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Abstract Let a,b, k be nonnegative integers with 2 < a < b. A graph G is called a k-Hamiltonian graph if
G — U contains a Hamiltonian cycle for any subset U C V(G) with |U| = k. An [a, b]-factor F of G is called
a Hamiltonian [a, b]-factor if F' contains a Hamiltonian cycle. If G — U admits a Hamiltonian [a, b]-factor for
any subset U C V(@) with |U| = k, then we say that G has a k-Hamiltonian [a, b]-factor. Suppose that G
is a k-Hamiltonian graph of order n with n > % + k and 6(G) > a + k. In this paper, it is
> (a—2)n+(b—2)k
= a+b—4

proved that G admits a k-Hamiltonian [a, b]-factor if max{dg(z),da(y)} + 2 for each pair of

nonadjacent vertices z and y in G.
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1 Introduction

We consider finite undirected graphs which have neither loops nor multiple edges. Let G be
a graph. We use V(G) and E(G) to denote its vertex set and edge set, respectively. For any
x € V(G), we denote by dg(z) the degree of z in G, and by §(G) the minimum degree of G.
For any X C V(G), we use G[X] to denote the subgraph of G induced by X, and write G — X
for G[V(G) \ X]. For disjoint vertex subsets S and T of G, we write Eg(S,T) = {zy € E(G) :
x € S,y € T} and set eq(S,T) = |Eg(S,T)|. Let A be a real number. Recall that [A] is the
least integer such that [A] > A

Let a and b be two positive integers with a < b. Then a spanning subgraph F' of G satisfying
a < dp(x) < b for any x € V(G) is called an [a, b]-factor of G. An r-factor is an [r,r]-factor.
A graph G is called a k-Hamiltonian graph if G — U contains a Hamiltonian cycle for every
subset U C V(G) with |U| = k. An [a, b]-factor F of G is called a Hamiltonian [a, b]-factor if F
contains a Hamiltonian cycle. If G — U has a Hamiltonian [a, b]-factor for any subset U C V(G)
with |U| = k, then we say that G admits a k-Hamiltonian [a,b]-factor. A k-Hamiltonian r-
factor is a k-Hamiltonian [r,r]-factor. In particular, a O-Hamiltonian graph is said to be a
Hamiltonian graph; a 0-Hamiltonian [a, b]-factor is a Hamiltonian [a,b]-factor.

Orel'] obtained a classic sufficient degree condition for a graph to have a Hamiltonian cycle.

Theorem 1.1["), Let G be a graph of order n. If G satisfies
de(x) +da(y) >n

for each pair of nonadjacent vertices x,y € V(G), then G has a Hamiltonian cycle.
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Cai, Li and Kanol? presented a result on the existence of Hamiltonian [k, k + 1]-factor in a
graph.
Theorem 1.2, Let k > 2 be an integer and let G be a graph of order n > 3 with n > 8k — 16
for even n and n > 6k — 13 for odd n. If G satisfies
da(z) +da(y) = n

for each pair of nonadjacent vertices x and y in G, then G contains a Hamiltonian [k, k + 1]-
factor.

Matsudal'?) obtained a sufficient condition for a 2-connected graph to have a Hamiltonian
[k, k + 1]-factor.

Theorem 1.3[', Let k > 2 be an integer and G a 2-connected graph of order n > 3 with
n > 8k — 16 for even n and with n > 6k — 13 for odd n. If G satisfies

n
max{de(z),dc(y)} 2 5
for each pair of nonadjacent vertices x and y in G, then G has a Hamiltonian [k, k + 1]-factor.

Matsudal’l proved the following result on the existence of Hamiltonian [a,b]-factor in a
graph, which is an extension of Theorem 1.3.

Theorem 1.4°). Let 2 < a < b be integers and let G a Hamiltonian graph of order n with
n > %. If5(G) > a and
a-2)

max{dg(z),dc(y)} > at+b—4

for each pair of nonadjacent vertices x and y in G, then G admits a Hamiltonian [a, b]-factor.

For the relationships between degree conditions and graph factors, we refer the reader to
[1, 3, 5, 8, 12, 14, 19, 22, 23, 25]. Some other results on factors of graphs see [4, 6, 13, 15—
18, 20, 21, 24]. We verify the following theorem, which is a generalization of Theorem 1.4.

