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1 Introduction

It is well known that problems involving the p-Laplacian operator appear in many areas of
applied mathematics and physics (for more details, please see [8]). Recently, some people have
studied the following problem

—Au = u — |u| %, (11)

u € HY(RN) N L2A-0(RN), '
In [2], Balabane et al. proved that for each integer k, there exists a radial compactly supported
solution of (1.1) which has k-zeros in it’s support. In [9], Ounaies proved that there exists a
ground state solution of (1.1) which is non-negative radial compactly supported. In [3], Ben-
rhouma and Ounaies studied the existence of two solutions for the following nonhomogeneous
problem

{ —Au=u— |u|"?u+ f, (1.2)

u € HY(RN) N L2A-0O(RN),
2(1-0)
where f € L*(RY) N L7270 (RY), f>0, f#0, N>3and 6 € (0, 5).

n [10], Su discussed a class of p-Laplace equations with negative power of the unknown

function on unbounded domains in RY. Motivated by [3] and [10], we study the following
p-Laplace nonhomogeneous problem

{ —Dpu = |ufPPu — fu| 70w 4
u € WHP(RN) 0 L2m=0)(RN),

where m is a positive integer, A,u = div(|VulP~™2Vu), N >p>2, m— B<O<m-— %, f
satisfies || f[|¢ < cq for some constants cp > 0 and

(1.3)

9(RN) A [ 7 (RN tisfies L1 L _
(H) feLlYRY)NL (RY), f>0, f#£0, whereqbatlsﬁebp—f— =1.

1
q
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If f =0, then Problem (1.3) becomes the following p-Laplace homogeneous problem
{ —Apu = |u|P~2u — |u|*29u2”"”*17 (1.4)

u € WEhP(RY) 0 L2m=)(RN),
In [5], Deng proved that there exists a nonnegative ground state solution to a class of general

p-Laplace equations which include Problem (1.4) as a special case.

2 Preliminaries

Let B = WHP(RN) N L2m=9)(RN), and endow E with the following norm
ull = [IVullp + llull2gm-0)-
It is easy to verify that (E, || - ||) is a Banach space. Define the functionals /*° and I on E by

. 1 1 m—
I (u):];/RN(WuV’—|u|p)dx+m/RN u?m = de,

1 1
Iu:—/ Vup—updx—i—i/ uz(mfe)dx—/ udx.
W= | (9w =)+ g [ [ 1

Obviously, I and I are C' functions on E. It is well known that the critical points of I and
I*° are weak solutions to Problems (1.3) and (1.4) respectively.

Lemma 2.1. There exists a constant cg > 1 such that for any u € E we have

2 om0 .
Slully < l[ul[5tm—6) + col[Vul[2.

1
~ 4(m —0)

Proof. If s # 0, we consider the following function

2|s|p _ 1 |s|2(m79)
h(s) =2 4(m;9p) , s #0.
o]
It is easy to prove that there exists ¢; > 1 such that
2 1 .
216 < 2(m—0) P 2.1
"It < gy 0 el (21)

If s = 0, it is obvious that (2.1) holds. Let s = |u(x)|, by (2.1) we have
2 1

5|U(x)|p < m|u(x)|2(m_e) + e fu(z) P, Vo e RN (2.2)
Integrate (2.2), we get
2 1 2(m—0 *
Slully < gy Il =) + el -
By the Gagliardo-Nirenberg inequality we conclude that Lemma 2.1 is true. ]

In the following, we fix the constant ¢y in Lemma 2.1.

Lemma 2.2. Suppose that 0 < p < (QplcO

I(u) > a provided ||f||1 < co and |[u]| = p.

)ﬁ, then there exist cg > 0 and a > 0 such that
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Proof. By the Cauchy-Young inequality, we get

1 sm_g) 1 1
I(u) > - P—|ulp — —|Jul|5 = =] f]|Z. 2.
(w) 2 Z(IVullp = [lullz) + m )|| lam—s) = Slulls = ZIIF11G (2.3)
By Lemma 2.1 and (2.3), we have
1 * 1 2(m 9)
) 2 21Vl = ol + ggsllulEg) = I (2.4

1 .
Note that if ||Vul|, < (QI}CO)P*”, then %||Vu||§ —col[Vul[p > 2i||Vu||p Thus, according to
(2.4) we conclude that

1 2(m—6) 1
I > —||Vull|P - — g, 2.5
(u) > 2pll ul[p + qllfllq (2.5)

m”uﬂg(m_g)

Since p < (gp) 77 = , then (2.5) is true for ||u|| = p. On the other hand, we observe that if

|[u|| = p then ||Vul|, > 3p or |[u||o(m—e) = $p. Therefore, there are two cases to be discussed.

