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Abstract In this paper, the Fokas unified method is used to analyze the initial-boundary value for the Chen-
Lee-Liu equation
10t + Opzu — i|ul?Ozu = 0

on the half line (—oo, 0] with decaying initial value. Assuming that the solution u(x,t) exists, we show that it
can be represented in terms of the solution of a matrix Riemann-Hilbert problem formulated in the plane of
the complex spectral parameter A. The jump matrix has explicit (z,¢) dependence and is given in terms of the
spectral functions {a()),b(A)} and {A(N), B(\)}, which are obtained from the initial data uo(z) = u(z,0) and
the boundary data go(t) = u(0,t), g1(¢) = ua(0,t), respectively. The spectral functions are not independent,

but satisfy a so-called global relation.

Keywords Chen-Lee-Liu equation; initial-value problem; Riemann-Hilbert problem; Fokas unified method;
jump matrix
2000 MR Subject Classification 35G31; 35Q15

1 Introduction

One of important integrable systems in mathematics and physics is the following Chen-Lee-Liu
(C-L-L) equation(3]
104t + gz — i|ul?Opu = 0 (1.1)

which has been derived as an integrable generalization of the nonlinear Schrédinger (NLS)
equation by using bi-Hamiltonian methods'¥. The C-L-L equation is also called the derivative
nonlinear Schrodinger 1T (DNLS IT) equation!'?). Another two kinds of derivative type NLS
equations are the famous KN or the so called DNLS I equation2-21]

104t + gzt + 10, (Jul*u) = 0 (1.2)
and the Gerdjikov-Ivanov equation or the DNLS IIT equation!'®!,
. 9 L4
10U + Opgu — U Opu + 5 lul*u = 0. (1.3)

It has been found that there exists gauge transformations among these three equations(29—11:23],
The DNLS equations have many applications in plasma physics and nonlinear optics fibers (see

Manuscript received May 2, 2016. Revised April 24, 2017.

Supported by the National Natural Science Foundation of China (No0.11271008, 61072147, 11671095) and SDUST
Research Fund (No.2018TDJH101).

fCorresponding author.



494 N. ZHANG, T.C. XIA, E.G. FAN

[8,13,19,29,32]). For example, it governs the evolution of small-amplitude Alfvén waves in a
low-3 plasma or the large-amplitude magnetohydrodynamic waves. The picosecond pulses in
the single-mode nonlinear optical fibers are described by the DNLS equation.

A method to solving initial-boundary value problems for nonlinear integrable systems for-
mulated on the half line and on a finite intervalis presented by Fokas in [15]. The Fokas method
provides a generalization of the inverse scattering transformation formalism from initial value
problem to initial-boundary value problems. In recent years, this method has been developed
by several authors!3—6:22,26-28,31]

In this paper, we use the Fokas method for solving boundary value problems for (1.1) on
the half line (—oo, 0]. The paper is orginized as follows. In Section 2, we study the analytical
properties of the eigenfunctions and spectral functions associated with the Lax pair of the C-L-
L Equation (1.1). Then we change the initial value of the C-L-L Equation (1.1) into a matrix
Riemann-Hilbert problem (RHP). The jump matrix has explicit (x,¢) dependence and is given
in terms of the spectral functions {a(\),b(A)} and {A(N\), B(\)}, which are obtained from the
initial data ug(x) = u(z,0) and the boundary data go(t) = u(0,t), g1(t) = u5(0, 1), respectively.
In Section 3, we show that it can be represented in terms of the solution of a matrix RHP
formulated in the plane of the complex spectral parameter A. The problem has the jump across
{Im \* = 0}.

2 Summary of Some Results and the Basic RHP
2.1 Lax Pair

We introduce some notation and definitions which are used throughout the paper.
. . . . 01 00
e 03 = diag(1,—1) denotes the third Pauli’s matrix, o, = (0 O), o_ = (1 0), and
01 =04 +0_;

e A, B are two 2 X 2 matrixes, matrix commutator [A, B] = AB — BA;

e 73 denotes the matrix commutator with o3, 63A = [03, A], then €3 can be easily com-
puted: e?3 A = e?3 Ae™ 73, where A is a 2 X 2 matrix;

e If f(e) is a function then f(e) denotes the complex conjugate of f(e);

e D is an unbounded domain of R U R, let S(D) denote the space of Schwartz class on
D, i.e., the class of smooth scalar-valued functions f(z) on D which together with all
derivatives tend to zero faster than any positive power of |z|~! as || — oo;

e For
k=12, L2 (D)={F\)|\e D, F; € £;D), i,j =1,2},
where "
£4D) = {SON e D, fllercoy = ([ 1#OVHaN) " < oo,
D
and

L3ZD) ={GNA € D, ||Gijlle=(p) = sup |Gij (M) < oo (i,5=1,2)},
€
with the norms taking as follows

120y = max, | iy lenoys 7= 1200+, 0c.
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Definition 2.1.1. Let the contour I' be the union of a finite number of smooth and oriented
curves on the Riemann sphere C, such that C\ T has only a finite number of connected compo-
nents. Let J(A) be a 2 x 2 matriz defined on the contour I'. The RHP (I',J) is the problem of
finding a 2 x 2 matriz-valued function M(X) that satisfies:

(1) M(X) is analytic for all X € C\ T, and extends continuously to the contour T';
(i) M.(\) = M_(\)J(), AeT;

(iii) M(\) — I, as A — oo.
Proposition 2.1.2. The C-L-L Equation (1.1) admits the following Lax pairsitl:
0V (x, t; N) = M(x, t; \)U(x, t; M), WU (x,t; \) = N(x, t; )W (x, t; ), (2.1)
where
M (x,t; A) =A(—iAos +uoy +vo_) — iuvag,

) 1
Mz, t; \) =222 [ —i03\? + (uoy +vo_ )\ — ;’U,’U(Tg:| + )\[2uv(ua+ +vo_) +i(uyop —vgo_)

) 1
- {;uzvz + 4(uvw - uwv)} o3, (2.2)

with u(x, t) = v(x,t). And u(z,t), v(x,t) satisfy the coupled C-L-L equations
104U + Oppt — i|u|28$u =0, —10i0 + Ogav + i|u|28wv =0. (2.3)

Let u(x,t),v(x,t) satisfy the two nonlinear (2.8) on the half line —co < x <0, 0<t <T. Let
u(zx,t) satisfy decaying initial conditions at t = 0, as well as appropriate boundary conditions
at © = 0. We can prove that (2.3) are the Frobenius compatibility conditions for System (2.1).

