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Abstract Let a,b and k be nonnegative integers with @ > 2 and b > a(k + 1) + 2. A graph G is called a
k-Hamiltonian graph if after deleting any k vertices of G the remaining graph of G has a Hamiltonian cycle. A
graph G is said to have a k-Hamiltonian [a, b]-factor if after deleting any k vertices of G the remaining graph of G
admits a Hamiltonian [a, b]-factor. Let G is a k-Hamiltonian graph of order n with n > a+ k+ 2. In this paper,
it is proved that G contains a k-Hamiltonian [a, b]-factor if 6(G) > a+ k and 6(G) > I(G) > a—1+ %.
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1 Introduction

We begin with notations and definitions. In this paper, we consider only finite undirected
graphs which do not contain loops and multiple edges. Let G be a graph. The vertex set and
edge set of a graph G are denoted by V(G) and E(G), respectively. For any = € V(G), we
denote by dg(z) the degree of z in G, and by Ng(z) the set of vertices adjacent to x in G. For

any X C V(G), Ng(X)= |J Ng(z), G[X] denotes the subgraph of a graph G induced by
reX
X and G — X denotes the subgraph of a graph G induced by V(G) \ X. The minimum degree

and the maximum degree of a graph G are denoted by 6(G) and A(G), respectively. We use
i(G) to denote the number of isolated vertices in a graph G. The isolated toughness I(G) of a
graph G was first introduced by Ma and Liul'¥,

X CV(Q), i(G—X) > 2},

if G is not a complete graph; otherwise, I(G) = +o0.

A subset X of V(G) is said to be an independent set (a covering set) of G if each edge of
G is incident with at most (at least) one vertex of X. It is easy to deduce that a subset X of
V(G) is an independent set of G if and only if V(G) \ X is a covering set of G.

Let a < b be two positive integers. A spanning subgraph F' of a graph G with a < dp(z) <b
for each z € V(G) is called an [a, b]-factor. Especially, an [r, r]-factor is simply called an r-
factor. An [a,b]-factor including a Hamiltonian cycle is called a Hamiltonian [a, b]-factor. A
graph G is a k-Hamiltonian graph if G — U contains a Hamiltonian cycle for any U C V(G)
with |U| = k. We say that a graph G includes a k-Hamiltonian [a, b]-factor if G — U admits
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a Hamiltonian [a, b]-factor for all U C V(G) with |U| = k. It is obvious that a 0-Hamiltonian
[a, b]-factor is simply called a Hamiltonian [a, b]-factor.

Many authors investigated factors and fractional factors of graphs,
and Hamiltonian factors [ 3 1516201 ip graphs. Some results on the relationship between
graph factors and isolated toughness see 2 13> 1 In this paper, we show a new result on the
relationship between graph factors and isolated toughness, which is the following theorem.

[4-6, 8, 9, 11, 12, 1719, 21-27]

Theorem 1.1. Let a,b and k be three nonnegative integers with a > 2 and b > a(k + 1) + 2,
and let G be a k-Hamiltonian graph of order n withn > a+k+2. Then G has a k-Hamiltonian
[a,b]-factor if §(G) > a + k and §(G) > I(G) > a — 1 + “PED,

If £k =0 in Theorem 1.1, then we obtain the following corollary.

Corollary 1.2. Let a and b be two nonnegative integers with b —1 > a > 2, and let G be
a Hamiltonian graph of order n with n > a + 2. Then G has a Hamiltonian [a,b]-factor if
0(G)>1(G) >a—1+;%.

2 The Proof of Theorem 1.1

We use the following lemmas to prove Theorem 1.1.

Lemma 2.1 ([10]). Let G be a graph, and let a and b be two nonnegative integers with a < b.
Then G contains an [a,b]-factor if and only if for each subset S of V(G),

a|T| — da-s(T) < blS],

where T ={z:x € V(G)\ S,dg-s(z) <a—1} and de_s(T) = Y da—s(z).

zeT
Lemma 2.2 ([7]). Let H be a graph, and let a be an integer with a > 1. Let Ty, To, -+ ,Ty—1
be a partition of V(H) satisfying du(x) < j for Vx € T; (where T; may be empty sets),
7=1,2,--- ;a—1. Then there exist an independent set I and a covering set C of H satisfying

where i; = [INT;|, ¢;=|CNT;|, j=1,2,-- ,a—1.

