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Abstract In this article, regularity of the global attractor for atmospheric circulation equations with humidity
effect is considered. It is proved that atmospheric circulation equations with humidity effect possess a global
attractor in HF(Q,R?) for any k > 0, which attracts any bounded set of H*(Q, R*) in the H*—norm. The
result is established by means of an iteration technique and regularity estimates for the linear semigroup of

operator, together with a classical existence theorem of global attractor.
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1 Introduction

In this article, we concern the following the atmospheric circulation equations

2_1: = P.(Au—Vp—ou) + P.(RT — Rg)R& — (u-V)u, >0, ze€, (1.1)
T

%_t:AT+u2_(u-V)T+Q, £>0, 3€Q, (1.2)
0

8_?:L6Aq+u2—(u-V)q+G, t>0, zeQ, (1.3)

divu =0, t>0, x €9, (1.4)

where the unknown functions v = (u1,u2), 7T, g and p denote velocity field, temperature,
humidity and pressure, respectively, and & = (0,1). Here (x,t) = (x1,22,t) € Q x (0,00)
(@ = (0,2m) x (0,1) is a period of C* field (—o0,+00) x (0,1)), and Q(z),G(x) are given
functions. Besides, P. >0, R >0, R and L. > 0 are constants, and ¢ is a matrix

where o0, 01 and w are positive constants.
The Problems (1.1)—(1.4) are supplemented with the following Dirichlet boundary condition
at x5 = 0,1 and periodic condition for 1,

(u,T,q) =0,  22=0,1; (u, T, q)(0,22) = (u, T, q) (27, z2), (1.5)
and initial value condition
(u, T, q) = (uo,To,qo0), t=0. (1.6)
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The partial differential Eqs.(1.1)—(1.6) were presented in atmospheric circulation with hu-
midity effect. The atmosphere and ocean around the earth are rotating geophysical fluids,
which are also two important components of the climate system. The phenomena of the at-
mosphere and ocean are extremely rich in their organization and complexity, therefore a lot
of them can not be produced by laboratory experiments. The atmosphere, the ocean or the
atmosphere-ocean coupling can be viewed as an initial and boundary value problem!®:9-13:14]
or an infinite dimensional dynamical system!! =3/, We deduce atmospheric circulation models
(1.1)—(1.6) which are able to show the features of atmospheric circulation and are easy to be
studied from the very complex atmospheric circulation model based on the actual background
and meteorological data, furthermore, we present global solutions of atmospheric circulation
equations in H* spaces in [4]. In [5], the steady state solution to atmospheric circulation
Eqgs.(1.1)—(1.6) with humidity effect is studied and a sufficient condition of existence of steady
state solution to atmospheric circulation equations is obtained, and regularity of steady state
solution is verified. In [6], by C-condition, it is obtained that atmospheric circulation equations
have a global attractor in L?(2, R?*). In this article, we investigate regularity of attractor to
the atmospheric circulation equations by an iteration procedurel”-9:15:17],

The paper is organized as follows. In Section 2 we present preliminary results, especially
some properties of semigroups and several lemmas which will be used later. In Section 3, we
obtain regularity of the global attractor for the Egs.(1.1)—(1.6).

2 Preliminaries

Let X and X; be two Banach spaces, X; C X a compact and dense inclusion. Consider the
abstract nonlinear evolution equation defined on X, given by

du
U Lu + G(u),

u(x,0) = u,

(2.1)

where u(t) is an unknown function, L : X; — X a linear operator, and G : X; — X a nonlinear
operator.

A family of operators S(t) : X — X (¢ > 0) is called a semigroup generated by (2.1) if S(¢)
satisfies the properties:

(1) S(t) : X — X is a continuous map for any ¢ > 0,

(2) S(0) =id: X — X is the identity,

(3) S(t+s)=S5()-S(s), Vt,s > 0.

Then the solution of (2.1) can be expressed by u(t, ug) = S(t)ug.

The following Lemma 2.1 is the classical existence theorem of global attractor.