Case 1. |[|Vu|l, > %p. In this case, by (2.5) we have I(u) > 5-(5)P — %||f||g. Let cp =

= 2p\2p
L( Ly and a = 2qp(2p)p - ||f||g, then I(u) > a provided ||f||q < ¢p and ||u]| = p.

Case 2. ||ullam—g) = 2p. In this case, we have I(u) > m(%)ﬂm%) - %||f||g Let

ey (%)z(m_e) —|[f1]2. It is obvious that I(u) > a provided

co = 1y (25)°" " and a =
I1f11E < co and |[u]| = p.
The proof is complete. -

Fix the constant p in Lemma 2.2 and set B, = {u € E, [|u|| < p}. We have
Lemma 2.3. Let ¢ = inf I*°(u), then ¢ = 0.
ueEB,

Proof.  Suppose ¢* < 0. If (v,) € B, is a minimizing sequence of inf,ecp, I°(u), then
I°°(vy,) < 0 for n large enough. Therefore we have

m @

1
];IIanII,’Z + mllvnIIQ(m ) S —||Un||p

1 1
)77 and (vn) € By, then ||Vu,||, < (55=)7 7. It follows that

PCco

Since 0 < p < (21

pco

—IIWnII” IIWnII”

Using Lemma 2.1, similar to [3], we can get a contradiction and consequently we arrive at the
conclusion ¢>* = 0. |

Lemma 2.4 (see [11], Lemma 2.1).  Let (u,) € Wy (Q) a bounded sequence and p > 2.
Going if necessary to a subsequence, one may assume that w, — u in Wy *(Q), u, — u a.e.,
where Q C RY is an open subset. Then,

lim / [Vu, |Pdz > lim/|Vun—Vu|pdx+ lim / |Vul|Pde. (2.6)

n—oo

Lemma 2.5,  Suppose f,, — f a.e. and ||fu|l, < ¢ < 0o for all n and for some 0 < p < oco.
Then

i [[fallp = T [[fa = FII5+ 1] (2.7)
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Let f, =gn+ f. If go — 0 ae., 0 <p < ooand g, — 0 in LP(Q) for open subset O C RY,
similar to the proof of Theorem 2 in [4] we have

Tim (lgn + f15 = Tim Jlgall? + 1112 (2.8)

Lemma 2.6. Suppose that (u,,) is a sequence in WHP(RY) such that (u,) converges weakly
to Uy. Let v, = u, — Uy, going if necessary to a subsequence, we conclude that there exists a
constant k > 0 such that

1 1
Zlim [ Vo, 4 VU|Pda > k lim / Vo, |P + —/ VU |Pdz. (2.9)
p n—oo Jpn n—oo Jgn p Jry

Proof. 1If (uy) converges strongly to Up in WIP(RY), then lim [pr [Vv,|P = 0. Thus (2.9)
holds. If (u,) converges weakly to Uy in W1 P(RY), then

lim fRN |an + VUO|pd$ — fRN |VUO|pd1‘

k =
2p lim [on [V, [P
is the constant satisfies (2.9). The proof is complete. ad

3 Existence of the Nonnegative Solution

In this section, we prove that there exists a nonnegative solution to Problem (1.3). For this
purpose, we set B, = {u € E,||u|| < p} and consider the following problem

= inf I(u). 3.1

c= inf I(w) (3.1)

If p is small enough, similar to [3] and some arguments in Lemma 2.2, we can easily get
—00 < ¢ < 0. Furthermore, we have

Theorem 3.1. There exists Uy € B, such that ¢ = I(Uy) and Uy is a nonnegative nontrivial
solution of Problem (1.3).