Lemma 2.3 ([20]). Let a and b be two integers with 2 < a < b, and let G be a graph of order
n withn > a+ 2. If G is complete, then G includes a Hamiltonian [a, b]-factor.

Proof of Theorem 1.1. For any U C V(G) with |U| =k, G' =G — U. Obviously, G’ includes
a Hamiltonian cycle C. Set H = G’ — E(C). It is easy to see that V(H) =V (G') = V(G)\U
and 6(H) =46(G") —2>(G) —k — 2.

Assume that G is a complete graph. Then G’ also is a complete graph. It follows from
Lemma 2.3 that G’ has a Hamiltonian [a, b]-factor, and so G has a k-Hamiltonian [a, b]-factor.
In the following, we assume that G is not a complete graph. Clearly, G includes the desired
factor if and only if H has an [a — 2,b — 2]-factor. By way of contradiction, suppose that H
has no [a — 2,b — 2]-factor. Then from Lemma 2.1, there exists some vertex subset S’ of H
satisfying

(a—IT| — di_s(T) > (b - 2|5, (2.1)

where T ={z: 2z € V(H)\S', dy_s/(x) < a—3}. Accordingto H = G'—FE(C) = G-U—-E(C),
we have
dy—s/(z) > da—s/(v) =2 =dg_y—s(x) — 2
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for each x € T. We write S = S" UU. Then we obtain
dg_s(z) <dg_g(z) +2<(a—3)+2=a-1, (2.2)
for each z € T. Tt follows from (2.1), (2.2), [U| =k and S = S’ UU that
a|lT| —dg-s(T) > (b—2)|S| — (b —2)k. (2.3)

Claim 1. |S|>k+1.
Proof. Note that S = 5" UU and |U| = k. Hence, we have |S| > k. Assume that |S| = k. In
terms of 0(G) > a + k, we obtain

dg-s(z) = dg(x) = |S] = 0(G) — |S| = a

for any x € T, which contradicts (2.2). Thus, we have |S| > k + 1. Claim 1 is proved. O
Claim 2. (b—2)[S| - (b—2)k > ©25L
Proof. It follows from Claim 1 that
b—=2)k+D|S|—(b—-2)k(k+1)—(b—2)|S|=(b—-2)k|S|— (b—2)k(k+1)
=(b—=2)k(|S| = (k+ 1)) = 0,

that is,
(b—2)|5|
b—2)|S|—(b—2)k > —-—
(-2 - 6 -2k 2
The proof of Claim 2 is complete. O
According to (2.3) and Claim 2, we obtain
(b—2)|5]|
—dg_ —_ 4
ofT| —da-s(T) > ——4 (2.4)

We write T; = {z : © € T, dg-g(z) = j}, and |T}| = ¢t;, j = 0,1,---,a — 1. Let
H=GThUT,U---UT,_q]. Apparently, dg(z) < j for any = € T;. In terms of Lemma 2.2,
there exist an independent set I of H and a covering set C' satisfying

a—1 a—1
> (a—j)e; <D (a—1)(a— j)ij, (2.5)
j=1 j=1

where i; = |INT;|, ¢; =|CNT}|, j=1,2,---,a—1. We may assume that I is a maximum

independent set of H. Then C = V(H) —1I, and so t; =i;+¢;. Set W =G — (SUT) and
a—1
Q=SUCU(Ng(I)nV(W)). Note that |C| + |[Nc(I)NV(W)| < > ji;. Thus, we obtain

j=1
a—1
QI < IS+ jis (2.6)
j=1
and
a—1
i(G=Q)>to+ Y i, (2.7)
j=1

where tg = |Tp|. In the following, we consider two cases.

