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Abstract In this paper we present an infeasible-interior-point algorithm, based on a new wide neighbourhood
N (71,72,7), for linear programming over symmetric cones. We treat the classical Newton direction as the sum
of two other directions. We prove that if these two directions are equipped with different and appropriate step
sizes, then the new algorithm has a polynomial convergence for the commutative class of search directions. In
particular, the complexity bound is O(r!-? loge™!) for the Nesterov-Todd (NT) direction, and O(r? loge™!) for
the xs and sx directions, where r is the rank of the associated Euclidean Jordan algebra and € > 0 is the required
precision. If starting with a feasible point (z%,y%,s%) in A(71,72,7), the complexity bound is O(y/rloge™1)
for the NT direction, and O(rlog s’l) for the xs and sx directions. When the NT search direction is used,
we get the best complexity bound of wide neighborhood interior-point algorithm for linear programming over

symmetric cones.
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Introduction

During the last two decades, major developments in convex programming were focusing on
conic programming, which optimizes a linear objective function subject to linear constraints
and over a pointed, closed, convex cone. [13] first led to a general theory of interior-point-
methods (IPMs) in convex programming. Their methods were primarily either primal or dual
based. Later, [14,15] provided a theoretical foundation of efficient primal-dual IPMs on a special
class of conic programming, where the associated cone is so-called self-scaled cone. [8] observed
that the self-scaled cones are precisely symmetric cones, which have been much studied in
other areas of mathematical sciences (see, for example, [4]). This special subclass of conic
programming includes linear programming (LP), semidefinite programming (SDP) and second
order cone programming (SOCP) as special cases. We denote this special subclass of conic
programming as KC-LP, where I is the associated symmetric cone. In a more general context,
[5,6] analyzed the IPMs over symmetric cones characterized by Jordan algebras, where Jordan
algebras played a crucial role. [18] extended the analysis by [12] for SDP to IC-LP problem.
They proved polynomial iteration complexities for variants of the short, semi-long, and long
step path following algorithms based on commutative class of search directions. For short
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step method, the iteration bound is O(k+/rloge™1), and for semi-long and long step methods,
the iteration bound is O(krloge~!), where r is the rank of the associated Euclidean Jordan
algebra, ¢ > 0 is the required precision, and 0 < k < oo will be defined in Section 6. Later,
based on the commutative class of search directions, [17] analyzed an infeasible-IPM(IIPM)
over symmetric cones using the wide neighbourhood N2 . This algorithm does not require the
iterates be feasible to the relevant linear systems, but only be in the interior of the cone K. The
complexity bound obtained there is O(k72loge~1). Other IPMs over symmetric cones can be
found in [3,7,10,11,16,19,20], for example.

Based on Ai’s original ideal!l, an important result was given by [2] for linear complementarity
problem (LCP). Their algorithm decomposes the classical Newton direction into two orthogonal
ones and proceeds in a new wide neighbourhood N (11, 72,7). It is proved that their algorithm
stops after at most O(y/nL) iterations, where n is the number of variables and L is the input
data length. This result yields the first wide neighbourhood path-following algorithm having
the same theoretical complexity as a small neighbourhood algorithm for monotone LCPs. Later,
[9] generalized the Ai-Zhang’s idea to SDP and showed O(y/nL) iteration complexity of their
algorithm when using the NT direction. In addition, they proposed a question: whether Ai-
Zhang’s scheme can be applied to SOCP problems and further to general conic programming.
We answer this question in the affirmative. Recently, Liu et. al.l'%) extend the neighborhood-
following algorithm of LP in [1] to symmetric cones. In the paper, the authors proved a key
property about the new wide neighbourhood, which plays a crucial role in the complexity
analysis. In this paper, we propose a new IIPM for LP over symmetric cones. This unifies
the analysis for linear, second-order cone and semidefinite programming. It is proved that the
new algorithm stops after at most O(kr!-5loge~!) iteration. The complexity bound obtained
here is better than that obtained by [17]. For the feasible case, the iteration complexity of the
algorithm was reduced to O(k+/r loge~1), which is the same complexity as small neighbourhood
(short-step) IPMs over symmetric cones analyzed by [18].

In Section 2, we review the theory of Jordan algebras and symmetric cones. In Section
3, we introduce the IC-LP problems and a new wide neighbourhood. In Section 4, we explain
the way to decompose the Newton direction and state the generic framework of our algorithm.
In Section 5, we first demonstrate several technical lemmas, and then establish the iteration
complexity of the proposed algorithm based on the commutative class of directions. We also
give the complexity bound for the case of feasible starting point. Finally, some conclusions are
given in Section 6.

2 Euclidean Jordan Algebras and Symmetric Cones

In this section, we introduce Jordan algebras and symmetric cones as well as some of their basic
properties. This theory serves as our basic toolbox for the analysis of [IPMs. Our presentation
mostly follows[* 18,

Let J be an n-dimensional vector space over R, along with a bilinear map o : J X J — J.
Then (J,0) is a Jordan algebra if for all x,y € J, zoy =yox and z o (22 oy) = 220 (zoy)
where 22 = z o 2. A Jordan algebra J is called Euclidean if there exists a symmetric positive
definite quadratic form Q on J such that Q(x oy, 2) = Q(z,y 0 2z). An element ¢ € J is an
identity element if zoe = eox =z for all z € J. The cone of squares of a Euclidean Jordan
algebra J is the set K := {2% : 2 € J}.

Let G(K) denote the group of automorphisms of a cone K. K is a homogeneous cone if G(K)
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acts on it transitively. That is, if z,y € int K, then there exists g € G(K) such that g(z) = y.
Symmetric cones are also precisely the class of self-scaled cones introduced by [14] (see also [6]
and [8]). The relevance of the theory of Euclidean Jordan algebras for IC-LP problem stems
from the following theorem, which can be found in [4, Theorems II1.2.1 and III.3.1].