Proof. Let (u,) C B, be a minimizing sequence of Problem (3.1). We can extract a subse-
quence of (u,), also denoted by (u,) such that u,, — Uy in E, u, — Up in LISOC(RN), V1<

s < p* and u, — Up a.e in RN. Let v, = u,, — Up. By (2.8) and (2.9) we conclude that there
exists a constant k > 0 such that

1 1
c¢= lim I(u,) >k lim Vo, |P + —/ |[VUp|Pdx — — lim (lvn|? + |Uo|P)dx
RN P Jry p

n—oo n—oo n—oo RN
1
+ — lim (Joa 20 4 U2 =)dz — lim fopdz — fUodz.
2(m — 0) n—oo Jp~ n—oo JpN RN (3.2)

Since [pn fondz — 0, then

1
e 1(Up) + i [kIIVonlly ~llenll? + 5

ﬁllvnlliﬁm*")] (3.3)

m—0)
On the other hand, by (2.6) we get

p P > lim |[Vu,|[) > lim [[Vo,|[) + [[VUol[5.
n—oo n—oo
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Thus, we have lim ||Vou,||, < p which means that ||Vv,||, < p for n large enough. If p is

small enough, similar to the discussions in Lemma 2.2, we have

1 1 2(m—0) - k 2(m—0)
p_ 2 Py - r p
IVl = ol + g ol ) = SIVenll + sl B8 39
Combining (3.3) and (3.4), we obtain
¢ > I(Up) + lim E||an||p+ L im (e, (3.5)
a n—oo 2 P 4(m — 9) n— o0 2(m—0)

Since u, — Up in E, then ||Up|| < liminf ||u,|| < p. This means that Uy € B, and consequently
n—oo

we have ¢ — I(Up) < 0. Therefore, by (3.5) we conclude that v, — 0 in E. Thus I(u,) —

I(Up) = ¢ < 0, I'(Up) = 0 and Uy is a nonnegative nontrivial solution of problem (1.3). The

proof of Theorem 3.1 is complete. a
By the same discussions of Theorem 3.3 in [3], we have

Theorem 3.2. If f — 0 in L7 then Up(f) — 0 in E.

4 Existence of the Second Solution

In this section, we use the mountain-pass theorem of Ambrosetti Rabinowitz (see [1]) to prove
that there is another solution for Problem (1.3). Let Uy be the nonnegative solution of Problem
(1.3) given in Lemma 3.1 and choose a nonnegative ground state w of Problem (1.4).

Lemma 4.1 (see [6], p.322). Suppose that 0 < a <b and p > 1, then
(a+b)P <P + (2P — 1)bP~La.
According to Lemma 4.1, we can easily get

Lemma 4.2. Ifp > 1, then

(a+b)" < (lal + [b])” < b7 + [al” + (27 = 1)[b" a| + (27 = 1)]al"~[b]. (4.1)

Lemma 4.3. If w is a nonnegative ground state of Problem (1.4), then

t2(m 0)

2(m—6)

+(2r - l)t/ VTP Vo dar +
RN

I(Uy + tw) <I(U0)+< )|| loim—e) + (27 — 1)tp’1/RN|VUo|IVw|p*1dx

2(m—=0
22((m )0_)1t2(m—0)—1/ WHm=0-177 4o
— on

£2(m—0) ) 92(m—0) _ 1
R (m—6) 4 775/ WU2m=0-1q
+2(m—a)/N“’ TSm0 ' Jun v

_ 2(m—0) gy _ /
+ 3m —0) /RN |Uo| dr —1t - fwdz. (4.2)

Proof. It is obvious that if ¢ > 0 and b > 0 then

(a+b)P > a? + bP. (4.3)
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By Lemma 4.2 and (4.3), we have
tp
I(Uy + tw) <- / (|VUo|P — U)dx + —/ (IVw|P — wP)dx
RN P JrN
b (28 — 1) 1/ |VU0||Vw|p’1da:+(2p—1)t/ VTP [Vl da
N RN

