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Abstract In this paper, we study the periodic solutions to a type of differential delay equations with 2k — 1
lags. The 4k-periodic solutions are obtained by using the variational method and the method of Kaplan-Yorke
coupling system. This is a new type of differential delay equations compared with all the previous researches.
And this paper provides a theoretical basis for the study of differential delay equations. An example is given to

demonstrate our main results.
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1 Introduction

The differential delay equations have useful applications in various fields such as age-structured
population growth, control theory, and the models involving responses with nonzero delays.

Given f € C°(R, R) with f(—z) = —f(x), zf(z) > 0, = # 0. Kaplan and Yorkel'”) studied
the existence of 4-periodic and 6-periodic solutions to the differential delay equations
a'(t) = —f(z(t — 1)) (L.1)
and
2'(t) = —fx(t — 1)) = fla(t - 2)) (1.2)

respectively. The method they applied is transforming the two equations into corresponding
ordinary differential equations by regarding the retarded functions z(t — 1) and z(t — 2) as
independent variables. They guessed that the existence of 2(n + 1)-periodic solutions to the
equation

2(t) ==Y fla(t—i)) (1.3)
i=1
could be studied under the restriction
z(t—(n+1)) = —z(t), (1.4)

which was proved by Nussbaum!'! in 1978 by use of a fixed point theorem on cones.
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After then a lot of papers!® 17l discussed the existence and multiplicity of 2(n 4 1)-periodic
solutions to equation (1.3) and its extension

n

2(t)=—) VF(x(t i) (1.5)
i=1
where F € CY(RN R), VF(—z) = —VF(z), F(0)=0.
In this paper, we study the periodic orbits to a type of differential delay equations with
2k — 1 lags in the form

2%k—1
2(t) ==Y (1) f(a(t —19)), (1.6)
i=1
which is different from (1.3) and can be regarded as a new extension of (1.3). The method
applied in this paper is the variational approach in the critical point theory!*: 2 18],
We suppose that

f € CO(R7 R)u f(—(,C) = —f(.’IJ) (17)
and there are o, 8 € R such that
lim M =« lim M

Let F(z) = [ f(s)ds. Then F(—z) = F(x) and F(0) = 0. For convenience, we make the
following assumptions.

(S1) f satisfies (1.7) and (1.8),

(S2) |F(x) — %&Uz\ — 00 as |z| = oo,

(S5) £[F(z) — 382% >0, |z — o,

(Sf) £[F(z) — $az? >0, 0 < |z| < 1.

In this paper, we need the following lemma as the basis of our discussion.

Let X be a Hilbert space, L : X — X be a linear operator, and ® : X — R be a differentiable
functional. Besides, P~!: X — X is a linear operator determined by the definition of the inner
product and Ay, A, are defined by

VF(z) = Aoz + o|x]), |z| — 0, (1.9)
VF(z) = Asox + o(|z]), |x| = oo. (1.10)

Lemma 1.1 ([2], Theorem 2.4; [3], Lemma 2.4). Assume that there are two closed S*-invariant
linear subspaces, X and X, and r > 0 such that
(a) Xt U X~ is closed and of finite codimensions in X,
(b)) (X )CX ,L=L+P 'Ayor L=L+ P ‘A,
(c) there exists co € R such that
Iler;(ﬁ ®(z) > co,
(d) there is ¢ € R such that
D(2) <o <P(0)=0, Ve e X NS, ={z X :|z||=r},
(¢) ® satisfies (P.S)c-condition, cy < ¢ < coo. Then ® has at least 1[dim(X+ N X~) —
codimx (X+ U X7)] geometrically different critical orbits in ®1([co, coo)) if
[dim(X*T N X~) — codimx(XTUX™)] > 0.

Remark 1.1. We may use (P.S)-condition (Palais-Smale condition) to replace condition (e)
in Lemma 1.1 since (P.S)-condition implies that (P.S).-condition holds for each ¢ € R.
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2 Space X, Functional ® and Its Differential ¢’
We are concerned with the 4k-periodic solutions to (1.6) and suppose
x(t — 2k) = —z(t), kE>1. (2.1)
Let
X ={z € Cr:a(t—2k)=—z(t)}
z{ i(ai cos (2i+ Lmt +b; sinw) tag, b € R},

— 2k 2k
- 2i + 1)mt 2i + 1)t -
X :cl{ ; (ai cos % + b; sin %) a;,b; € R, ;(22’ + 1) (a? +b?) < oo},

and define P: X — L? by

= + 1) . (20 +1)mt
P(; a; cos + b; sin ok ))

- 2i + 1)t 2i + 1)t
; (2i 4+ 1) (ai cos % + b; sin %) (2.2)

Then the inverse P! of P exists and

o0

P la(t) =

—_

(26 + )7t

+ b; sin (2i+ rt 1)7Tt).