Theorem 2.1. A cone is symmetric if and only if it is the cone of squares of some Euclidean
Jordan algebra.

[39))

Since “o” is bilinear for every z € J, there exists a linear operator L, such that z oy =
L,y for all y € J. For each x € J define Q, := 2L2 — L,», which is called the quadratic
representation of x, and it plays an important role in our subsequent analysis.

For x € J, let r be the smallest integer such that the set {e,z,22,--- 2"} is linearly
dependent. Then r is called the degree of x and denoted by deg(z). The rank of J, denoted
by rank(J7), is the maximum of deg(z) over all members € J. An idempotent c is a nonzero
element of 7 such that ¢* = c. A complete system of orthogonal idempotents is a set {c1,- - -, ¢ }
of idempotents, where c;oc; =0 for all ¢ # j, and ¢1 4. ..+ ¢ = e. An idempotent is primitive
if it is not the sum of two other idempotents. A complete system of orthogonal primitive
idempotents is called a Jordan frame. We have the following spectral decomposition theorem.

Theorem 2.2. ([4, Theorem II1.1.2]).  Let J be a Euclidean Jordan algebra with rank r.
Then for every x € J, there exist a Jordan frame {c1,---, ¢, } and real numbers Ay, -+, A, such
that x = Aic1 + -+ - + A\rc. The numbers \; are called the eigenvalues of x.

We define the following. The inverse z~! := X\ ¢y + ... 4+ A e, whenever all \; # 0; The
square root z'/2 := )\%/201 4.+ )\i/ch, whenever all A\; > 0; The trace tr(z) := A + ...+ Ay
The determinant det(z) := A1 ---A.. Denote the minimum (maximum) eigenvalues of z € J
by Amin(2)(Amax(x)). If 271 is well defined, we call z invertible. We call z € J positive
semidefinite (positive definite), denoted by = = 0 (z > 0), if all its eigenvalues are nonnegative
(positive). It is clear that an element is positive semidefinite (positive definite) if and only if it
belongs to (the interior of) the cone of squares.

Lemma 2.1. ([7, Lemma 2.15]). Ifxzoy € intK, then det(z) # 0.

Since tr(x o y) is a bilinear function, the inner product can be defined as (z,y) := tr(z o y).
Since tr(-) is associative, it follows that the inner product is associative, that is (zx o y,z) =
(x,y o z). The spectrum of x € J is the multiset of its eigenvalues. For x € J with spectrum
AL, A2, -+, Ap, the Frobenius norm and the spectral norm can be defined as ||z||F := \/<a:, x) =

\/(E)\f), and ||z|2 := max|\;|. Observe that |le[r = /v and |le||a = 1, since identity
1

element e has eigenvalue 1, with multiplicity . Since the inner product is associative, it

follows that L, and L' are symmetric with respect to (-,-), that is (L,¥y,2) = (y, L,2), and

(Li'y,z) = (y, Ly '2).

Lemma 2.2 ([17, Lemma 2.9]). For xz,y € J, we have ||z oy||r < ||z||rlly|lF-

Let {c1,c2,...,¢} be a Jordan frame in J. For ¢,5 € {1,2,---,r}, the Peirce spaces are
given by Ji; ;= {x € J :woc; =} and when i # j, J;j :={x € J :wo0¢; = yo =xo0c;}.
Then we have the following.

Theorem 2.3  ([4, Theorem IV.2.1]).  The space J is the orthogonal direct sum of spaces
Tij (i < ).



774 C.H. LIU, Y.L. SHANG, P. HAN

Thus, given a Jordan frame {c1, ¢z, - -, ¢}, we can write z € J as
x—Zxcl—i—Zx”, (1)
1<j

where z; € R and x;; € J;;. This expression is the Peirce decomposition of x with respect to
{Ch Coy - 7Cr}~
We state two useful propositions about the quadratic representation.

Proposition 2.1 ([4, Proposition I11.2.2]). Ifz,y € int K, then Qy € int K.

Proposition 2.2 ([18, Proposition 21]). Let z,y,p € int K and define T := Qpx and y :=
Qp-1y. Then

1. Qu1/2y and Q,n/2x have the same spectrum.

2. Qu1/2y and Q= ,,y have the same spectrum.

We say two elements x,y € J operator commute if LyL, = L,L,. The tool of operator
commutativity is very useful in the analysis of algorithms.

Theorem 2.4 ([18, Theorem 27]). Let z and y be two elements of Euclidean Jordan algebra
J. Then T and y opemtor commute if and only if there is a Jordan frame cq,---,c, such that

x—Z)\cz andy—z,uzcz

= =

Lemma 2.3 ([18, Lemma 30]). Let z,y € int K and define w := Q 1,2y, then tr(zoy) =
tr(w), Amin (€ 0 ¥) < Amin(w), and Apmax( 0 y) > Amax(w). Moreover, if x and y operator
commute then x oy = w.

For any = € J with spectral decomposition £ = A\jc; + ... + A.¢,, we define the positive
part and negative part of x by

x+:)\fcl+---+)\jcr and 2 =M+ -+ A,
where A" = max(\;,0) and A\; = min(\;,0).
Lemma 2.4. [(z+y)*|r < [l2* + 5™l < [2¥]lr + |y llF, Vo,y € T.