+ o | Ol e 20— [ w0 s
2(m —0) Jan ' ° 2(m — 6) RN 0

£2(m—0) ) 922(m—0) _q
R (m—6) 4 775/ WwU2m=0-1q
+2(m—9)/N“’ TSm0 ' Jen v

- fUodz — ¢ fwdz. (4.4)
RN RN

Since w is a critical point of I°°, then

/RN(|Vw|p — wP)dz = — /RN w[2m=0) dg: (4.5)
Combining (4.4) and (4.5), we conclude that (4.2) is true. The proof is complete. a

According to (4.2), we can choose to large enough such that I(Uy + tw) < I(Up) for all
t > tg. Put @9 = Uy + tow and ¢1 = g + w. Let

d = inf I(~(t 4.6
inf max (v(t)), (4.6)

where I' = {y € C([0,1], E); 7(0) = @0, 7(1) = ¢1} #0.
Lemma 4.4. —oco <d < I(Uy).
Proof. Let vy € I defined by 7o(t) = o + tw. Then, there exists T’ € [0, 1] such that

d = inf max I(y I(v(@) < Jnax I(v0(t)) = I(y(T)) = I(go + Tw). (4.7)

Since I(po + Tw) = I(Uy + (T + to)w) and T + to > to, by (4.7) we have d < I(Up). Tt is
obvious that d > —oo, then we complete the proof. |

Lemma 4.5. —oco <d < I(Up)+ I*(w)
Proof. It follows from (4.5) that

1) = (5mgs — ) IwlEs) > 0 (48)

Therefore, by Lemma 4.4 we have d < I(Up) + I°°(w). the proof is complete. ad

Lemma 4.6. Let (u,) C E such that (I(uy,)) is bounded and I'(u,) — 0 in E’, then (u,) is
bounded in E.

Proof. There exists M > 0 such that for n large enough, |I(u,)| < M and |(I'(un), un)| <
|un||. By the Holder inequality and the Young inequality, we have

1 1 1 2(m—0) oy
In—_[/ n,n>( __) N 2171129. 4.9
(1) = S0 vt} > (o = ) Il B0 — AR 49
According to (4.9), we get
1 2(m—0) 1
— Up, < M+ —||un]|- 4.10
(2p(m—0) p) [[tnllagm—g) = 1 +p||u l (4.10)
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Since ||un|| = [|[Vun|lp + ||[unll2(m—6), by (4.10) we get

1

1 2m-0) 1 1
- n — = ||Un||2(m— —||Vuy, .
(2p(m_9) p) tn |5 —) p||U ll2(m—8) < p” Unllp + c2

We suppose by contrary ||un||a(m—g) — +0o0. If 1 < X < 2(m — 0), then for n large enough we
can suppose

1 1 — 1 1
A 2(m—0)
lnlBnoy < (i =y~ ) I1enllztmy = lenllogmoy < 21Vl + e

Therefore, we get

1
[unl2m—0) < cl[Vunllp + 3. (4.11)
Choosing r such that
2r  2(1—r)
— = 1,
p* 2(1-90)
we have _—
< el 25 ] 2275, (4.12)

By the Gagliardo-Nirenberg inequality and (4.12), we get

r 2(1—r
e[ < cal [V 2 [unl 2 (4.13)

Similar to the proof of Lemma 4.4 in [3], we can get a contradiction. Thus ||us||o(m—g) is
bounded and consequently by (4.13) we conclude that ||Vuy,]|, is also bounded. The proof is
complete. O

Theorem 4.7. There exists Vi which is the second solution of Problem (1.3) and Vj is a
critical point of I.

Proof. By the mountain-pass theorem of Ambrosetti-Rabinowitz in [1], we conclude that there
exists (PS) sequence (uy) in E such that I(u,) — d and I'(u,) — 0in E’. According to Lemma
4.6, (uy,) is bounded in E and then up to a subsequence there is a function V such that u,, — V4
in B, u, — Vo in LL _(RY) for all 1 < ¢ < p* and u,, — Vp a.e in RY. Similar to [3], we have

loc
(I'(un), ) = (I'(Vo),0) =0, Ve G (RY)