For x € X, define
4k
(2,9} = / Pr(t),y®)dt, o] = Vo),
4k
(2, 4)2 = / @) y@)dt,  zls = V).

Therefore (X, || -|) is an H2 space.
Define functional ¢ : X — R by

1 4k
D(z) = i(Lx, z) + F(z(t))dt (2.3)
0
where
2k—1
Lr=—-pP! z'(t —i). (2.4)
i=1
bet 2i+1 2i+1
X() = {:E(t) = a; cos (%k)?rt + b; sin (%k)?rt tai,b; € R}.
Then we have
oo k-1
X =33 (X +i) + X+ 2k i = 1)) . (2.5)
1=0 =0
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If 2;(t) = CLiCOSM + b m(”;i;)“ € X(i), i € N, we have

La = —;{(gm cot W) (2.6)

Obviously L|x;y : X (i) — X (i) is invertible.
Based on the theorem given by Mawhen and Willem (see [18], Theorem 1.4) the functional
® is differentiable, and its differential is

®'(z) = Lz + K(z) (2.7)

where K (z) = P~1f(z). It is easy to prove that K : (X, || e||?) — (X, || e ||3) is compact.
Therefore, from (2.6) we have that if

> 2i + 1)t 2 + 1)t
“):Z(WSMMQHM),

2 2k 2k
then
= . 2i+ 1)
Loa) = — 520+ D(a? 4+ 02) ot DT
(1) = = S22+ Dl + 1) ot
[e%S) k—1 .
. 21+1
= Z |: — Z(4Zk + 2'& + 1)7T(aglk+i + b%lkﬂ»i) cot %
1=0 =0
= , ) ) (2i+ )7
+ D (dlk + 4k — 2 — )7 (a3 o—i1 + b3ipyo—i—1) COL T} :
i=0
On the other hand,
(P71 Ba,x) = 2kB(a] +1b})
i=0
oo k-1 k—1
= [Z 2k (adyyr; + boygys) + Z 2kB(a3ins2h—i-1 + b%lk+2k—i—1)} :
1=0 =0 i=0
Therefore, we have
(L + P1B), )
co _k—1 .
(4lk + 22 Fr (2i+
=2k Z [Z ( ot —— + 5) (@305 + D3rs)
— (Alk+ 4k —2— D1 (2i+ )7
+ Z ( 5% cot ——— 5) (031 2h—i—1 T Dotpeyon—i— 1)} (2.8)

=0

Lemma 2.1. Fach critical point of the functional ® is a 4k-periodic solution of equation (1.6)
satisfying (2.1).

Proof. Let = be a critical point of the functional ®. Then z(t¢) satisfies

2k—1

—Z (t —i) + f(x(t)) = 0. (2.9)
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Consequently,
2k—1

—th—z—l )+ flz(t—1)) =0, (2.9.1)

2k—1

—th—z—? )+ flz(t —2)) =0, (2.9.2)

2k—1

—Zm t—i—3)+ f(z(t—3)) =0, (2.9.3)

2k—1

— 3" (¢ i~ (2k — 1)) + fla(t — (2k — 1)) = 0. (2.9.(2k-1))

i=0
Calculating (2.9.1) — (2.9.2) + (2.9.3) — -+ - 4+ (2.9.(2k — 1)), we can get

2k—1
() + Y ()T f(a(t—i) =0,

i=1

namely,
2k—1 ,
&'(t) == Y () f(a(t —4),
i=1
which implies that x is a solution to (1.6). O