Proof. Let z+y have the spectral decomposition z+y = A\j¢y + - -+ A\r¢;, where {c1,---, ¢}
is a Jordan frame and the eigenvalues satisfy

AMZA 22X 202 A1 20 > A

By the definition of the positive part, we have (x +y)™ = Aje1 + -+ + Apc. Thus

Iz + )"l = AT+ + A%

On the other hand, let the Peirce decomposition of a = 1 +y* with respect to {c1,c2, -+, ¢}
be a = Z%Cz + > a;j, where a; € R and a;; € Ji;. Then, for 1 < i < k, we have
=1 1<J

a; = (zT +y*, ¢) > {(x+y, ¢;) =\ >0, where the first inequality follows from zt + y* =
r+y—(z"+y ) zx+y.
By the orthogonality of the spaces [J;;, we have

lall% = 1l Zazcz > aijllE =1l ZCLMIIF + 1Y ail

1<j 1<j



IIPM for LP over Symmetric Cones 775
which implies

T

T k k
2" +yt I > 11D ascilp =Y af =Y ai>> N =|@+y) T
=1 =1 =1

i=1

from which the first inequality follows. The second inequality follows the triangle inequality. O

3 K-LP Problems and Wide Neighbourhood

Let J be a Euclidean Jordan algebra with dimension n, rank r, and cone of squares L. Consider
the primal-dual pair of C-LP problems

(P) min {(c,x),

(2)
s.t. Ax =0, x € K,

and
(D) max (b, y),

. m (3)
st. A'y+s=c¢, se, ye R™,

where ¢ € J and b € R™. Here A is a linear operator that maps J into R™ and A* is its
adjoint operator. We call z and (y,s) primal and dual feasible solutions if they satisfy the
primal and dual constraints respectively. We denote the sets of optimal solutions of (P) and
(D) by P* and D* respectively. A problem (P) (resp. (D)) is called solvable if P* (resp. D*)
is nonempty. For convenience of reference, we define the following two sets:

F = {(x7y73)EICXRmXK:IAZ‘:b,A*y—FS:c}’
FO={(z,y,5) €int K x R™ x int K : Ax = b, A*y + s = c}.

We call F and F°, respectively, the (primal-dual) feasibility set and strictly feasibility set.
(2,9, s) is said to be feasible if it is in F and strictly feasible if it is in Z°. In this paper, we
assume that A is surjective and F9 # ¢.

It has shown that [6,13], under the assumptions above, the sets of optimal solutions P* and
D* are nonempty and bounded, and moreover (z*,s*) = 0 for z* € P* and (y*,s*) € D*. He
also proved that, for x,s € K, (z,s) = 0 is equivalent to z o s = 0. Therefore, * and (y*, s*)
are optimal solutions if and only if they satisfy the following system

Ax = b, z €K,
A'y+s=c, se, yeR™, (4)
zos=0,

where the last equality is called the complementarity slackness condition. Replace x o s =0 in
(4) with the perturbed complementary slackness condition, x o s = pe for p > 0, we have the
relaxed system

Ax = b, x el
A'y+s=c, sek, yeR™, (5)

T oS =pe.
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Primal-dual path-following interior-point algorithms follow the solutions of the relaxed Sys-
tem (5) as p goes to zero. The relaxed system have unique solutions for all g > 0, and these
solutions form the so-called central trajectory (central path), denoted by C. Moreover, the limit
of the trajectory as u goes to 0 yields optimal solution for (P) and (D).

In the classical IPMs, the iterates are allowed to move in a neighbourhood of the central
path. The so-called negative infinity neighbourhood that is a wide neighbourhood, is defined
as

N1 —7) :={(z,y,s) €int K x R™ X int K : Apin(Q1/28) > yu},

where v € (0,1) and p = (z,s)/r is the normalized duality gap. [2] introduced a new neigh-
bourhood of the central path for LCP. Later, [9] extended it to SDP problems. Analogously,
we define our neighbourhood as

N(r,m2m) =N (L =72) N {(@,y,5) : [(Tipe — Quzs) " |p < n(m1 — 2)u}, (6)

wheren > 1and 0 < 79 <711 < 1.
This neighbourhood is a wide neighbourhood since one can verify that

N —7) CN(r1,72,m) CNL(1 —72), Vn>1, 0<m<m <l (7)
Specially, if n = 1, it can be expressed more simply as follows:
N(1,72,1) = {(2,9,5) €It K x R™ x int K : ||(r1pee — Qp1/28) || p < (11 — )11}

For simplicity, we shall choose 7 = 1 in this paper, and we introduce a new notation N (71, 3)
to indicate this neighbourhood, that is

N (1, 8) = {(z,y,5) € int K x R™ x int K : ||(Tipe — Qu1/25) T ||r < Brip}. (8)

where 3 = (71 — 72)/71. Note that by part (i) of Proposition 2.2, Q,1/2s and Q122 have the
same spectrum, and thus N (1 — v) and N (71, T2, ) are symmetric with respect to x and s.

4 Search Direction and Algorithm Framework

Most classic primal-dual path-following algorithms take Newton steps toward points on the
central path C, defined by System (5) for u > 0, rather than pure Newton steps for the optimality
System (4), sometimes known as the affine-scaling direction. Since these steps are biased toward
the interior of K, it usually is possible to take longer steps along them than along the pure
Newton steps for (4) before violating the positive definite condition. To move from the current
point (x,y, s) towards the target on the central path corresponds to 7u leads us to the linear
system

ANz =b— Ax,
A*ANy+ As=c—s— A"y, (9)
Azxos+xo/As=rTue—xo0s,

where (Az,Ay,As) € J x R™ x J is the search direction, 7 € [0,1] is called centering
parameter. [18, Lemma 28] show an equivalent way of writing the complementarity condition
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xos=pe. Let x,5 € int  and p invertible. Then x o s = pe if and only if Qpx 0 Q,-15 = pe.
Thus, the System (5) can be equivalently written as

A7 =, 7eKk,
A'y+3=¢ Se€K, yeR™, (10)
T os=pue,

where A = AQp-1, ¢ = Qp-1c, T = Qpr, and 5 = Q,-15. Denote by C(z,s) the set of all
elements so that the scaled elements operator commute, i.e.