It follows that Vp is a weak solution of problem (1.3) and Vj is a critical point of I.
Now, we prove that Vi # Uy, where Up is the nonnegative solution to problem (1.3) given
in Theorem 3.1. By the fact that u, — Vp, we have ||Vp|| < liminf ||u,||. Since (J|lun|]) is

bounded, then there exists a subsequence, also denoted by (||u,||) such that lim [|u,|| exists.
We distinguish two cases to discuss and only give details which is different frg;lo‘shat in [3].
Case 1. lim [|u,|| = ||Vol|. Similar to [3], we can easily verify that u,, — Vp in E. Therefore,
I(uy) — d ;7?0%) By Lemma 4.4, we have d < I(Uy). Thus, we conclude that Vg # Uy.
Case 2. nlirr;o||un|| > ||Vo]]. In this case, we set v,(z) = un(z) — Vo(z), then v, — 0

in E. Furthermore, we affirm that there exists (y.) C RY such that (y}) is not bounded,
vn(-+yL) = Vi #0in E, and V] is a solution of the homogeneous Problem (1.4). We separate
three steps to prove this affirmation.

Step 1. Suppose that v, (- +yL) — 0 in E for all (y}) c RY, then

sup / |vn|2(m_‘9)das — 0, for all R > 0.
yERN JB(y,R)
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By Lemma 1.1 in [7], we have v,, — 0 in L*(RY) if 2(m —6) < s < p*. According to (2.8), (2.9)
and the fact that u,(z) = v, () + Vo(x), we conclude that there exists a constant k such that

0= lim (I'(un). u) = (I'(Vh), Vo)

+ lim (k/ |V'Un|pda:—|—/ |vn|2(m79)da:). (4.14)
n—oo RN RN

According to (4.14) and (I'(Vp), Vo) = 0, we conclude that v, — 0 in E. This contradicts
im_[fual] > [[Voll

Step 2. Suppose that (y!) is bounded. Similar to the Step 2 in [3], we can get V3 = 0 a.e in
RY. Therefore, we obtain a contradiction.

Step 3. Let ¢ € C5°(RY). Direct calculation shows that
(I (un), ol — b)) = / (Yl + g Vi) — fun(e + y) P e
+ / (@ + g0 P22 (2 + yh)o(@)dz — [ f@)p(e — yb)de.
RN RN

Since |yh| — +oo, then [pn f(2)@(z — yi)dz — 0. Recall that v, (- +y5) — V1 in E, we get
[ (Va4 9 Vila) = o+ )P pla)de — [ (VAP = VP s
and (I'(uy), p(x —yL)) — 0. Similar to the proof of proposition 4.6 in [3], we have
/RN(WW’HV@ — Vil o+ VAP Vi) da = 0.

Therefore, we conclude that V7 is a weak solution of the homogeneous Problem (1.4).
Now, we prove that in this case, we also have Uy # V. In fact, since v, (- +yL) — Vi in
E we have ||Vi|| < liminf ||v,(- + y})||. If [|Vi|| = liminf |[v, (- 4+ y})|, similar to [3] we have

Un — Vo —Vi(-—yL) — 0in E. By (2.6) and (2.7), we get
1 1
lim I(u, —Vp) <- lim (IVun|? = |VV|P)dx — = lim / (|lunl? = |Vo|P)dz
p n—oo JpN

n— oo p n—o JpN

1
li " 2(m—0) _ 17 2(m—0) d
+ gy [ (] Vol2m=0))do

— [ fVodz+ | [Voda. (4.15)

RN RN

According to (4.15), we conclude that
lm I(un — Vo) < lim I(un) — I(Vo) = d — I(Vp). (4.16)

Since u, — Vo — 0 and u,, — Vo — Vi(- —y}) — 0 in E, then we conclude that Vi (- —yl) — 0 in
FE and consequently we have

lim T, — Vo) = lm I(Vi(- —y})) = lim I*(Vi(-— y})). (4.17)

After a scale change z = x — y} in the integral, we find that lim I°(Vi(- —y})) = I>°(V4).
Since w is a ground state of problem (1.4), by (4.16), (4.17) and Lemma 4.5 we get

