m, inf g(y) > —o0, s > 3
Z; Yy

which implies {z¥} (i = 1,---,m), {y*} and {>_ Azk + ¥ —b— %[Vg(yk) + V(&(yk) —
i=1

2s—1)83

V(y*1)]} are bounded, further, {Vg(y*) + Vo(y*) — Vo (y*~1)} is bounded. Together with
(2.20), it holds that {A\*} is also bounded. Then, {w*} is bounded, and this completes the

proof.

3 Convergence Rate

O

Theorem 3.1 (Convergence rate of Ls(w*)). Suppose that Assumption H holds, and the se-

quence {wk} is bounded. Let Lg() satisfies the Lojasiewicz property at w*. Define T,

Lp(w*) — Lg(w*) with Lg(w*) = lim Lp(w*). There exist § € [0,1) and a > 0, such that,

k—+oo
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for any k > 2,
ol? <Ty_o—Tk,  Vk>E (3.1)

In addition, the following claims are true:
(i) if 0 =0, then Ty, — 0 in a finite number of iterations;
(ii) if 0 € (0, 3], there exists T € [0,1) such that Ty = O(7*) for all k > k;
(iii) if 0 € (3,1), then Ty = O(kY =29 for all k > k.

Proof. From (2.39), we have, for any k > 2,

1 _ _ _ _
3Tzllé"“ll2 <1y = X P+ ™ =y 2+l =522, (3-2)

where ¥ € 9L5(w"*). By (2.12), there exists kg > 2 such that

k

k— _ _ _
3¢fiamg = X 12+ 9% = 651+ g =y

1
2 < g(rk_Q —T'p), Vk>ky. (3.3)

Together with (3.2), we have

1 1
@HE]CH2 < 5@Tk-2 = T). (3.4)
Since Ls(w) satisfies the Lojasiewicz property at w*, w* — w*, Lg("*) is monotonically
decreasing and L (") — Lg(*) as k — +oo, then there exist k > ko, € > 0, 6 € [0,1) and
¢; > 0 such that d(w*,0*) < e and |Lg(0"*) — Ls(*)|? < ¢; - d(0,0Ls(w"*)) for any k > k. Tt
follows that

7 < ||e|? with & € aLs(a"), Yk > k.
Combining this with (3.4), one further yields

1)
3¢} (2

20 <Th_o—T.

Denote a = 3615%, we get (3.1).

(i) Case § = 0. We assume that I', > 0 for any k¥ > k. From (3.1), we have 0 <
a < T'y_9 — 'y, which actually contradicts the fact that the right hand side converges to 0 as
k — +o0o. Hence, there exists k > k such that 'y =0 for any k£ > k.

(i) Case 6 € (0,3]. Then 20 — 1 < 0. Let k > k + 1 be fixed. Since {I';},~; is a
monotonically decreasing sequence, we have I'; <T'; for ¢ = k+1,k+2,---, k. This, together
with (3.1), yields

1

20—-1 20—1 :
ol™s Fk S al’ Fk S Fk,Q — Fk 1.e. Fk S ———5 1l k—2.
k k ’ ’ 1 +O[F29_1

We rearrange this to obtain two situations:

o If k — k is odd, then

]_—‘v
Iy < Fk_;efl S Fk_;éfl ;S0 s 212)_11 T
1+ al? (1+al2’"1) (L+al3m )=
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o If £k — K is even, then

kaz Fk74 ]‘—‘lvc
Fk§1+ 20-1 = F29_12§.-.§ 201y E=k
aey (I4+al'77) (I+al777)

Let 7 := (W)l/z S (0, 1) Then
k
max{Fj:OSjglvc} _maX{Fj:OSjgk} &

Ty < h _
kak k

T

(iii) Case 6 € (3,1). Then v :=1— 26 < 0. From (3.1), we get
a< (Do~ VE>k (3.5)

Define h(t) = t=2% for t € [0, +00). Clearly, h is monotonically decreasing as h'(t) = —20t~(1+20)
< 0. This further gives h(I'y_2) < h(T'y) for any k > k as I'j, is monotonically decreasing, and
s0 h(Tk—2) < h(t), t € [['k,Tr—2]. We consider two situations as follows.