Theorem 1.5. Let a,b, k be nonnegative integers with 2 < a < b, and let G a k-Hamiltonian
graph of order n with n > (a+b74)g2_a;b+k76) +k Ifo(G) > a+k and

(a—2)n+ (b—2)k
a+b—4

max{da(r),da(y)} > +2

for each pair of nonadjacent vertices x and y in G, then G admits a k-Hamiltonian [a, b]-factor.

If £ = 0 in Theorem 1.5, then Theorem 1.4 is obtained immediately. Hence, Theorem 1.4 is
a special case of Theorem 1.5. Unfortunately, the author does not know whether the result on
Theorem 1.5 is sharp or not.

2 The Proof of Theorem 1.5

The Proof of Theorem 1.5 relies on the following theorem, which is a special case of Lovasz’s
(g, f)-factor theorem!™.

Theorem 2.1, Let 1 < a < b be integers and let G be a graph. Then G admits an [a, b]-factor
if and only if
6c¢(S,T) =b|S|+dg-s(T) —alT| = 0

for any disjoint subsets S and T of V(G).
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Proof of Theorem 1.5. According to the condition of Theorem 1.5, G admits a k-Hamiltonian
cycle C. Tt is easy to see that C' is a k-Hamiltonian [2, b]-factor of G, and so Theorem 1.5 holds
for a = 2. So we may assume that a > 3.

We write H = G — U, where U C V(G) with |[U| = k. According to the assumption
of Theorem 1.5 and the definition of k-Hamiltonian graph, H has a Hamiltonian cycle C. Set
R=H—-E(C). Notethat V(R) = V(H) = V(G)\U and §(R) = §(H)—2 > 6(G)—k—2 > a—2.

Clearly, G has the desired property if and only if R has an [a — 2,b — 2]-factor. Suppose
that R has no [a — 2,b — 2]-factor. Then from Theorem 2.1, there exist disjoint subsets S and
T of V(R) such that

5r(S,T) = (b—2)|S| + dr_s(T) — (a —2)|T| < —1. (2.1)

We choose subsets S and T such that |T| is minimum.
Claim 1. |T|>b-1.
Proof. Suppose |T| <b—2. Then by |S|+dr_s(x) > dr(z) > 6(R) > a—2forz € V(G)\ S,
we have
0r(S,T) =(b—2)|S] + dr-s(T) — (a = 2)|T|
2|T|S] + dr-s(T) = (a - 2)|T|
= (8| +dp-s() = (a—2)) >0,

zeT

which contradicts (2.1). O
Claim 2. dr_s(z) <a—3for each x € T.

Proof. Assume that dg_g(z) > a — 2 for some & € T. Then the subsets S and T\ {x} satisfy
(2.1), which contradicts the choice of S and T'. O

Claim 3. S # 0.

Proof. Note that |S|+dr—s(z) > a—2for xz € V(G)\S. If S = 0, then we obtain dr(z) > a—2

for x € V(G)\ S, and so dr(T") > (a — 2)|T|. Combining this with (2.1), we have
—120r(5,T) = (b= 2)[S| + dr-s(T) — (a = 2)|T| = dr(T) — (a = 2)|T| = 0,

which is a contradiction. O
Write X = {z € V(G) : dg(z) > [L22rCDE] 4 9} and ¥ = V(G) \ X, and set
Tx=TNXand Ty =TNY.

Claim 4. G[Y] is a complete graph.
Proof. Assume that G[Y] is not a complete graph. Then there exist z,y € Y satisfying

2y ¢ E(G). In terms of the condition of Theorem 1.5, we obtain

(a—2)n+ (b—2)k
a+b—4

max{dg(z),dc(y)} > { -‘ + 2. (2.2)

On the other hand, it follows from the definition of Y that

(a—2)n+ (b—2)k
a+b—4

max{de(x), da ()} < | |+

which contradicts (2.2). O

Claim 5. |§| < [(e=2n(e2k] o
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Proof. Assume that |S| > [W] — 1. In the following, we consider two cases.

Case 1. |S|> f%]

In terms of |S| + |T| + k < n, we have

Or(S,T)

(b—2)|S| 4+ dr-s(T) — (a — 2)|T
(b—=2)[S]+dr-s(T) — (a—2)(n -k —19])
(a+b—4)|S| +dr_s(T) — (a—2)n+ (a—2)k

v

(a—2)n—(a—2)k
> —4). —(q— —
>(a+b-4)- P | +dn-s(T) ~ (a=2)n+ (0 — 2)k
(a—2)n—(a—2)k

> 4. s(T) = (a—2 )
>(a+b—4) P — +dr-s(T)—(a—2)n+ (a — 2)k
:des(T) > O,

which contradicts (2.1).