I(Vo) + I™(w) < I(Vo) + I™®(Va) < d < I(Up) + I (w).
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Then we arrive at Uy # Vj.
If [|Vi]| < liminf ||v, (- + y})], we put v} = w, — Vo — Vi(- — yL). Similar to [3], we restart

the analysis with the sequence (v}) while reiterating the process as many time as necessary.
Similar to the above Step 3 and the proof of (4.8), (4.16) and (4.17), we conclude that there is

a general decomposition of the following form

Un(T) — (Vo(x) + i Vie(z — yfl)) —0 in F,

VE>1, [P — 400, P -yl = 400 if k£
S1

I(un) = d > 1(Vo) + > I°(V)
k=1

and (Vi)i<k<s, are solutions of Problem (1.4) which satisfies I*°(V}) > 0, V1 < k < s1.
Therefore, we have
I(Uo) + I®(w) > d > I(Vp) + I (V1) > I(Vp) + I (w).
Thus we also have V # Uy. The proof is complete. a
According to the proof of Theorem 4.7, we have

Proposition 4.8.  (Vi)i<k<s, are solutions of the Problem (1.4), where (Vi), 1 <k < s; are
mentioned in the proof of Theorem 4.7.

5 Existence of Infinitely Many Solutions

Theorem 5.1. There exist infinitely many solutions to Problem (1.3).

Proof. Let Vj be the solution mentioned in Theorem 4.7. Let w be a nonnegative ground stat
of Problem (1.4). By the same discussions in Lemma 4.3 we have

t2(m—0)

I(Vo + tw) <I(V0) + (m

Y el + @ - vt [ vl
RN

22(m 0)

T+ / Vo] + St [ gm0ty
R o

2(m
£2(m—0) ) 22(m 0) _
- (m—0) 2(m—0)—
+ 2m =) / w de + ———— o wV, Yz
1 2(m—0) /
— - ) .1
+ 3m —0) /RN [Vol dx —t x fwdzx (5.1)

By (5.1), we can choose ty large enough such that I(Vp + tw) < I(Vp) for all ¢ > tg. Put

= Vo +tow and p3 = w2 +w. Let d = 11611; m[(&)uf]l( ~(t)) where ' = {y € C([0,1], E); v(0) =
¥ te

©2,7(1) = w3} # 0. Similar to the discussions in Lemma 4.4 and Lemma 4.5, we have
—oo < d < I(Vy), —o0o < d < I(Vp) + I (w). (5.2)

By the mountain-pass theorem of Ambrosetti-Rabinowitz, we conclude that there exists (PS)
sequence (u,) in E such that I(u,) — d and I'(u,,) — 0 in E’. According to Lemma 4.6, (u,,)
is bounded in E and then up to a subsequence there is a function U; such that u, — U; in E,
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u, — Uy in LfOC(RN) forall 1 < ¢ <p* and u, — Uy a.e in RY. Similar to the discussions in

Theorem 4.7 we have
(I'(un), ) = (I'(Uh),9) =0, Ve CoRM).

Therefore, U; is a weak solution of Problem (1.3).

If lim ||u,|| = ||U1]]- Similar to the Case 1 in the proof of Theorem 4.7, we have I(u,) —
d = I(Uy). By (5.2), we conclude that Vy # U;.

If lim |jun|| > ||U1]]- Set vn(x) = un(x) — Ur(x), then v, — 0 in E. Similar to the Case

2 in the proof of Theorem 4.7, we affirm that there exists (y.) € RY such that (y.) is not
bounded, v, (- + yL) — Uz # 0 in E, and U, is a solution of the homogeneous Problem (1.4).
If |Uz|| = liminf ||v, (- + y})], then u,, — Uy — Ua(- — yt) — 0 in E. Similar to the proof of

Theorem 4.7, we have
I(Uy) + I (w) < I(Uy) + I°(Usz) < d < I(Vy) + I (w).
Then we arrive at V, # Uy.

If ||Us]| < liminf |Jv, (- + y})|, Similar to the proof of Theorem 4.7 we conclude that there

exist (Uy)2<k<s, which are solutions of problem (1.4). In this case, we also have I (Vp)+I1*°(w) >
d > I(Uy) + I*°(Uy) > I(Uy) + I°°(w). Therefore, Vy # Uy. Similarly, we can prove that
Uy # Ui. Repeat the above processes, we conclude that (1.3) has infinitely many solutions.

The proof is complete. ]
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