Lemma 2.10101161 0 Lot S(t) : X — X be the semigroup generated by (2.1). Eq.(2.1) has a
global attractor, if the following conditions hold

(1) S(t) has a bounded absorbing set B C X, i.e., for any bounded set A C X there ewists
a time ta > 0 such that S(t)ug € B forVug € A and t > ta,

(2) S(t) is uniformly compact, i.e., for any bounded set U C X and some T > 0 sufficiently

large, the set |J S(t)U is compact in X.
t>T

We assume that the linear operator L in (2.1) is a sectorial operator which generates an
analytic semigroup e!’. It is known that there exists a constant A > 0 such that L — A\
generates the fractional power operators £* and fractional order spaces X, for a € R!, where
L = —(L — M\). Without loss of generality, we assume that L generates the fractional power
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operators L% and fractional order spaces X, as follows:
LY =(-L)*: X, — X,a € R,

where X, = D(L®) is the domain of £*. By the semigroup theory of linear operators!*?, we
know that Xg C X, is a compact inclusion for any 5 > a.
Therefore, Lemma 2.1 can be equivalently expressed by the following Lemma.

Lemma 2.2[%1015:17 0 Let a(t,ug) = S(t)uo(up € X, t > 0) be a solution of (2.1) and X be
the fractional order space generated by L. Assume
(1) for some > 0 there is a bounded set B C X, such that for any ug € X, there exists
a ty, > 0 such that
u(t, up) € B, Vit > ty,,

(2) there is a B > «, for any bounded set U C Xg there are constants T > 0 and C > 0
such that
lu(t,uo)lx, <C, VE>T, wel.

Then Eq.(2.1) has a global attractor A C X, altracting any bounded set of X, in the X, -norm.
Lemma 2.3. The eigenvalue equation
—AT(x1,x2) = N (21, x2), (x1,22) € (0,27) x (0, 1),

T=0, 22 =0,1, (2.2)
T(O,xg) = T(27T7£C2),

has eigenvalue {A\c}52,, and 0 < Ay < Ag <---, A\ — 00, as k — o0.
Let ¢ = (u,T,q), and

H={(u,T,q) € L*(Q,R")|(u,T,q) satisfies (1.4) — (1.5)},

Hy = {(u,T,q) € H*(Q,RY)|(u,T,q) satisfies (1.4) — (1.5)}.
We introduce the operators L : Hy — H and F : H; — H defined by

Ll ¢) PT(AU’ - VP)
L(¢) = | L2() | =P AT ;
L3(¢) LeAq

?) —P.ou+ P.(RT — Eq)/%' —(u-V)u
}) us — (u-V)g+G

where P : L?(Q,R*) — H is a Leray projection. It is well known that the operator L : H; — H
is a sectorial operator, and the associated space H 1 is H 1= HY(Q,R*) N H. Then the
Eqgs.(1.1)-(1.6) can be rewritten as an abstract equation

do

Lemma 2.44.  If ¢g = (uo, To,q0) € H, and Q,G € L*(R), then the global solution ¢ of the
FEgs.(1.1)-(1.6) can be read as

¢ww=¢w%+ﬁ¢a—ﬂﬂ@m, (2.3)
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where ®(t) is an analytic semigroup generated by L.
Suppose A; is the first eigenvalue of elliptic Eq.(2.2) and & = max{og, 01,w}. Assume

0 > max { (R+1)?, (R;J} (2.4)

Lemma 2.5, If (2.4) holds, then Egs.(1.1)-(1.6) have an absorbing set in L>(Q,R*), and

d
pn (u? +T? + ¢*)dx
Q

< / [—|Vul? — |VT|* — |Vq|*dz + Cs / (1QI* + |G*)dz. (2.5)
Q Q

Lemma 2.6'0-12,  Let Q ¢ R”™ be a Lipschitz field, L : W™P — LP(Q) be a sectorial
operator, m > 2 and 1 < p < oo. Then for 0 < a <1, the fractional order spaces H, = D(L®)
satisfy the following relations

H, Cc Wk, if k—ﬁgma—ﬁ,
q p

H,CcCH, if 0<k+fB<ma—"_,

p

and the inequalities
lulwea < Cllullp,, i k== <ma-=,
q p
. n
[ullcrs < Cllulla,, if 0<k+ 8 <ma- s

For sectorial operators, we also have the following properties.
Lemma 2.79'9  Let L : Hy — H be a sectorial operator which generates an analytic semi-
group T(t) = e*F. If all eigenvalues \ of L satisfy Re\ < —\o for some real number \g > 0,
then for LY(L = —L) we have