3 Partition of Space X and Symbols

Let
Alk +2i+ 1 2+ 1
Xt {X 2k +1): 1> 0, 0<i<k_1  AkF2i+r 2+ )”+5>0}
2k ik
. (4lk + 4k —2i — Dr (2 + Dr
—— > <i<k-—
U{X(Zlk+2k i—1):1>0,0<i<k-1, o cot - +ﬂ>0},
Alk +2i+ 1 9 +1
x5 ={X @ik +i):1>0, 0<i<h_1, Hkr2itlm Qi+ )”+ﬁ<o}
2k Ak
, (lk + 4k —2i — Or  (2i+ )7
—i— > <i<k-—
U{X(Qlk:—i-% i—1):1>0,0<i<k-—1, o cot = +6<0},
) Ak +2i+ D)r (2 + Dr
X {X2lk+z 1>0,0<i<k—1,— o cot - —|—a>0}
) (4lk + 4k — 2i — 1)m 2+ D)m
—i- > <i<k-—
U{X(2lk+2k i~ 1):1>0, 0<i<k-—1, o cot - +a>o},
B , , Ik + 2+ ) (2i+ )r
X, :{X(Qlk—l—z):lzo,ogzgkz—l,— ok cot e +a<0}
) . (4lk + 4k —2i — Dr (2 + Dr
— 7 — > <1< k- .
U{X(2lk+2k i—1):1>0,0<i<k-1, o cot - +a<0}
On the other hand,
. ‘ Alk+2i+1)r 20+
0 = 1>0,0<i<k- _ =
X0 {X(2Zk+z) 1>0,0<i<k-—1, o cot == + 8 0}
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, _ (Alk +4k— 2 — Dr (20 + D)r
— 1 — > <1< k— =
U{X(Qlk+2k i—1):1>0,0<i<k-—1, T cot <= 48 0},
‘ . Alk+2i+Dr (204 )7
0 _ > <i<k-— _( =
X0 {X(Qlk Fi):1>00<i<k-—1, o cot == +a 0}
. , (4 + 4k —2i — Dr  (2i+ )7
— 7 — > << k- =
U{X(Zlk+2k i~ 1):1>0, 0<i<k-—1, o cot =" +a 0},

Obviously, dim X2, < oo and dim X§ < oo.

Lemma 3.1. Under assumptions (S1) and (Sz), there is o > 0 such that
(L+P 'Bz,z) >olz||>, z€ XL and (L+ P 'B)z,z) < —olz|?, z€ X, . (3.1)

Proof. First, we have that, for 3> 0,4 € {0,1,--- ,k — 1},

Ak+2i+)r  (2i4+ D7 At (@)k+2i+1)r (24 1w
— t - t 0
ok co P +8> o co P +8>
where [T (i) = max {I € N : - 2D o GHDT 1 55 01 and
Ak +2i+ )7 (2i+ )7 Ak +2i+ ) (2i+ D
— t — t 0
2%k ot TAS 2%k ot TS0
where [~ (i) = min {l{ € N : —(4lk+22,§+1)” cot (Qiikl)ﬂ + 8 <0}.
In this case, we may choose
. T (2 + 1)m I6;
- — — cot
7i mm{ R VT (Vs T
™ (2i 4+ )7 g }
— cot, — >0
2% O ak A= (i)k +2i + 1 ’
and let 0 = min{og, 01, - ,05—1} > 0. The proof for the case 8 < 0 is similar. We omit it.
The inequalities in (3.1) are proved. O

Lemma 3.2. Under conditions (S1) and (S2), the functional ® defined by (2.3) satisfies (P.S)-
condition.

Proof. Let II, N, Z be the orthogonal projections from X onto X1, X, X2 , respectively. From
the second condition in (1.8) it follows that

(P (f(x) - Bo)a)l < Sl + M, zexX (3:2)

for some M > 0.
Assume that {z,} C X is a subsequence such that ®'(x,) — 0 and ®(z,,) is bounded. Let
wy, = Uy, Yy = Nxy, 2n = Zz, . Then we have

I(L+ P '8)=(L+ P 'BI,N(L+P '8 =(L+P'BN. (3.3)
From
(9 (n), ¥n) = (L + P f(x,), zn) = ((L+ Pilﬂ)xn,x@ + (P (f(zn) — Bxy), Tn),
and (3.3), we have

(&' (), 2 ) = (L + P B), ) + (TP~ (f () — Bn), )
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=((L+ P~ Bwn, wn) + (P! (f(2n) — Bn), wn),
and then, by (3.1), we have

(L + P B)wn,wn) + (WP (f () = Ba), wn) > o lhwn> = Ml

which, together with I1®’(z,) — 0, implies the boundedness of w,. Similarly we have the
boundedness of y,,. At the same time, (S52) yields

B

4k
O(zy,) = %<(L + P_lﬁ)xmxn> +/0 F(z,)dt — 5

[EM

= %<(L + P B)wn, wn) + %<(L + P )y yn)
4k

B
) Fzn)dt = 5 ([wall3 + lynl3 + l12013)-

Then the boundedness of ®(x) implies that ||z,||2 is bounded. Consequently, ||z, is bounded
since X2 is finite-dimensional. Therefore, |z, || is bounded.
It follows from (2.7) that

(IT+ N)®'(z,) = (I1+ N) Lz, + (11 + N)Kz,
= L(wp +yn) + (II+ N)Kz,,.