Proposition 2.1.3. Let u(z,t)(or v(z,t)) be a solution of (2.3). Then there exists a corre-
sponding solution of System (2.1) such that W(x,t;0) is a diagonal matriz.

Proof.  For given u(z,t), let \f/(x, t; A\) be a solution of System (2.1) which exists in accordance
with Proposition 2.1.2. Then we obtain that ¥(z,t;0) = exp ( — 403 ;0 lu(é,t)[2d€) - Ky or
\T/(x,t; 0) =exp(— Los fti) [su?v? — i(uv, — ugv)](z,n)dn) - K, for some g, to € R and non-
degenerate matrix Ky, Ko which is independent of x, ¢, respectively. The function ¥(z,¢; \)

o

U(, t; A)/E;l (i = 1,2) is the solution of System (2.1) which is diagonal at A = 0.
2.2. Spectral Analysis
Extending the column vector ¥ to a 2 x 2 matrix and letting
W = WelN e t2A )os —o<z<0, 0<t<T, (2.4)

then we obtain the equivalent Lax pair
£y 2 i o
bo +iX[03, 0] = [AQ — | Qs e,

bi + 20X o3, 9] = [2)\36,2 —iN2Q%05 + /\(;Qf‘ - iQmag) + P} b, (2.5)
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where ) .
Q=wuoy +vo_, P= —;Q403— ,[0.Q. (2.6)
The Lax pair (2.5) can be written in full derivative form
d( NV TN 1 0)) = NN (1 N, —co<a <0, 0<t<T, (2.7)
where

Uz, t; N) = Ur(z, 6 N)dz + Ua(z, t; N)dt,
) 1
Ui(e,t:0) =2Q = | Q%3,  Una, ) = 28°Q = iX*Q%0s + A, Q° — iQ.03) + P.

In order to formulate a Riemann-Hilbert problem for the solution of the inverse spectral
problem, we seek the solutions of the spectral problem which approaches the 2 x 2 identity
matrix as A — co. We use Lenell’s method®? to transform the solution v (z,t; \) of (2.7) into
the desired asympotic behavior. Consider that a solution of (2.7) is of the form

Dy Dy Ds 1
bt =D+ '+ o+ 0 +0() A —oe

where Dy, D1, Dy, D3 are independent of A. Substituting the above expansion into the first
equation of (2.6), and comparing the same order of frequency of A, we have

O()\z) : i[Ug,DQ] == 0,
O(A) : i[Ug,Dl] = QD(),
O(].) : Dog; + i[Ug,DQ] = QDl - 1Q203D0.

11
We know that Dy is a diagonal matrix form O(A\?), and let Dy = (Dg D%z) . From O(\) we
have ;
_ 22
(o) _ 0 2uD1
D" =1 ;
2vD%1 0
where D;O) being the off-diagonal part of D;. From O(1), we have

Do, = iuvagDo. (2.8)

On the other hand, substituting the above expansion into the second equation of (2.6), we have

O(\Y) : 2i[o3, D] = 0,
O(N®) : 2i[o3, D1] = 2Q Dy,
O()\?) : 2i[o3, Do) = 2Q D1 — iQ*03 Dy,
1
O) : 2i[os, D3] = (26,23 - inag) Do + 2QDs — iQ%03 D1,

. 1 ) 1 1
O(l) : D()t = 2QD3 — 2Q203D2 + (2Q3 - lQIag) D1 — <8Q403 + 4[Q7Q$])DQ.
From O(A!), we obtain the relation

[ . 1 o Z 1
20D —iQ* D03 = -, Q*D{” + | Q" Doos + ,QQ: Do, (2.9)
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where Di())o) denotes the off-diagonal part of D3, and ng) denotes the diagonal part of Dy. By
using (2.9) and from O(1) we obtain

) 1
Dot = <2u2v2 +

8 4(
The (1.1) admits the conservation law i(uv); = (4u?v? 4+ uv, — uzv) . Then the two (2.8) and

(2.10) for Dy are consistent and are both satisfied if we define

(,t)
Dy(x,t) = exp (z/
(

z0,t0)

UV, — uwv))agDo. (2.10)

Aos), (2.11)

where A is the closed real-valued one-form, and A(z,t) = Aq(x,t)dx + Aq(z,t)dt, Aq(z,t) =

quv, Ag(z,t) = fu?v? — | (uvg — ugv), (z0,t0) € D, simultaneity, for the convenience of

calculation we denote (xg,tp) = (0,0).
Noting that the integral in (2.11) is independent of the path of integration and the A is
independent of A, then we can introduce a new function u(z,t; A) as follows

~

V(x, t; \) = elf(f}loz) Agg,u(x,t; A)Do(z,t), —o<x <0, 0<t<T. (2.12)
Through direct calculation, the Lax pair of (2.7) becomes
d(eNTHNOT (0 £ 0)) = Wz, 1)),  AeC, (2.13)
where
W (z,t; \) = eV o200y (0 4\ (e, 1 0,
V(£ ) = V(s N+ V(s At = ¢ Jom 7 (U 0) — iAds).

Taking into account the definition of U(x,t; A) and A, we can get

. ER))
_! uv )\ueizlf@’“) A
Vl(xvt;)\) = 2,2(m,t) i y
e oo 2uv
i 1 1 —ai [0
—iX2uv —  u?v? — _(uvg — ugv) (2)\3u + A( u?v + z’u$>)e (0,0)
Va(z,t;\) = % 2 R 22 1
(2)\31) + )\(2uv2 — ivaj))e “J0.0) iNuv + 4u2v2 + 5 (uvy — uzv)
Then (2.13) for u(z,t; ) can be written as
po + 0 [og, 1] = Vip, e+ 2N o3, 4] = Vap, (2.14)

where —co < x <0, 0<t<T, AeC.