C(x,s) := {p: p € int K such that Q,x and Q,-1s operator commute}.

This is a subclass of the Monteiro-Zhang family of search directions called the commutative

class. In particular, choosing p = s'/2 and p = z='/2 we get the zs and sz search directions
respectively. For the choice of
P = [Qur/2(Qurr28) 272 = [Qur/2(Qurew) /21712, (11)

we obtain the NT search direction.
In this paper, we restrict the scaling p € C(z, s). Corresponding to the scaling System (10),
the Newton System (9) becomes

ANT =b— Az,
A Ny+N§=c— Ay -3, (12)
Axos+ToAs=Tue —xo0s.
In our new algorithm, we decompose the Newton System (12) into the following two systems:
AN =b— AZ,
ANy + N5 =¢— A%y —3, (13)
ANT_o0S4+ZoAS_ = (Tue —To3)".
and
ANT, =0,
A Ay, + N5y =0, (14)
AT, 05+ToA5, = (Tue —203)".

As pointed in [2,9], the negative part (Tpue — T o 5)~ is responsible for reducing the duality
gap, and the positive part (Tue — ¥ o 3)T is used to control the centrality. [2] suggested to
treat the negative part and the positive part separately to obtain a better iteration complexity
bound for wide neighbourhood IPMs.

Let o := (a1, a2) € [0,1]2 be the step sizes taken along (AZ_, Ay_,A3_) and (AZ4, Ay,
A5y ) respectively. The new iterate is

(Z(),y(@), 5(@)) := (2,9,8) + (AT, Ay, A5 ) + (AT, Ay, ASy). (15)

The following proposition shows the scale-invariance of the neighbourhood.



778 C.H. LIU, Y.L. SHANG, P. HAN

Proposition 4.1.  The neighbourhood N (71, 3) is scaling invariant, that is (z,y,s) is in the
neighbourhood if and only if (Z,y,s) is.

Proof. Let w = @Q=,,5. Note that the neighbourhood N (71, ) can be defined in terms of
eigenvalues of w and by part (ii) of Proposition 2.2 w and @ have the same eigenvalues. The
required result follows. O

Having introduced the key elements for the new algorithm, we state the generic framework
of our algorithm.

Algorithm 4.1. Input parameters: an accuracy parameter € > 0, neighbourhood parameters
0 <7, B<1, acentering parameter 0 < 7 < 1 and an initial point (2°,y°,s°) € N(71,3). Set
po = (2°,8%) /r k :== 0.

Step 1 If py, < epo, then stop.
Step 2 Choose a scaling element p € C(z*,s*) and compute (%, 5%).

Step 3 Compute the directions (AZ*, Ay*, A%*) and (AE’L Ayﬁ, A’s“ﬁ) by solving the scaled
Newton systems (13) and (14) respectively.

Step 4 Choose step size vector o = (a¥, ak), such that the new iterates
P P 1 2/
(@Y = (@, 05,50 + ol (AFE, Ayt ASE) + b (AFY, Ayt AFY),
remain in N(m, §).

Step 5 Let (zF 1, yhF1 sF 1) = (Q,- 121 y* 1 Q™) and g1 = (aPF1 sFH1) /r. Set k=
k+ 1 and go to Step 1.

We note that in the practical implementations, the step sizes o* = (a¥,a}) are chosen to

be a large fraction, for example, 98% of &* = (4%, &%), the sizes of the step to the boundary
of the symmetric cone K. This choice for o may be adequate for practical purposes, but we
need more elaborated choices for theoretically guaranteed convergence. In next section, we
specify our choice for o and present the convergency and iteration-complexity of Algorithm
4.1. Our choice is based on several factors, including keeping the centrality, improvement of
the infeasibility, and decreasing of the duality gap.

Using (13) and (14) the following proposition is readily verified.
Proposition 4.2. Let {(Z*,y*,5")} be generated by Algorithm 4.1. Then for k >0, one has

AT —p = F AR —b), AP A =M (AT 130 -0,
where 1° =1 and i
= (1 — bk = H(l —at)e[o,1]. (16)
i=0

From Proposition 4.2, we have

k |AZF —bl|p || A*yF + 35 — 2 p

- o ~ ~ )
142 bl 1Ay + 30—l
which implies v* represents the relative infeasibility at (z*,y*,3*). Hence at every iterate we

maintain the condition:
@, 5% > vF(@°,3%), (17)
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which ensures that the infeasibility approaches to zero as the complementarity (x, s) approaches
to zero. Observe that (¥%,3%) = 0 is possible only if v¥ = 0. In the case of (z¥,5%) =
0, (Qp_lfk,yk,prsvk) is a solution to (4) and Algorithm 4.1 terminates. However, it seems
extremely unlikely for (z*,5%) = 0 to happen in practice. Thus, we will not consider this finite
termination case in our analysis of convergence.

We now specify a particular starting point for Algorithm 4.1. Let u® and (7°,v°) be the
minimum-norm solutions to the linear systems Az = b and A*y + s = ¢ respectively. That is

u’ = arg min{||u||F : Au = b}, (r,v%) = arg min{||v||p : A*r +v = c}. (18)

We choose (z°,%°, s%) such that
o’ =s"=p,  p® > max{][u’]]2 [[v°]|2}. (19)

This implies that 20, s° € int £, 2% —u® € K and s — 0 € K.
Let
p" = min{max([|z*[]2, [|s*]2) : 2" € P, (y", s") € D"}, (20)

and in addition, we assume that for some constant ¥ > 0, it has p® > p*/W¥. Note that we can
always increase p°.
We constructed an auxiliary sequence {(u*,r* v*)} as follows:

(uk+1,rk+1,vk+1) ($k+1,yk+1,sk+1) _ (1 o Oé]f)(fl,'k o uk’yk o ’I"k,Sk o ’Uk). (21)
The auxiliary sequence will be used in our analysis of complexity and need not be actually com-

puted in Algorithm 4.1. The following lemma gives useful properties of the auxiliary sequence
{(uk,rk vF)}).
Lemma 4.1.  Let {(a*,y*, s¥)} be generated by Algorithm 4.1, {(u*, 7% v*)} be given by (21),
and {v*} be given by (16). Then for k >0

(1) AuF =b and A*rF +0F = ¢;

(2) 2% —ukF =1F (2" —u®) € K and sF —vF = ¥ (59 — %) € K.