(1) T(t): H — H, is bounded for all o € R' and t >0,

(2) T(t)L = LT (t)x, Va € Hy,,

(8) for each t > 0,L°T(t): H— H is bounded, and

ILoT (1) < Cat ™™,

where some § > 0, C,, > 0 is a constant only depending on «,
(4) the Ho,—norm can be defined by

]l o = L%, (2.6)

(5) if L is symmetric, for any o, 3 € RY we have (L%, v) g = (LY Pu, LPv)g.
3 Main Theorem

We present our main result of the article by the following theorem.

Theorem 3.1. If (2.4) holds and Q,G € C>(R), then there exists a global attractor A €
H¥(Q,RY) N H for Egs.(1.1)-(1.6) and A attracts all bounded sets of A € H*(Q,R*) N H in
the H*-norm.
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Proof.  Firstly, we verify that the solutions of Eqgs. (1.1)~(1.6) are bounded in H.
From (1.1)-(1.6), we have
1d 1 9 9 9
S (= T )d
577 [ (G + VTR + Ve ) da

:/ [_ |Au|? = |AT|? = Le|Aq* — oVu - Vu + (R + 1)VT Vg
Q

1
—(R—1)VqVuy — QAT — GAq + F(u NVulhu+ (u-V)TAT + (u- V)qAq|dx

T

~ ~ R+1)2
< [ [-18up —18TP - Ling? - 319uP + 51V + EE o
Q
(R_1)2 2 2 2 2 2
+ B D00 4 21 ATP + ol + Co e (G +1GP)

1
+ F(u -V)ulhu+ (u-V)TAT 4 (u - V)gAq|dz

T

1 L,
< [ [~ 18P = SIATP - S21AgP + 1l AT + ol A
Q

1
+ C'51752(|Q|2 +1G1%) + P (u-Vudu+ (u- V)TAT + (u - V)qAq|dz.

Then,

1d

1
5= (FIVullts + 197122 + 1Val3)

1 L.
<~ 1803 — SNATIZ: — 22 AglZs + | ATIR + 2] Al
2 2 Col? 3
+ Ca e (IQlIz2 +IGIZ2) + pollull 22Vl 2 [ Aull £

1 1 1 1
+ Cllull 2 I Aull VT 2| AT ([ 2 + Cllull 22 | Aull 22Vl 22| Aqll 2

1 L.
< —18ulfs = SIATIZ: = S 1Adl7s + 1| ATIZ: + esll Mgl
2 2,y + St ST
+ Carex (IQlIz2 + 1GlIZ2) + 5ollull 2 [Vul el Aull 22 + Cllull 72| Al 2 [V T 2

1 3 1 3 1 3
+ Cllll BAVTI I AT, + Cllul all Al 21 Vall e + el Va2 2l
1 L.
< —|Aulld = SIATI: = 21 Aal3 + &5 dullia +en| ATIE: + 22| Al

+Cey e (1N + IGI72) + Cey (Null 21Vl o + [[ull 22 VT2 + ull 72 VT 7
+ ul 22 l1Vallzs + lullZ: [Vl 72)-

Assuming g1 = %, €9 = %, €3 = 1, we have

d
IVullZ: + [IVTIZ: + [1Val2)
<Cs(1QI72 + IGI72) + Co(llullZ2Vull 72 + [ul 22 VTl 72 + ul 7= VT 72
+lullZ=1Vallze + lullZ:Vallz)-
Then,
d
S (IVullZz + [VTI7: + [ Val72)
<Cs(1QII7= + GlI72) + CollulZa(IVullZz + I VT|I72 + [ VallZ2)*. (3.1)
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Integrate (2.5) over [t,t + 7], it follows that

t+r
C / (IVull2s + V)22 + [ V|2 )dt
<Co(|QI2: + IGI122)r + (a2 + [T@)122 + la(t)[22).

Since (u, T, q) has an absorbing set in L?, we have

t+r
/ (IVull2s + VT2 + [[Va|2.)dt
t
<C7(|Q12: + [|Gl|22)r + CsM?,  t>t,.