2.3 Eigenfunctions and Their Relations

Assuming that u(z,t) exists and is sufficiently smooth in D = {-c0 < 2 < 0, 0 < ¢t < T},
Wiz, t,A) (j =1,2,3) are the 2 x 2 matrix valued functions defined by

() ~

iz, t; A) =1 +/ e IVt sy e ) —co<z <0, 0<t<T. (2.15)
(2j5t5)

The integral denotes a smooth curve from (z;,%;) to (z,t), and (z1,t1) = (0,T), (x2,t2) =

(0,0), (zs,t3) = (—00,t), see Figure 1.
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1)

(x1,t1)
(=00,8) * ()

(x3,t3)

(0,0)

(x2,2)

Figure 1. The three points in the (z,t)-domaint

The fundamental theorem of calculus implies that the functions p;(z,t;A) (7 = 1,2,3.)
satisfy (2.13) and the one-form W (x,t; \) is exact, then p;(x,t; X)(j = 1,2, 3.) are independent
on the path of integration. The functions p1, pz and ps are defined from A in some domain
of the complex A-plane. Following the idea in [16], we choose the specific contours depicted in
Figure 2.

(Chy] fon — )]

0 [eo,t) (xt) (1)

00 ¥ 00) * 00

Figure 2. The Three Contours l1, 12,13 in the (z,t)-domaint

therefore we have

0 —~
(x5 A) =I — / N E=IT (V) (6,1, N

x

~ T . -
3 e—iA2r03 / 62M4(T_t)03 (VQIL“)(O’ T, )\)dT,
t

0 o~
p2(w, b5 \) :I—/ N €175 (17 10) (€, 8, \)dE (2.16)

x

~ t . -~
L e—i)\szG'S / 621)\4(T—t)03 (VQ,UQ)(O) T, /\)dT,
0

i) =1+ [ I (6 )
Assuming that the dependence of Vi(xz,t;A), Va(x,t;A) on A is such that pj(z,t; ) = I +
O()(i = 1,2,3.) as A — oo, it follows that the functions p;(z,t;\)(j = 1,2,3.) are the
fundamental eigenfunctions needed for the formulation of a RHP in the complex A-plane. And
we note that this choice implies the following inequalities

(x1,61) — (2,t) 12 < € <0, t<7<T,
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(xa,t2) — (x,t) 1z < € <0, 0<71<t,
(z3,t3) — (x,t) : —00 < & < .
We find that the first column of the matrix (2.15) involves e~ 2O (E=2) 42X (7=1) "and using the
above inequalities implies that the exponential term of p;(xz,t;A) (j = 1,2,3.) is bounded in
the following regions of the complex A-plane,
(x17 tl) -
(1'2, t2) -
N

(w3,13)

(x,t) : {Im/\2 <0}n {Im/\4 < O},
(x,t) : {Im/\2 <0}n {Im/\4 > O},
(2,t) : {ImA* > 0}.

2

The second column of the matrix (2.15) involves the inverse of the above exponential, which is
bounded in

pr(z, 5 N), (z1,t1) — (2,t) - {TmA% > 0} N {ImA? > 0},
pa(z, 6 A), (x2,t2) — (x,t) : {Irn/\2 >0}n {Im)\4 < 0},
us(x,t; A, (z3,t3) — (2,1) : {Irn/\2 < 0}.

Then, we obtain

pi(, 15 A) = (up (2,65 0), 10 (2,65 0)),
pa(, 6 A) = (g (w65 0), 53 (@, M), (2.17)
ps(a,t ) = (g VP2 (2,15 0), p VP (2,8 ),
where ufl denotes p; which is bounded and analytic for A € D; and D; = w; U (—wy), w; =
{zeCl2kn+ " 'r < Argz < 2km+ Ln}, —w = {2z € C]2kr + 1?1 < Argz < 2kr + 7},

=123 1=1,2,3,4, k=0,£1,4+2,---, Arg z denotes the argument of the complex z, see
Figure 3.

Dy D,

Dy

Figure 3. The Sets Dj;, j = 1,2, 3,4, which Decompose the Complex A-plane

More specifically,

pa (0,45 0) = (2P0, 85 1), u 9P (0,8 1)),
p2(0,5 ) = (g V720,45 1), 15 220,45 ),
(@, Ty A) = (P (2, T5 M), py P2 (2, T3 ), (2.18)
pa(@,0;0) = (u3sVP4 (2,0, \), 13" VP2 (2,035 \)), '
#1(0,0; 3) = (uf2°P1(0,05 1), 1972 (0,0 1)),

(

12(0,T50) = (u8 730,75 M), u8? =40, 75 M)).
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For the purpose of deriving a RHP, we need to compute the jumps across the boundaries of the
Dj;’s (j =1,2,3,4.). It turns out that the relevant jump matrices can be uniquely defined in
terms of two 2 x 2 matrices valued spectral functions s(\) and S(\) defined as follows

(2,1 N) = pia(x, 15 A)e TN T2 0T g3

TIPS (2.19)
1 (2,65 N) = po(a, t; N)e I THRADIs g (),

Evaluating the first equation of (2.19) at (z,¢) = (0,0) and the second equation of (2.19) at
(z,t) = (0,T), implies

s(A) = 113(0,0; A), (S(N) 1 = €273 10 (0, T 0. (2.20)
From (2.18) and (2.19), we obtain
(2,5 X) = iy, 5 Ne 72N 053 (5(3)) =15 () (2.21)

which will lead to the global relation.

Hence, the function s(\) can be obtained from the evaluations at x = 0 of the function
us(x,0,\) and S(\) can be obtained from the evaluations at ¢t = T of the function ps(0,t, A).
And these functions about u;(x,t; A) (j = 1,2, 3.) satisfy the linear integral equations as follows

T ~
(0,6 0) =1 —/ 62M4(7_t)”3(1/2u1)(0,7', A)dr,
t

t —~
12(0,80) = I + / AN 707 (Vy15) (0, 7, N)

0. R (2.22)
p3(, 03 1) = I+/ N ETET (V1) (€, 0, \)d,

— 00

0 ~
pa(,05 1) = I‘/ e 6075 (Vi p12) (6,0, A) €.
Let ug(z) = u(x,0), go(t) = u(0,t), and g1(t) = u,(0,t) be the initial and boundary values of
u(z,t), then