From the compactness of operator K and the boundedness of z, we have that K(x,) — u.
Then

L|m;g+x;o (Wn, +yn) = —(II+ N)u. (3.4)

The finite-dimensionality of X% and the boundedness of z, = Zz, imply 2, — ¢ € X2.
Therefore,

Ty =2p +Wn +Yp = @ — (L|x;+zgo)71(ﬂ + N)u7
which implies (P.S)-condition. O

4 Notations and Main Results of This Paper

We first give some notation.

Denote
— ki; card{l >0:0< (4lk + 42; 2 - r cot (2 Ikl)w < —a}, a <0,
N(a) = kg card{l 200« Wk +22;‘ +r (2 I}:)w - a}’ a0
- kg card{l 50:0< (4lk + 4/{2; 2i— 1) cot (2i Z—kl)w < —5}7 5 <o,
N(B) = k;j Card{l S 0.0 < Wk +22]z'+ Dr (2 I};)w _ 5}, 830,
and
No(a_) = kz_:lcard{l >0:0< (4lk + 4k2; 2i— r cot (2 Ikl)ﬂ = —oz}, a <0,

=0
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k—1

Alk+2i+D)r (204 D)7
0 = E >0: ( = >
N(ay) 2 card{l >0:0< ok cot 0 a}, a>0,
k—1 . .
4k + 4k —2i — ) (2t +1)m
N°(Bo)=>" >0:0< ! S
(8-) 2 card{l >0:0< % cot P B}, 8 <0,
k—1 . .
Alk +2i + 1) 20+ 1)m
0 = E >0: ( = >
N°(54) 2 card{l >0:0< ok cot — B}, B = 0.

Now we give the main results of this paper.

Theorem 4.1. Suppose that (S1) and (S2) hold. Then equation (1.6) possesses at least
n = max {N(8) - N(a) - N°(8_) — N%(a;), N(a) — N(8) — N°(a_) — N°(.)},
4k-periodic solutions satisfying x(t — 2k) = —x(t) provided that n > 0.

Theorem 4.2. Suppose that (S1), (S2), (S5), and (S;) hold. Then equation (1.6) possesses at
least
n=N(B) — N(a) + N°(B;) + N(a-)

4k-periodic solutions satisfying x(t — 2k) = —x(t) provided that n > 0.
Theorem 4.3. Suppose that (S1), (S2), (S5 ), and (S]) hold. Then equation (1.6) possesses at

least
n=N(a) = N(B)+ N°(ay)+N°(5-)

4k-periodic solutions satisfying x(t — 2k) = —x(t) provided that n > 0.

5 Proof of Main Results of This Paper
Proof of Theorem 4.1. Suppose without loss of generality that
n=N(8) — N(a) - N°(8_) — N°(ay).
Let Xt = X1 and X~ = X . Then
X\(XTuX") =X\ (XLuXy) XL uXxJu(xtnxy).

Obviously
codimy (X + X7) < dim X%, + dim X + dim(XZ, N X;) < oo,

o0

which implies that condition (a) in Lemma 1.1 holds. Let A, = . Then condition (b) in
Lemma 1.1 holds since for each j € N, we have that x € X (j) yields (L + P~18)x € X(j).

At the same time, Lemma 3.2 gives the (P.S)-condition.

Now it suffices to show that conditions (c¢) and (d) in Lemma 1.1 hold under assumptions
(Sl) and (SQ)

In fact, condition (S7) implies that on X~ we have ®(z) < 0if 0 < ||z|| <« 1, that is, there
are r > 0 and ¢y, < 0 such that

D(2) <o <0=0(0),VzeX NS, ={xeX:|z||=r}

On the other hand, we have shown in Lemma 3.1 that there is ¢ > 0 such that <(L +
P718)z,z) > o|z|?, = € XL. On the other hand |F(z) — 382?| < iolz|? + My, z € R for
some M; > 0.
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Then

4k
¥(e) = 5L+ P By + [ [Flalo) - 3]

1 1 1
> Solle] - Jollel - 4kMy > Jollo| — 4kMy

if x € X*. Clearly, there is ¢g < co such that ®(x) > cg, z € XT.
Our last task is to compute the value of

[dim(X+ N X") — codimx (Xt + X_)]

[dim(X$ N Xg) — codimx (X, + Xg )]

N~ N~ DN~

“

<
Il
o

By computation we get that, for each : € {0,1,--- ,k — 1},

(L4 P Br) = (- pcot BT O e,

ok Tk Alk+ 2 + 1
x € X(2lk +1),
~ T (2i+Dr 3
(L+P 15)x’x>:(%mt % +41k+4k—2i—1)”x”2’
v e X(2k+ 2%k —i—1),
_ 2i+ ) e
L P 1 — _l ( 2
(L + Pl a)a,z) ( ok Vg 41k+2¢+1)””3”’
x € X2k +1),
_ T (20 + 1) !
(L+Pa)e,z) = (ﬂwt 1k +4lk+4k72i—1)Hx”2’

x e X(2k+ 2k —i—1).