e Assume that h(I'y) < 2h(I'y_s) for any k > k. This, together with (3.5), gets

Tr_2 Fr—2
a < 2(Fk_2 — Fk)h(rk_g) :2h(Fk_2)/ 1dt < 2/ h(t)dt
r

Tk k

Fhoz 20 2 1-20 1-20
:2/F t dt:m(rkq -7,

k
which implies that

(20— 1)

0<
2

<TI0 1%
Denote i = w > 0, one has
0<p<T{-TY ,  Vk>k (3.6)

e Assume that h(I'y) > 2h(T'x—2). Then I‘;Qe > 21“,?32. This is equivalent to %I‘ng > F%e,
which by raising both sides to the power % and letting ¢ = (1/2)ﬁ leads to g’y _o > T'j. Since
¢’TY 5 < T% we have (¢ — 1)I'Y , <TY{—T% ,. Inviewof ¢ —1 > 0 and I'), — 0" as
p — +00, there exists i such that (¢¥ — 1)I'}_5 > i for any k > k. Thus, we obtain

0<p<T¥—TY , VEk>Ek (3.7)
In both situations above, we get

0 <min{g, p}=p<T7-T7 ,, Vi>k,

where fi and f1 are defined as in (3.6) and (3.7), respectively. Summing up inequality above for
i=k+1,---  k+1(>k+1), we get

k41
> (T TV o) = (Tf +T5) — @ +TY_) > p(k—k+1).
i=k+1
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This, together with I'y,_1 > I'y, (for any k) and v < 0, further gives

M 1 v v v 1.
§(kz—k‘+1)§Fk+1—Fk71§Fk+l, Vk > k.
Then,
. 1/v . 1/(1—26)
Tipr < g(kkarl)} - {%(kfkﬂrl) = O((k +1)/(=20)),
So, the claim (iii) is proved. O

Lemma 3.2. Suppose that the Assumption H holds, Eg( ) is a KL function, and w* is the
unique limit point of {w*}. Then, there exists k > 2 such that

|w® — w*|| = O(max{e(I'y), VTr_2}), Vk >k, (3.8)
where Ty, = L") — Lg(0*) with Lg(w*) = khr}_l Ls(*), ¢e =, with n > 0.
— 400

Proof. Let ko > 1, such that {Tk} >k, is a monotonically decreasing sequence, and from (3.3),
there exists k > k:o + 1 such that, for any k > k,

_ _ _ _ 3 3
|mﬁw—xﬁ;m+nw—ykHLHWk1—ykﬂhs¢5wk2—rwfs¢gw2. (3.9)

On the other hand, for ¢ > k, one has

q q
D Iy = Xl 2 Do = Kra | = 1]y = X )
i=k i=k
=lion) = Xt = 13y = X -

Letting ¢ — 400 in the relation above, we give

Z ||X[1 :m] X[l m]” 2 ||X [1:m] — X[1 m) || - qhm ||Xq1+711] Xrl:m] H = Hxﬁ:m] - Xrlzm]”' (310)

Similarly,
too )
SOl =yl =k -yl (3.11)
i=k

To proceed, from (2.42), (3.10) and (3.11), we have

* * — 1 —
I8y = o]+ 155 = 57 < (= 0 Sy — b+ 55 = 211

4C A ~ A Ak
+ elLpih) - £o(i"))
Together with (3.9) and the definition of I'y, one has

15y = X | + 19" = 97 < LoTr) +1/3Tk—2 = O(max{p(Ty), VTi2}). (3.12)
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Additionally, by relations (1.15) and (2.20), we get

Il = [Vat) — Pal) + 80 - (30 At~ )+ 0 1))

which implies,
IN* = X[ =0 (% {1m) = X1 ) + OUly* =y ) + Olly* " = y*[])
=0(max{o(T), V/Tk—2}).