T 2
; - d
— 5 luol? Auge Jo dluolds
V(2,0:) = 7 & luola :
Augedo 2 5 |uol?
iy 2 2_ g 4_1 3 1 2 . —2¢ftA2(o.T)dT
—iX*|go|*— ;1g0]"— 3 (9091 —9190) 227 go+A| 31g90l%go+ig1 ) | e 0
VQ(O’t; /\) = 3 . 5 ) 2riftA2(o,T)dT 2 o { 41 ’
2X°go+A| 21901790 —ig, ) J e O iX*[gol +4\go\ +3(9091—919¢)

and As(0,7) = ¢lgol* — (9091 — 9190)-
The analytic properties of (2 x 2) matrices p;(z,t;\) (j = 1,2,3.) that come from (2.15)

are collected in the following propositions. We denote by ,ug»l)(a:, t; \) and uf)(m, t; \) the first
and second columns of p;(x,t; A), respectively. Setting

11 12
1 2 1% Wi .
et ) = G i) i) = (M 1), =12
J J

Proposition 2.3.1. The matrices p;(z,t;\) = (,ug»l)(a:,t; /\),,ug»z)(a:,t; A) (5 =1,2,3.) have
the following properties
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o detpq(x,t; N) = detus(z, t; \) = detus(z,t; \) = 1;

. ,ugl)(a:,t;)\) is analytic, and Ali_)ngo ,ugl)(a:,t;)\) = (1,0)T, where A € {Im A2 < 0} N{Im \* <
0};

o 1@, t: \) is analytic, and lim p$? (z,t; ) = (0,1)7, where A € {Tm A2 > 0} N {Im \* >
izt ytic, an )\Lrgo,ul(x,,) (0, )", where A € {Im A* > 0} N{Im A* >
0};

. ,uél)(a:,t;)\) is analytic, and Alin;o ,uél)(a:,t;)\) = (1,0)T, where A € {Im A2 < 0} N{Im \* >
0};

o 183 (2,40 is analytic, and lim p? (z,t;\) = (0, 1), where A € {Im A2 > 0} N {Im \* <
2 I,,)ZSG;TLCL:UZC,CLTL )\I_)H;OMQ (x,,)—(,),were E{m = }ﬂ{m —

0};

o ,uél)(x,t;)\) is analytic, and )\lim ,uél)(x,t;)\) = (1,0)T, where X € {Im\? > 0};
o ,u:(f) (x,t; A) is analytic, and )\lim ,u:(f) (z,t; ) = (0, 1)T, where A € {Im A\? < 0}.

Proposition 2.3.2 (Symmetries). The matrices

have the following properties
o pit(x,tN) = p2(z,t;0), pi(x,t0) = p3t (6 N);

i ,ujll(xvt_)‘) = M]ll(xvt7 A)7 M]lQ(xvt7_)‘) = _M;Q(x7t7)‘); u?l(x7t7_A) = —Mil(ﬂf,t, A)7
M?Q(xv t; _)‘) = N?Q(xv t; )‘)

Proposition 2.3.3. The spectral function s(X) and S(\) are defined in (2.18) and (2.19)
imply that

0 ~
s =1 +/ N7 (1, 110 (€, 05 \) e,

(2.23)

T ~
STHA) = I+/ XT3 (Vo pz) (0, 73 A)dr.
0

According to Proposition 2.3.2, we can construct the following matriz functions s(\) and S(X),

S(A)=<“(A) bw>7 ()\):(A()‘) BW). (2.24)

By use of (2.19) and (2.23), we can obtain
b(A 12(0,0; A
o [PV =P 0n = 100N
a(A) p37(0,0;A)

eNTBOA) Y\ @ o pE20,T5 )
(o™ ) romn= (0T )
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= Vi(z,0; )P (2,0;0), A€ D3 U Dy, —00 < < 0.
)(Z,O;)\), A€ DyUDy, 0<t<T. where

o Oups) (,0:0) + 2M20u§,2) (2,0;\)
Duns? (0,45 ) + 4idops? (0, A) = Va(0, 8 Al

7= (a0)
o a(=A) =a(N), b(=X) = =b(N), A(—=X) = A(N\), B(—=X) = —=B(\).
o dets(A) =det S(\) =1

e a()) =1 +(9(;1), b(/}

) >
AN =1+0(,), B 1), A — oo, ImA* > 0.

2.4 The Basic RHP

According to the paper [25], we can get that the Riemann-Hilbert problem of the C-L-L equa-

tion. (2.19) and (2.21), relating the various analytic eigenfunctions, can be rewritten in a form

that determines the jump conditions of a (2 x 2) RHP, with unitary jump matrices on the real

and imaginary axis. This involves tedious but straightforward algebraic manipulations.
Setting

B(\) = A2z + 2X\%;

a(A) = a(A)AA) = b(A)B(N);
BA) = a(N)B(A) — b(A)A(N);
6(A) = a(N)B(A) + b(A)a(A).

Let M (z,t; A) be defined as below

F19P2 (2,45 0)

My (z,t:0) = (1 (2,1 0), A € Dy

a(})
DiUD
1 2 t.A
Mz, 60) = (3 (;”; A P22, 0)), ) € Dy;
a
2.25
D3 M?)DsUD4 ({I?, t; )‘) ( )
My (z,t;A) = (13 (z, 15 A), a(\) ), A € Ds;
D3UDy D\
M (2, 60) = (WP (@0, 15 EEN e
a(})

These definitions imply that

1
det M(z,t;\) =1 M(x,t;/\):I—FO()\), A — oo.

Theorem 2.4.1. Let u(x,t; \) is a smooth function, pi(x,t; N), pa(z,t; A), ps(x, t; X) are de-
fined by (2.16), and M (x,t; \) be defined by (2.25), then M (z,t; \) satisfies the jump condition

My (z,t;\) = M_(x,t; \)J(x,t; ), M eR, (2.26)
where Ji(z, ;M) Arg 2 =0;
Ja(z, ;M) Arg\2 = 72r;

Tt A) = J3(z,t; \) Arg \? = r; (2.27)
Ju(z,t; M) Arg\? = ST

9
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and
1 ﬁ()\) —2i0(\)
Tt =| W) el |
_ B £2i0(\) 1
a(A)
a(A) S(\)e—20()
(Ne
T, ) = a(A)
Jo(x,t; \) . o)) ’
a(A)
1 bE)‘; e—2i0(N)
a(A
Bt = _ bV £2i6(%) 1 ’
a(}) a(Na(N)
a(A) 0
Jy(x, t; ) = a(}) "
£210(2) aA)
~5() o

Proof. 'We can complete the proof as Proposition 2.2’s idea in [17]. In order to derive the
jump Condition (2.26) we write (2.19) and (2.21) in the following form