Let
9= Collull7=(IVullZ + IVT|Z: + [ Vall7.),
h=Cs([|QN7= + IG]I72), (3.2)
y = [IVullZz + [IVT)172 + [ Vall7.,

and furthermore, we assume

ar = CeM[C7(||Ql7 + |G|132)r + CsM?],
az = Cs5([QI72 + IG72)r, (3.3)
az = C7(|Q|72 + [|G|32)r + Cs M?>.

Applying the uniform Gronwall Lemmal'®l for Eq.(3.1), we have
|(Vu, VT, Vq)(t)Hi2 < (% + ag)eal, for any t > t. + 7.

Clearly, there exists a bounded constant M; such that M? > (“73 + ag)e‘“, for any (uo,To,q0) €
B, where B is a bounded set in H. Then there exists t, + r > 0 satisfying

S(t)(U’OvTO)qO) = (u(t)7T(t))Q(t)) € BM17 t>t+, (34)
where By, is a ball in Hy, at 0 of radius M. Thus Egs.(1.1)—(1.6) have a bounded set By,
in H%.

Next, we need to prove that the solution ¢(t) = (u,T,q) to Eqgs.(1.1)-(1.6) is uniformly
bounded in H, (a < 1), i.e.,

16(t, $o)l| o < Ca, <a<l, Vo€ H, (3.5)

N~

It is known that, for any 6, Hy and H_y are dual, and if, for v € Hy, we have < u,v ><
C|lv| m,, then u € H_g and |lulj—g < C.
For ¢ = (u,T,q) € Hy, we have

<F¢7¢>:/[—Prau'a—FPr(RT—Rq)ﬂQ—F(V-u)u-u
Q
+usT — (u-V)TT 4 QT + usq — (u- V)qq + Gqldx

< /Q [Pyou- 1| + B RIT| ] + | Rllglla] + [ual|T] + uz |7

+QIIT| + |Gl[glldz + /Q[I(u V)u-al + [(u - V)TT| + |(u- V)qql)dz
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<C(llullc2llull2 + 1T 2|zl L2 + [lqll L2 [1u2l 2 + lual| L2 (Tl L2
+ [luzll L2l 22 + QN 22T || 2 + Gl 219l 2)
+ /QHUIlDUlIﬂI + [ul|[DT[|T| + [ul|Dql|ql]dx
<C(llullpz + TN 22 + llall =) (@l 2 + (TN 22 + (gl 22)
+C(Ql L2 + Gl L2) ([l 2 + [Tl 2 + lIql £2)
+ Clullar + 1Tl + llalla)lwllzze(lullz2e + 1Tl L2e + (1G]l 22e),
where p > 1 is arbitrary, ¢ = p/(p — 1). By Lemma 2.6, we have

p—1
HUHLQP < C||u||H9> Vo> W

Hence,

(Fo,¢) <C[llullrz +IT|r2 + llallrz + 1Ql 2 + 1G] 2
+ (lulle + 1T e+ Nallz) Vel g ] @l + 1T a2, + 11l 20)
<C(lollar + DIl V6> 0.

Then the mapping
F:Hy— H_y is bounded for any 6 > 0. (3.6)

So it follows that,

IL7OF($(t, ¢0))le <C, V0 >0, ¢o€ Ha, o>

N —

From (2.3) and Lemma 2.7, we find
Jott, 0l <I@Oonll, + 1 [ 0~ 1F@irln,
<o@onln, + [ 1270 = 1F@) e
<O+ [ 10l = F @) ndn
<C+ /OtT_(O‘H)e_STdT, VO <a+6<1.
which implies (3.5).

In the following, we prove that for % < a<
0<p< % such that

ol

(k > 2), there exists a number 8 with

k-1 k

F: H, — Hg bounded, and § — as o — o (3.7)
It suffices to prove (3.7) only for bilinear operator
{ Fy: Ha, x Hy, — Hpg, 58)
Fo(¢,6) = (P[(u- V)], (u- V)T, (u- V)q), '
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where ¢ = (u7T7Q) € Hy,, 52 (avaa) € Ha,.
It is known that HO[(k;1 <a< %) are interpolations between Hg and HkQ;l (see [16]):

Hy=[He, He1lp, 0= :
2 2 2
Hk;lZ[H§7Hk71]0:07 H%Z[Hg,Hkgdg:l

Moreover, if
L:Hyx — Hr1 linear bounded,

linear bounded,

(3.9)

then
linear bounded, V0 <6 < 1.