Case 2. |S| = [Wl -1

In this case, we first verify
dn_s(T) > |T| - 2. (2.3)

For each x € T'x, we have

dr-s(x) 2dr(z) = [S| = du(x) =2 = |S| = da(z) —k =2 — |5
Z[(a—Q)n—&—(b—Q)k" fo_ koo U(a—2)n—(a—2)k" _1)

a+b—4 a+b—4
(a—2)n+(b—2)k (a—2)n—(a—2)k
> — k- 1
- a+b—-4 K { a+b—4 -‘ +
(a—2)n+(b—2)k (a—2)n—(a—2)k
— k- 1 1
” a+b—-4 ( a+b—4 + ) +
=0.
According to the integrity of dg_gs(z), we obtain
dr-s(z) =21
for each x € T'x, and so
dr-s(Tx) > |Tx|. (2.4)

If Ty = 0, i.e., T = T, then (2.3) holds by (2.4). Thus, we may assume that Ty # 0.

Then we have |E(G[Ty])| > W by Claim 4. Since C is a Hamiltonian cycle of H,
|[E(G[Ty]) N E(C)| < |Ty| — 1 holds. Thus, we obtain

dr—s(Ty) = Z dr-s(v) > 2|E(G[Ty]) \ E(C)]|
z€Ty

2Ty |(1Ty | = 1) = 2(1Ty[ = 1) = (ITy| = D(I Ty | = 2) = [Ty| - 2.
Combining this with (2.4), we have
dr-s(T) = dr-s(Tx) + dr-s(Ty) = [Tx| + [Ty| =2 = [T| - 2.

According to this inequality, (2.1), |S|+ |T|+ %k < n and n > (“+b_4)§)2f;b+k_6) + k, we obtain

—126r(S,T) = (b= 2)[S| + dr-s(T) — (a — 2)|T|
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v

(b—=2)IS|+|T| -2~ (a = 2)IT|
(b=2)I5] = (a =3)[T| -2
(b=2)I5] = (a=3)(n—k—|S]) -2
(

(

%

a+b—"5)S|—(a—3)n+(a—3)k—2

a+b—5)([(“‘2)”_(“_2)k] 1) ~(a—Bn+(a— 3k -2

a+b—-4
Z(a+b75)((aii)j_;£a472)k 71> —(a=3)n+(a—3)k—-2
:(b_i)igfb;m—(a+b—3)z(2a+b+k—6)—(a+b—3)
=a+k—-32>0,
which is a contradiction. 0

Claim 6. |Tx|>1.
Proof. Assume that |Tx| = 0. Then T = Ty. Combining this with Claim 4, we obtain

) = =L,

Since C is a Hamiltonian cycle of H, |E(G[T]) N C| < |T| — 1 holds. Thus, we have
dr—s(T) 2 2| E(G[T)) \ E(C)| = |T|(IT| = 1) = 2(IT] = 1) = (IT] = D(|T| - 2). (2.5)
Using (2.1), (2.5), Claims 1 and 3, we obtain
—120r(5,T) = (b= 2)[S| + dr—s(T) — (a = 2)|T|

>(b=2)|S|+ (IT| = )(T| = 2) = (a = 2)|T| = (b= 2)|S| + |T* — (a+ 1)|T| +2
>(b=2)+|T1* = (a+ DIT|+2> |TP° = (a+ D|T| +a = (IT] - )(T| - a) >0,

which is a contradiction. O
Claim 7. |Ty| > 1.

Proof. Assume that |Ty| = 0, i.e., T = Tx. According to Claim 2 and the definition of T,
we have

(a—2)n+(b—2)k (a—2)n+(b—2)k
< <
a+b—4 +2_[ a+b—4 —‘+2_dG(x)
<du(z)+k=dr(x)+2+k <dp_s(x)+[S|+2+k<|S|+k+a—1

for any « € T, which implies

(a—2)n+ (b—2)k
> - - .
dp-s(o) > PP S| (2.0
for any x € T, and
-2 -2
(a=2n+ =2k 1} 4pa<1. (2.7)

a+b—4
It follows from (2.6), (2.7) and |S| + |T| + k < n that

51(S,T) =(b = 2)|S| + dn_s(T) - (a — )T
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> - 2]+ (2L DR g ) (@ -2
—(b—2)|S| + ((“’?iﬁl’; 2k _ s ~k—a+2)|T]
>(b—2)[S| + ((“_i)i;:fb; 2)k 18|~k —a+2)(n 5|~ k)
—(b—2)IS| + ((“_Z)ng‘: 2k g —at2)(n 15| - ).