()\) ( ) 219()\)M = MDlUD2 (2 28)
b(N)e~ Q’Q(A)MDS +a(Wpy? = pg"", '
{ A)M_Q F B =iy (2.2

BA)e 20N + ANy = pi?,
{ D,UD- +6( ) 210()\)‘u2DgUD4 —

/\)u = u 4’
B(A)e 200 PrUD2 | (3 PaUDs — D1 (2.30)

Using (2.28), (2.29) and (2.30), we can derive that the jump matrices J;(x,t; ) (1 =1,2,3,4.)
satisfy

D1UD2 x t )\) D3UD4

( )- ek
(,uDlUD2 ., t; /\),uf)l(x,t; /\)> _ (,ungUDz;J); t; ) (2, ) ),]2 x,t; \);
(e )~ R

(2.31)
DgUD4 . D1UDs
a(A) a()\)
D3UDy . D3UDy .
D3 . M3 (LC, t7 )‘) _ Dy . M3 (LC, t7 )\) .
(MQ 60, )_ (ul (2, \), O )J4(x,t,)\).

The matrix M (z,t; \) of this RHP is a sectionally meromorphic function of X in C\{\* € R}.
The possible poles of M(x,t; \) are generated by the zeros of a(\), a(\) and by the complex
conjugates of these zeros. Since a()), a(A\) are even functions, this means each zero A; of a(\)
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is accompanied by another zero at —\;. Similarly, each zero A; of a(\) is accompanied by a
zero at —\;. In particular, both a(A) and a(X) have even number of zeros. a

Hypothesis 2.4.2. We assume that

e a()) has 2n simple zeros {;}3",, 2n = 2n; + 2ny, such that e; (j =1,2,---,2n,) lie in

D3UD4, and &‘j (]:2n1+1,2n1+2,,2n) lie in D1UD2.

e «()) has 2N simple zeros {v;}3Y, (2n = 2Ny +2Ny), such that v; (j =1,2,---,2Ny),
lie in D1 UDQ, and ’)/J (] = 2N1 + 1,2N1 + 2,' . ',QN), lie in D3 U D4.

e None of the zeros of a(X) coincides with any of the zeros of a(\).

The residues of the function M (x,t; A) at the corresponding poles can be computed using
(2.19) and (2.21). Using the notation [M (z,t; A)]; for the first column and [M (z,t; A)]2 for the
second column of the solution M (z,t; \) of the RHP, and we write a(\) = 99, then we get the
following proposition.

Proposition 2.4.3.

210(75)

(1) Res {[M(.’E,t7 A)]l»’?j}:dm)ﬁ(%)[M(x7t§7j)]2; ]: 1727"'72N1'

o—200(75) [

(ii) Res {[M(z,t;N)]2, Vj}:awj)ﬂ(w)

M(Ji,t;’}/j)]l, j:2N1—|—1,2N1—|—2,,2N

20(e;)p

(iii) Res {[M(z,t;N)]1,¢;}="° (_L(i_ Al;(gj) [M(z,t;e5)]2, j=2n1+1,2n1+2,---,2n.

e 0D b(ey)
a(e;)

(iv) Res {[M(z,t;N)]2,¢5}= [M(x,t;¢5)1, j=1,2,---,2n;.

Proof.  According to the idea in [17], we only need to prove (i), and another three relations also
DiUD
have similar proof. Consider M (z,t; A) = (”3;()\) ’ ,,uf)l ), the simple zerosv; (j =1,2,---,2N1.)
DiUD
of a()) are the simple poles of ”30;()\) * . Then we have

Res{MBDlUDz(x’t; Y 7} = lim (A —7.)“3DIUD2(I’“) _ gt ()
a(A) B R e ’ a(N) a(vy) '

Taking A = «; into the second equation of (2.30) we obtain

D
_ 1(xat§’7j)62w(»yj)

D1UDs
1% (LC7 t;y ) -
’ ! B(;)
Furthermore,
ps VP2 (2, 0) 2000 ™ (a1 ;)
Res{ ; j} = .
a(A) &(7;)8(75)
It is equivalent to Proposition 2.4.3(i). a

2.5 The Inverse Problem
Rewriting the jump condition

My (z,t;A) = M_(z,;A) = M_(2,t; ) J (2,4, A) — M_(2,t; ),
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then _
Mi(z,t;A) — M_(z,t;\) = M_J(x,t; \), (2.32)

where J(x,t; \) = J(x,t;A) — I. The asymptotic conditions of (2.16) and the Proposition 2.3.1
imply

M(m,t;)\):l—&—M(x/’\t;)\)+O(/1\>7 A— o0, AeC\T, (2.33)

where I' = {A\* = R}. (2.32) and the condition (2.33) yield the following integral representation
for the function M (x,t; \)

U [ My, 6 M) (w, 65 N
M(z,t;\) =1 + / H@ BT @ EX) 0 s e, (2.34)
omi Jp Y
then .
Mz, t:0) = — ,/M+(a:,t;)\’).7(x,t;)\’)d/\’. (2.35)
271'1 r

Using (2.33) in the first ODE of the Lax pair (2.6), we find

_ i[Ug,M(x,t;)\)] _ Z_ur(a:,t) — dug(, t)

4 4 o1, (236)
Ug(x,t) — dug(x, t) = 2(M(z,t;0\))21 = 2)\lim (AM (z,t;X))21, (2.37)

where o1, 03 denote the usual Pauli matrices.
The inverse problem involves reconstructing the potential u(z, t) from the spectral functions
Wi, j =1,2,3. That means we will reconstruct the potential u(x,t). We show in Section 2.2
that ;
_ 22
D) _ 0 2uD1
1 i
2vD%1 0
when ¢(z,t;\) = Do+ B + 02 + D + O(,L) (A — o0) is a solution of (2.7). This implies
that .
. [T, A
u(z,t) = 2im(x7t)621 f<0v0> ) (2.38)
where

m M (z,t; \) n m® (z,t; ) n m®) (z,t; ) n (9( 1

is the corresponding solution of (2.13) related to i (x,t; \) via (2.12), and we write m(x,t) for

m%) (z,t). From (2.38) and its complex conjugate, we obtain

uv = 4lm|?, UV — UV = 4(mgm — mym) — 32i|m|*.
Thus, we are able to express the one-form A defined in (2.10) in terms of m(z,t; \) as
A = |m|2dz — (6|m|* + i(mym — mym))dt. (2.39)
Then we can solve the inverse problem as follows

(i) Use any one of the three spectral functions u; (j = 1,2,3.) to compute m(z,t) according
to

m(z,t) = )\lijgo()\uj(x,t;)\))lg.
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(ii) Determine A(z,t) from (2.39).
(iii) Finally, u(z,t) is given by (2.38).