Proof. The proof follows from direct substitution. O

5 Analysis of Polynomial Convergence for Algorithm

k. Then we develop several

In this section, we first give the strategy of choice for step size «
technical lemmas. At the end of this section, we present our main result of polynomial con-
vergence. For simplicity, from now on we will suppress the superscript k, except for £k = 0
whenever no confusion arises. However, we will denote a* by & while using « as a free variable.

Our choice of & is based on several considerations. We require that the step size vector

a = (én, &a) satisfies the following three conditions:

(@), 5()) € N(71, 8), (22)
—ap)v(°,3%), (23)
- (1 - 5)0[1)<55,§>, (24)

where v = v* is defined in (16), and 6 € (0,1) is a constant independent of r. Condition (22) is a
centrality condition that prevents iterates from prematurely getting too close to the boundary

=
Q

~
<
»

)= (1
)< (1
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of the symmetric cone K. Condition (23), as we see in (17), ensures that the infeasibility
approaches to zero as the complementarity approaches to zero. Condition (24) is needed in
order to make a comparable progress in the complementarity. From this point on, by Algorithm
4.1 we mean that the the step size & satisfies (22)—(24). We note that Lemma 5.9, 5.10 and 5.11
guarantee the existence of @& that satisfies conditions (22)—(24) simultaneously. For example,

set as = /71 /(y/cond (G)w?r) and oy = aay/Bri /7.
5.1 Technical Lemmas

In this part, we let the centering parameter 7 = 7. We will use the notation: (AZ(«a), Ay(a),
As(a)) = ar(Az-, Ay—, As_) + aa (AT, Ayy, Asy), and (o) =To s+ ai(Tipe —T08)” +
as(Tipe — T o 3)T. It can be easily verified that (AT, AsL) =0, T(a) o 5(a) = x(a) + AZ(a) o
A5(a),

AZ(a) o AF(a) = a2 AT_ 0 AF_ + a1aa(AT_ o NSy + AS_ o ATy) +a2ATy o A5y, (25)
and
(@(),3()) = tr (x(a)) + a3(AT_, AF_) + a1a((AT—, ANF) + (AT, AT)). (26)
By using tr ((ripue — T 03)™) + tr ((ipe — T 0 35)T) =tr (rypue — T 03) = —(1 — 71)rp we have
tr((ripe —203s)") < —(1—71)rp. (27)
When (z,y,5) € N (11, 3), we have
tr ((ripe — T 03)") < V/rll(ripe — T 03)"[|r < Vrpmip. (28)

The following lemma will be used frequently during the analysis.

Lemma 5.1 ([18, Lemma 33]). Let p,q € J and G a positive definite matric which is
symmetric with respect to the inner product (-,-). Then

Il Fllallr <\/C0nd A)G~2p||rl|G gl
< ¢cond Y(IG2pl% + 1G24l %),
where cond (G) = Amax (G)/ Amin(G).

We note that | - ||, defined by ||(u,v)|¢ = (|G™Y2ul} + |G 20[|3)Y2, w0 € T, is a
norm on J X J.

Lemma 5.2. Let G = LZIL~, If B < 1/2, then ||[(AZ4+, A54)||% < Brip.
Proof Since T and S operator commute there is a Jordan frame c1,..., ¢, such that * =

Z/\Cl ands—z,uzcl Then, Tos = Z)\z,uzc“andforZ—l .7, LIIf;ci:EEo(goci):

= =1 i=
)\Z,ulcl, which implies
(LyLy)~tei = cif (Nagui)- (29)

Multiplying the last equation of (14) by (L~L~)~/?, we obtain

G V2AT, + GO, = (L=Ly) 2 (ripe — 0 3) T
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Taking norm-squared on both sides, together with the fact (Azy, As;) =0, we have

IGT2AZL |5 + 1GY205, 1%

=I(LzLy) " 2 (ripe — T o 3) |3

(Ll (rpie — F o8, (LLe) V2 (ripe — F o0 5)*)

—((rapie — F0 B (L L) (e — F05)")

=( Do (mun = A e, (L) ™ D (rom = A )

:< D (mp = Nipa) ey (rip— )\iﬂi)+ci/()‘iﬂi)>

2

=3 [rm = Nipa) T i)

<(Br1p)?/(T2p)

gﬁ’]—l“»
Here, the fifth equality follows from (29), the first inequality follows from (Z,y,3) € N(m1,3),
and the last inequality holds due to 72 = (1 — 8)71 and § < 1/2. a
Lemma 5.3. Let G = L§1L;. Then ||[(AZ—, A5 )|l¢ < ri+ (1 + V2)E, where & =
min{||(4,0)||¢ : Au=b— AZ, A*F+v=2¢— A*y —3}.
Proof. Let (4,7,0) € J xR™ x J satisfy the equations At = b— AZ and A*F 40 = ¢— A*y—3,
then by System (13) we have

A(NZ_ —7) =0,
A*(Dy_ —7) + (AF- —5) =0,
LA(AZ_ —u) + LA(As- —0) = (Tpe =T 03)" — (Lyu+ L;0).