Together with (3.12), we obtain
|wk — w*| = O(max{e(Ty), VTr_2}), VEk>E,

and relation (3.8) holds true. O

Theorem 3.3 (Convergence rate of quuence). Suppose that the Assumption H holds, and w*
is the unique limit point of {w*}. If Lg() satisfies the KL property at w*, and the associated
function

o(t) =t :[0,7) — [0, +00) with 6 € [0,1),

then there exists k > 2 such that the following results hold:
(i) if @ =0, then w* converges to w* in a finite number of iterations; 5
(ii) if 0 € (0,3], there exists 7 € [0,1) such that [|w* — w*|| = O(+%) for all k > k;
(iii) if 0 € (3,1), then [|w* — w*| = O(kT2%) for all k > k.

k

Proof.  Since Ls(w*) converges to Lz(w*), klim Wk — w*, and Lg(h) satisfies the KL

—+00
property at w*, we conclude that there exist € > 0, n > 0, ¢ € =, and k > 2 such that for any
k >k, dw,w*) <€ Lg(w*) < La(i*) < Lg(*) 4+ n, and the KL property
@' (T1) - d(0,0Lz("%)) > 1 (3.13)
holds. Now, let 6 € [0,1) and ¢(t) = tl_g,vthen o(t)y=(1- 9)75?9. This together with (3.13),
further yields T} < d(0,0Lp(w")), ¥ k > k. This implies that Lg(ib) satisfies the Lojasiewicz
property at w* for all k > k with ¢; = 1.
On the other hand, the associated function ¢(t) = t'=% : [0,1) — [0, +00) with 6 € [0,1),

then ¢'(t) > 0. Together with Lemma 3.2 and {T'x} is a deceasing sequence, where I';, =
L) — L(w*) with Lg(b*) = klirf L"), the relation (3.8) leads to
—

w* — w*|| = O(max{p(Tx_2), VTr_2}), VEk >k

Then, together with the definition of ¢, we have
|w® — w*| = O(max{T}=5, \/Tk—2}), VE> k. (3.14)

Based on the relation (3.14) and the fact that Eg(w) satisfies the Lojasiewicz property at
@* for all k > k, and with the help of the relevant conclusions of Theorem 3.1, the proof is
further completed.

(i) If 0 =0, then 'y — 0 in a finite numbers of iterations. Then, from (3.14), w* converges
to w* in a finite numbers of iterations.

(i) If 6 € (0,1], then by (3.14), we further give max{l} % /Th 2} = /Tr_2. Let
#:=72. By Theorem 3.1 (ii) for any k> kit holds [|w* — w*|| = O(7%).

(iif) If @ € (4, 1), then for any k > k, from (3.14) and Theorem 3.1 (iii), we get [|[w* —w*|| =

1— 9

O(k1=29) holds. O
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4 Numerical Experiments

In this section, we conduct numerical experiments to show the performances of BPSADMM.
All experiments are run in MATLAB R2014b on a 64-bit Dell laptop with Intel(R) Xeon(R)
E-2186M CPU (2.90 GHz), 128.00 GB RAM and Windows 10 operating system.

4.1 Implementation Details

Testing model. We consider the following three-block robust principal component analysis
(PCA) nonconvex optimization model™® 24 from the application of matrix decomposition,

. 1/2 , W 2 _
min |Lle + 2S5 + 51T~ MlF, st L+S=T, (4.1)

where M € RP*"™ is the given observation matrix, L, S,T € RP*™ are decision making matrices
min(p,n)
(variable), low-rank term ||Lllg := > \ai(L)|1/2 with o;(L) is the singular value of the
i=1
low-rank matrix L, sparse term ||S||}§§ = Z Z 1S:;11/2, v is a trade-off parameter between
=1 ]_

IL||@ and ||SH}§§, w is a penalty parameter related to the noise level, and || - || denotes the

Frobenius norm of matrix, i.e., ||A|r = ||(ai;)||lFr =

The model (4.1) is a three-block case of the problem (1.2) discussed in this work. | - ||2

norm and inner product operator in vector space R™ are extended to Frobenius norm and
P
(A,B) =>" Z a;;b;; in matrix space RP*™, respectively, and the ALF of model (4.1) is given

1=17=1
by

1/2 , W B
Lo(L,S.T,0) = |Llls + 7S5 + ST = MIF = AL+ =T) + ZIIL+5 ~ T}

Applying BPSADMM to solve model (4.1), and according to different positions of multiplier
)\k“‘%, the following two iterative schemes are obtained.