3 The Spectral Functions and the Principal RHP
3.1 The Definition of Spectral Functions

The analysis of Section 2 motivates the following definitions for the spectral functions.

Definition 3.1.1 (The spectral functions a(A) and b())).  Given the smooth function uo(x) =

u(x,0), we define the map
S {uo(x)} — {a(N),b(A)}

b(A) \ (@ o [ R 050)
<a(/\) )—ﬂ?, (%07)\)_(#22(@",0;/\) ), Im\? <0.

by

where ps(x,0; \) is the unique solution of the Volterra linear integral equation

(0, 0) = T + / eV €073 (V4 15) (€, 0; )

and Vi (xz,0; \) is given in terms of u(x,0; ) by

—;|u0|2 Auge

V1 ({,C,O;)\) = 0, .
Auoefz 1 luol®de g |?

Proposition 3.1.2.  The spectral functions a(\) and b(\) have the following properties
(i) a(X) and b(\) are analytic for ImA? < 0, continuous and bounded for Im\? < 0.

(i) a(A) =1+0(}),b(A) =0(3) as A > o0, ImA* <0;

(iii) a(A)a(A) — b\ =1, A% € R;

(iv) a(=X) =a(N), b(=X\) = =b()), ImA? <0;

(v) The map Q: {a(\),b(A\)} — {uo(x)}, the inverse map S of Q is defined by

et om0l @) = lim (AM® (2, Ao

ug(x) = 2im(x Jim

where, M®) (x, \) is the unique solution of the following RHP (see Remark 3.1.3);
(vi) S7' =Q.
Remark 3.1.3. The Definition 3.1.1 gives rise to the map

S {uo(x)} — {a(A), b(N)}-

The inverse of this map

Q: {a(X),b(N)} — {uo()}
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can be defined as follows

. 0 7 ’
wp(w) = 2im(@)e Lo 1mENE ) — tim (AM©) (@, ),

A—00
where M ®)(z, \) is the unique solution of the following RHP

M (z,2), ImM<0

() is a sectionally meromorphic function.
M7 (x,N), Im A2 >0

° M(r)(x,/\) = {

o M7 (2, 0) = MP (2, 0)(J@ (2,)7", A2 € R, and

1 b()\) 6721‘)\29:
() a(X) )
IO = . XeR (3.1)
_ eQi)\ T 1
a(A)

o M@ (2,\)=1+0(3), A— oo.

e a()) has 2n simple zeros {€;}3", 2n = 2ny + 2no, such that, ¢; (j =1,2,---,2n,) lie in
D3 U Dy, €j (] :2n1—|—1,2n1+2,---,2n) lie in Dy U Ds.

e The first column of Miw)(x, A) has simple poles at A =¢; (j =1,2,---,2n), the second
column of Mf)(x, A) has simple poles at A=¢; (j=1,2,---,2n).

The associated residues are given by

2ie; 2y~
‘ . b(sj)[M(m)(x,Ej)]Qv J=12,---,2n,
ale;) (3:2)

—21’5?1 .
e b(fj)[M($)(x75j)]l’ j=1,2,---,2n.
a(e;) (3.3)

Res{[M(‘T)(x, Mli,egjt =

Res {[M@ (2, \)]2, e} =

Definition 3.1.4. (The spectral functions A(\) and B(\)). Let go(t), ¢1(t) be smooth
functions, we define the map

S {90(), 1(8)} — {A(N), BOV)}

B(X) (2) £11%(0,A) 2
= 0,)\) = Im A* <0,
( A0 ) IO = g,y ) IS
where 1 (0, ) is the unique solution of the Volterra linear integral equation

T .
£1(0, ) :I_/ N % (Vo ) (7, N)dr

t

and V2(0,T'; A) is given by

t
. ) —2i [ Ag(0,7)dr
I*—ilg0l"=3(9091—9190)  (2A\°go+A(31g0|°go+ig1))e Jo
t
2i | Ag(0,7)dT ) . ’
fO iA2|gol®+ i go|*+ 2 (9091 —9190)

*i)\2|90

V2(0,850) =
(2>‘390+)‘(é ‘90‘290*i91))e

where Ao (0,7) = 51;|go|4 - 1(9091 — 9190)-
Proposition 3.1.5. The spectral functions A(X) and B(\) have the following properties
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(i) A(N\) and B()) are analytic for ImA* > 0 and continuous and bounded for Im\* > 0;

(i) AN =1+0(}),B(\) =0(3) as A — o0, ImX* > 0;

(iii)) AN)AN) —BA)B(\) =1, M eR;

(iv) A(=X) = A(N\),B(=)) = —B(A), ImA* > 0;

(v) The Map Q : {A(N), BN} — {go(t), g1(t)}, the inverse map S of Q is defined by
o(t) = 2im{ () b 220

() = (4mD () + g0 () PmB )6 Jo 22O L igy 1) @mP#) + lao (1)),

1)

FAN

(3.4)

(3.5)

where Ay(t) = 4|mg2 |* + 8(Re [mg)mg)] - |m§12)|2Re [mg?]), and the functions m™M(t),

e
m@(t), mB)(t) are determined by the asymptotic expansion M® (t,\) = I + 1)\“’

)\)+

m@;é“) + m(si(st’)‘) + O(4) (A — o0), where MW(t,\) is the unique solution of the

following RHP (see Remark 3.1.6);
(vi) 571 =Q.
Remark 3.1.6. Let

D1UD3
MO = (M, NP en), o

DoUDy
(“)), Im A < 0.