Multiplying the last equation by (L~L~)~*/?, we obtain

S

G VAT —a)+ GY2(AF- —0) = (L-Ly) V2 (ripe — T 03)” — (G~ 2u + GY?w).

Therefore
[(AZ-, A5 )|le
<(AZ- —a,A5- = 0)|a + (4, 9)]lc
=|(LzL7) "V ? (ripe — Fo3)” — (G720 + GV?0)|p + || (5, 0)lc
<I(LzLy) 2 (ripe = T 08) ||p + |GV 0] p + |G 0] p + || (5, D)l c

where the equality holds due to (AZ_ — 4, AS_ — ) = 0.
Similar to the proof of Lemma 5.2,

T

I(LyLy) ™2 (ripe =0 3) 7|5 = Y [(rip — Aapsa) 12/ (Nipwi) < ) Aagui = e

i=1 =1

By the definition of | - ||, we have ||G~'/2a||r + [|GY?5||r < V2||(4,7)||c. Hence the
required result follows. O
Lemma 5.4. Let (u% 7% v%) and (2°,9°,s°) satisfy (18) and (19) respectively. Then & <

(5+4V)ry/i/\/T2.
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Proof. Let u = Qpu and ¥ = Q,-1v. Then by Lemma 4.1 we have A =band A*r+7 =c.
Moreover, 7 —u € K and s —v € K. Let (4,7,0) := (T — 4,y — r,s — v), then, one has
A(—u) = b— A%, A*(—F) + (—v) = ¢ — A*y — 5. Hence,

£ < |l(=u,-v)e < |G|l + |G ?0]| .
Since  and s operator commute, then G' and ()~ commute, and we have
1GY25]1% = (5, G) = (QY?5, Q=" GQY D) < Anax (R G) QY03
Then, by using [17, Lemma 4.1] we have

G| < @O _@T-97 _@0-9° _ (wv-9)?
F= Amin(ﬁ;) Amin(@) o T2 b T2

2
Similarly it can be shown that [|[G~1/2a||2 < Z;ﬂm . Therefore,

For z* € P*, and (y*,s*) € D*, we have A(z* —u) = 0 and A*(y* —7) + (s* —v) =0 by
using part one of Lemma 4.1. Hence,

0=("—u,s"—v)y=(@"—zx+x—u,s"—s+s—v)
=", s") + (z,8) + (2", s —v) + (& —u, ™) + (x —u,s —v)

—(z*,8) — (x,8") — (&, s —v) — (& —u,s).
It follows that

(x,8 —v) +{x —u,s) =(x*, s") + (x,8) + (¥, s —v) + (x — u, s™)
+{x—u,s —v) —(z%,8) — (x,s")

<(z,s) +{(z*,s—v)+ (x —u,s") + (x —u,s — v)
(x*,s —v) + (x —u, %) + (x —u,s —v)

:(1+ (x,s) )(x,s)
v{z*, 8% — %) + vz —u®, s*) + vz —ul, ¥ —0)

:(1+ (x, s) )Tu
%, 50 — 0 20—l s* 20 — 0 50 — 0

§(1+< 7 A <x0:80§+< 7 >)7"/‘7 (31)

where the third equation follows from part two of Lemma 4.1, and the last inequality follows
from (17), (19) and 0 < v < 1. For the initial points choice as in Section 4, it hold that

<x*,80 _ ’U0> + <x0 _ u07s*> + <x0 _ ’U,O,SO _ vO>
(29, s°)
< 2rp*p® + 2rp*p° + 4r(p°)?
: )
where first inequality follows from (18)—(20), and the facts: ||p||r < v/rl|pll2, (P, @) < |Ipllrllgllr <
rllpll2llqll2-

=4+4p*/p° < 4+47, (32)
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By substituting (31) and (32) into (30), we obtain the required result. a
Lemma 5.5. Let G = L»S?IL;, Then ||(AZ—, AS2)||4 < w?r?p, where

w= (141 +V2)(5+4T))/\/r > 13. (33)

By Lemma 5.1, 5.2 and 5.5, we have the following corollary.
Corollary 5.1. Let G = LZIL;. If B < 1/2, then

(1) 185 £) 5541 < v/cond (G)Brip/2;

(2) 185 | P AF-||p < y/cond (G)ur?p/2;
(3) 1T | Pl AF4 |7 < v/eond (G)y/Briwr;
(4) 185_||#| AT+ |7 < v/cond (G)y/riwr,

where cond(G) = Amax (G)/Amin (G).-
Lemma 5.6. Let 7y <1/8,8<1/2 and (%,y,3) € N(71,8). If ag = ag\/ﬂﬁ/r and ag <

71/ (y/cond (G)w?r), then we have p(a) < (1 — ozg;\//fﬂ)ﬂ.

Proof. By using (27) and (28), one has tr (x(a)) < ru—aq (1 —71)rpu+ agy/rB71p. Then from
(26), we have
(#(@),3()) =tr (x(@) + QT (AT, AS_) + c1aa (AT, AFL) + (A5, ATy))
<rp—ar(1 = n)rp + aoy/rBrip + o | AT || p| A5 || ¢
T araa(|AZ||pl|Asy | F + A ||F [ AZ 4 F).