L:[Hy,Hir]g— [Hioz,Hr2]g
2 2 2 2
For the bilinear operator (3.8), it is readily to verify that for any bounded set U € H Eo1,
there is a constant C' > 0, such that for all ¢ € U, we have

linear bounded, Vv >0,

Fo(¢,) : Hy — H_
Vi >2,

EFo(o,-): Hy — H% linear bounded,

IFo(o, )| <C,  VéeUCHs, k=L
By the interpolation relation (3.9) for linear bounded operators, we infer
Fo(¢,): [He, Hialp = [Hir, Hizlp,  Vk =3,
Vv >0,

F0(¢7 ) : [HlvH%]e - [H%7H—’Y]‘97

HFO(¢7)||S07 VQSEUCH%) k237 or vd)EUC[HlvH%]O

We denote
k—2+86
_ - >
- %7 k > 27 ﬁ = 2 ' g - 3’
Then,
k— k
Fy : Hy, — Hg bounded and 8 — asoz—>§.

Thus (3.7) holds.
Next, we shall verify that any solution ¢(t) = (u,T,q) to Eqgs.(1.1)—(1.6) is uniformly

bounded in Ha(% <a< %), ie.,

k-1 k
<ac< 5 Voo € Hy. (3.10)

16(t; o)l 1, < Cas

\V]

From (3.7), for 251 < o < £ there is 252 < 8 < &L satisfying

IF(é(t, ¢0))ll s = IL°F((2, 00))llr <O, ¥E>0, o € Ha.

Utilizing (2.3) and Lemma 2.7, we obtain that

Jott, 0l <I@Oooll, + | [ @06 - DF(oyr

H,
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<@ (t)oll . + /Ot L@t — ) F ()| mrdr
§C+/Ot 1L Pt — )| LPF (9) | dr
<C+ /Ot r(@=Be=07qr Vo<a-—-p0<1.

Thus (3.10) holds. Then for any a > 0, any solution ¢(t) = (u,T,q) to Egs.(1.1)—(1.6) is
uniformly bounded in H,, i.e.,

l6(t,60) |, < Cor  0<a, Vo € Ha. (3.11)

Finally, we shall prove that for any a > 0, Eqs.(1.1)—(1.6) have a bounded absorbing set in
H,. From Theorem 4.1 in [6] and (3.4), the conclusion holds for the case % > a > 0. We only
proceed with the case a > %

By (2.3) we find

t

Ot n) = ¥(t = T)oT. ) + [ b(t =7 P (o) (312)
Let D C Hy be the bounded absorbing set of Eqgs.(1.1)—(1.6) in Hy and Ty > 0 such that
o(t, o) € D, Vit > Ty, Voo e U C Hy,, o> %
By Lemma 2.7, for all ¢g € U and T > 0, we have that
Jim (¢ — T)6(T. 60)] 11, — 0. (3.13)

By Lemma 2.7, it follows from (3.12) and (3.13) that, for any o < 1 and T' > Tj. Then
ot o), < (¢ = T)oTow o)l + | | -]
<ot =)ol o)l + [ 117000~ (@)
<C+ /T Lt — O]

t
§C—|—/ r(at0) =07 gr Vo<a+0<1.
T

For Va <1 and U C H,, there is a T" > 0, such that
Hd)(t,QbO)”HQ S C7 vt Z T7 ¢0 S Ua

where C' > 0 is independent of ¢o. Then Egs.(1.1)-(1.6) have a bounded absorbing set in
Hy(a < 1).

By iteration procedures, we find that Eqs.(1.1)-(1.6) have a bounded absorbing set in
H,(a > 0), ie., for Va >0 and U C H,, there is a T > 0 such that

lo(t, ¢o)lln, <C, V=T, ¢o €U,

where C' > 0 is independent of ¢y.
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From Lemma 2.2, (3.11) and (3.14), Eqs.(1.1)—(1.6) possess a global attractor A in H*(,

R*) N H and A attracts any bounded set of H*(2, R*) in the H*—norm. a
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