Mﬁt) (t, /\) — (N1D2UD4 (t, )\), Mo
A(N)

M@(t, \) is the unique solution of the following RHP

M, )), Imi*>0

() is a sectionally meromorphic function.
M7t X), ImA*<0

° M(t)(t,/\) = {

MO, x) = MO, 0) IO (1, A), M eR, and

1 B(\) st
JE(t,N) = f‘];(AA)A(A) AR A eR.
N ()e4i)\4t 1
A(N)

o MOT,N) =1+0(}) (A= oo).

e A()) has 2k simple zeros {¢;}3¥, 2k = 2k + 2k, such that, ¢; (j =1,2,---,2k) lie in
D1 U D3, Cj (] =2k1 + 1,2k +2,---,2k> lie in Dy U Dy.
e The first column of Mj_t) (t,A) has simple poles at A = (; (j =1,2,---,2k), the second

column of Mit)(t, A) has simple poles at A = (;, j=1,2,---,2k.
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The associated residues are given by

€4ic_;*t

Res {[M®(t,\)]1, ¢} = AC)B(C) (MOt )2y j=1,2,-+,2k, (3.8)
6741‘4_;%

Res{[M(t)(L)\)]g,Cj}: A(g.)B(C,)[M(t)(t’Cj)h’ j=1,2,---,2k. 5

Definition 3.1.7 (The spectral functions a(A) and G(N)).  Given the spectral functions
a(A) =a(M)AN) =b(N)B(A),  B(A) =a(A)B(A) = b(N)A(N)

and the smooth functions hy(x) = u(x,T). We define the map

S {hr(2)} — {a(\), BN}

< o ) = 1 (0,3) = ( A ) m A2 > 0,

where py(x, T; N) is the unique solution of the Volterra linear integral equation

by

0 ~
) = 1= [N v 6 75N
and Va(x,T; \) is given by

_ hT|2 /\hTei f; ;hT2d£>

i

5|

04 2 )
Mpels 31l he 2

Va(z,t; M) = (

Proposition 3.1.8.  The spectral functions a(\) and B(\) have the following properties
(i) a(N) and B(N) are analytic for Im A% > 0 and continuous and bounded for Tm A\? > 0;
(i) () =1+0(}),8(0) =0(}) as A — oo, ImA? >0;

(iii) a(N)a(N) —BN)BAN) =1, N eR;

(iv) a(=X) =a(d), B(=A) ==B(}), ImA*>0;

(v) The Map 6 {a(N), BN} — {hr(x)}, the inverse Map § 0f5 is defined by

. 0 ’ ’
h () = 2imy(x)e™ Lo Imr@1a” (3.10)
my(z) = lim WMD) (2, 2))12, (3.11)

where MT)(x,\) is the unique solution of the following RHP;

1 ~

vi) § =0.
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Remark 3.1.9. Let

D1UDs
MiT)(x, )\) _ (MS a(A()x7 )\) 7//41D1UD2 (IE, )\))’ Im )\2 >0,
(3.12)

D3UDy
(x’A)), Im A2 < 0.

MET)(J%)\) — (M{)SUD4($,)\), M3

M) (2, \) is the unique solution of the following RHP

M (2,0), ImA®>
o MM(t,\) = 4('T) (2,4),  mA*=0 is a sectionally meromorphic function.
My (z,)), ImX <0

o MO (@,2) =MD (@,0)TD(@,3), 3 €R, and

1 B(A) o~ 2i(A2z+2)1T)
T (2, \) = a(Ma(X) () . NeR (3.13)
_ BN €2i()\2w+2)\4T) 1

a(A)

o MM (z,A)=1+0(3), A — .

e a()) has 2N simple zeros {v;}3V, 2N = 2N; + 2Ny, such that, v; (j = 1,2,---,2Ny)
lie in D1UD2), ’)/J (]=2N1—|—1,2N1+2,,2N) lie in D3UD4.

e The first column of MiT) (x, A) has simple poles at A=1+; (j=1,2,---,2N), the second

column of M (z,\) has simple poles at X\ = v; (j = 1,2,---,2N). The associated
residues are given by

Res {[MT) (2, M)]1,7;}
p2i(vjz+27}t)
—a(y)B()
Res {[M ™) (2, M)]2,7;}

e—21’(’yfr+2’yﬁt)
_ (T) -
= (M (2, 75)]1, j=1,2,--- 2N. (3.15)
04(%’)5(%’)

[M(T)(x7’YJ)]27 .]:172772]\77 (314)

3.2 The Principal RHP

Theorem 3.2.1. Let ug(z) € S(R™) a smooth function. Suppose that the function go(t), g1 (t)
are compatible with the function ug(t). Define the spectral function a(X), b(X), A(X) and B(X),
in terms of up(x), go(t), and g1(t) of Definition 3.1.1 and Definition 3.1.4. Suppose that a())
b(\), A(N\) and B(\) satisfy the global relation

)

a(MN)BO\) — bAVAN) = e*Tet(\),  ImA2 >0,

where s(A) = pz(0,0; X), S(A) = S(T, A) = (€2X' T uy(0,T; X)) ™2, if A — oo the global relation is
replaced by a(A)B(A) — b(A)A(X) = 0. Assume that the possible zeros of {e;}3%, are a(\) and
{ 351 of a(N), then define the M(x,t,\) as the solution of the following RHP
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o M(z,t;\) is sectionally meromorphic in C\ {\* € R}.

o The first column of M(x,t; \) has simple poles at A =€, j=1,2,---,2n, and A = 7,
j=1,2,---,2N. The second column of M(xz,t;\) has simple poles at A\ = €;, j =
L2, 2nand A=v,, j=1,2,---,2N.

o M(x,t; \) satisfies the jump condition

My (z,t;0) = M_(x,t; \)J (x,t; N, A eR. (3.16)

o M(x,t; ) :I—|—O(}\), A — oo0.
o M(x,t; \) satisfies the residue conditions of Proposition 2.4.3.
Then M (x,t; \) exists and is unique, we define u(x,t) in terms of M (x,t;\) by
)
u(x,t) = 2im(x, t)ezlf(Oﬂ)
m(x,t) = Alim (AM (z,t;X))12, (3.17)

A = |m|*dz — (6|m|* + i(mym — mym))dt.

Furthermore u(z,t) is the solution of the C-L-L Equation (1.1), and u(z,0) = fo(x), u(0,t) =
90(t), 4z(0,1) = g1(t).

Proof. 1In fact, if we assume that a(A) and a(\) have no zeroes, then the (2 x 2) function
M (z,t; \) satisfies a non-sigular RHP. Using the fact that the jump matrix J(z,t; A) matches
with the symmetry conditions, we can show that this problem has a unique global solution!!.
The case that a(A) and «(A) have a finite number of zeros can be mapped to the case of no
zeros supplemented by an algebraic system of equations which is always uniquely solvable. O

Theorem 3.2.2. The RHP in Theorem 3.2.1 with the vanishing boundary condition M (x,t; \)
— 0(A — 00), has only the zero solution.