BPSADMM-I:
LFtL = argmm Ls(L, Sk, Tk \F) + n HL - Lk||2F}7
ARtz = £\ rﬁ(Lk+1 + Sk —1Tk),
{ (LF+1, 8,7k, AFtE) 4 §||s—sk||}}, (4.2)
Th+! = argmln {ﬁg (LR, SR+ T \F+3) 4 %HT - Tk”%}’
AeFL — Z\e+g sﬂ(Lk+1 4 Gkt Tk+1).

Skt = arg mm

BPSADMM-II:

L441 — argmin { £ (L, %, T% X¥) + ZL|1L - 1¥3.}
S+l — argml {

(LF+1, 8, T \F) + 2||S—Sk||2F},

AR =k Tﬁ(LkJrl 4 SR Tk, (4.3)
Tkt = arg min {»Cﬁ (LF+1, §h+1 1 \kt3) 4 %HT - TkHQF}v

AL = \EHE  gB(LRHT - gL Tkt
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Referring to [27], and noticing that the smooth quadratic characteristic of T-subproblem in
(4.2)/(4.3), the iterations above can be further reduced to

BPSADMM-I:

. B v
L1 —argmin {||Llle — (A, L)+ 1L+ 5% = T3 + | L - L¥3.}
B(TF—SF) + N+ LF 1
:H( 9 )
) B+ B+
Ats =\ pg(LF 4 5k — Tk),

. 1/2 1 s V2
541 = argmin {7[1S]1/5 — W*E, 8) + HIL 48— THE + TS — 543}

(P s (44)
a B+ vy ’ng
T = argmin { ST — M{[F + (N3, 7)o G 4S9 - T T - T
B 3 (Lk+1 + Sk+1) +wM — \ets 4 v TF
N } w4 B+ s ’
ABFL = \R+3 — gB(LRHT 4 GhHT Ry
and BPSADMM-II:
: B v
14+ = argmin { | L]l — (¥, L)+ SI1L+ 8% = T3+ 2L - L4} }
_H(B(Tk—Sk)—i-)\k—l—VlLk 1 )
B B+ ’g-ﬁ-vl
. 1/2 V2
St = argmin {11|S]1}/3 — (\F, S) + SIEFH +8 = T3 + 2)1s — 5*3 }
H(ﬁ(Tk—Lk+1)+)\k+V25k v )
B B+ e CRR2) (4.5)

AbFE = \F — pB(LFHL 4 SEHL T,
74 = argmin {27 MIE+ (0, 1) 4 D g sen g 2 - e )
B (LFH1 4 SFH1) fwM — Me+3 4y, T

= y

w + B + Vs
)\k+1 )\k+2 o Sﬁ(LkJrl 4 Sk+1 Tk+1),

where H(-, 54;) is the half shrinkage operator?7.
On the other hand, for comparison, applying BADMM24! to model (4.1) yields that

Lk+T = argmm {ﬁg (L, S*, Tk \F) + gHL - Lk”%},
Sk+1 — argmm {E/g Lk"'1 S, Tk )\k) + BHS - Sk”%}v
TrH = arg min {LB (LFFE SFHL T AR + HT - Tk”%"}v
AEHL — \E 5(Lk+1 T Y

Similar to the processing technique of (4.2)/(4.3), the BADMM iteration above can be further
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simplified as

et =

5(Tk:75k:)+>\k+ka 1 )
B+ Btp/)
skH:H(ﬁ(Tk_LkﬂjUHupSéﬁ, )

B+p B+p
B (LMY 4 K1)+ wM — N 4 pT*

w+B+p ’
/\k+1 — /\k _ B(LkJrl + Sk+1 _ TkJrl).

Tk+1 —

Parameters setting. In our experiments, taking the observation matrix M = L* +5* + N,
where L* and S* are the original low-rank matrix and sparse matrix that we want to recover
by the model (4.1), respectively, and N is a Gaussian noise matrix. In addition, “rank” denotes
the rank of the low-rank matrix L, and “spr” represents the sparsity ratio of the sparse matrix
S. The MATLAB codes that generate matrix M are shown below.

e [ = randn(p, rank) x randn(rank, n);

e S = zeros(p, n); ¢ = randperm(pxn); K = round(spr * p *xn); S(¢(1: K)) = randn(K, 1);

e 0 =0.01; N =randn(p, n) * g;

e T'=L+4+S5S, M=T+N.