Therefore,
XEQ2lk+1i)=XENX(2k+1i) =0,
XEQ@lk+2k—i—1)=XEINXQ2k+2k—i—1)=X(2k+2k—1i—1),
Xy @lk+14) =X NXQ2lk+1) = X2k +1),
XoQ@Ek+2k—i—-1)=X; NXQ2k+2k—i—1)=10

[ dim(XZ (5) N Xq (7)) — codimx ) (XL, (5) +Xq (§)]-

(5.1)

(5.2)

ifie{0,1,---,k—1} and [ > 0 is large enough, which means that there is M > 0 such
that dim(X (5) N X, (j)) — codimx (XX (§) + X; (j)) =0, j > M, from which it follows that

S
Il
RO =

<
Il
o

[dim(X (5) N Xq (7)) — codimx ;) (X3, (5) +Xq (§)]

I
RO
M=

<
Il
<

[dim X (j) + dim X7 (5) — 2]

Il
D]
M=

<
I
o

[dim X7 () + dim X (§)] — (M + 1).
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Then we have

M
> dim(XZ ()
§=0

s N(B) +card{2lk +2k —i—1:0<2k+2k—i—1< M}, B>0,
7] N(B) = NOB_) +card{2lk +2k —i—1:0<2k+2k—i—1< M}, B<0,

M
> dim(X; (4))
j=0

_g —N(a) — N%ay) +card{2lk +i:0<2lk+i< M}, a >0,
7| —N(a) + card{2lk +i:0 < 2k +i < M}, a <0,

and

M
> [dim XL () + dim X (4)] = 2[N(8) — N(a) = N°(B-) — N°(ay)] +2(M +1).
7=0

Therefore
n=N(8) - N(a) - N°(B_) — N%(ay).

Theorem 4.1 is proved.

399

(5.7)

0

Proof of Theorem 4.2 and Theorem 4.3. Since the proof for the two theorems is similar, we

prove only Theorem 4.2.

Let XT = X1 + X2, X~ = X%+ XJ. Then as in the proof of Theorem 4.1, we check the
conditions (a), (b), (¢), (d), and (e). In the present case, we may suppose that (5.7) still holds

for some M > 0. Let X2 (i) = X2 N X (i), X{(i) = XJ N X (i). Then

M

DN =
S
Il
(e}

I
N | =

[dim X1 (i) + dim X (¢) — 2] + (dim X2, + dim X{))
0

«
Il

M
= ;; [dim X1 (i) + dim X (4)] — (M + 1) + (dim X2, + dim X))
= N(B) = N() = N(B-) = Nay) + (N(B4) + N°(B-) + N'(ay) + N%(a
= N(B) = N(a) + N°(B1) + N°(a-).

Our proof is completed.

6 Example
Suppose that f € C°(R, R) satisfies

3nx + a3, |x| > 1,
fz) = 3
T — 3, |z| < 1.

We are to discuss the multiplicity of 12-periodic solutions of the equation

o'(t) = —fa(t = 1)) + f(x(t = 2)) = fa(t = 3)) + f(x(t —4)) = f(x(t = 5)).

Z [dim(XT (i) N Xy (i) — codimx iy (X2, (1) + Xg (i))] + (dim XZ, + dim XJ)

(6.1)
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In this case, k = 3,a = 7, 8 = 3w. This yields that

121+ )m ™ }

N(a) = d{z> :
(o) =cardq1>0:0< 5 cot 75
(120+3)r 3« }
>0:0< ——2" cot =
—|—card{l_0 0< 5 cot 12<7T
121 +5 5
2 +5)mr ”<7r}

>0: —_—
+card{170 0< 5 12
121+ )m ™ }
5 cot D < 3r
(121 +3)r 3w }
5 cot D < 37

(120 +5)r 57 }

N(B) :card{l >0:0<
—|—card{l >0:0<

cot — < 3w

=9
6 12 ’

—l—card{l >0:0<
N(ay) = NO(B) = N°(a—) = NO(8,) = 0.

Applying Theorem 4.2, we conclude that equation (6.1) possesses at least 5 different 12-

periodic orbits satisfying x(t — 6) = —x(¢).
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