Let f(|S]) = (b—2)\S|+(W—|S|—a+2)(n—|S|—k). Using n > (atb=)(atbith=6)
k and Claim 5, we obtain

(a—2)n—(a—2)k

f(S)=a+b—44+k—n-— + 2|5|

a+b—4
(a—2)n—(a—2)k (a—2)n—(a—2)k
< _ o — _
Sat+b—d+k-n a+b—4 +2([ a+b—-4 -I 2)
(a—2)n—(a—2)k (a—2)n—(a—2)k
<atb—dh oo S SEISET SR (ST EE )
:—(b—2)n+(b—2)k+a+b_6

a+b—4
<-—(2a+b+k—6)+a+b—6=—(a+k) <0,

and so

sy 2 ([ Dno 0= Dk) ) ez @k )

a+b—4 a+b—4
—b- (2 ) s (S 2 )
(b=2)n—(b—-2)k
= P — —a—b+5

>2a+b+k—6)—a—-b+5=a+k—1>0,

which contradicts (2.1). O
Claim 8. |Ty|<a+k.
Proof. Suppose that [Ty | > a + k + 1. Note that Ty # 0 by Claim 7 and G[Ty] is a complete
graph by Claim 4. Thus, we obtain

dR_s(:I:) > dH_S(l‘) —2> dG_S(x) —k—-2> (|Ty| — 1) —k—-2>a-2

for each x € Ty C T, which contradicts Claim 2. O

Note that dg(z) > (((‘72&)1#] + 2 for any x € Tx. Hence, we have

drp—s(z) >dy_s(z) —2 > dg_s(x) —k—2>dg(x) = |S| -k —2
[(a— 2n+ (b—2)k
a+b—4

>

W — S| -k (2.8)

for any x € Tx. From (2.8) and Claim 2, we obtain

[(a—Q)n—f— (b—2)k

" ]—|S|—k—a+2§—1. (2.9)
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In terms of (2.9) and Claim 5, we have a > 5.
It follows from (2.1), (2.8), (2.9), Claims 5 and 8, |Tx| < n—k — |S| — [Ty| and n >

(a+b— 4)5)2a;b+k 6) + k that

1 263(S,T) = (b 2)|S| + dr_s(T) — (a — 2)|T|
—(b—2)IS|+ dr—s(Tx) — (a — 2)|Tx| +dr—s(Ty) — (a — 2)|Ty |

> - 28]+ ([T O] g1 kot ) 1| — (a - 2Ty

at+b—4

Z(b—2)|5|+([(a_?iﬂl’;”ﬂ—|5|—k—a+2)(n—k—|5|—|:ry|)
— (a—2)[Ty|
-t (2D (2 e
o ?H}(Z \S| T]) ~ (a - 21Ty
26— 2)fs)+ ([0 DR gy g ) ([lem 2 e m B
v i)+b(b4 ~ 18] = 1Ty]) = (a = 2)[Ty|
- ([ )y ([l a2
—|S|—2)((b_i)i;£b4_2)k—\Ty|—a+6)

(- ay(P2ODE ) 4 9) (- o)y
>(b—2)|S] + q(a—i)i;ﬁa; Q)kw 1) 72)<(b71)1;£b47 L
—a+6)—(a—4)((b_i>i;£b4_2)k—|Ty\+2)—(a—2)|TY|
:([(G_?Z;z_mw—\Sl—Q)((b_i)ngb;Q)k—ITY\—a+6)
Sl gy
+2((b*i)i;£b4*2)kfafb—|Ty|+6)

([ ] ) (2 )

_(b_2)<{(a—2)n—(a—2)k" —|S|—2>

a+b—4
+2((b_i)j_;£b4_ 2)k —a—b—|Ty| —|—6)
(B g (I ey
+2((b_i)igfb4_ 2k b1y +6)

2(““?&% Q)kw — 9] _2)((b_ ?i;f’: 2k ~2a-b-k+8)
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b—2)n—(b—2)k
2 —2a—b—
+2( Py a—b—k+6)
>0,
which is a contradiction. This completes the proof of Theorem 1.5. 0
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