Specifically, we set p = n = 100,300 and 500, and for each dimension, four decomposition
models are tested respectively, namely,

(rank, spr) = (25,0.05), (25,0.1), (30,0.05), (30,0.1).

Moreover, we set v = 07113, w =2, B =25.5. The parameters of BPSADMM-I and BPSADMM-
IT are chosen as r = s =1, v; = 0.3 and v = v3 = 15. For BADMM (4.6), the parameters
are the same as®>¥, that is p = 0.3. The matrices L, S,T are initialized by zero matrices. We

terminate the iteration when the number of iterations Itr > 300 is satisfied.
4.2 Numerical Results

Table 1. Comparison the performance of BPSADMM-I, BPSADMM-II and BADMM

Data BPSADMM-I BPSADMM-II BADMM
Problem size  (rank, spr) Tcpu(s) RelErr Tcpu(s) RelErr Tcpu(s) RelErr
p=n=100 (25, 0.05) 1.38 1.304370e-02 1.39 2.211021e-02 1.45 4.868507e-02
(25,0.1) 1.35 3.514360e-02 1.37 4.047266e-02 1.47 5.815192e-02
(30, 0.05) 1.36 1.745922e-02 1.40 2.622026e-02 1.46 5.481113e-02
(30, 0.1) 1.36 3.631817e-02 1.38 4.310971e-02 1.46 6.391727e-02
p=n=300 (25, 0.05) 11.36 1.713243e-02 12.22 2.058489¢-02 13.49  3.390832¢-02
(25, 0.1) 11.22 4.396118e-02 12.13 4.421682e-02 13.03 3.732762e-02
(30, 0.05) 11.37 1.785201e-02 12.20 2.142713e-02 13.13 3.713961e-02
(30, 0.1) 11.27 4.170349e-02 12.19 4.206969e-02 12.98 4.028103e-02
p=n=>500 (25, 0.05) 31.15 2.573066e-02 32.81 2.742151e-02 35.11 3.420691e-02
(25, 0.1) 31.45 5.110801e-02 32.94 5.018707e-02 34.51 4.101933e-02
(30, 0.05) 3123  2.371600e-02 33.44  2.567142e-02 35.70  3.696487e-02
(30, 0.1) 31.09 4.658065e-02 33.36 4.619092e-02 34.89 4.284460e-02

In this subsection, we present some simulation results for the robust PCA model (4.1). To
describe the quality of recovery, we use the relative error as a performance measure, i.e.,
H(L’ S>T) - (L*vs*vT*)HF

(L=, 8 T)|lr+1  ~

RelErr :=
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where L, S and T be a numerical solution of model (4.1).

In the numerical experiment, we use BPSADMM-I (4.4), BPSADMM-II (4.5) and BADMM
(4.6) to test the model (4.1), respectively. The main numerical results are reported in Table
1, and denote the computing time (seconds) of CPU as “Tcpu(s)”. As can be seen from Table
1, for the “Tcpu(s)”, BPSADMM-I and BPSADMM-II are significantly better than BADMM.
In terms of relative error, the BPSADMM-I and BPSADMM-II are not inferior to BADMM.
In addition, BPSADMM-I is superior to BPSADMME-II. Thus, from the numerical test results
and analysis, it can be seen that the numerical effect of BPSADMM is better than BADMM
for the given test problems.

5 Concluding Remarks

In this paper, combining the idea of symmetric ADMM (in two-block optimization) and the
Bregman distance, we proposed a Bregman-style partially symmetric ADMM (BPSADMM).
Under some suitable assumptions, it has shown that any limit point of the iteration sequence
generated by BPSADMM is a critical point of the problem (1.2). Based on the potential
function satisfies the KL property, we also proved that the iteration sequence generated by
BPSADMM is strongly convergent. Moreover, we analyzed the convergence rate results of both
the potential function and iteration sequences under Lojasiewicz property.

In the following research, we will attempt to establish a more representative method by
adding a multiplier update formula after each subproblem. In addition, we also want to combine
inertial technology to accelerate the iteration and make it get better numerical results.

Acknowledgments. The authors wish to thank the Editor-in-Chief and the two anonymous
referees for their very professional reviews and quite useful suggestions, which greatly helped
us to improve the original version of this paper.
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