From Corollary 5.1,

(Z(),3()) <rp—aq (1 —71)rp + ao/rBripu + 04% \/cond (G)W27’2N/2
+ 2a1a2\/cond (G)\/ﬂﬁwr,u
=ru—as(l — 71)\/ﬂ717"u + ao/rBrip + ag\/cond (G)W25717":“/2
+ 2a2+/cond (G)wBriv/r
:[1 — a2\/ﬂ7-1/r(1 -7 — \/ﬁﬁ - az\/COHd(G)W2\/ﬂTl7"/2
— 2a2\/cond (G)w\/ﬁﬁ)]rﬂ
g[l — a2\/ﬂ7'1/r(1 -7 — \/ﬁﬁ - \/57'1/2 - 2\/57'1/00)}7"/1

a2/ B
<[ - } , 34
<[1- | (34)
where, the last inequality follows from the fact 71 < 1/8,8 < 1/2 and w > 13. Then, by using
u(a) = (T(a), 5(e))/r, we obtain the required result. a

Lemma 5.7. If (Z,y,5) € N(m1, ) and p(a) < p, then

l(rip(a)e = x (@) Tllr < (1 = a2)Brip(a).
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Proof. Let o8 = Ajc; + -+ A\rcr, where {c1,---,¢,} is a Jordan frame and the spectral

eigenvalues satisfy

T =AM ST =A< Smp— A L0 T — A <o S — A

Then, one has (rype —Zo38)" = (110 — Mga1)Crr1 + - - + (T1pr — Ar)eyr, and

Zx\cl—i—alZﬁu Ai)ei + as Z I — ;)

i=k+1
k

=3 (A=A +anpei+ > (1—a2)k + aamp)e,
=1 i=k+1

which implies A\;(x(«)) >0, i=1,---,r. Using (35), we have
I(rp(@)e = x(@) FII7 =D ([rla) = Xi(x(@)]*)
() 2
<3 ([t =" 0@ )
—=aap (M) 57 (=207,

i=k+1

2

where the inequality holds due to pu(a) < p and x(«) = 0. Hence,

HWWMk—xm»ﬂF<a—ag%?

[(ripe = T 0 35)||p < (1= a2)Brip(a).

(35)

O

Lemma 5.8. Let 7y < 1/8,3 < 1/2 and (Z,y,3) € N(r1,8). If o1 = as\/Bri/r and az <

V71/(y/cond (G)w?r), then we have ||AZ(a) o A3(a)||r < azfrip(a).
Proof. Let
m = Az |pl|As5- |,

e = [| AT | Fl|AS |,
ns = AT |p|AS P + [ As- || pl| ATy p-

Then, from Corollary 5.1,

1 1
m < 2\/c0nd(G)w2r2,u, o < 2\/c0nd(G)ﬂ7'1,u, N3 < 2\/c0nd(G)\/671w7‘u.

By (25) and Lemma 2.2, we have

[AZ(a) 0 AF(a)||r <aT[|AT- 0 AF_||F + c1a2(| AT 0 AFL||F
+ A5 0 AZi||F) + a3 A4 0 AFL ||k
gafm + a%ng + apaans.

On the other hand, by using a; < as, we have

tr (x(a)) =tr (T 03) + astr (rype — T 03) + (g — oy )tr ((rype — T 0 3)h)

>ru—aoaq(1—1)ru
>ri— QT .

(36)
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Then, using Cauchy-Schwarz inequality, we have

(Z(a),3(q)) =tr (x(@)) + a2 {(AT_, AT ) + anaa((AT_, NFL) + (AF_, ATy))

>ri— T — Oz%m — Q1 Qg’)3.
A straightforward calculation shows that

|AZ () 0 AS(a)|| p — BTy pa(cx)

<aim + agne + aragnz — e (rp — arrp — ajm — anaans) /1

=a3ie + (1+ azfri /r) (a3 /r + a3y/Bri frns) — azfri (1 — azy/Br /r)p

<as[oany + (1+ asfm)(eaBrim /1 + az/Br1/rns) — Bri(1 — aay/Bri)u)
Jn BrN (v, 2T vihn

SOéQﬂTLU[%UQT + (1 + w;r )( D) w\/r> (1 W ﬂ

<0.

Here, the third inequality follows from (36) and ag < /71/(y/cond (G)w?r), the last inequality
holds due to the facts 73 < 1/8,6<1/2,r > 1, and w > 13 by (33). O

The following lemma gives a sufficient condition which guarantees all the iterates in the
neighbourhood N (11, 3).

Lemma 5.9. Letm < 1/8,3<1/2 and (Z,y,5) € N(r1,8). If a1 = aa\/B71/r and oz <
v71/({/eond (G)w?r), then (F(a),y(a), () € N(m1, B).

Proof. By Lemma 5.6, it holds that p(«) < p. Furthermore, by using Lemma 5.7 and Lemma
5.8, we have

a)o (a)) b

(nu(e)e —z(a)
=l(rip(a)e — x(a) — AZ(a) 0 AS(a)) || r

(mu(e)e = x(a)

Je — x(@)

<[l(riu(e)e = x(@)llr + [[(=AF(a) 0 A3(e) T [|7
<[[(ripu(a)e = x(@) " lr + [|AZ(a) 0 AS(a)||p

<(1 = a2)Brip(a) + azfrip(a)

=0Brp(a),

where, the first inequality follows from Lemma 2.4. Then, one has A(Z(a) o s(a)) > (1 —
B)Tip(a) > 0. Thus, by Lemma 2.1 we have det(Z(c)) # 0 and det(s(«)) # 0. Then, since
Z,8 > 0, by continuity it follows that Z(a) > 0 and §(«) > 0. Moreover, by [10, Theorem 3.1],
we have

[(rip(a)e — w(@) " [lr < [[(rip(a)e — T(a) 0 (@) Tl 7 < Bripu(a).

where w(a) = Q;(a)l/zg(a).
Consequently, we have (Z(c), y(a),5()) € N (11, 3). O

Lemma 5.10. Let (T,y,5) € N(71,8) and 8 < 1/2. If
ar = ag\/Brifr, @y < /m/(y/cond (G)wr),

then

(#(a),3(a)) = (1 = a1)p(@°,3%).
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Proof.  Firstly, by (37), we have tr (x(«)) > rp — a1 (1 — 71 )rp. Thus, using Cauchy-Schwarz
inequality,
(T(), Z(@)) 2rp — a1 (L = 71)rp — aim — arazns
=(1—a1)ru+armry — oz%m — a10em3
>(1—a)v(T 70 “0) +aqr(mrp — arm — asns),

where in the last inequality we used (17).
Therefore, to complete the proof, it is sufficient to show that

TITH — Q1M1 — QiaTj3 >TITH — Q1 \/cond (Q)w?r?p)2 — 2a2\/cond (G)\/ﬁﬁwru
=rirp — agy/cond (G) v/ Briw?ru[1/(2v/r) + 2/ (wr)]
>Try — \/ﬁrlru[l/Z +2/w] > 0.