Case 1l. i(G—Q)>2o0ri(G—-Q)=0.
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In this case, the following inequality obviously holds

@l = I(G)i(G - Q). (2.8)
a—1
Note that a|T| — dg—s(T) = ato + >_ (a — j)t; and t; = i; + ¢;. It follows from (2.4) that
j=1
a—1 a—1 (b—2)|S|

According to (2.6), (2.7) and (2.8), we have
a—1
11> 1(G) (to + sz) -3 i
j=1

Combining this with (2.9), we obtain

a—1 a—1 a—1
N . b—2 .
ato+Z(a—])1j+Z(a—j)cj> Pl ( (to—kZz])—Zﬂj).

j=1 j=1 j=1
In view of I(G) 2a—1+%, a>2andb>a(k+1)+2, we have

b—2 b—2 alk+1)\  (a—1)(b—2)

—I(G)>—(a—-1 =

Pl )*k+1(a b—2 ) 1 ¢

—1 1
_—a(a )b+ )+a=a2>a.
E+1

Thus, we obtain

a—1 a—1 a—1

D (a— )i+ _(a =i, k+1( sz > iis).

Jj=1 j=1 j=1
Combining this with (2.5), we have

a—1 bh_2 a—1 — a—1
(a’_l)(a’_])lj> k+1( Z’LJ Z]ZJ) Z ZJ’
Jj=1 j=1 j=1 j=1
that is,
a—1 .
_(b=2)j Y
( k + 1 P a(a ]))zj < 0. (2.10)

j=1

Using (2.10), 6> a(k+1)+2,0<j<a—land I(G)>a—1+ a(bk_gl), we obtain

a—1 .
(b-2)I(G) (b-2)j N\
0>;( e ala =),
L 0-DIG) 5 alk+1)—b42 Y,
=>( k+1 ¢ k41 i)is
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(@) alk+1) —b+2 .
—Z< I<:+1 —a*+ k+1 (afl))zj

*Z( k+ 1 - *kl)fbf . - )i

Z;( — —1+ (k+1))_(a_1)(b_2)—a)ij

k+1 k+1
:07

which is a contradiction.
Case 2. i(G—-Q)=1
In terms of (2.7), we obtain

a—1
Z’L(G—Q) > t0+2ij.

j=1

Subcase 2.1. ¢y =i;=0forall j =1,2,--- ,a—1.
In this case, it is obvious that T = ). Combining this with (2.4), Claim 1 and b > a(k +
1)+ 2 > a+ 2, we have

(b—2)|5]

=a|T| —dg-s(T
0= al| — do-s(T) > 21

>b—2>a>0,
which is a contradiction.
Subcase 2.2. tp=1land¢; =0forall j=1,2,---,a—1
Clearly, T is an isolated vertex, and so dg—g(T') = 0. It follows from (2.4), b > a(k+1)+2 >
a + 2 and Claim 1 that

(b—2)|s]

=a|lT| —dg-s(T
a=alf| —do-s(T) > “

Z b - 2 Z a,

which is a contradiction.

Subcase 2.3. There exists some jo € {1,2,--- ,a — 1} satisfying i;, = 1, and t, = 0.
Obviously, Tp = 0 and H is a complete graph. Thus, we may write I = {v}. Note that

C =V(H) — I is a covering set of H. Then we obtain

QI = [SUCU(Na(v)NVIW))| = IS+ da-s(v) = da(v) = 6(G) = I(G). (2.11)

According to (2.11) and (G —Q) = 1, (2.8) holds. Then we may obtain some contradictions
by using the same method as Case 1. This completes the proof of Theorem 1.1. O
Finally, we present the following problem.

Problem. Let a,b, k be three nonnegative integers with @ > 2 and b > a(k + 1) + 2, and let
GG a k-Hamiltonian graph of order n with n > a + k + 2 and 6(G) > a + k. For any little real
€>0,00G)>I(G)>a—-1+ (k'H) — €. Does G include a k-Hamiltonian [a, b]-factor?
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