Proof.  Assume that M (z,t; \) is a solution of the RHP in Theorem 3.2.1 such that My (x,%; A)
— 00(A — 00). Aisa (2x2) matrix, AT denotes the complex conjugate transpose of A.
Define
Hy(\) =M,(\)M' (=)), Imi!>o0,
H_(\)=M_(\)MI(=)), Imx*<o,

where the z and t are dependence. H, ()\) and H(\) are analytic in {\ € C\ ImA* > 0} and
{) € C\ ImA* < 0} respectively. By the symmetry relations a(—\) = a()),b(—\) = —b()\) and
A(=)N) = A(N), B(—A) = —B()\), we infer that

(3.18)

TN =00, HEN=J00, T = L. (3.19)

Then
HyA)=M_(NJWM (=)), ImMeR,

H_-(A\)=M_(MN)JH (=M (=)), ImxeR.

(3.19) and (3.20) mean that H,(\) = H_()\) for Im\* € R. Therefore, Hy(\) and H_(\)
define an entire function vanishing at infinity, so H,(A) and H_(\) are identically zero. Noting
J3(ik)(k € R) is a Hermitian matrix with unit determinant and (2,2) entry 1 for any « € R.
Therefore, J3(ik)(k € R) is a positive definite matrix. Since H_(x) vanishes identically for
Kk € 1R, i.e.,

(3.20)

M, (ir)J3(ik)M1 (ik) =0, K €R. (3.21)
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We can deduce that M, (i) = 0 as k € R. It follows that My (A) and M_(X) vanish identically.

Proposition 3.2.3.

O

u(x,t) satisfies the C-L-L equation.

Proof.  Using arguments of the dressing method[?%, it can be verified directly that if M (x,t; \)
is defined as the unique solution of the above RHP, and if u(x, t) is defined in terms of M (x, t; \)
by (3.17), then u(x,t) and M (x,t; \) satisfy two parts of the Lax pair, hence u(z,t) is solvable
on C-L-L equation.

Proposition 3.2.4.

u(z,0) = uo(z).

O

Proof. Noting the (2.27) at ¢t = 0 we can divide the jump matrix into product of (2 x 2) matrix

Define

then we set

Ji(z,0;A) =

Jz(x, 0; )\) =

Jg(x, 0; )\) =

J4(.13, 07 A) =

M@ (2, ) = M(z,0;)),
M@ (2,0) = M(x,0; \)(J2(z,0; 1) 7,
M@ (2,0) = M(z,0; ) Ja(z,0;\),

1 ﬁ()‘) 6721‘)\%

(3.22)

A E Dy U Dy,
/\EDQ,
)\EDg,

(3.23)

A€ Dy U Do,

), A€ D3 U Dy,
(3.24)

($7)\)7M3 gx7)\)>7 A€ D3 U Dy,

A€ Dy U Do,
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where M ®)(z, \) satisfies

MO (@) = MD (2,0 (2,)),  AeR;

(3.25)
M (@A) = M (@ N7 (2,0)7Y, A2 eR.
M@ (z,A) =1+ 0(}) (A — o00). According to Proposition 3.1.2,
wo(x) = 2im(z)et J ImE@lds oy Jim (AM®) (2, )12
comparing this with (3.17) evaluated at ¢t = 0, we conclude that up = u(x,0). a

Proposition 3.2.5. The sets {e;}3", and {v;}3Y, are not empty.

Proof. The first column of M (z,#; \) has poles at {;}37 ,, for A € Dy and has poles {v;}}™*

for A € D;. On the other hand, the first column of M*)(z, \) should have poles at {; }?fl or
have poles at {Ej}?zl. We will now show that the transformation defined by (3.23) maps the
former poles to the latter ones.

Setting M (x,0;\) = (MM (x,0; \), M3 (z,0; \)), (3.23) can be written as

M@ (z,3) = (Zii;M“’ SANe @, SHNE), veD, (320)

The residue condition of Proposition 2.4.3, (iii) at &; implies that M ®)(x, \) has no poles at ¢;
on the other hand, (3.26) shows that M (®)(z, \) has poles at {e;}3N, 41 with residues given by

Res{[M(z)(a:, Ml1,7;} = —Res {5(/\),’yj}e_%'y-?‘””M(‘"”)(a:,*yj),
j=2N; +1,2N; +2,---,2N. (3.27)

Similar considerations apply to €; and ;. O
Proposition 3.2.6. u(0,t) = go(f), u(0,t) = g1(t).
Proof.  Define

MO (t,\) = M0, N)G(t,N), (3.28)
where G(t, \) is given by GU)(t,\) for A € Dj;, j=1,2,3,4. Noting that M (0,t; \) satisfies

Theorem 2.4.1 on the respective parts of the boundary separating the D;s, then M®) (t, N

satisfies the RHP defined in Remark 3.1.6. Suppose we can find matrices GV and G holo-
morphic for Im A? > 0 (and continuous for ImA? > 0), matrices G and G*) holomorphic for
Im)? < 0 (continuous for ImA? < 0), which tend to I as A\ — oo, and which satisfy

Jo (0,1 NGOV (£, 0) = GO (£, \)JD (8, ),

J1(0, 6 NGW (8, 2) = GW (£, 0) TV (t, ), (3.29)
J3(0,6: NGO (8, A) = G (1, )T O (1, 3), |
(0, NG (£, 0) = GO (1,002, ),

where J® (¢, \) is the jump matrix defined in (3.7).
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We can obtain that such GU) (¢, \) (j = 1,2,3,4.) matrices are

a(A) L i (-1
ct(Ne
coun =N ]
a(X)
5(}\) o b(>‘ 6741')\415
G (t,\) = A(A)1 ,
R 09
1 0 (3.30)
G(B) (t, )\) _ 6()‘) ,
_ Z(()/\\)) e4i>\4t 5()\)
() .
elS)) (t,\) = a(}) o
ct(A)e 4 (T=D) A0)

using directly calculation, we can verify these GU)(t,\) (j = 1,2,3,4.) matrices satisfy the

conditions (3.29). As for the proof of the equation ¢(z,0) = go(x), it can be verified that
the transformation (3.28) replaces the residue conditions of Proposition 2.4.3 by the residue
conditions of Remark 3.1.6.
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