Here, the last inequality inequality holds due to 8 <1/2 and w > 13. ]
For the Condition (24), we let 7 + /71 <0 < 1.

Lemma 5.11. Let 7'1 < 1/8,8 < 1/2 and (Z,y,3) € N(m,8). If a1 =
az < /11/(y/cond (G)w?r), then we have (T(a),5(a)) < (1 — (1 — &) ) (T “}
Proof. From (34), it holds that

(#(@),3()) <[1 = asy/Bri/r(1 =1 — /B — /B2 — 24/ B Jw)]ru
=l-o(1—71— vri(VB+/pm/2+ 2\/ﬁ71/w))] (z,3)
S[l —a(l—m — \/7'1)] (z,3)
<[1—au(1-8)](Z,3),
where, the second inequality follows from the fact 1 < 1/8,5 < 1/2. a
In view of Lemma 5.9-5.11, we may find step size in the following way. First, set ag =

V/71/(y/cond (G)w?r). Second, find the greatest a; € [0, 1] such that conditions (22)—(24) hold.
Lemma 5.9-5.11 guarantee that a; > ag\/ﬂﬁ/r.

o \/ﬁﬁ/r and

5.2 Polynomial Complexity

The following theorem gives an upper bound for the number of iterations in which Algorithm
4.1 stops with an e-approximate solution.

Theorem 5.1. Suppose that \/cond (G) < kK < oo for all iterations. Then Algorithm 4.1
terminates in at most O(kri-5loge™1) iterations.

Proof. At each iteration, if we let ay = \/71/( \/ cond (G)w?r) and a1 = s \/ B71/r, then by
using (34) we have

ula) = (z(a), s(a))/r = (T(a), s(a))/r < [1 - a22\\//€=7—1}’u - {1 B O;I}'u'

Therefore,

{1_612\/571/7“}'&:[1_ VBT

2 2\/Cond(G)w2r3/2} <[1- o ]

2kw2r3/?

IN

(@)
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from which the statement of the theorem follows. O
By (7) and [18, Lemma 36], we have cond (G) = 1 for the NT direction, and cond (G) < r/72
for the xs and sz directions.

Corollary 5.2. If the NT search direction is used, the iteration complexity of Algorithm 4.1
is O(r'®loge™1). If the xs and sx search directions are used, the iteration complezities of
Algorithm 4.1 are O(r? loge™1).

5.3 Complexity for Feasible Staring Points

In this subsection, we demonstrate that if strictly feasible starting points are used, then the
complexity bounds for Algorithm 4.1 can be lowered. Since the proof techniques are exactly
the same as those used in the infeasible starting point case, we will only give a brief outline of
the proof, omitting the details.

We start with the observation that for feasible interior-point method, we always have A7 =1b
and A*y + 5 = ¢, which imply that (AZ_,A5_) = 0,(AZ4,A5,) = 0. Therefore, one has
(AZ(a), AN8(a)) = 0, and

(Z(),5(a)) = tr (T 0 3) + astr ((tpe — T 038)7) + astr ((r e — 2 03)T). (38)

As a key result, one has { = 0 and [[(AZ_,A5_)|lg < \/rp in Lemma 5.3. Therefore, in
place of Lemma 5.8, we have the following lemma.

Lemma 5.12. Let 1y < 1/8,3 < 1/2 and feasible point (T,y,5) € N(r1,8). If a1 =
0.200\/B71 /7 and oz < 1/y/cond (G), then we have ||AZ(a) o AS()||p < a7 p(e).
Under the condition of Lemma 5.12, by using (27), (28) and (38) one has

(@(a),5(@)) <rp —on(l = m)rp+ aov/rBrip
= (1= 02aa(1 — 71)\/B71 /7 + asfr1 /v/r)ru
a23v/B1
<(1- ).
*( a0yr )
As the proof of Lemma 5.9, we have (Z(a),y(a),3(a)) € N(71,3). Therefore, we have the
following iteration complexity bound for the feasible interior-point algorithm.

Theorem 5.2. Let a feasible point (x°,4°,s°) € N(71,3), and suppose \/cond (G) <k <
for all iterations. Then the feasible algorithm terminates in at most O(k+/rloge™1) iterations.
Hence, for NT direction the algorithm takes O(y/rloge~1) iterations, and for zs and sz direc-
tions the algorithm takes O(rloge™1) iterations.

We note that, when the NT search direction is used, the feasible interior-point algorithm
achieves its best complexity bound which coincides with the best known complexity of interior-
point methods.

6 Conclusions

We have established complexity bound of an infeasible-interior-point algorithm, based on a
new wide neighbourhood, for linear programming over symmetric cones. We summarize the
obtained complexity results in Table 1, where r is the rank of the associated Euclidean Jordan
algebra and € > 0 is the required precision. For comparison, we also include the complexity
bounds for the IIPM in [17].
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Tablel. Summary of Complexity Bounds

Infeasible initial point Feasible initial point
Xs/8x NT XS/sX NT
New-1IPM O(r?loge™1) O(rl-®loge™1) O(rloge™1) O(y/rloge™1)
IIPM O(r?5loge™1) O(r?loge™1) O(rt5loge™1) O(rloge™1)
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